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Abstract: This paper investigates a class of p-obstacle problems with subcritical exponents having the
form

div (a(x)quI”_zVu) = MiX{u>0} — mguﬁ_l)({po, in Q,

where Q is a smooth bounded domain in R¥(N > 2), m; and m, are positive constants, the coefficient
function a € C?*(Q) has a positive lower bound, and 2 < p < 1 < p* := NN—i when p < Nand N > 3
or2 < p <4< +cowhen N = 2. By using the mountain-pass lemma, combined with the penalty
method, we first establish the existence of non-negative weak solutions. Then, using the De Giorgi-Nash
iteration, we prove the L™ bound and local C'** continuity for the solutions. In addition, we prove local
porosity of the free boundary based on the optimal growth and non-degeneracy of solutions near the
free boundary. Furthermore, by means of Lebesgue measure estimates for gradient level sets, we show
that at least one solution corresponds to the free boundary having a locally finite (N — 1)-dimensional
Hausdorff measure.
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1. Introduction

Free boundary problems described by partial differential equations (PDEs) of an elliptic type naturally
arise in a wide range of physical models and variational settings, and constitute a central subject in the
theory of PDEs. Typical examples include the obstacle problem, Bernoulli-type free boundary problems,
chemical reaction equations, among others. A crucial theme in the study of the free boundary problems
is proving the existence and regularity of solutions and analyzing the geometric properties of the free
boundary such as its porosity and Hausdorff measure.

Recently, the authors of [1] studied a superlinear obstacle-type free boundary problem of the
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following form:

Au = (1 - I/t/l_l)/\/{u>0} in Q,
u>0in Q,
u e W,A(Q),

where Q is a smooth bounded domain in RV(N > 2), x(,-0)(-) is the standard characteristic function, and
the exponent A satisfies

® ._ 2N
2<ﬂ< 2.—@, N237
+o00, N =2.

The main challenge in studying the regularity theory for such a problem comes from the coupling of
the superlinear term u*™! and the characteristic function y{,¢,. This coupling disrupts the coercivity
of the associated energy functional (thus ruling out standard minimization arguments for existence).
As a consequence, classical variational methods cannot be applied straightforwardly. To overcome this
obstacle, the authors of [1] employed a penalty method, combined with the mountain pass lemma, to
establish the existence of nontrivial solutions, and further demonstrated that these solutions possess
locally optimal regularity by means of a suitable monotonicity formula combined with a bootstrap
iteration argument. Moreover, non-degeneracy of solutions near the free boundary and local porosity
of the free boundary were established. Furthermore, it was shown that the free boundary possesses a
locally finite (N — 1)-dimensional Hausdorff measure and a decomposition property of the free boundary
was provided; see [1].

Motivated by the superlinear obstacle-type free boundary problem studied in [1], the aim of the
present paper is to investigate a class of obstacle problems with more involved operators and nonlinear
structures. In particular, in this paper, quasilinear operators of the p-Laplace type with variable
coefficients are considered and the nonlinear term on the right-hand side of the equation allows for
subcritical exponents, both of which bring more complexities in the establishment of solutions and
analysis of free boundaries. More precisely, we study the following problem:

div (a()IVul’2Vu) = mix s — mau' ™y in Q.
u>0in Q, (1.1)
ue Wy (Q),

where Q is a smooth bounded domain in R¥(N > 2), the coefficient function a € C*(Q) satisfies
0<ap<ainQ and |lallc2q) < a
with positive constants ay and a;, m;, m, are positive constants, and the exponent A satisfies

=2 N>3 p<N,

2Sp</l<{p N-p (1.2)

+o00, N =2.
Formally, Eq (1.1) corresponds to the following energy functional:

Fu) = f 9D G + myut — ™20y,
Q P A
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where u* = max{u, 0}.

It is worth mentioning that the authors of [2-5] and [6, 7] investigated the porosity and Hausdorff
measure of the free boundary for the p-Laplace type obstacle problem with m, = 0 in Sobolev spaces,
and for the A-Laplace type obstacle problem with m, = 0 in Orlicz spaces, respectively. The porosity
and Hausdorff measure of the free boundary for a p-Laplace obstacle problem associated with the
Ginzburg-Landau equation, for which the coefficient of the superlinear term is non-negative, were
studied in [8]. Additionally, it is worth mentioning that the porosity of the free boundary for the p-
Laplace non-zero obstacle problems was established in [9]. Nevertheless, the regularity, in particular, the
Hausdorff measure of the free boundary, for the p-Laplace obstacle problem with variable coefficients
and general subcritical terms remains unexplored.

In this paper, we first prove the existence and regularity of weak solutions of the p-Laplace type
obstacle problem (1.1), and then study the local porosity and finite (N — 1)-dimensional Hausdorff
measure of the free boundary I'* := d{u > 0} N Q. Compared with [1], the problem considered in this
paper is more challenging in the following three aspects.

e Lack of the Alt-Caffarelli-Friedman (ACF) monotonicity formula. For the case where p = 2, the
ACF monotonicity formula serves as a powerful tool for proving the optimal growth of solutions
near the free boundary, which is a key step in establishing the regularity of the free boundary.
However, for p # 2, this formula is no longer applicable. To overcome this difficulty, we will
employ the method of [2,3,5], which combines a blow-up argument with the homogeneity of the
p-Laplacian, to prove the optimal growth of solutions.

e Non-uniqueness of solutions. Unlike the setting in [1], solutions of Problem (1.1) may not be
unique. This imposes difficulties in establishing the regularity of the free boundary for every
solution under consideration.

e The presence of the variable coefficient a(x). The appearance of a(x) complicates the regularity
analysis of both the solution and the free boundary.

Overall, the main contribution of this paper is twofold.

e By using a regularization and penalty method, we prove the existence and regularity of weak
solutions for a wider class of p-Laplace type obstacle problems, which extends relevant results
obtained in [1] for the obstacle problem governed by the Laplacian.

e We overcome the technical difficulties arising from the general p, the variable coefficients, and
the nonlinearity of subcritical terms, and show that for each solution the free boundary is locally
porous and that at least one solution corresponds to the free boundary having a locally finite
(N — 1)-dimensional Hausdorff measure, extending the work in the literature [1-5, 8, 9].

The paper is organized as follows: in Section 2, we present some notations and technical lemmas
used for the proofs of main results; in Section 3, we prove the existence and uniform L* boundedness
of solutions of Eq (1.1); in Section 4, we establish the local C%® and C' regularities of the solutions;
in Section 5, we prove the local porosity of the free boundary based on the optimal growth and non-
degeneracy of solutions near the free boundary; in Section 6, we provide some auxiliary results for a
corresponding penalized problem; and we show that for at least one solution, the free boundary has a
locally finite (N — 1)-dimensional Hausdorff measure in Section 7.
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2. Notations and technical Lemmas

R denotes the set of real numbers, N := {0,1,2,...}, and N* := {1,2,3,...}. B.(x) denotes the
ball in RY with a center of x and a radius » > 0. When the center is not emphasized, we simply write
B, for a ball with radius r. For a function u defined on Q, let {u > 0} := {x € Q : u(x) > 0} and
I := (0{xeQ:ulx)>0})NQ. For m € N* and measurable set E Cc R™, |E| := L"(FE) denotes its
m-dimensional Lebesgue measure, and H"'(E) denotes its m-dimensional Hausdorff measure.

The following inequality ensures the monotonicity of the p-Laplacian.

Lemma 1 ([10, p.13]). For p > 2, it holds that

. _ 1
(172 = nl"n) - € = m) 2 1€ —nl". V& € RY.
The following result, which is called the Du Bois-Reymond lemma, is a fundamental lemma in the
calculus of variations.

Lemma 2 ( [11, Corollary 4.24]). Let f € LIIOC(Q) satisfy fQ fgdx =0 forall g € C3(Q). Then, f =0
a.e. in Q.

