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Abstract:  This paper studies practical event-triggered intermittent stabilization for stochastic
differential equations driven by G-Brownian motion. A nonlinear feedback controller is applied only on
prescribed active windows and is implemented through the latest transmitted state. The triggering rule
contains a constant practical threshold, which leads to an ultimate bound in the mean-square estimate
and provides a positive margin for excluding Zeno behavior. Under explicit Lyapunov conditions,
practical exponential stability in G-mean square is established with an explicit decay rate and residual
bound. When the constant threshold is removed, the residual term disappears and, provided that
the closed-loop solution is globally defined quasi-surely, a capacity Borel-Cantelli argument yields
quasi-sure exponential stability. For a positive constant threshold, quasi-sure Zeno-freeness is proved
by a finite-horizon increment estimate and a capacity argument. A nonlinear example illustrates the
theoretical conditions.

Keywords: G-Brownian motion; event-triggered control; intermittent control; practical stability;
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1. Introduction

Many stochastic models are affected not only by random perturbations but also by uncertainty in
the underlying probability law. The G-expectation framework was introduced by Peng [1-3] to model
such uncertainty, especially volatility ambiguity. In this framework, the expectation is sublinear and
pathwise statements are formulated quasi-surely by means of capacities. Denis et al. [4] developed the
associated capacity theory and function spaces for G-Brownian motion paths. Gao [5] established the
Burkholder-Davis-Gundy inequality for G-stochastic integrals. The existence and uniqueness of
solutions to stochastic differential equations driven by G-Brownian motion (G-SDEs) with
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non-Lipschitz coefficients were later studied by Bai and Lin [6], while Lyapunov-type conditions for
solvability and stability of G-SDEs were developed by Li et al. [7]. These developments have made
G-SDEs a standard tool for stochastic systems under volatility uncertainty.

Stability and stabilization are central problems in stochastic control. In the classical linear
expectation framework, tools such as discrete-time stochastic feedback (see [8] and the references
therein) have been extensively studied. In the G-expectation framework, Hu et al. [9] established
p-moment stability of G-SDEs by means of Lyapunov functions and the G-1t6 formula. Subsequent
works extended these stability results to discrete-time feedback control [10-14] and delay
systems [15]. These results provide a solid foundation for stability analysis within the G-expectation
framework, but they typically assume either continuous-time control or periodic sampling, and do not
address resource-efficient control scheduling.

Intermittent control and event-triggered control are two effective mechanisms for reducing control
effort. Event-triggered control updates the control input only when a state-dependent error threshold
is exceeded, so that the transmission rate adapts to the current system behavior. Intermittent control,
by contrast, restricts actuation to designated active windows separated by prescheduled rest windows,
thereby reducing the update frequency in a time-driven manner. Both mechanisms have been
extensively studied for classical stochastic differential equations in the linear expectation framework
(see [8, 16, 17]). Within the G-expectation framework, Yang et al. [18] investigated stabilization of
G-SDEs via aperiodically intermittent control, Li et al. [19] extended the intermittent adaptive control
technique to multi-weights stochastic complex networks driven by G-Brownian motion, and Ma et
al. [20] developed a dynamic event-triggered control design for stochastic nonlinear systems driven
by G-Brownian motion.

Despite these advances, to the best of our knowledge, no existing work integrates state-dependent
event-triggering into an intermittent control architecture for G-SDEs. Such an integration is of
practical value: the intermittent schedule provides a predictable rest pattern for energy harvesting or
maintenance, while event-triggering within the active windows suppresses unnecessary transmissions
whenever the state deviation remains small. Motivated by this gap, this paper develops a practical
event-triggered intermittent control strategy for G-SDEs, which synthesizes the advantages of
time-based and state-based mechanisms. Compared to [19], our approach enhances adaptivity by
embedding a state-dependent event-triggering law within each active window, so that transmissions
are issued only when truly warranted by system state deviation—not just by elapsed time. Compared
to [20], our framework introduces explicit rest intervals in the hybrid control schedule, further
reducing the average update rate and offering practitioners more flexibility in balancing stability and
control energy. Moreover, the triggering rule combines a constant practical threshold, ensuring
Zeno-freeness and robust steady-state behavior, with a decaying term that improves the transient
response. This combination broadens the applicability of both intermittent and
event-triggered control.

The main difficulty of this paper lies in establishing Zeno-freeness for the hybrid triggering
mechanism under the G-expectation framework, where the quadratic variation is uncertain and
standard comparison arguments for inter-event times are not directly applicable. We overcome this by
deriving a high-moment increment estimate for the stopped solution and applying a capacity Markov
inequality. A related design issue is the trade-off between the active-window duty ratio and the
triggering threshold: a larger threshold reduces transmissions but weakens the effective decay rate
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during active windows. We address this by introducing a Lyapunov parameter p. that depends
explicitly on the threshold p, and by deriving a balance condition A, = fu, — (1 — 6)a, > 0. The main
contributions are fourfold. First, we propose a hybrid event-triggered intermittent control strategy for
G-SDEs that unifies time-based and state-based scheduling.  Unlike the purely intermittent
schemes [18, 19], which update the control only at preassigned instants, our scheme adapts
transmissions to the state deviation within each active window. Second, we establish practical
G-mean-square exponential stability with explicit decay rates and residual bounds. In contrast to the
purely event-triggered design [20], our estimate quantifies how the duty ratio and the triggering
threshold jointly determine the ultimate bound. Third, we prove quasi-sure Zeno-freeness under a
strictly positive threshold and establish global well-posedness of the closed-loop system. Fourth, we
provide a nonlinear example and numerical simulations that illustrate the theoretical conditions and
demonstrate the reduction in control transmissions.

