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1. Introduction

A cellular algebra is an algebra with a cellular basis, which was first introduced by Graham and
Lehrer [1]. The existence of a cellular basis implies rich information about representations of the
algebra. For the cyclotomic Hecke algebras of type G(¢£, 1, n), many authors have constructed different
cellular bases [2—4]. The constructions of these cellular bases are closely related to the partial orders on
multipartitions. Following Graham and Lehrer’s cellular theory, different constructions of the cellular
bases may give different parameterizations of simple modules of the cyclotomic Hecke algebras. To
study the relationship between these parameterizations, it is necessary to understand the relationship
between different partial orders on multipartitions.

Suppose >; and >, are partial orders on multipartitions. In this paper, we say “>, refines >;” if
“u =, Aimplies u >, 2”. We say “>, refines the opposite >, if “u >; Aimplies A1 >, u”. We say “>,
is equivalent to >, if “u >; A if, and only if, u >, A”.

Throughout this paper, we denote by N the set of natural numbers, Z the set of integers, and Q the
set of rational numbers, respectively.

Suppose ¢, n are positive integers and A, u are {-partitions of n. Let m = (my,...,m;) € Qf, o =
(e;01,...,0¢) € Noy x Zf, and w = (uy,...,ur) € Q' with 0 < u; —u; < efori < j. Letd =
é,...,0,) € 7 with 6, — 0; ¢ €Z fori < j. To present the main contributions more clearly, we

summarized the main results of this paper in Table 1, in which the third column gives the conclusions,
the second column presents the corresponding conditions, and the first column indicates the numbering
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of the corresponding conclusions in this paper.

Table 1. Main results.

Theorem 3.11 mi—m;>n—1,VY¥i<j UEA= A>n u
Corollary 3.17 m;=(=0;+i)/€and 0., — 0; > {n Uy A= A2 1
Theorem 4.8 m; =0;— Uu; UL A A >, U
Corollary 5.6 mi=oc;—u;ando; — 0. > n U= A= A2, U
Proposition 5.1 0, = t(—o; + é) U= AS u>gAd
Theorem 5.2 0, = (-0, + é) U, A S u>p A
Corollary 5.3 Oi—0ip1=>n U= A u>A
Corollary 5.4 O, =01 2n U, A= u>A

The content of this paper is organized as follows. In Section 2, we give notations and definitions.
In Section 3, we first introduce the combinatorial construction of a-functions, then we discuss the
relationship between dominance order and a-function order. As a corollary, we give the relationship
between #-dominance order and a-function order. In Section 4, we first give the relationship between
Webster’s ordering and a-function order, then we point out that [5, Proposition 5.6] is incorrect by
giving a counterexample (see Example 4.11). In Section 5, we first give the relationship between
Lusztig’s a,-ordering and weak #-dominance order, then we give the relationship between Webster’s
ordering and 6-dominance order. As corollaries, we give the relationship between Lusztig’s
a,-ordering and dominance order and the relationship between Webster’s ordering and dominance
order. We also give the relationship between Lusztig’s a,-ordering and a-function order.

2. Preliminaries

Let n be a natural number. Suppose A4 = (4;,4,,...) is a finite sequence of nonnegative integers
with >;; = n. We call 4 a composition of n and denote |[1] = };4;. For a composition
A = (A4, 4,,...) of n, if the sequence is nonincreasing, then we call A a partition of n and write A + n.
Let #, be the set of partitions of n. The Young diagram of A is defined by
[1] = {(i, )l < j < A;,Vi > 1}. Elements in [4] are called the nodes of 4. The Young diagram [A]
corresponds to a tableau. For example, 4 = (4,3,2,1) is a partition of 10, its Young diagram
(4] ={(,1),(1,2),(1,3),(1,4),(2,1),(2,2),(2,3),(3,1),(3,2), (4, 1)}. It corresponds to the tableau

|
(4] = )

where (i, j) corresponds to the box in the i-th row and j-th column. For A + n, define its height
h(1) = max{k € N|4; # 0}. In particular, 2(0) = 0.