The following lemma will be used in the proof of the L™ estimate of weak solutions of the obstacle
problem (1.1).

Lemma 3 ( [12]). Let {g,}.en be a sequence of non-negative numbers satisfying
g1 SCD'g*. neN,
where C,{ > 0 and D > 1 are constants not depending on n. If
g < C_%D_f%,
then g, —» 0asn — +oo.

The following three results will be used in delicate iterations and comparison arguments with
appropriate competitors. Moreover, they will be employed to obtain interior regularity of the gradients
of weak solutions of the obstacle problem (1.1).

Lemma 4 ( [13, Lemma A.3]). Let T be a non-negative function on an interval (0, R,] with R, < 1.
Suppose that for all r and R satisfying 0 < r < R < R,, there holds

() <A (%) «(R) + BR",

where A > 1, B, @, and 8 are positive constants with a > . Fix 6 € (8, a) and consider 6 € (0, 1) with
A6Y = €. Suppose that there exists a constant d > 0 such that ©(r) < dt(6*R) for all non-negative
integers k and r € [0*"'R, 0*R]. Then, there is a positive constant C which only depends on A, a, 3, 6,
and d such that

r

(r)<C (R)(r (tr(R) + BR?)
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holds true for any r, R, and o satisfying 0 < r < R < R, and 0 < o < 8. Furthermore, there is a positive
constant D which only depends on B, C, 8, and T(R,) such that

7(r) < Dr?

holds true for any r € (0, R.] and o € (0,8].

Lemma 5 ( [14, Lemma 3.1]). Let u € W'P(Q), Bx € Q. If v is a bounded weak solution of the
p-harmonic equation

div((Vv[P2Vv) =0in Bz, v—-uc Wé’p(BR),

then for any u € (0, N), there exists a positive constant C which only depends on N, p, u, and ||V||.~sy)
such that

%
f [Vu — Vv|Pdx < Cf (IVul? — |Vv|P)dx + CR> (f (IVul|? - |Vv|p)dx) .
Bgr Br Br

Lemma 6 ( [15, Lemma 4.1]). Let u € W'"P(Bg), Bx C Q. If v € W'"P(Bg) is a weak solution of the
p-harmonic equation

div(|Vv|P=2Vv) = 0 in By,

then there exist a constant 6 € (0, 1) and a positive constant C which only depends on N and p such that

N+6
f [Vu — (Vu),Pdx < C (%) f [Vu — (Vu)g|Pdx + Cf |[Vu — Vv|Pdx, Vr € (O, R].

B, Bg Bg

3. Existence and uniform boundedness of solutions

In this section, we establish the existence and uniform L* boundedness of solutions to the obstacle
problem (1.1).
The existence result is stated as below.

Proposition 1. The Eq (1.1) admits at least one weak solution.

Proof. We employ the penalty method and the mountain pass lemma (see [16]) to prove this result.
More specifically, we consider the associated penalized problem, namely, for 0 < & < 1, we consider
the equation

{div (a(x)qulp‘ZVu) = mx(u) — my(u™)*in Q, 3.1

u=0on0Q,
where y.(s) 1s a smooth monotone approximation of the Heaviside function y/,-o) satisfying

Xo(5) =0, xe(s)=0fors<0, y.s)=1fors>e.
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We claim that a critical point, denoted by u,, of the functional

Ty = [ X9 + md, 0 - 2(u+)ﬂdx (3.2)
Q P
is a solution of Eq (3.1), where @.(s) = [*_x.(Hdt > 0.

Indeed, noting that J, € C ! (Wé’p (Q), R), it suffices to show that for a sufficiently small & > 0, the
functional 7.(#) admits a mountain pass geometry.
First, it is clear that J.(0) = 0. Let S be the optimal embedding constant of Wl Q) = LYQ).

For any u € W(;’p (Q) satisfying ( fg |Vu|”dx); = ( ) v ST , by the Sobolev embedding theorem, we
deduce that

NA) Zf @IVMI” - @(Lﬁ)‘dx
QP A

0 ny
>— | |VulPdx - 1 |VulPdx
P Ja AS Q
A 4
:lag’” myS - laé’” my S =
p A
A=p & B

Next, using the properties of y.(s), we obtain

A
Tl = f LGP+ my (1) — "ty

alt fqulpdx + my f(ltul +&)dx — — f( Ydx, ¥t > 0, 3.3)

which, along with 4 > p, implies that J.(tu) — —oo as t — +o0.
Therefore, the mountain pass lemma ensures that there exists a Palais-Smale sequence for J.(u) at

ior
A= A
the level ¢ > —ppa(; "m; Y=

In addition, we need to verify the Palais-Smale compactness condition. Suppose that there exists a
Palais-Smale sequence {u,} such that J.(u,) is bounded (i.e., | .(u,)| < M with some constant M > 0)
and J/(u,) — 0 1in ( wir (Q)) First, we prove that {u,} is bounded in W1 ?(Q), and then show the
existence of a strongly convergent subsequence. Indeed, from (3.2), we obtaln the following:

Tuluy) = %wunmml@ () = "2y (3.4)
Q
From (3.1), we obtain
T L)) = fg D190, + B~ "2 (3.5)

Combining (3.4) and (3.5) yields

1
Tt = (T lt), ) 2 f

Q

(@_@)lv |de_f@)(£(un)undx+fm1®s(un)dx
p o 4

Q
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9358

> f (@ - @) |V, |Pdx — f Xs(”n)”ndx
o\p Q

> (@ - @)f [V, |Pdx — Cf |ue|dx, (3.6)
p A Q Q

where C is a positive constant which only depends on N, A, m,, and Q. Since J/(u,) — 0, for any
@ € W,”(Q), it holds that

KTt @ Ty Il = 0Dl (3.7)

Substituting ¢ = u, into (3.7) leads to the following:

%I(J;(un), )l < o(Dlltally s gy (3.8)
Using (3.8) and the condition | 7.(u,)| < M, we infer that
Tolt) = (T L), ) STl + ST L), 1)
<o(Dllually1oqy + M. (3.9)

Combining (3.6), (3.9), and Young’s inequality with g, &, > 0, we obtain the following:

(— - —) f |V, |Pdx <Cf |, |dx + 0(1)||un||W1 oyt
<Cg; f lu,|Pdx + o(1)e, (f |u,|Pdx + f |Vun|pdx) +C,
Q Q Q

<C(g; + o(l)gy) f [Vu,|Pdx + Cg, &, (3.10)
Q

where C is a positive constant which only depends on N, p, A, m;, M, and €, and C;, ., 1s a positive
constant depending additionally on &, and &,. By choosing sufficiently small &, and &, and using (3.10),
we obtain the following:

f [Vu,|’dx < C,
Q

where C is a positive constant which only depends on N, p, 4, m, ay, M, and Q2. Therefore, the sequence
{u,} 1s uniformly bounded in Wg”’ (). By the embedding theorem, there exist a subsequence, still
denoted by {u,}, and a function u, € Wé’p (€2) such that

Uy — ug in Wy"(Q) and u, — u, in L7 (Q). (3.11)
Since J/(u,) — 0, it holds that

(T L tt), 1y = )| = 0. (3.12)

Electronic Research Archive Volume 34, Issue 12, 9352-9385.



9359

By (3.12) and Lemma 1, we deduce that
0 — (T L),y — 1)

B fg a0Vt P> Vi, (Vity = Vi) + my ety — ) — mo(u Y~ 2us (uy — u)dx
- fg a(x) (|Vu, P2V, = (Vi 2V, ) (Vu, — Vu)dx

; fQ a() |Vt P2Vt (Vut, — Vi )dx

+ fg )t — 1) — Y20 oty — ;)

1 p
> f (5) aolvun - Vug|pdx + fa(x)lvuslp_zvus(vun - VMS)dx
Q Q

+ Lml)(g(un)(un — ug)dx — ng(u;)ﬁ_zu;(un — ug)dx. (3.13)
In view of (3.11) and the boundedness of a(x), we obtain the following:
’}1_)rr010 . a(x)|Vug|" > Vu,(Vu, — Vu,)dx =0, (3.14a)
fim [ ), = 1) =0 (3.14b)
lim ) my ()Y ut (u, — ug)dx =0. (3.14c)

From (3.13) and (3.14), we infer that

n—oo

lim f |Vu, — Vu.[’dx = 0, (3.15)
Q

which, along with (3.11), implies that u, — u, in W(;’p (Q) as n — oo; hence, the Palais-Smale condition
is satisfied.