The remainder of this paper is organized as follows. Section 2 recalls the key concepts and
technical preliminaries on G-expectation throughout the paper. Section 3 presents the controlled
model. Section 4 establishes the quasi-sure Zeno-free property of the event sequence and proves the
global well-posedness of the closed-loop solution. Section 5 derives practical exponential stability in
G-mean square. Section 6 establishes quasi-sure exponential stability. Section 7 provides an
illustrative nonlinear example to demonstrate the main results.

2. Preliminaries

We recall the notation and preliminary results used throughout the paper. For more details on G-
expectation, G-Brownian motion, and related function spaces, one can see [4,21,22].

Let R” be the n-dimensional Euclidean space with norm | - |, and let A” denote the transpose of a
matrix A. For real numbers a, b, set aV b = max{a, b} and a A b = min{a, b}. Denote by R, = [0, o) the
set of nonnegative real numbers and by N = {0, 1, 2, .. .} the set of nonnegative integers. We denote by
CpLip(R") the space of bounded Lipschitz continuous functions on R". If V(z, x) € C"*(R, x R";R,),
then V is nonnegative and is continuously differentiable in # and twice continuously differentiable in x.

Let Q = Cy([0,0);R) be the space of real-valued continuous paths w = (w,)0 With wy = 0,
equipped with the metric of uniform convergence on compact subsets of [0, co0). For each T > 0, let
Qr = Co([0, T];R) denote the restriction of Q to [0, T'], equipped with the Borel o-field B(€2r). The
canonical process is B,(w) = w,, and we use the canonical filtration ¥, := (B, : 0 < s < 1), t > 0.

Let

Llp(QT) = {QO(BII, o ’Blm) .m Z 1, 0 S tl S tee S tm S T, ‘,0 S Cb’Llp(Rm)}-

According to [22], there exists a sublinear functional E: Lip(Qr) — R, called the G-expectation, such
that (i) B[X] > E[Y]if X > Y; (ii) E[c] = ¢ for every constant ¢ € R; (iii) E[X + Y] < E[X] + E[Y]; (iv)
E[AX] = AB[X] for every A > 0.
The triplet (Qr, Lip(Q7), E) is called a sublinear expectation space, and elements of Lip(Q7) are
called random variables. Thus, E is generally not additive, in contrast to the classical linear expectation.
The associated function G : R — R is defined by

1
G(a) = §(a+52 —ad?), acR,
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wherea™ =aVv0,a =(—a) Vv 0, and [gz, 0_'2] is the volatility uncertainty interval. The G-expectation
E is generated by the nonlinear heat equation (see [22]):

{a,u ~G(@u)=0, (1,x)€(0,00) xR,
u(0, x) = ¢(x), ¢ € CprLip(R),

whose unique viscosity solution admits the representation
u(t,x) = Blo(x + ViBy)].

Here B; is the value at ¢+ = 1 of the canonical process B = (B;);»o under B, and B, is G-normally
distributed with upper and lower variances

 =E[B",  o*=-B[-IB.

The canonical process B, is called a G-Brownian motion, whose increments are stationary, independent,
and G-normally distributed. Unlike the classical Brownian motion, the quadratic variation process (B),
of a G-Brownian motion is itself uncertain and takes values in [o%t, Ezt].

For p > 1, LY.(Qy) is the completion of Lip(Qr) under the norm

I1Xl,¢ = EIXIPD"?.

Let Mg’O(O, T') be the space of simple adapted processes
N-1
n: = kal[rk,rk+])(l), O=ro<r<--<my=T,
k=0
where & € L[.(Q,,). The space M_.(0, T) is the completion of M(p;’O(O, T) with respect to

T
lilhgan = B[ nrdr'™.
0

If 7 € MZ(0,T), the stochastic integral [ 1, dB, is well defined. If n € M}(0,T), then [ 7, ds and

| my d(B); are well defined.
According to [4], there exists a weakly compact family # of probability measures such that

E[X] = sup Ep[X], X € LL(Qp).
PepP

The corresponding capacity is

C(A) = sup P(A), A € B(Qr).
Pep

If C(A) = 0, then A is called a polar set. A property holds quasi-surely, abbreviated q.s., if it holds
outside a polar set.
We shall use the following capacity Markov inequality.
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Lemma 2.1 ([22]). Let X € L}.(Qr), p > 1. Then, for every a > 0,

E[1X]7]
ar

C(X| > a) <

Lemma 2.2 ([5]). For p > 2 and n € M{(0,T), there exists a positive constant C’,, depending only on
p, such that

U

T
E{sup | | n,dB,IF1<C,T"" f Elln,1"1ar.
0

0<u<T 0

Lemma 2.3 ( [5]). For p > 1 andn € M((0,T), there exists a positive constant C’], depending only on
p, such that

U

T
E[sup | | n.d(B)I"]1<CyT" f Elln, /" 1dr.
0

0<u<T 0

Remark 2.4. Although we consider one-dimensional G-Brownian motion in this paper, the
multidimensional case can be treated similarly by using componentwise G-stochastic integrals and the
corresponding quadratic covariation processes.

3. Controlled model

Consider the uncontrolled G-SDE
dx(t) = f(t, x(2))dt + h(t, x(2))d(B), + g(t, x(1))dB,, x(0) = xp € R", (3.1)

where f(-,x),h(-,x) € M50, T;R") and g(-,x) € M;(0,T;R") for each x € R". Here ML([0,T];R")
denotes the space of R"-valued adapted processes whose components belong to M((0,T). Assume
that f(#,0) = h(¢,0) = g(¢,0) = 0, so the system admits the trivial solution. The trivial solution may
be unstable under suitable Lyapunov-type conditions (see [7]). The aim of this paper is to design a
feedback controller u in the drift term and an intermittent event-triggered implementation so that the
resulting controlled system becomes stable. The controlled G-SDE is

dx(t) = [f(z, x(2)) + u(?)]dt + h(t, x(2))d(B), + g(t, x(1))dB,, x(0) = xp € R". (3.2)

Before specifying the controller, we introduce the stability notions used in this paper.