Suppose £ is a positive integer. Let A = (AV, ..., 19) be an ordered sequence of compositions with
|AD]+- - +|A¥| = n. Then we call A a multicomposition of n with £ components. For simplicity, we also
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call A an {-composition of n. For the £-composition A = (11, ..., 1Y), if each A is a partition, then we
call A a multipartition of  with £ components or an ¢-partition of n and write A +, n. Let P be the set of
multipartitions of n with £ components. In particular, if £ = 1, then P! = P,. The Young diagram [1] =
{G, 91 <s<,1<j< /lgs), Vi > 1}. Elements in [A] are called the nodes of A. The Young diagram
[4] corresponds to an ordered sequence of tableaux. For example, 4 = ((3,2),0, (2, 1)) is a 3-partition
of 8, the Young diagram [4] = {(1,1,1),(1,2,1),(1,3,1),(2,1,1),(2,2,1),(1,1,3),(1,2,3),(2, 1, 3)},
and it corresponds to the tableaux

4] = Lo 1)

where (i, j, s) corresponds to the box in the i-th row and j-th column of the s-th tableau.

Letd e Pﬁ. For a € [4], if [4] \ {a} is still a Young diagram of some {-partition of n — 1, then we
call @ a removable node of A and denote by A\ @ the {-partition of n — 1. For 8 ¢ [A4], if [A] U {B} is still
a Young diagram of some ¢-partition of n + 1, then we call 8 an addable node of A and denote by AU 8
the {-partition of n + 1.

For simplicity, we do not distinguish A from its Young diagram [4] when no confusion can arise.

Definition 2.1. Suppose A = (AV,... . A e Pl andp = u,...,u9) e P If

s—1 t

lu (”)|+Z,u(s)>2|/l(“)|+z/l(” Vi<s<lVix1,

a=1 i=1 i=1

then we write pu > A and we say p dominates A. If u> A and p # A, we write p > A. We call > the
dominance order.

Let N,f = {(r,c,Dlr,c,l € Nyj,r+c¢ <2(n+1),1 <1 < ¢}. We also call the elements of N,f the
nodes. So the Young diagram of an {-composition of 7 is a subset of N

For A, u € P, we call A, u neighbors with dominance order if g > A and there is no ¥ € P such that
pu >y > A The following lemma gives a characterization of neighbors with dominance order in #%.

Lemma 2.2 ( [6, Lemma 6.3]). Suppose A = (AV,... A9 and u = (uV,...,u9) are t-partitions of
n and pu> A. Then, A, u are neighbors with dominance order if, and only if, one of (a), (b), and (c)
occurs, where

(a) there exists s < € such that

U =27 Vrs, s+ 1
u® =@, ... ,/15:), 1) where k= h(A)

'u(ls+1) /l(ls+1)_1 and /l(s+l) /1(”1) Vi1,

(b) there exist s and i such that
=" Vr#s
P =AY Vj#ii+l
u = /l‘s) 1 and g =9 -

i+1 i+1

1,
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(¢) there exist s and i < i’ such that

u? =" VYr#s
P =20 Vi

,UES) - 1= /JE/S) +1= /1§S) _ /lf,v)
Example 2.3. 1 = ((4,3,2),4,2,1)) and p = ((4,3,2,1),(3,2,1)) are neighbors. The Young

diagram is
| B | |
w=(FF. B (T

L * L

We can obtain [u] from [A] by removing (1,4,2) to (4,1, 1).

Example 2.4. 1 = (4,3,2,1)and u = (4,4, 1, 1) are neighbors. The Young diagram is

(4] = ; [u] = .