We verified that all conditions of the mountain pass lemma are satisfied. Therefore, there exists a
nonzero critical point . such that J/(u.) = 0, and the corresponding critical value can be expressed as

Jelus) = ¢, := inf max J.(y(1)) (3.16)
yel t€[0,1]
with
I :={y e C([0, 11, W,"(Q) : (0) = 0, To(¥(1)) < O}

Therefore, u, is a mountain pass solution of Eq (3.1) at the level c,.

Now, we prove the existence of a weak solution of Eq (1.1). Indeed, in view of (3.3), for a fixed
Up € W&’p (Q) \ {0}, there exists #, > 0 independent of & such that J.(¢yuy) < 0. Setting wy = fouy, we
have rwy € I" for ¢ € [0, 1], and there exists a constant B(p, A, my, m;, a;, wy, 2) > 0 independent of &
such that

c. <max Jg(twp)
1€[0.1]

Electronic Research Archive Volume 34, Issue 12, 9352-9385.
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1P !
= max [f ) |Vwo|Pdx + m, f O (two)dx — mal f |war|’ldx]
€01l {Jao P Q 4 Q

tP t/l
Smax[al— f Vowol”dx + m,y f (twol + 1)dx + 22— f |wg|ﬁdx}
ol p o Jo o 1 Ja
= B(pa /L my,my, d, wo, Q) (317)

From (3.6), (3.16), and (3.17), we infer that

B(pa /la my,mp, dy, Wo, Q) an

1
:js(us) - z(j;(us)a u8>

z(@—@) f \Vu,|Pdx — C f I, |dx,
P A Q Q

which, along with Young’s inequality with &; > 0, implies that

ap Ao

(— — —)f [Vu.|Pdx SCf lu dx + C < Cg f lul"dx + C,,. (3.18)
P A Q Q Q

Choosing a sufficiently small &, we deduce from (3.18) that

fquslpdx <C,
Q

where C is a positive constant which only depends on p, A, m, m,, ay, a;, wp, and €. Since the family
{us} is uniformly bounded in Wé”’ (Q) with respect to &, there exist a subsequence, still denoted by {u.},
and a function u € Wé’p (©) such that

U, — uin W,P(Q) and u, — uin L7 (Q).

Then, proceeding in the same way as for (3.15), we obtain the following:

lim | |Vu, — Vul’dx = 0.

-0 Q

Thus, u, — u in W(;’p (©2). Now, multiplying Eq (3.1) by any ¢ € C;°(£2) and integrating over €, we
obtain the following:

f a(x)IVugI”_zVungo + myy.(ug)p — mz(u;)l_lgodx =0. (3.19)
Q

By virtue of u, — u in Wé”’ (€2) and the subcritical growth condition (1.2), by taking the limit & — 0 in
(3.19), we obtain the following:

f a(x)|\VulP2VuVe + miy o0 — mau)*pdx = 0,
Q

Electronic Research Archive Volume 34, Issue 12, 9352-9385.
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which, along with density of C;'(€2) in Wé P(Q), implies that u satisfies the first equation of (1.1) in the
weak sense. Furthermore, one can show that such u is non-negative, and hence u is a weak solution of
Eq (1.1). Indeed, using u — u* € W(;’p (Q) as a test function for Eq (1.1), we obtain the following:

faqul”_ZVu(Vu — Vu")dx + f(ml/\({u>0} — myu* ™ Ym0 — ut)dx = 0.
Q Q
It follows that

faquIpdx = f alVulP2VuVu*dx — f(ml)({u>o} — myu™ Ym0 — ut)dx
Q Q Q

p—1
p

<

1
f alVulPdx + — f alVu*|Pdx — f (M1 x o) = Maut'™ ypus0) (e — u*)dx,
Q P Ja Q

where we used Young’s inequality in the last inequality. Therefore, we have the following:
faIVulpdx = f alVulP>VuVutdx — f(ml/\/{u>0} - mzu’l_l)({u>o})(u —u)dx
Q Q Q
< f alVu™Pdx — p f(ml)({u>0} — mou ™ Ym0 — u*)dx
Q Q
= f alVu™|Pdx — Pf (M 0y — mzuﬁ_l)({um})(u —u")dx
QN{u>0} QN{u>0}

-1
+ f alVu'|Pdx - Pf (MiX(us0) = Mot Xpus0))(u — u™)dx
QN{u<0} QN{u<0}

= f a|VulPdx,
QN{u>0}

which implies that

f alVulPdx = 0.
QN{u<0}

Thus, either u = C oru > 0 a.e. in Q. Since u € WS’”(Q), it follows that u > 0 a.e. in Q. O
The following result gives a uniform L™ bound for the solutions of Eq (1.1).

Proposition 2. All weak solutions, still denoted by u, of Eq (1.1) are uniformly bounded, having the estimate
lellz=@) < C,

where C is a positive constant which only depends on N, p, A, m;, my, ay, and .

Proof. Fix ky > 0. For every k > ko, define the function u; :  — R by the following:

k, if u(x) > k,
ur(x) = { .
u(x), ifu(x) <k.

Let S = {x € Q: u(x) > k}. Then, for all k > kj, we have the following:

u=wuin Sy and u; = kin Sy.

Electronic Research Archive Volume 34, Issue 12, 9352-9385.
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Using u — uy € Wé’p (Q) as a test function for Eq (1.1), we obtain the following:

- f alVul>Vu(Vu — Vuy)dx = f(ml)({u>0} — mou™ Y pus0)) (U — ug)dx.
Q Q
It follows that

f alVulPdx = f alVulP > VuVudx — f (Mx 0y — Mot Ym0 (U — w)dx
Q Q Q

p—1
P

<

1 -
fa|Vu|pdx + - f alVu|Pdx — f(ml)({u>0} — mou" ™ ypuso)) (U — wi)dx,
Q P Ja Q
where we used Young’s inequality in the last inequality. Therefore, we have
faIVulpdx = f a|VulP>VuVu,dx — f(ml)({u>0} - mzu/l_l)({wo})(u — u)dx
Q Q Q
< f alVuPdx — p f(ml)({u>0} — mou Ym0 — w)dx,
Q Q

which, along with the non-negativity of solutions, implies that

faoqulpdxsfaqulpdx
Sk Sk
:faIVulpdx—faIVuklpdx
Q Q

<-p f(ml)({u>0} - mzu/l_l)({u>0})(u — u)dx
o)
=—p | mixpuso — mau' ™ xpso) (@ — u)dx
Sk
=— pf (my — mau ™) u — k)dx
Sk
<p f mou*™ (u — k)dx
Sk
<p f myu'dx
Sk
<pm2"™ | (u—= k)t + krdx
Sk
Spmﬂ”‘1 f lu — k[t dx + pm22A_1k’1|Sk|.
Sk
Thus, it holds that
f |VulPdx <C f (u — k)Y dx + CkYS ], (3.20)
Sk Sk
where C is a positive constant which only depends on p, A, m,, and ay.

Electronic Research Archive Volume 34, Issue 12, 9352-9385.
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Define K,, :=
We claim that

%(1 - 2,+1)f0r all n € N, where K,,, K > k. Set g, :

gl’l+1 < CDng:l+§a vn € Na

where C > 0, { > 0, and D > 1 are constants independent of n.
Let

| N >3,
T lp+a, N=2.