Definition 3.1. The trivial solution of the controlled G-SDE is said to be practically exponentially
stable in G-mean square if there exist constants M > 1, 4 > 0, and K > 0 such that

BlIx(0)*] <€ Me ™V |xo* + K, t>0.

If K = 0, the solution is said to be exponentially stable in G-mean square.
Definition 3.2. The trivial solution is called quasi-surely exponentially stable if there exists 4 > 0 such
that 1

lim sup " log |x(1)] < =4, qg.s.,

—00

where we use the convention log 0 = —co.
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Let

O=ty<so<t1 <851 <th<s§<---

be an intermittent schedule. The intervals [#, s;) are the active control windows, whereas [ sy, f;.1) are
the rest windows. Within each active window, the event times are defined recursively until the terminal
time sy is reached, with 7,0 = #; and 74 j < 7y j+1 < sx Whenever 7y ; < s¢. For t € [1y j, Te js1) N [#, Sk),
define

n =7, el = x((r) — x(@).

The controller is

F 1)), tE€ [t se),
u(t) = (x(m(1))) (%> s1) (33)
0, 1 €[Sk, Ien)s
where F : R"” — R” is a nonlinear feedback map satisfying F(0) = 0.
The triggering law on each active window is
Ty = Inf{t € (T, 51 2 160 = 2T )PP > plx(@)F + S0 + 61677} A sy, (3.4)

where p > 0, 69 > 0, 6; > 0, and 8 > 0O are prescribed constants. Consequently, for each j > 0 and

every f € [Ty j, Tk js1)s

le(@)I* < plx(®)]* + 6o + 517 (3.5)

Remark 3.3. The exponentially decaying term &;e?" in (3.4) serves two purposes. First, it relaxes
the threshold at the initial stage, when e is close to one, thereby reducing unnecessary transmissions
during the transient phase. As time evolves, the term decays and the effective threshold approaches ¢,
so the triggering law becomes increasingly sensitive to state deviations near the steady state. Second,
it improves the transient estimate without affecting the ultimate bound: the term §; enters the stability
estimate only through the exponentially decaying factor ™" in (5.8), whereas the residual bound Ddy
is determined solely by the constant threshold. When §; = 0, the triggering law reduces to the pure
constant-threshold form, and the estimate (5.8) reduces accordingly.

The proposed hybrid event-triggered intermittent control strategy can be illustrated as follows.
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(a) Intermittent schedule
tr Sk trt1 Sk41 thy2 Sk+2

—| Active | Rest | Active | Rest | Active l—)

u(t) = Fle(n(t))  u(®)=0  u()=Fm®) u®)=0  u(t)=Fn(t)

(b) Event-triggered implementation inside an active window

4 N
F(x(7k,0)) F(a(7k,1)) F(a(7k,2)) F(a(7r,3))

:]C-))[ T\riggcr? }PE))[ Triggcr? }-ng)

[‘e(t”‘z > pla(®)? + 8o + &e"‘”j

Figure 1. Hybrid event-triggered intermittent control mechanism. (a) Alternating active and
rest windows: the active window [#, s;) is followed by the rest window [sy, fx+1). (b) Zoom
into an active window: at each triggering instant the condition is evaluated; if it is satisfied,
the control input is updated; otherwise the previous value is held. The active window is
terminated at s;.

Assumption 3.4. There exist constants L > 0 and Ly > 0 such that, for > 0 and x,y € R",

|f @, x) = f@&, |V |, x) — h(t, y)| Vg, x) — g, y)| < Lix — yl.
Moreover,
|[F(x) = F(y)| < Lelx = yl.

Assumption 3.5. There exist a Lyapunov function V € C"*(R, x R";R,) and positive constants
c1, Ca, @, Ay, 3 Such that
cild? < V(t, x) < el

and, for (¢, x) € R, X R”,

LVt x) < —-aV(t, x), 3.6)
LV, x) <a, Vit x), (3.7
V. (2, x)]> < e3V(t, x), (3.8)

where

LV(t, x) := Vi(t,x) + Vi(t, )T (f(t, x) + F(x)) + GRV.(t, x)Th(t, x) + g(t, x)T Vi (£, x)g(t, X)),
LV(t,x) = Vit,x) + Vi(t, )T (2, x) + GRV(t, x) h(t, x) + g(t, x)T Vi (2, x)g(t, X)).

Assumption 3.6. There exist constants 6 € (0, 1), Ty, > 0, and Ty, > 0 such that, for every k > 0,

Py := tre1 — B € [Tmin, Tmaxl, Sk =ty > OPy.
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Remark 3.7. Assumption 3.5 imposes uniform exponential decay/growth bounds on the Lyapunov
generator. While such conditions are standard and convenient for analysis, they may be conservative for
some classes of systems. In principle, the analysis could be extended to allow for average dwell-time
type conditions, where only the average decay rate over multiple windows is required to be negative,
or to stability criteria based on time-varying bounds. Such relaxation has been explored in classical
sampled-data and switched systems, and could be adapted to the G-expectation setting. Investigating
these generalizations would be an interesting direction for future work.

Remark 3.8. Under Assumption 3.4, the closed-loop coefficients are globally Lipschitz between
consecutive event times. Hence, a unique local adapted solution exists on each inter-event interval
(see [22]). The global-in-time construction of the solution is discussed in Section 4.

4. Quasi-sure zeno-freeness

Throughout this section, 7 ; denotes the j-th event time inside the k-th active window, as defined in
Section 3.
For a fixed finite horizon T > 0, define the counting process

Nt = #{(k, ]) T <t Th,j < Sk» Tk,j < t}, 2 O, (41)

which counts the number of nonterminal event times up to time . For N > 1, define the stopped
horizon
oy :=T ANinf{t > 0: N, > N}, “4.2)

with the convention inf ) = +co. Thus, oy is the first time at which N events have occurred, capped
at 7.