We can obtain [u] from [A] by removing (3,2) to (2,4).
Example 2.5. 1 =(4,3,3,3,1) and u = (4,4,3,2, 1) are neighbors. The Young diagram is

|
[A] = ; [u] =

We can obtain [u] from [A] by removing (4, 3) to (2,4).
3. Relationship between a-function order and dominance order

In this section, we recall the combinatorial construction of a-functions. We refer the reader to [7,
Section 5.5] for more details. Fix a sequence m = (m,, m,, . ..,m;) € Q’. For a rational number 7 > 1,
let [#] be the integral part of 7. Let g = (q1, ¢, - - -, qx) be a sequence of rational numbers. Define

qit)y =@ —[tl,t =[]+ 1,...,t =1, g1 +t,...,qr + 1)
So ¢g(¢) is a sequence of rational numbers with length k + [7].
Let A = (A1, ..., 49) be an ¢-partition of n and h; be the height of 9. Foreachi = 1,2,...,¢,
consider the positive integer sequence
pao = Q) —hi+ by A0 = by 2D =1+ ).

It is clear p,o is a strictly increasing sequence since A is a partition.
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Fix an integer s such that s > n + 1 — min{m;}. For each i = 1,...,¢, define the following
column vector
B ()
B1) := : |, where B(d) = pyo(s — h; + m;).
B(A)

nonnegative rational sequence with length s + [m;].

By definition, s — h; + m; > 1 and [s — h; + m;] = s — h; + [m;]. Hence B;(4) is a strictly increasing

Remark 3.1. By convention, A0 =0 if a > h;. Then,

Bi(A) = pyo(s —h; + m;)

:(s—h,-+ml~—[s—hi+m,~],...,s—h,~+mi—j,...,s—hi+m,-—1,
/15?—hi+hi+s—h,~+m,',...,/l§f)—a+hi+s—hi+mi,.../l(li)—1+h,~+s—h,~+m,~)
:(/l(s’i[mi]—(s+[ml-])+s+ml-,...,/l§1’i)+j—(hi+j)+s+m,-,...,/l§1”_)+1—(h,-+1)+s+m,-,
/12_)—h,-+s+m,-,...,/l§f)—a+s+mi,.../l(1i)—1+s+ml~).

That is, elements in B;(A) are {/lff)—a+s+m,~|a =1,2,...,5+ [m]}.

Example 3.2. Letn =4, { =2, (im;,my) = (1,2), and s = 4. Let A = ((2,1),(1)), then hy = 2,h, = 1.
By definition,
P = (1,3), D@ = (1)

So we derive

Bi(A) =po(s—h +m) =pn3)=(0,1,2,4,6)
By(A) = P1(2>(S —hy +my) = p,1<2>(5) =(0,1,2,3,4,6)

and

B(A):(Bl(/l)):(o 1 2 46 )

B,(1) 0123 4°6

We write the elements in B(A) with multiplicity in descending order
Ki(A) 2 k() 2 - -+ 2 k() (3.3)

where 1 = €s + ), ;<,[m;]. Define

k() 1= (I, (D), () = (= D).
i=1

Definition 3.4. Define the a-function am(A) := ny,(A) — nyp(0).

Definition 3.5. For A, u € PL, write A >y pif A = p or am(d) > am(u). We call >y, the a-function
order. If an(A) > an(u), we write A >y, u.

Remark 3.6. (i) For an {-composition A, the sequence ky(A) and the values ny(A), am(A) are still
well defined; see [7, Section 5.5].
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(ii) The value an(Q) is independent of the choice of the sufficiently large integer s; see [7, Section 5.5].
(iii) The a-function order is a partial order induced by the preorder “an(A) > an()”, in fact, 1 #m 1
and p #m A happens exactly when ay(Ad) = an(u) with 1 # p.

For convenience of the discussion, we extend the definition of dominance order on partitions to the
sequences of rational numbers, that is, for rational sequences p = (py,...,p,) and g = (q1,...,q;), We
write p & g if, and only if,

2 Di = Zr: qi (3.7)
i=1 i=1

foreach r = 1,...,t. Moreover, we write p > g whenever p> g and p # q.