By Holder’s inequality and the embedding inequality, it follows that

gt = f (4= Koo)' dx
Sk

n+l

S[f ((u = Kps1)” )quJqISK,MII_;

K1

(f ((u—Ku1)* )qu) ISk, 1_7
c( f |V(u—1<n+1>+|”dx) 1S k.17
Q
2
sc( f |Vu|de) ISk 74,
Sk

n+l

where C is a positive constant which only depends on N, p, 4, and Q.
Noting that K., — K, = 2,,—’;, we obtain the following:

K A
(55) 1Sl =Ko = KI5

:f |Kps1 — Knl/ld-x
Sk

n+l1

sf (- K7 dx
f«u—m)dx

_gn’

which implies that

n+3\4
|SK,,+1| < 2 &n-
K

Electronic Research Archive

= J, ((u—K,)*)'dxforall n € N.

(3.21)

(3.22)

(3.23)
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Using (3.23), we deduce that

f lu — K, |* dx szif lu — K| dx + 2ﬂf K, — K,.1[*dx
Sk S S

n+l Kt K11

<2 f ju = Kl dx + 24K, = Kpiil'1S .,
S kn

2n+3 1 K A
1 1
<2gn+2 ( K ) (2n+3) &n

=2"g . (3.24)

Then, we have the following:

K 1 7 on+3 1 yn+3 1 1
A _ 2n+4
Kb g = (5(1 ) 2n+2)) ( K ) o _( 2 (1 ) 2n+2)) g <28 (32

Combining (3.20) and (3.22)—(3.25), we obtain the following:

’ _4
gn+1 SC (f |I/t - I{I’l+1|/l dx + Ky/ll+1|SKn+| |) |S K,H.] |1 4
Sk

n+l

a((on+3 z 1_3
<C (2/l+1 g+ 2/l(n+2) gn)x, (( ) gn]

K
2

a1 2n+3 q !
Sc(2/1+1 +2/1(n+2))p g:( e ) g:; q

<C (zﬂ<ﬂ+2>)% (zm)ﬂ—f Qi

22 242 22
<C2 Mg
A_
1+p

SCZ'M(H—%_g)gn
<C (27 gh¥,

4_4
P q

1+
n
a
q

where { = ﬁ — 4 5 0. Therefore, inequality (3.21) holds with D := 2% and some constant
C = C(N, p, A, my, ay, K, Q). In particular, we have the following:

K\?
(Z) |SK0| = (KO)qls K()l < f |u|qu < flulqu = ”uHZq(Q) (326)
SK() Q

From (3.26) and the embedding theorem, we infer that

! 4\71
go = ﬁ ((u - Ko)+)/l dx < L lu[*dx < ||M||2q(g)|5 1<0|1 ¢ < (E) ||M||Zq(g)-
Ko K

0

Therefore, by choosing a sufficiently large K which depends on ||u|| .4y, we obtain the following:

4 =4 q 1 L
05| 2) g < CD7. (3.27)
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In view of (3.21) and (3.27), by Lemma 3, we deduce that g, — 0 as n — oo; therefore,

K +\P
f (u - —) de= lim | (=K' dx=0.
Sk 2 n—eo S kn

Thus,

K
O0<uc< 3 a.e.in Q, (3.28)

where K is a positive constant which depends on ||u]|z4q).
Now, we estimate ||ul|.¢q). Indeed, by the embedding theorem, we obtain the following:

lullze) < ClIVullzr ), (3.29)

where C is a positive constant which only depends on N, p, ¢, and €, and hence, only on N, p, A, and Q.
Furthermore, taking u as test function for Eq (1.1), then applying Young’s inequality with &, &, > 0, the
embedding inequality, and the Poincaré’s inequality, we obtain the following:

faOIVul”dxsfa(x)IVulpdx
Q Q

-1
:_fml/\/{u>0} de"‘fmzuﬂ Xiu>ojudx
Q Q

< f my|uldx + f molultdx

Q Q
<g f [ulPdx + & f lul?dx + Cg, ¢,
Q Q

<Cg f VulPdx + Ces f VulPdx + C, ., (3.30)
Q Q

where C is a positive constant which only depends on p, N, and Q, while C,, ., is a positive constant
which only depends on &, &, N, p, 4, m;, m,, and Q. Let & and &, be sufficiently small. It follows
from (3.30) that

f|Vu|”dx <C, (3.31)
Q

where C is a positive constant which only depends on N, p, A, m;, m,, ay, and Q.
From (3.28), (3.29), and (3.31), we conclude that all solutions have the same bound, which only
depends on N, p, A, m;, m,, ay, and Q. |

4. Uniformly local Holder continuity of solutions and their gradients
In this section, we establish uniformly local Holder continuity of solutions and their gradients for the
obstacle problem (1.1).

First, we have the following result regarding the uniformly local Holder continuity of solutions.
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Proposition 3. All solutions, denoted by u, of Eq (1.1) belong to C&S(Q) with the same constant
a € (0, 1). Moreover, for any ' CC Q, there exists a positive constant C depending on N, p, A, my, ma,
ao, ay, 1, ', and Q such that

lleell ooy < C.

Proof. For any xy € Q, let Bg = Bg(xp) cC Q with some R > 0. Let v be a p-harmonic function which
satisfies the following:

. -2 _ .
d1V(|Vv|P Vv) = 0in Bg, @
v = u on 0Bg.
By the maximum principle, we obtain the following:
IVllzoBr) < IVlle@Br) = Null=@Br) < lullze)- 4.2)

Usingu —v e Wé ?(Bg) as a test function for Equation (1.1), we obtain the following:

f alVulP*Vu(Vu — Vv)dx + f (M1 us0) — Mot ypso)) (@ — v)dx = 0.
Bpr Bg
It follows that

f alVulPdx = f alVulP2VuVvdx — | (mixuso) — mau®™ yuso) (@ — v)dx
Br Br Br

-1 1
Sp f alVulPdx + —f alVv|Pdx — f (M1 us0) — Mot Ym0 — v)dx,
p B p

Bg Br

where we used Young’s inequality in the last inequality. Therefore, we have the following:

f alVup dx - f alVvPdx < - p f (M1 X 0y = Mot Ym0 = V)
Bgr Bgr Br

-1
<p (f my|v — ul|dx + f ma|lullz<q)lv — uldx)
BR BR

<C |v — u|dx “4.3)

Br
<CR", 4.4)

where, by virtue of (4.2) and Proposition 2, C is a positive constant which only depends on N, p, A, my,
m,, and Q.
By (4.4) and [13, Lemma A.14], for any « € (0, N), there holds

a
[VulPdx <— [VulPdx
Bg ao Jpy
a N
<— [Vv|Pdx + CR
aop Jpy

Electronic Research Archive Volume 34, Issue 12, 9352-9385.



9367

4 f VylPdx + CRY
ap Jpg

<CR’, (4.5)
where we let k € (N — 1, N). Applying [13, Lemma A.13], we conclude that u € Cﬁ)’f(ﬂ) for some
a € (0,1). ]

The local Holder continuity for the solutions’ gradients is given below.

Theorem 1. All solutions, denoted by u, of Eq (1.1) belong to Cll(;f(Q) with the same constant « € (0, 1).