For each k and j, the event time 7y ; is a stopping time with respect to the completed filtration {F},
since it is defined as the first hitting time of a closed set by a continuous adapted process (see [21]).
Consequently, N, is an {¥,}-adapted counting process, and oy is a stopping time.

On each interval [y j, T j+1) such that 7, j.; < o, the control input u(¢) is held constant and is
measurable with respect to ¥+, . By Assumption 3.4, the system coefficients are globally Lipschitz
continuous and adapted, and the process x(¢) on [1y j, Tx j+1) thus admits a unique local adapted solution
according to the standard theory of G-SDEs (see [22]).

Define the process stopped at oy as
XY@ :=xt Aoy),  t=0.

By successively concatenating the unique local solutions on [7y0, Tk.1), [Tk.1> Tk2),--. UP tO Oy, WE
construct a piecewise-adapted process X" (f) which coincides with the original system up to potential
accumulation of events or the horizon 7.

We now state the main results for Zeno-freeness and global well-posedness.

Lemma 4.1. Assume that Assumption 3.4 holds. For every T > 0, p > 2, and 0 < r < 1, there exists a
constant Cr, > 0, independent of N, k, j, and r, such that the stopped solution satisfies

Bl sup  [XY() - XN(ri )P < Cr ™. (4.3)

T, j<t< (T j+rINT
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Proof. Fix N and set
XN(D) = Licgyy
Define the stopped coefficients

Sn(@) =y, XX (D), hn(0) = xn(Oh(t, X" (1),
en(0) = xn(g(t, XV (@), un(r) := xn(u().
We first establish a finite-horizon moment bound. For 0 < g <t < T, the stopped integral equation
is

q q q
X¥(g) = xo + f [fv(s) + un(s))ds + f hy(s)d(B), + f gn(s)dB,.
0 0 0

Using |a; + a, + a3 + a4|*? < 4*»7' 37 | |a)|*?, taking the supremum over g € [0, ¢] and then applying E,
we get
q

E[sup X" (@)I"] < 4% |xo”” + 4% 'Elsup | | [fu(s) + un(s)ldsl]
0<g<t 0<g<t 0

q
+ 42P_1E[ sup | hN(S)d<B>s|2p]

0<g<t JO
q
+ 4% 'Blsup | | gn(s)dB,*"]. (4.4)
0<g<t 0

On rest windows uy(#) = 0. On active windows, by Assumption 3.4 and formula (3.5), we have
luy (@) < 2L2(1 + p)| XV (0)]* + 2L% (S0 + 6)).

Thus,
un (7 < Au(1 + 1XN @),

where A, := 22”‘1Lip [(1 + p)” + (69 + 61)"]. Moreover, by Assumption 3.4, we have
Ifv(®) + un(O? < AL+ 1XNOPP), TP < AXN O, 1gnOFF < AJXN (07, 4.5)

where A, := 22" (L* + A,), Ay, :=L%, A,:=L°.
By Holder’s inequality,

E[OSUP | Oq[fN(S) + uy(s)lds] < 777! fo [E[lfN(S) + un(s)[*1ds.
<g<t
Together with (4.5), this implies
E[Osup | Oq[ fn(s) + un(s)lds?P] < AT fo [ E[1 + XN (s)[*P1ds. (4.6)
<g<t
By Lemmas 2.3 and 2.2, and by (4.5), we have
B[ sup | ' hy(s)d(B),[*"] < C5 A, T*"! f t E[IXN (s)*1ds 4.7)

0<g<t 0 0
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and
q

!
Elsup | | gn(s)dB,*] < C),A T f B[IX" (5)|*1ds. (4.8)
0

0<g<t 0

Combining (4.4)—(4.8), we get

!
Elsup 1X"(q)*"] < 47" (o’ + A;T*) + Hr,, f E[X" ()7 1ds,
0<g<t 0
where Hy,, 1= 47\ [A; T + CJ A, %" + C; AT?].
Since | X" () < supy.,<, IX" (¢)I”, Gronwall’s inequality implies

E[ sup IX"(@)"] < Mz, = 477 (1xo”” + A;T?)e 7T < oo, (4.9)
0<q<T

Next, fix a triggering time 7, ; < T and r € (0, 1). For r € [7j, (7 + 1) A T],

! ! !
XM - XN (1) = f [fn(s) + un(s)lds + f hy(s)d(B); + f gn(s)dB;.
Tk,j Tk.j Th.j
Using |a + b + ¢ < 3%771(|al*? + |b*” + |c|*), taking the supremum over ¢ € [y, (T4 + 1) A T], and
applying B, we obtain
Bl sup  1XM(t) - XN )PP < 377U + 1, + ], (4.10)
Ty, j <tk j+)AT
where

1

;=B sup || [fw(s)+un(s)ldsI],

TkijIS(Tk_j+r)/\T Tk, j
t

Li:=B[  sup || «y(s)d(B)*"],

Tk,jSl‘S(Tk’j+r)/\T Tk,j

f
I:=E[  sup |f gn($)dB"].
Tk,j

T, j St (T j+rIAT

By Holder’s inequality, Lemma 2.2, Lemma 2.3, together with (4.5) and (4.9) , we have

I; < PPB[ sup |fv(q) + un(q)I"]

0<g<T

< A PE[1 + sup IXV(@)P] < AP (1 + Mr),
0<g<T

2
Ih < Cé/pl’ pAhMTJ,,
and

Ig < Cépl’pAgMT’p.
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Since 0 < r < 1 and p > 2, both 7?” and r” are bounded by r?/2. Therefore, (4.10) implies

Bl sup  1XN(t) - XV(m )PF] < Cr i (4.11)

T, jSt< (T j+rIAT

Here Cr, := 3" MA;(1 + My ,) + (C A+ C5,A)Mr ). The constants Mr,, and Cr,, are independent

of N, k, j, r. Thus this is a uniform estimate on every finite pre-accumulation segment. O

Theorem 4.2. Assume that Assumptions 3.4 and 3.6 hold. If 6o > 0 in (3.4), then the event-triggered
intermittent controller (3.3)—(3.4) is Zeno-free quasi-surely; that is, its event-time sequence has no
finite accumulation point q.s.