Lemma 3.8. Let s, 1t be positive integers. Suppose p = (p1,....p:), 4 = (q1,--.,q;) and r = (ry,...,ry)
are rational sequences with descending order and p > q. Reorder the multisets p| |r and q| |r to
obtain descending sequences p | |rand q| |r, then p| |r>q| |r.

Proof. We give the proof by induction on s.
If s = 1, that is, r is a rational number. Suppose

p|_|r:(pl,""pi’r’pi+l7'--7pt)

and -
q|_|r:(ql’-°-’qj9r’qj+l""’qt)

for some i and j. For covenience, we denote

Dk 1Sk§l 4k 1Sk§]
pr=13r k=i+1 and ¢, =13r, k=j+1
Pie1, 1+2<k<t+1 Gi-1, J+2<k<t+1

Ifi = j, it is clear p/|_|\r > q/\|_|rby p>gqand (3.7).
Ifi < j,foru <i,by prgqand (3.7), we have

Zu:p;v = Zu:pw 2 ZMZQW = iqiv
w=1 w=1 w=1

w=1

Fori < u < j, because p/|_Tr is a descending sequence, we have r > p,, by p > g and (3.7), then
u u—1 u u u
DI ALE DN IEDNEDI DI
w=1 w=1 w=1 w=1 w=1

Foru > j, by p> g and (3.7), we have

u u—1 u—1 u
D Py=rt Y pezr Y qu= ) 4,
w=1 w=1 w=1 w=1
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Now, we have proved p/l_l\ r> q/\l_lr whenever i < j.
For the case i > j, the discussion is similar. Hence, we completed the proof for s = 1.

Let s > 1, assume the conclusion holds for s — 1. Denote 7 = (ry, ..., rs_1). By assumption, we have
pL]7>q| |7 Apply the initial conclusion that we have proved to p| |7, g| | 7 and rg, and we obtain
plL]r>q||r. Thus, by induction, the proof is completed. O

Proposition 3.9 ( [7, Proposition 5.5.16]). Let A, u € PL. If km(p) > kn(d), then A >y p.

Lemma 3.10. Suppose n € Noy and p = (uV, ..., 19 is an €-partition of n. If i # j and 1 # 0,

,u;]) # 0 for some a, b, then u) — ,ug) +b-a<n-2.

Proof. In fact,

(@) () ()

p - +b—a<pl-1+b-1=pP+b- 2<y(’)+,u(1j)+,u2 +,u§7]) 2<n-2.

O

Suppose n € N,y and m; —m; > n — 1 forall i < j. Geck and Jacon stated A >p, u whenever y > A
in [7, Example 5.5.18], but no proof is given there. Now, we prove it for all n € N explicitly.

Theorem 3.11. Suppose n € N, m = (my, ...,m;) € Q° with mi—m;>n—1foralli < j. Let A, u € PL.
If ur A, then A >y, .

Proof. For n = 0, the conclusion is trivial. Now we suppose n > 0, A, u € P, and y > A. Fix an
integer s > n + 1 — min{m;}. Let 1 < i < j < £, by Remark 3.1, elements of B;(u) are {u\’ — a + s +
mila =1,2,...,s + [m;]}, and elements of B;(u) are { ,u;’) b+s+mjlb=1,2,...,5s+ [mJ]}. Suppose
ae{l,2,...,s+[mll, b e{l,2,....s+ [m]} with u # 0,4” # 0. According to Lemma 3.10,

p) —pd+a-b<n-2<n-1<m—m; Hence,

(/Jg)—a+s+mi)—(y§)j)—b+s+mj)>1 (3.12)
It is enough to prove the conclusion for the covering relations in the dominance order. Indeed, if
[J:Vo[>V1[>"'[>Vr:/l

is a saturated chain and each step gives v,;; >n V;, then transitivity of >, gives 4 >, pu. So we
can suppose A and u are neighbors with >. By Proposition 3.9, to prove 4 >, u, we should prove
Km(t) > kp(A). Combining with Lemma 2.2, it is sufficient to prove xpn(u) > kpn(A) in the following
three cases.