Moreover, for any €' CC Q, there exists a positive constant C depending on N, p, A, my, my, ay, a, U,
Q’, and Q such that

||l/lllcl,a(9/) < C. (46)

Proof. For any x, € Q, let B = Br(xp) cC Q with some R < R, < 1. Let v be a p-harmonic function
satisfying (4.1). For any B, CC Bg, by Lemmas 5 and 6, there exists a constant ¢ € (0, 1) such that

N+6
f Vi — (Vu),[Pdx <C (f) Vi — (ViplPdx+C | [V = Vopdx
B, R Br Bg

r N+6
sc(—) f Vi = (Vi)plPdx + C f (IVul? = [Vv|?) dx
R Bgr Br
1

+ CR"? ( f (IVul” - |Vv|”)dx)2, 4.7)
Bg

where u € (0, N) is an arbitrary constant, and C is a positive constant which only depends on N, p, u,
and |[vl|z=(sg)-
By (4.3), (4.5), and the C'-continuity of a, we obtain the following:

a(xo) | (Vul” =[VvI")dx = | (a(xo) — a(x)) [Vul"dx + f a(x) (IVul” — [Vv|”) dx

Bgr Bgr Br
+ (a(x) — a(xg)) |Vv|Pdx
Bg
SCf |xo — x||VulPdx + f a(x) (\Vul? = |Vv|’)dx + Cf |xo — x||Vv|Pdx
Bgr Bgr Br
SCRf (IVul? + |Vv|P)dx + f a(x) (|Vul? — |Vv|P)dx
Br

Bg

<CR"“* +C f lv — u|dx, (4.8)
Br

where C is a positive constant which only depends on N, p, A, m;, m,, a, and Q.
By Young’s inequality with £, > 0, we obtain the following:

1
[v — uldx <|Bg|¥||v — ullp1+ g,
Br
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<CR V(v — u)|dx

Bg

sCalRf |Vv — VulPdx + Cs, RN, 4.9)
Bg

where C is a positive constant which only depends on N, p, and €, and where £; > 0 will be chosen later.
We infer from Lemma 35, (4.8), and (4.9) that

u 2
[Vu — Vv|Pdx <C (IVul? = |Vv|?)dx + CR: (f (|Vul? = |Vv)P) dx)
Bgr B Br

1 s 2
<CR"™ 4+ CeiR | [Vu—VvlPdx + Co RV + C&IRT ( f Vu — Vvlpdx)
Bg

Br

+C, R

14k N+1 p+1+N
<CR ™ + Cisf [Vu — Vv|Pdx + C,,R™ + ¢ f [Vu — Vv|Pdx + C.,,R 2

Bgr Br

+ CR,

Considering a sufficiently small &, we obtain the following:
f [Vu — Vv|’dx < CR™, (4.10)
Bg

where m := min {1 +k,N+1,u+1, “+12+N} > N, and C is a positive constant which only depends on N,
p, A, my, my, a, u, and Q.

From (4.8)—(4.10), and the choice of &, we obtain the following:

f (Vul? = |Vv|P)dx <C | |Vu - Vv|Pdx + CRN*!
Bg

Br

<CR™!, 4.11)

where C is a positive constant which only depends on N, p, A, m, m,, a, u, and Q.
Substituting (4.11) into (4.7), we obtain that

u+N-

™ £ CR

A

7 Vre (0,R).

N+6
f Vi = (Vu),[Pdx < C (1) Vi — (Vi)glPdx + CR™ + CR
B, R Bx

Since u € (0,N) is arbitrary, we may choose u € (N — 1,N), which then implies that

min {m + 1,4 ”;” , ‘%ﬂ} > N. Consequently, there exists a constant @; > 0 such that

N+6
f Vi = (Vu),[Pdx < C (1%) f Vi — (Vi)plPdx + CRV™™
B, By

where C is a positive constant which only depends on N, p, A, m;, m,, a, u, and Q.
By inequality (5.1) in [17] it holds that

f [Vu — (Vu),|’dx <C f [Vu — (Vu)g|"dx
Br

B
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SCf |[Vu — (Vu)g|Pdx,

Bg

where C is a positive constant which only depends on N and p.
Applying Lemma 4 with 7(r) := fB |Vu — (Vu),|’dx, we find that there exists a constant a, € (0, 1)
such that

f |Vu — (Vu),[Pdx < CrV*e,
B,

where C is a positive constant which only depends on N, p, A, m;, m,, ay, u, and Q. It follows that

f |Vu — (Vu),|dx S( f [Vu — (Vu)rlf’dx) IBrI"f;’1
B, B,
<CcrVte

with @ = C;—z € (0, 1), where C is a positive constant which only depends on N, p, A, m;, m,, a, u, and
Q. Thus, Vu belongs to the Campanato space. According to the Campanato’s embedding theorem, we
conclude that u is locally C'® continuous and (4.6) holds true. O

5. Porosity of the free boundary

This section first presents some results on the optimal growth and non-degeneracy of solutions of
Eq (1.1), and then states the local porosity of the free boundary. Without special statements, u always
denotes the weak solution of Eq (1.1).

The first result is concerned with the optimal growth of solutions near the free boundary.

Proposition 4. Lety € I'" and B,,(y) cC Q for some ry > 0. Then, there exists a positive constant C,
which only depends on N, p, A, my, my, and CQ such that

u(x)| < Cylx — y|71,Yx € B,(y) (5.1)
and
IVu(x)| < Cilx — y[71, ¥Vx € B,(y), (5.2)

hold for every r € (0, ry).

Proof. Once the regularity of solutions has been established, the proof can proceed in a standard manner
as in [2,3,5]. For the readers’ convenience, we only present the main steps.

Step 1: Normalize the problem. Without a loss of generality, we assume that B;(y) cC Q with
y := 0 eI'". For simplicity, let B,(y) := B,. Since u is bounded (Proposition 2), it follows that

Hdiv (a(x)|vu|P—2vu)H

-1 . 2
= H(ml/\/“po} — mou X{u>0}) <M := max{l,ml + mzllulle(m} < +o00,

L>(By) L>(By)

Furthermore, we can assume that M = 1 and ||u||~,) < 1. Therefore,

uel = {v e W'rBy) : |div (a2 w)| <1, 0<v<TinBi, w0)= o}. (5.3)

L=(B1)
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Define S (r,v) := sup g v(x), and for v € U, define the set
M := {j eNT:27S (277 V)= 8 (2—f,v)}.

Step 2: We show that for any v € U,

S(27v) <K (27)7 ,vjenN, (5.4)
Indeed, if (5.4) is not true, then we have the following:
Vk € N*, Jv, € U, 3j, € M such that S (271 v;) > k(277)7 7. (5.5)

ve(2 7k x) d

Note that (5.5) and the boundedness of v, ensure that j, — oo as k — oo. Let ¥ (x) := 52 Tv)

ar(x) := a(27*x) be defined in B;. As in the proof of [5, Lemma 2.3], we deduce that

2= Jk

p-1
m) 27div. () (V@I (T(2).

div,e (@(x) VR0l Vii(x)) = (

Using (5.3) and (5.5), we obtain

1

which implies that

C
1:sup\7k(x)sz—>0 as k — oo,
B

2

where C is a positive constant which only depends on N, p, A, m;, and m,. We get a contradiction. Thus,
(5.4) holds true.

Step 3: We show that (5.1) holds true. Indeed, as in the proof of [5, Theorem 2.2], whether j € M or
Jj ¢ M, we always have the following for v € U:

s(27v) <G (2-1'—2)% :

where C; := max {2/—7', K2P2—pl}. Furthermore, noting that u € U, a standard argument leads to (5.1).

Step 4: We show that (5.2) holds true. Indeed, by virtue of Steps 1-3, it suffices to prove that there
exists a constant C* = C*(N, p, my, my, A) such that for all v € U,

§ (2797,19v)) < max {C* (27)7 2778 (27, IVvl)} VjeN", (5.6)
Indeed, if (5.6) is not true, then,

1
-1

Yk € N*, v, € F such that S (2‘”‘1, IVka) > max {k (2_”)” , 27 S (Z_j, |Vvk|)} .
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Let #i,(x) = % and a;(x) = a(27x) be defined in B;. As in the proof of [3, Lemma 2.3],

we have
1

G . o
il < = and [div, (a0 VP2 Vi) < o

which implies that

. 1 1
lzsylpvk(x)sC(%+Id)—_])—>O as k — oo,

where C is a positive constant which only depends on N, p, A, m;, and m,. We get a contradiction.
Therefore, (5.6) holds true. Furthermore, noting that # € U, a standard argument leads to (5.2). O

The following result gives the non-degeneracy of weak solutions of Eq (1.1) near the free boundary I'*.

pA-T) .
il ) . Then, there exists a

Proposition S. Lety € I'", and let B,, CC Q with r, < min<ry, a‘—l (W
1

positive constant Cy which only depends on N, p, my, a;, and r, such that

L r
sup  u > Cyrri Vre ((), —) ,
9B, (y)N{u>0} 2

where ry and C| are positive constants the same as in Proposition 4.