Proof. Fix T > 0 and choose p > 2. Put
Kr = |T/Tmin] + 1.

By Assumption 3.6, at most K7 active windows can meet [0, T]. For N > 1, let
Eyr :={Nr > N}.

On Eyr, the N-th event occurs before 7', so oy = inf{r > 0 : N, > N}.
Suppose that 7y j.1 < Oy, Tk j+1 < Sk, and 7y j.1 — 7 ; < 7 for some r € (0, 1). The defining threshold
condition gives
sup |x(t A o) — x(Tj A O'N)I2 > 0.

Ty, jSt<(Ty j+ AT

Therefore, by the capacity Markov inequality and Lemma 4.1,

Clrijs1 = Tij 1, Tiju1l S ONy Tije1 < Sk)

<C( sup |x(t A ow) = x(T5; A oy = )
Ty, jSt<(Ty j+1)AT

< Crpst”", (4.12)

where Cr 5, := 6,"Cr).

Fix an integer m > T and set N := Kr(m + 1). On Eyr, among the first N nonterminal event
times there is an active window containing at least m + 1 such times. Among these m + 1 event times,
the m inter-event intervals have total length at most s; — #; < Tyax, SO at least one of them is bounded
by Tmax/m. Hence, for some k and some j € {0,...,m — 1},

Tmax
m .

Tkjr1l < ON, Tk jrl < Sks Thjrl — Thyj <

Since Thax/m € (0, 1), (4.12) and subadditivity of the capacity yield

Tmax p/2
C(Ekyme1).r) < KrmCr 5, (7)

2 1-p/2
= KTCT,p,(foTIII)lélxm pi2,
Since {Ny = oo} C Eyr forevery N > 1, in particular

{Nr = 00} C Ex,on+1).1
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for every m > Tp,.x. Letting m — oo and using p > 2, we obtain

Consequently, for each active window [#, s), the set {j : 7 ; < s;} is finite quasi-surely, so the notation
71,; 1s well defined for all k and all relevant j. This proves the asserted quasi-sure absence of finite
accumulation points. O

Theorem 4.3 (Global Well-Posedness). Suppose Assumptions 3.4 and 3.6 are satisfied, and the
triggering mechanism guarantees quasi-sure Zeno-freeness (see Theorem 4.2). Then, the
event-triggered intermittent closed-loop system admits a unique global adapted solution x(t) for all
t > 0, quasi-surely.

Proof. Let T > 0 be arbitrary. The Zeno-freeness property (Theorem 4.2) implies Ny < oo quasi-
surely, i.e., there are only finitely many events in [0, '] quasi-surely. For each subinterval [ty j, T j+1),
as established above, the system admits a unique adapted local solution under the fixed control. By
concatenation of these finitely many local solutions, we obtain a unique adapted solution on [0, T'].
Since T is arbitrary and the concatenation is consistent, the solution extends globally to [0, c0), quasi-
surely. m|

Remark 4.4. The assumption of quasi-sure Zeno-freeness (i.e., exclusion of finite event accumulation
outside a polar set) is critical for the global-in-time construction. If 6y > 0, Theorem 4.2 guarantees
this property. If 69 = 0, global well-posedness must be separately assumed or established, as event
accumulation may occur near the origin.

5. Practical exponential stability in G-mean square

Lemma 5.1. Suppose that Assumptions 3.4 and 3.5 hold. For a given & > 0, define

ec Lp _ )
e i= Qe — 73 — KFCI’ B := min{u,, 5}. (5.1)

If i, > 0, then, fort € [ty, si),

Lidy  Lion

BIV(x(0)] < e BV (b 2(00)] + 525 268

e P, (5.2)

Moreover, for t € [si, tii1),
B[V, x()] < €™ VE[V (sg, x(50)]- (5.3)
Proof. Consider first the case 7 € [#, s;). Let

Ap(s) := F(x(11(5))) = F(x(5)).

For every non-triggering time s € [#, 7], there is an index j such that s € [7y j, T j+1) and the transmitted
state is x(17(s)) = x(7y ;). Then, the Lipschitz continuity of F and the triggering rule imply

IAR()IP < Lile(s)* < Li(olx(s)* + 8o + 51¢7). (5.4)
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Applying G-1t6 formula to the process e’ V(r, x(r)) on [#, t], we obtain
eIV (1, x(1)) = V1, x(11))

= f T LV (s, X(5)) + eV (s, X(5)) + Vi(s, x(5) Ap(s)]ds + M + QF,

Tk

where
!
Mk = f STV (s, x(5)) g(s, x(s))dBs,
Tk
1 !
;o= 3 f ¢TIV (5, X(5)) hi(s, X(5)) + g(5, X(5))" Vi (s, x(5))g (s, 2(5)1d( B),s
Tk
1
- f TGV (5, X(5)" h(s, x(9) + g(5, X(9))" Vial(s, X(5))g (5, x(s)dls.
Tk
The stochastic integral M’ is a G-martingale with E[M*] = 0, while Q% is a non-increasing

G-martingale with E[Q?’ ] < 0. By Young’s inequality, Assumption 3.5, and (5.4), we have

1
V(s x()  Ap(s) < gle(S, x(s)* + %lAF(S)lz
2
< %V(s, X(s)) + %(plx(s)lz + 80 + 6175%)

EC3

2

L L16y L6
< (B2 4 2y (s, x(s) + 20 4 2L b
2ec 2e 2¢e
Using Assumption 3.5 and the definition of y,., we get

L2680 .\ L16,

—Bs
e .
2¢e

LV (s, x(5)) + peV (s, X(8)) + Vo(s, x(5)) Ap(s) <

Consequently,

-1 leVdo ' (s—1
OVt x(1) < Ve, x(1)) + 5 f e~ g
E te

el

!
" f el Bs g g 4 MF + Q.