Case 1. Suppose there exists ¢ < ¢ such that

=" Vreet+1
p® =@, A0, where k, = h(A?)

'u(lz+1) — /1(1t+1) -1 ’uy+l) /l(t+l) Vj > 1.

Therefore, for all r # t,t + 1, B.(u) = B,(A). Let k,.; = h(1"*1), and we have

/l(’) (/l(t) /1](;)) /l(’”) (/l(z+1) /l(m) (t+1))

’ kt+l
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p =@ A0 D, Y = QY L aS A,

According to Remark 3.1, we have

BA)=(-(s+m)+s+my....,.—(k,+ ) +s+my,...,—(k,+2)+ s+ m,,
D
—(k,+1)+s+m,,/l,(:t)—k,+s+mt,...,/l(at)—a+s+m,,...,/l(1t)—1+s+m,)

(In)
Bioi(D) =(=(s+[mmD)+s+mpyq,...,~(kppy + )+ s +mpq, ..o, —(kipy + 1) + 5+ myy,

(1)
/lgf:ll) —k s +m™ LAY —a s+ myyy, . ,/1(2”1) —2 4+ S+ My,
Iv)

/l(lm) —1+s+my)

Bw=((s+mD+s+my,....,—(k,+1+)+s+my,....,—(k,+1+1)+s+m,,

T
1—(k,+1)+s+m,,/lz)—k,+s+m,,...,/lg)—a+s+mt,...,/1(f)—1+s+m,)

)
Bii(p) = (=(s+[m D+ s+myq, ..., —(ky + )+ s+mp, oo, —(kyy + 1) + 5+ myyy,

Iir)
(t+1)

o = ke +s+m,+1,...,/l£f+1)—a+s+m,+1,...,/l(2t+l)—2+s+mt+1,

avn
AD — 1) =1+ s+ m).

Note that (I) = (I"), (II) = (II"), (IIT) = (II"), AV) = (IV’). Now we consider the elements of B(1)
(ke + D+ s+my, A =1+ 5+my,
and elements of B(u)

T—(+ D) +s+m, A" =D =1+ 5+m..

Ifn> 1andu*"” = 2"V — 1 # 0, apply (3.12) to p, and we obtain
O =+ D+ s+m) = @ =T+ s+ mu) > 1
That is,
(1= (ke + D+ s+m) = (AT = 1) = 1+ 5+ mp)> 1.
So we have

1=k + Dt s+m > A0 = 1+ 5+ my.
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Hence,

(L= + D)+ s+my (A = 1) = 1+ s+ mpq) > (=(k + D+ s +m, A7 = 145+ my),

(L= + D)+ s+my A = 1) = T+ s+ mp0) > QY = 1+ s+ mppy, —(k + 1) + 5 +my).

By Lemma 3.8, we obtain ky,(¢) > kp(4).
Ifn>1andu" = 2" — 1 =0, then kyyy = 1, 2" = 1 and

A0 = AP, A, AV =), w0 =@, a0, =0,
According to Remark 3.1, we have

BA)=(—(s+m])+s+my....,.—(k,+ ) +s+my,...,—(k,+2)+ s+ m,

@A)

—(k,+1)+s+m,,/l,(:[)—k,+s+m,,...,/l£f)—a+s+mt,...,/l(1’)—1+s+m,)

(B)
B = (=(s+[mui )+ s+my,...,—ky + J) + 5+ M, .o, —(ky + 1) + 5+ myy,
©)

s+ my)
Bw=-(s+mD+s+my,....,—(k,+1+p)D+s+my,...,—(k,+1+1)+s+m,

(A7)

1—(k,+1)+s+m,,/l,(<’t)—k,+s+m,,...,/lg)—a+s+mt,...,/l(1t)—1+s+m,)

(B’)
Bio(u) = (=(s+[meaD)+s+myq, ..., —(Keey + )+ s +mpq, oo, —(ky + 1) + 5+ myyy,
)

-1+ s+ my)
Note that (A) = (A’), (B) = (B"), and (C) = (C’). Now we consider the elements of B(A1)
—(k+ 1) +s+m, s+my

and elements of B(u)
ki +s+m, —14+s+my,.