Proof. Let z € {u > 0}. For any x, € I'* satisfying |z — xo| < 7, we have B,(z) C B,,(xo) with r < 3.

1
Define C, := pT_l (2]\,(’;’1‘“))”’l and v(x) := Cylx — zlff1 in B,(z). By direct computations, we have the
following:

2—
Vy = czp’j 1|x_z|rf(x - 2),
V] = C,—E—|x — 27T,
p—1
p \" =2
|Vy|P=2 = Cé’_z (—) lx — z]T.
p—1

Noting that r, < i and using the definition of C,, we obtain the following:

p-1
div (a(0)| VP2 Vy) =div (cg‘l (ﬁ) a(x)(x — z))

p—1
:Cé"1 (%1) div (a(x)(x — 2))
p

p-1 p-1
:NCé’_1 (1%) a(x) + Cg_l (1%) (x — 2)Va(x)

p—1 p—1
_ p -1 p
<Na,C! (_) + NayrC! (_)
p—1 p—1
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p—1 p—1
svac! (L) ewert ()
p - p-

p-1
=N(a; + 1)C™! (L)
p—1
:% in B,(2). (5.7)
Using the fact that B,(z) C B,,(xp) and Proposition 4, we deduce that

div (a(x)|vu|P-2vu) —my — mou'™!
-1 p(A-1)
— p—1

>mp — m2C] r,

> in B,(2) N {u > 0},
which, along with (5.7), implies that
—div (a(x)|VulP2Vu) < ~div (a(x)| Vv V) in B,(z) N {u > 0}.
Note that the definitions of u and v ensure that
u=0<vonB,(z)NT".
If u <vondB,(z) N{u > 0}, then by the comparison principle, we obtain
u <vin B,(2) N {u > 0}.

However, u(z) > 0 = v(z), which yields a contradiction. Therefore, there exists y, € dB,(z) N {u# > 0}
such that

.
u(yo) = v(yo) = CorrT,
so we have

_p_
sup  u > Cyret, (5.8)
OB, (2)N{u>0)

Now, for y € d{u > 0}, we take a sequence {z;} C {u > 0} such that z; —» y as i — oco. By (5.8), we have

P
sup  u > Cyret,
0B (z)N{u>0}

which, along with the continuity of u, implies the desired result. O
Recall that a set P C R" is called porous with the porosity constant ¢ if there exist constants r, > 0
and ¢ > 0 such that
Vxe PVYre(0,r)) = dye R such that Bs,(y) C B.(x)\ P.

It is known that the Hausdorff dimension of a porous set is no more than N — ¢6" with ¢ only depending
on N; for example, see [18,19].

For the obstacle problem (1.1), the optimal growth and non-degeneracy of solutions imply the local
porosity of the free boundary, which is stated as the following theorem.

Theorem 2. Let u be a solution of Eq (1.1). Then, for every compact set K C €, the intersection
K N o{u > 0} is porous with the porosity constant 6 which only depends on N, p, A, m, ma, ay, a;, and Q.

Proof. The proof is standard; for example, see [2, 6, 20]. m]
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6. The corresponding penalized problem

In this section, we study properties of solutions u, to the penalty problem (3.1), for which the limit of
Ug in Wé’p (Q) 1s a solution, denoted by u, to the obstacle problem (1.1) (see the proof of Proposition 1).
Note that # > 0 a.e. in Q; thus, u, > 0 a.e. in Q. Moreover, proceeding in the same way as in the
proof of Proposition 2, it can be shown that u, is uniformly bounded with ||u,||.~) only depending on
N, p, A, my, my, ag, and Q. Furthermore, a similar proof of Theorem 1 ensures that u, € Cll(;‘C’(Q) with
some a € (0, 1) and that for any Q" CC Q, ||u,||c1e(yy Only depends on N, p, A, my, m», a, ', and Q. In
particular, there exists a positive constant ¢; independent of & such that

el oy + IVuglli=@y < c1. (6.1)

In addition, for any B € (0, @) and any relatively compact set Q” cC Q’, u, — u in C'¥(Q”). In the
sequel, we always denote a non-negative weak solution of Eq (3.1) which satisfies (6.1) by ..

The following result indicates that every weak solution of the penalty problem (3.1) is actually a
strong solution.

Proposition 6. The weak solution u, satisfies (3.1) almost everywhere in Q.
Proof. By Lemma 2, it suffices to show that

N

(aCOIVu" Vi) € (Lio (@)
Indeed, a direct computation yields the following:

(a0 2Va,) | =[ag(IVul2Vi, + (p = DaoIVute Vi,
<la (V™" + (p = DaIVie 2D, . (62)

Define ¥ := u,,,¢*, with ¢ € C5(Bs,/s) satisfying

0< ¢ <1lin BSr/S’
¢ =1in Br/2»
V¢l < % in By,

where B, cC Q is a ball with some fixed radius r > 0.
Differentiating (3.1) with respect to x;, then multiplying the result by ¥ and integrating over Bs,/s,
we obtain the following:

I = f (a(x)quglp_ZVus) VW¥dx
B35 i

:f (—ml)(g(us) +m2(u;r)ﬂ_l) Ydx
B35 i

f my ((u;)/l—l)Xi Ydx — f my (xe(ue)),, Pdx

Bsyys Bsyys

=:0L+ L. (63)
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Using the definition of 'V, the term /; expands as follows:

I = (a(x)|Vug|~*Vu,), VPdx
B35
= f ((p = DaACIVU " Vitgy, + @, (VU2 Vit ) (Vitg, ¢ + 211, 4V ) dix
B35

- (p = Da()|Vue|" Vg, |*¢*dx + f 2(p = Da(x)|Vutg|" > Vitg, ttg, oV pdx

B}r/S BSr/S
+ f ()| Vite P *Vu Vi, ¢*dx + f 20, (X)| Vgl > Vitgits, pVpdx
B3,/5 B3r/5
=0+ 1+ 15+ 114, (64)
Since p > 2, it follows that
I = (p = Da(0)|Viuel”*|Vitgy, ' ¢ dx

B35
> f ao| Vgl | Vg, [*¢*dx. (6.5)

Bsyys

Combining the definition of ¥, Young’s inequality, and (6.1), we obtain the following:
12| < f 2(p = Day| Vi Vit |l |8V pldx
B35

8 _
<- (P - 1)allvu8|p 2|Vu£x,-”usx,-”¢|dx
B35

32 _ 1 2a2
D Bars aopr Bsyys

32(p — 1)%a?
<D f IVugl”‘leusm|2|<I>|2dx+(]?—2)1 f |Vut,lPdx
2 B35 aor B35

S% Vuel | Vit gl dox + CrV2, (6.6)

B35

where C is a positive constant which only depends on p, ay, a;, and c;.
By Young’s inequality with &; > 0, and (6.1), we have the following:

|113|=f la, OVl [Vue, |l dx
B35

e ) 1
< [ S efare [ sl ofTalloRds
B3r/5 B3r/5 81

aZ
Sﬂf IVMSI”_ZIVusxi|2|¢|2dX+—lf IVu|’|p*dx. (6.7)
2 Bsyys 2 Bsyys

€1

Choosing a suitable &1, Eq (6.7) becomes the following:

13| < @f IVu P2V, |l dx + CrY, (6.8)
Bsys
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where C is a positive constant which only depends on ay, a;, and c;.
Using the definition of ¢ and (6.1), we obtain the following:

[114] = f 20, ()| Vite|’ >Vttt oV pdix
Bsy)s

8611
< f _lvuslpdx
Bys T

<CcrVN !,

where C is a positive constant which only depends on @, and c;.
From the definition of ¢, (6.1), and the Poincaré’s inequality, we deduce that

L= f my ((uf)*™) W
B35 !