143

Taking G-expectation on both sides, we obtain

(1) 7 2 L%&) ' (s—1, LIZV(S] ' —10) —
RV, x(1)] < BIV(t, x(8))] + elet=gg + L | otelsm B g g
2 J, 2 J,

Multiplying both sides by e (= Jeads to

~ R L2S !
E[V(t, x(1))] < e VB[V (1, x(1))] + 50 f e He=5) g ¢
& %
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2 ¢
el f eHI= B s, (5.5)
2e J,
The first integral satisfies
! 1 — e Helt=t0) 1
f eH g = — < —,
173 ﬂa /‘ls

For the second integral, by the definition of 3,

! !
f o He=9) g B g — Bl f o He1=9) g=Bs=1) g ¢
1748 173

< e Pu (t — tk)e—B(t—tk)

< i_e_ﬁ”‘ < ie‘ﬁ’k.

ep B

Here the second inequality follows from the fact that xe™** < 1/(ea) for x,a > 0.
Substituting these bounds into the preceding inequality, we obtain

L26y L%,

2eu, 2B

BIV(t, x(1))] < e P WE[V (L, x(1))] + e P, (5.6)

It remains to deal with the rest interval. Let ¢t € [s;,%e1). Applying G-1td formula to
e~ =V (r, x(r)) on [ sy, ], we obtain

eIVt xX(£)) = Vg, x(s1))
- f ' OLLV(r x(P) — gV )+ FE + O
St
where
M = f t e~V (r, x(r) g(r, X(r)dB,,
St

0 := % f ™RV (1, x(r) h(r, x(r)) + g(r, x(r) Vo (7, X(r)g (1, x(r)1d(B),

t -
Sk

- f e ITRGQV (r, x(r) h(r, x(r) + g(r, (1) Vi (r, x(r)g(r, X(r))dr.

Sk

Here, Mik is a symmetric G-martingale with E[[VIf"] = 0, while ka is a non-increasing G-martingale
with E[Q}*] < 0.
By Assumption 3.5, we have

V(1 x(1)) < Vsp, x(si)) + M + O

Taking G-expectation on both sides, we obtain

E[V(t, x()] < e WE[V (st x(s1))].
O
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Theorem 5.2. Suppose that Assumptions 3.4-3.6 hold. Assume that there exists € > 0 such that u, > 0,
where u, is defined by (5.1), and define

A= 0, — (1 = O)ar,. (5.7)

If A. > O, then, for every globally defined closed-loop solution of (3.2) and every y € (0, min{A,,3}),
the estimate

Ellx(t)*] < Cye™ (Ixo* + 61) + DSo, t>0, (5.8)

where
(@r+Y)Tmax 2 2(ﬂ/r+7)Tmax
C = maX{ C2€ , LF — ¢ e(ar""y)Tmax]}’
Y C| 28C1ﬁ 1 — e_(ﬁ_y)Tmin
L2 eZQrTmax
= —T + e Tm ], (5.9)

2ecipy 1 — e~ Tmin

In particular,

lim sup E[|x(1)*] < D6,.

t—00

If 61 = 0, then the system is practically exponentially stable in G-mean square with practical bound
Déy. If 69 = 61 = 0, then the system is exponentially stable in G-mean square.

Proof. By Lemma 5.1, we have

L16y L%6

BV (st ¥(50)] < e BIV (@, x0)] + 317 268

e P (5.10)

and
EIV(tis1, X(tie1))] < €@ OEIV (s, x(50))]. (5.11)

Combining these two estimates, we obtain

BIV(trs1, X(tr11))] < e e atea=0B 1y (g x(5))]

L2 e(ermaX L2 eCYrTmax
+ =L 8o + ———5,e7P%, (5.12)
2, 2ep

By Assumption 3.6,

Sk — b 2 O(trer — 1), ties1 — Sk < (1 = O)(tre1 — 1.
By the definition of 4.,
—te(Sk — 1) + p(tis1 — Sk) < —Aulpsr — 1).

Iterating (5.12) over [ty, t1], [t1, 2], . - ., [tx-1, 1x], for every k > 1,
n “ L2 earTmax k=1
BIV (1, x(10)] < e BIV(0, x0)] + 55 ) e
2eu

€ i=0
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L2 earTmax k=1
+ =0 D ettt h, (5.13)
ep i=0

Since t;41 — t; = T, the first sum is bounded by

k-1

k-1 1
Z e—/l*(tk_tiﬂ) < Z e_/l*iTmin <
- - 1 — e—A*Tmin ’
i=0

i=0

Moreover, since t;,1 — t; < Tiax,> i = i1 min, and y < A,

e—/l*(fk—[iﬂ)e_ﬁli < e Vi ¥ Tmax e—(ﬂ—)’)li

< e_'ytk eVTmax e_(ﬂ_')’)iTmin .

Consequently,
k=1 . . k-1 - oYMk oY Tmax
Z e~ *(tk_’z+1)e_5[z < e‘?’lke)’ max Z e‘(ﬁ_)’)l min - < .
1 — e_(ﬁ_'y)Tmin
i=0 i=0

Substituting these estimates into (5.13) and using V(0, xo) < c¢»|xo|?>, we obtain

L% e((lr +Y) T max

2 L0 Tmax
Y Lie
e ko +

BV (te, x(t))] < cre™|x)* + —=
[V, x(t)] < c2e”7*|xol 21 — o VTmn] 2epto(1 — e~ Tmn)

do- (5.14)

For t € [, s¢), Lemma 5.1 implies

2 2
LF50 + LF_dle_ﬁtk

BV O] < BVt xt)] + 32+ 5 2

whereas for ¢ € [st, tri1),

N ” L25 LZ(S
BIV(L, x(£)] < T BIV (1, x(10)] + o + —E— e,
2eu,  2eB

Since e®Tmx > 1, these two cases are covered by

2 2
BIV(t, x(1)] < e Tmx B[V (ty, x(t))] + 12‘250 + %e‘ﬂ”‘). (5.15)

The relation ¢ < #; + T, implies
e < Ve (5.16)

Substituting (5.14) into (5.15), using (5.16) and Assumption 3.5, we get
Ellx(t)*] < C,e™ (Ixo* + 61) + D&y, (5.17)

where
Cze(a/r +¥)Timax L% eZ(Q'r +Y)Timax

— (@r+Y)Tmax ]}
C| 28clﬁ 1 - e_(JB_Y)Tmin

2

C, := max{
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L% ezw r Tmax

D : + erTmax],

2ecipte 1 — e~ Tmin

Letting t — oo in (5.17), we obtain

lim sup E[|x(1)*] < D6.

[—00

If 6, = 0, then the system is practically exponentially stable in G-mean square with practical bound
Déy. If 69 = 0, this estimate is of the form required in the definition of exponential stability in G-mean
square. ]

Remark 5.3. The quantity
A = 6p — (1 - O)a,

is the balance between control and rest. The active windows contribute the decay term 6., while the
rest windows contribute the possible growth term (1 — 8)a,. Thus, A, > 0 means that the decay gained
during control dominates the growth allowed during rest. A larger threshold p reduces transmissions
but also decreases u., so the duty ratio & must be chosen large enough to keep A, > 0.

6. Quasi-sure exponential stability

Lemma 6.1. Under Assumption 3.4, for every T > 0 there exists a positive constant Cr, independent
of €, such that, for every € > 0,

B[ sup |x()]] < CrE[x(O)] + 6o + 6,e7). 6.1)

(<t<(+T

Proof. Fix{ >0andte[(,0+T]. For{ <r<t,
x(r) = x(6) + f [f(s, x(5)) + u(s)lds + f h(s, x(s))d(B); + f g(s, x(s))dB;.
¢ ¢ ¢
The elementary inequality (a + b + ¢ + d)* < 4(a*> + b* + ¢* + d?) implies

E[;up Ix(r)IF] < 4B[|x(0)1*] + 4E[;up | | (FCs, x(s)) + u(s))dsl*]
<r<t <r<t 4

+ 4E[sup | rh(s,X(S))CKB)sIZ]+4E[Sl1p| 8(s, x(5))dB,[]. (6.2)

{<r<t 4 {<r<t ¢

By Holder’s inequality and Assumption 3.4, we have

Elsup | | (f(s,x() + u(s))ds’] < Tf B[/ (s, x()) + u(s)I’1ds
¢

{<r<t ¢

<2TI? f Bllx(s)*1ds + 2T f Bllu(s)|*1ds.
4 €

On rest windows u(s) = 0. On active windows, by (3.5),

lu(s)|* < 2L%|x(s)* + 2L%|e(s)]* < 2L2(1 + p)|x(s)[* + 2LE(8o + 6,e77).
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Therefore,

E[sup | | (f(s,x(s)) + u(s))ds|’]

{<r<t ¢

!
< T2L* + 4L2(1 + p)] f El|x(s)*1ds + 4T*L% (50 + 6,e7). (6.3)
¢

Moreover, by Lemmas 2.2 and 2.3, we have

E[sup | rh(s,x(s))d<B>S|2]sch f E[lh(s, x(s))[*lds < CYTL? f E[lx(s)1ds, (6.4)
t<r<t Je 4 t
and
Elsup | | g(s, x()dB,]1 < C) f Ellg(s, x(5))P*1ds < C3L° f Ellx(s)"1ds. (6.5)
t<r<t J¢ 14 t

Substituting (6.3)—(6.5) into (6.2), we have

{<r<t

E[sup |x(r)[*] < 4B[|x(O)*] + Rr(£) + K f Ellx(s)*1ds,
£

where R7(€) := 16T2L2(8, + 617F") and Ky := MT[2L2 + AL2(1 + p)] + CYTL? + C4L).
Since |x(s)I* < sup,,, [x(¢)I*, then

ELsup |x(r)] < 4B[Ix(O)P] + Ry (6) + Krf Elsup [x(q)F1ds.
t

{<r<t t<q<s

Then, by Gronwall’s inequality, we obtain

E[sup |x(r)I*] < @E[|Ix(OP] + Rr(£))e* T < CrEx(O)I] + 6y + 51¢77),

(<r<t
where Cr := max{4, 16T>L%} - €577, m]

Theorem 6.2. Suppose that the assumptions of Theorem 5.2 hold, that 69 = 0, and that the
corresponding closed-loop solution is globally defined q.s. Then, for every y € (0, min{A,, 5}),

|
lim sup — log [x(1) < —%, g.5. (6.6)

[—0o0

Proof. When ¢, = 0, Theorem 5.2 implies
Ellx(0)P] < Cye " (Ixol* +61), 120, (6.7)

where C, is defined in Theorem 5.2.
Let
Im = [mein’ (l’l’l + l)Tmin]a m € N.
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Applying Lemma 6.1 with £ = mT,;, and T = T\, and using (6.7), we get

Elsup |x(1)*] < C

tel,

(E[lx(mein)lz] + 61€_ﬁmrmm) < CT (CY|X0|2 + Cyél + 61 )e_ymei“,

Tnin min

where we used y <  in the last inequality.
Define

Ay = {sup [x()]? = e min/2),
tel,,

The capacity Markov inequality implies

C(A,,) < e =2 Blsup |x(t)]*] < Cr,

min
tel,,

[C, x> + (C, + 1)y ] Tin/2,
Since the right-hand side is summable in m, the capacity Borel-Cantelli lemma implies that, outside a

polar set, there exists my(w) such that for all m > my(w),

sup [x(1)* < ¢ Tmin/2,

tel,

Equivalently, for all such m and all ¢ € I,,,,
|X(t)| < e_Vmein/4.