Sf WlZ(/l - 1)(”8)1_2(u€x,~)2¢2dx
B35

Sf my(A — l)cfdx
B35
<cr",

where C is a positive constant which only depends on N, A, m;, ¢y, and r.
Note that y.(s) > 0. It follows that

== e, s
Bsys

__ f (1) (1P
B35
<0.

Using (6.3), (6.10), and (6.11), we have the following:
L =L+1 SCVN,

where C is a positive constant which only depends on N, A, m,, ¢y, and r.
From (6.4)—(6.6), (6.8), and (6.9), we infer that

I 211y = || = 13| = 114

> f %Vugwﬂwum,»l%zdx—CrN*Z

B35

> f %IVMEIP_ZIVugxilzqﬁzdx—CrN_z

B,

_ f %quglp_2|Vu8xi|2dx—CrN_z,

B2

(6.9

(6.10)

6.11)

6.12)

(6.13)
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where C is a positive constant which only depends on p, ay, a;, and c;.
By (6.12) and (6.13), we obtain the following:

f |Vitg|P 2|V, |*dx < CrV—2, (6.14)

B,

where C is a positive constant which only depends on N, p, 4, m», ¢y, ag, a;, and r.
Summing (6.14) over i = 1 to N leads to the following:

1 1
f Vi |P~2|D*ugldx < f §|Vu8|”_2|D2u8|2dx+ f E|Vu£|!’—2dngrN-2. (6.15)

B, B B,

Note that (6.1) ensures that
f la, (X)|[Vus [P~ < a f \Vu P! < CrV, (6.16)
B,-/z Br/2

where C is a positive constant which only depends on p, a;, and c;.
From (6.15), (6.16), and the boundedness of a, we deduce that

la IVl + (p = Da)|Vuel"2|D%ue| € Lo (),

loc
which, along with (6.2), implies that

N

(a2 Vi) € (L)
O

The following proposition presents a quantitative lower bound that characterizes the non-degeneracy
of both the gradient and the Hessian of the penalized solution.

Proposition 7. It holds that
1 _ 2
A |m1)(g (ug) — my ()" 1|2 < [Vu P70 + (IVuglp_lezugl) a.e. in Q,
3

where Cs is a positive constant which only depends on N, p, and a,.
Proof. By direct calculation, we obtain the following:
_1p2
|m1Xs (us) —nmy (u:)/l 1|
2
= (div (a(x)|Vu, " Vu))

N -2
_ [Z [a (a()IVu )um . a(x)lwslp_zum]]

P ax,-

2

N N 2
= [Z [ax,-(x)lvuslp_zusxi + (p - 2)a(x)|vu£|p_4 (Z usxjusxjx,-] uexi + a(x)|vue|p_2u£x,—xi]]

i=1 j=1
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N 2
= [Z ((11|Vu8|p—1 + (P - 2)allvu£|p_zlvusx,-| + al|Vua|p_2|usxix,-|))

i=1
2

N
< {Nallvuslp_l + Z ((p - 2)allvus|p_zlvusxi| + allvualp_zlusx,-xio]

i=1

2
<(Nay|Vu "™ + Nay(p = D)|Vus"1D%u,) (6.17)

<C3 (VP + (Va0 ).
This completes the proof. O
7. Hausdorff measure of the free boundary

In this section, we prove that at least one solution u to the obstacle problem (1.1) corresponds to the
free boundary having a locally finite (N — 1)-dimensional Hausdorff measure. More specifically, we
consider u, — uin Cllo’j(Q) with u, and u being the solutions of the penalty problem (3.1) and the obstacle
problem (1.1), respectively. First, by virtue of Proposition 4, for o € (0, 1), we define the following:

O, = {|Vu| < O'ﬁ} , Oy = {qul.l < O'ﬁ}.

The following proposition provides a crucial measure-theoretic estimate, which serves as a foundation
to investigate the Hausdorff measure of the free boundary.

Proposition 8. Let Cy and r, be the positive constants determined by Propositions 4 and 5, respectively.
Let B,, cC Q be a ball whose radius r, is sufficiently small and satisfies r4 < r,. Then, for every

xo € I'" N B,,, any o € (0, 1), and any r € (0, r4) with B,(xy) C B,,, it holds that

1
f LY (0, N B,(x0) N{u>0))ds < Cor,
0

where C is a positive constant which only depends on N, p, A, m;, my, ay, a;, c;, and L.

Proof. Define the following:
0. ={IVul <2071}, Oy 1= {lues| < 2077).

We claim that (O, N B,,) C (O N B,,). Indeed, there exists €; > 0 such that for every ¢ € (0, &),

IVl = Vs, ) < 07T,
Then, for any x € O, N B,,, we have

1
—1

Vel g,y < Ve = Vil o, + IVl ) < 2077,
which implies that x € O, N B,,, or equivalently, (O, N B,,) C (O N B,,).
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Let H be defined by the following:

1

2r-lg, n>20rt,
H(p) =221y, |yl < 207,
-2r g, n < Do,
It is clear that
|H(m)| < 2/ o (7.1)

Differentiating (3.1) with respect to x;, we obtain the following:

—div (@ () Vit 2V, + (p = Da@)IVaeelPVitsy,) + mux, () ttey, = ma(d = 1) ()" g, = 0.
(7.2)

Multiplying (7.2) by H(u,,,) and integrating over B,,(x), we obtain the following:
f (s IVue 2V, + (p = Da(OIVil? > Vitg,,) VH (15, dx
Bys(x0)
+ f mMiX (Ue) ey, H (tt g )dX — f ma(d = 1) (UF)' ™ ey, H (1, )dx
Brs(x()) Br.v(x())
= f (au @IV Vu, + (p = DaIVitel">Vityy, ) Httg,)vdS.
aBrs(xO)

where v is the unit outward normal vector.
Let

I = f (a5 VUl Vi, + (p = Da@IVutel > Vit ) VH (1t )dx,
B,s(x0)

L= f mux (Us) e, H(uey, )dx,
By5(x0)

I = f mo(A = 1) (U} s H(utz, )dx,
B,5(x0)

Iy = f (axl,(x)|Vu€|p—2Vus +(p- 1)a(x)|Vu5|p_2Vusx[) H(ug, )vdS.
63”()(0)

It follows that
L+5L—-1=1. (73)

Now, we estimate I, I», I3, and I,. From the definition of H(n), it is clear that H(n)n > 0. Conse-
quently, for I,, we obtain the following:

L = f myxs (Ug) Ugy, H(ug,, )dx > 0. (7.4)
Brs(-xU)
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Combining (6.1) and (7.1), we find that /5 satisfies the following:

Bom [ e D) e H
By5(x0)

< f my(d—1)
Brs(x())

<my(A = D)ef™! f 2P~ ordx
Brs(x())

<CorVs",

-2
|ttx, || H (utr; ) d x

+
u8

where C is a positive constant which only depends on p, A, m,, and c;.
By Holder’s inequality and (6.15), we find that I, satisfies the following:

1 1
f Lyds :f f (ax,.()C)IVL:SIP_ZVLL9 +(p— 1)a(x)|Vug|p_2Vugxi) H(ug,,)vdS ds
0 0 (’)Brs(x())

Sf alqugl”‘llH(ugx,-)ldX+f (p — Day|Vue|P 2| D?ul| H(u,,)|dx
B, (x0)

B, (x0)

< f ai|Vug|P~ 2P odx + f (p — Da 2" o|Vu, [P D*uldx
By (x0) B, (x0)

3 }
<Cor" + ca( f |Vu€|”‘2dx) ( f |Vu€|”_2|D2u|2dx)
B, (xp) By (x0)
<Cor" + CorV!

<Cor™!,

where C is a positive constant which only depends on p, a;, ¢, and Q.
For the term I;, we have the following:

I = f (ax,-(x)|vus|p_2vug+(p—1)a(x)|Vu8|p_2Vu8xi)VH(ugxl_)dx
B,s(x0)

- f ., (X)| Vgl > Vu,V H(u,, )dx + f (p — Da(x)|Vug| >V, VH(u,, )dx.
Brs(x())

Bys(x0)
Let
TRE f A (OIVue > Vu,VH (i, )dx,
Bs(x0)
I = f (p— 1)a(x)lvuslp_zvuax,-VH(usxi)dx-
Bs(x0)
Thus,

11 = 111 +112.

By [21, P.711] and (6.17), we find that I, satisfies the following:

N 1 N 1
Zl}fo |111|ds=;f0

f a,, ()| Ve P *Vu,VH(u,,)dx| ds
Brs(x())

(7.5)

(7.6)

(7.7)
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- f div (a,, (0|l Vae,) H(uts,,)dx
Brs(x())

+ f Ay, (X)H ()| Vug|” “2Vu,.vdS|ds
aBrs(xo)

N 1
< div (a,,(0)|Vug| > Vu, ) H(u,,,)dx| ds
; ‘fo\ "L:rs(x()) ( )
N 1
> f f a3, () H (U )Vt P>Vt vdS | ds
i=1 0 aB”(X())

N

+Z f a;[Vu P12 odx
i=1 Br(x())

<Cor™!, (7.8)

where we used (7.6) in the last inequality, and C is a positive constant which only depends on N, p, aj,
c1, and Q.
Since VH(u,,,) = 01in O¢, and O, C O, C Oy, the term I}, satisfies the following:

N N
d=) f (p = D) Vitgl" Vit VH (11, )dx
i=1 Brx(x())

i=1

N
=> f (p = D) Vs’ Vite, VH(u, )dx
i=1 By5(x0)NO¢;

N

+ Z f (p = Da(0)|Vitel"Vite, VH (1t )dx
i= Brs(xO)mO;'

N

1
> f (p = Da)Vutp" Vit VH (i, )dx
Br.r(x())mosi

1

i

D f (p = Da)| Vil 2 Vu,, P27 20 d
i=1 Brs(x0)NO¢;i

N
> f (p = Da()Vue, " Vi, 2707 dx
i=1 Bis(x0)NO¢
= f (p = Da(o)VuglP | D?u 27?0 dx
Bys(x0)N0;
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2 f (p = Dax)|Vue P2 |Du,*dx
Bys(x0)NO¢

2
>C f (IVugl(p_2)|D2ug|) dx
Brs(x())mos
2
>C f (IVuel 21D, ) dx, (7.9)
Brx(x())mo(r

where C is a positive constant which only depends on p and ay.
By (7.3), (7.4), and (7.7), we obtain

lLo=0L+L-0L—-11) <1+ 1+ |1,

which, along with (7.5), (7.6), and (7.8), gives

N 1 N 1 N 1 N 1
Ilzds < f I4dS + f ]3dS + f |I]1|dS

N 1
<CorV !+ f CorVsVds
<CorV !, (7.10)

where C is a positive constant which only depends on N, p, A, m,, ay, ¢1, and Q.
Combining (7.9) and (7.10), we obtain the following:

1
f f (|V;,¢8|<1’-2>|D2u€|)2 dxds < CorV. (7.11)
0 Brs(x())mod'

where C is a positive constant which only depends on N, p, A, m», ay, a;, ¢, and Q.
Using Proposition 7, (7.11), the definition of O,, and the inclusion O, C O,, we deduce that

1 ! /1_12
— f f Imixs us) = ma (uf)' ™| dxds
Cs Jo IB.,@ono,
1 1
2
< f f Vi, 2P~ Ddxds + f f (IVMSIP_ZIDzugl) dxds
0 Brs(x())moo' 0 Brs(xO)QO(r
1
<Cor™ '+ f f Vi [P~ Ddxds
0 Brs(x())nos

1
<Cor™ '+ f f 2P Vi | P~ Vdxds
0 Brs(x())mos

<CorV !,

where C is a positive constant which only depends on N, p, A, m», ay, a;, ¢1, and Q.
Letting € — 0, we obtain the following:

1 1
—_ f f |m1)({u>0} - mzu/l_l)({u>0} 2 dxds < CO'I"N_l, (712)
Cs Jo Jsaono,

Electronic Research Archive Volume 34, Issue 12, 9352-9385.
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where C is a positive constant which only depends on N, p, A, m», ay, a;, ¢, and Q.
Since r < r,, by Proposition 4, we have
-1 _ -1
miXu>0y — MU~ Xu>0y = My — Nl
/ll p@a-1
>my —myCyor,

> % in B,(xy) N {u > 0},

which, along with (7.14), implies that

1 2
m
f f —Ldxds < CorV !,
0 JB(o)n0,nlu>0) 4C3

or equivalently,
1
f LY (0, N B,y(x0) N {u> 0} ds < Cor¥,
0

where C is a positive constant which only depends on N, p, A, m;, m,, ay, a;, ¢, and Q. O
Now, we recall the definition of the Hausdorff measure of a set in RV.
Definition 1 ( [22, p.60]). (i) Let ACRY, 0 <t < 0,0 < § < 0. Define

S diam B;\' ®
Wé(A)Einf{Za/(t)( 1a12n 1) :ACUBj, diamBjﬁé},
j=1

J=1

where a(t) = l"é—il) here, I'(t) = fow e*x"dx, (0 < t < o0), is the usual gamma function.

(i) For A and t as above, define

H'(A) = lim H;(A) = sup H;(A).

>0
We call that H'(A) is the t-dimensional Hausdorff measure of A in RY.

Based on Proposition 8, we show that the free boundary I'* possesses a locally finite (N — 1)-
dimensional Hausdorff measure.

Theorem 3. Let ry be the same as in Proposition 8. Then, for every xo € I'* N B,, and r € (0, %4), there
holds

HY (B (xo) NT) < Cr¥7,

where C is a positive constant which only depends on N, p, A, my, my, ay, ai, ci, and Q.

Proof. First, we claim the following:

LY (0, N By(x) N {u > 0)) < CorV! W7 < %4 (7.13)

Electronic Research Archive Volume 34, Issue 12, 9352-9385.
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where C is a positive constant which only depends on N, p, A, m, m,, ay, a;, ¢, and Q.
By Proposition 8, we obtain the following:

1
CorV=! > f LY (O, N Byy(x0) N {u > 0})ds
0

% 1
= f LY (05 N Boyex0) N fu > O} ds + f LY (0 N Byys(xo) N {u > O] ds
. !
25 L% (00 N B,(o) 0 (> 0]

therefore, (7.13) holds.

Now, according to the optimal growth and non-degeneracy properties of solutions (see Propositions 4
and 5, respectively), there exists a constant ¢ > 0 such that for any x, € B;_,NI'*, there exist yy € {u > 0}
such that

Bo(y0) C By(x0) N O N {u > 0}. (7.14)

The proof of (7.14) is standard (for example, see [5]) and hence is omitted.
By virtue of the Besicovitch covering theorem, let {B(x')};c; be finite coverings of B,(xy) N " with
x' € I'* and at most n(N) overlapping at each point. Then, we obtain the following:

Z C(N)(co)N < Z Ly (0(, N B,(x") N {u > 0}) <n LN (0, N B/ (xy) N{u>0}) < Cnor!,

iel iel

where C is a positive constant which only depends on N, p, A, m;, m,, ay, ai, c;, and Q. Therefore, it
follows that

HY1(B,(x0) NT") < lim inf C(N)o" ' < crV !,
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