Iftel,, thent < (m+ 1)T;,. Taking logarithms, we obtain

1 Y mein
-1 H<——m—m—.
o < = D T
Letting + — co and hence m — oo, we obtain
. 1 Y
lim sup " log |x(2)| < T g.s. (6.8)
>0
O
7. Example
Consider the following uncontrolled system driven by G-Brownian motion:
dx(t) = f(t, x(0)dt + h(t, x()d(B); + g(t, x(1))dB,, (7.1)

where the volatility uncertainty interval is [gz,Ez] = [%, 1] and

arctan x
1+22°

1
flt,x)=x+ 3 arctan x, h(t, x) = g(t,x) = e'sinx.
Take V(t, x) = (1 + e)x*. Then
V, = —e'x?, Ve=2(1+e")x, Vie=2(1+e™).
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Since 1 <1 +e* <2forall >0, we have
alxP V@) <ok, =1 0=2,
and
VP =41 +e )22 =4(1 + )V < 8V,
so the third condition of Assumption 3.5 holds with ¢; = 8.

Since G(-) = %(-), then for the open-loop generator, we have

2x arctan x .
LoV = (1 + e )[—v(H)x* + 2x* + xarctan x + SSTY + e 2 sin® x],
-t

1+e?

where v(t) := € (0, %]. Since xarctan x > 0 and v(f) < 1, we obtain

<3,
LoVEU+eHR2-vO¥* > +eHx* > V.

Hence, the open-loop generator is nonnegative for all # > 0, and by the Lyapunov instability criterion
in [7], the trivial solution of (46) is exponentially unstable.
We design an event-triggered intermittent control in the drift term:

arctan x(f)

37 d(B), + ¢”" sin x(1)dB;, (7.2)

dx(t) = [x(¢) + % arctan x(¢) + u(?)]dt +
where the implemented control is

() = {F(x(n(r»), € [t 51,

0, t € [k, tke1)s

with
F(x) = -12x — 2 arctan x.

For x,y € R, the following Lipschitz estimates hold:

(0 = f&, 9] < 3lx =y, (2, x) = h(z, )| < |x =y,
lg(r, x) = g, Y| < [x =y, |F(x) = F(y)l < 14]x —y].

Hence Assumption 3.4 holds with
L=3, Lp=14

Choose an aperiodic intermittent schedule satisfying
Py e[1,2], Sk — ty > 0.6Py, k> 0.
Then, Assumption 3.6 holds with
Tiin = 1, Tinax = 2, 6 =0.6.

Electronic Research Archive Volume 34, Issue 12, 9438-9461.



9458

During active windows, the continuously updated feedback satisfies

LV=V,+V(f+F)+GRVh+g"V.g)
2xarctan x

=2t (3.2
+ e ' sin” x].
1+

= (1 + e D[-v()x* = 22x* — 3xarctan x +
2xarctan x

T 7 < 22, and e % sin® x < x%, we obtain
+

Since x arctan x > 0,

LV <A +e)[-((0) +22) + 2+ 1]x* = =(v(t) + 19)V < —19V.

Hence, a. = 19.
During rest windows, u = 0, and

LV =V, +V.f+GRV:h+g"V,.g)

2x arctan x
= (1 + e D[-v(t)x* + 2x* + xarctan x + I +e ¥

sin® x]

<(1+eMH[6-vD)]x* <6V

Thus, @, = 6.
We conclude that Assumption 3.5 is satisfied with

a=1 =2, a=19, a. =6, c3=38.

Choose
e=1, p =107, 8o = 1073, 5 =102,  B=10.
Then,
LZ
o= o -8 2 19 _4_0.98 =14.02 > 0,
2 2&c
and

Ade=60u.—(1-0)a, =0.6x14.02-04x6 =8.412-2.4=6.012 > 0.

Hence, all the conditions of Theorem 5.2 are satisfied. For every y € (0, min{4,,8}) = (0,6.012),
Theorem 5.2 implies that the controlled system (7.2) satisfies

Ellx(t)*] < C,e ™ (1xo* + 61) + Do, t>0.

If 6; = 0, the controlled system is practically exponentially stable in G-mean square with practical
bound D¢y. If 5y = 0 and the corresponding closed-loop solution is globally defined q.s., Theorem 6.2
further provides a quasi-sure exponential estimate. If 69 = 6, = 0, the controlled system is
exponentially stable in G-mean square. If 6y > 0, Theorem 4.2 ensures that the triggering law is
Zeno-free q.s. on every finite horizon.

For the numerical simulation, we use exactly the same parameters as above. The G-Brownian
motion is approximated by sampling the volatility o uniformly from [o, 0] = [1/ V2,1]. We use the
Euler scheme with step size At = 1073 on [0, T] with T = 20, and M = 500 independent samples.
The initial condition is xy = 1. The intermittent schedule is P, = 1.5 and s — #;, = 0.9, which satisfies
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Assumption 3.6 with Ty, = 1, Thax = 2, and 6 = 0.6. The triggering parameters are p = 1072, 8 = 10,
0o = 1073, and 6; = 1072, The stability parameter is chosen as y = 4 € (0, 4,) = (0, 6.012).

(a) Mean-square response

|
]
|
|
|
]
|
|
|
]
|
|
|
|

10°

Efla(t)[?]

1073

(b) Inter-event intervals

3 T

Inter-event interval

Event time ¢

Figure 2. Numerical simulation results for the event-triggered intermittent control scheme:
(a) mean-square trajectory; the red dashed line indicates the empirical ultimate bound; (b)
inter-event intervals.

Figure 2 reports the numerical results. In panel (a), the mean-square response decreases rapidly
at the initial stage and then settles into a periodic sawtooth pattern, where the green shaded regions
mark the rest windows. The red dashed line indicates a conservative upper bound for the steady-state
response. In panel (b), all inter-event intervals are bounded away from zero, confirming the absence of
Zeno behavior established in Theorem 4.2.
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