Since m;, —m;. >n—1,
—-ki+s+m—(1+s+m)=m-my+1 -k >n—k >1,
the last inequality follows from /1(1”1) =1land k, <n-1. Hence, =k, + s + m; > s + m,,,. Therefore,

(=ki+s+my,—1+s+my)>(—k;+1)+s+m,s+my,),

(=ki+s+m,—1+s+my)>(s+my,—(k + 1)+ 5+ my).

By Lemma 3.8, we obtain ky,(¢t) > km(A).
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Case 2. Suppose n > 1, and there exist ¢ and i such that

u? =0, Vr£t,
p =20 Vj#ii+l,
=20+ 1and ), = A

i+1 i+l

1.
In this case, B,(u) = B,(A) for all r # t. Suppose

A0 =@Q0,....4)), wherek = h(1?”), and
1O = @l = AP, 20 + 1,20, - 1A,

i+1

By Remark 3.1, we have

BA)=(-G+mD+s+my,....,.—(k,+ ) +s+my,...,—(k,+ 1)+ s+m,
)

A —k+s+m, A =+ D+ s+m, A0 =i+ s+m, . A =1+ s+my),

%)
Bw)=((s+mD+s+my,....,—~k+D+s+my,....,—(k,+ 1)+ s+m,
)

A —k+s+m,. A0 1=+ D+s+m, A" +1—i+s+m,..., A0 =1+ s+m).

V)

On the one hand, B;(1) \ (V) = B,(u) \ (V’). On the other hand, since B,;(1) and B,(u) are strictly
increasing sequences, we have

t . t .
AP —its+m > A0 — G+ 1)+s+m,

t . t .
AP+l —its+m>A" =1=(@G+1)+s+m,
and hence

A +1—i+s+m, A7

D 1=+ D+s+m)> A" —i+s+m, A0 =G+ 1)+s+m).

By Lemma 3.8, we obtain ky, (1) > km(A) in this case.
Case 3. Suppose n > 1, and there exist ¢ and i < i’ such that

/J(r) — ﬁ(r)’ Yr #t,
u) =0, Vj#id,
WO 1= #1229 = 0

In this case, B,(u) = B,(A) for all r # t. Suppose

A0 =AY, 4)), where k, = h(A”), and
W = @l @) = AP A0 1 A0 < 1A,

By Remark 3.1,
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BA)=(-G+mD)+s+my,....,.—(k,+ ) +s+my,...,—(k,+ 1)+ s+m,
/1,?—kt+s+m,,...,/l§f)—i’+s+m,,...,/ll(.t)—i+s+m,,...,/l(l'>—1+s+mt),
Bw)=(-(s+mD+s+my,....,—~ki+)D+s+my,....,—(k, + 1)+ s+m,
/l,(c’t)—k,+s+m,,...,/lgf’—l—i’+s+mt,...,/lf.’)+1—i+s+mt,...,/l(1’)—1+s+m,).
Note
B\ =i+ s+m, AV =i + 5 +m)
=B\ (A" + 1 —i+s+m, AV — 1 =i +s5+m),
and
AP+ 1 =i+ s+m, AV =1 =i +s+m)> QA —i+s+m, AV — i +s+m).
By Lemma 3.8, we obtain ky, (1) > ky(A) in this case. O
Fix o = (e;04,...,0¢) € Nyy x ZE. For @ = (r,¢,]) € N,f, we define its residue to be res(a) =

c—r+o;+eZ e Z/eZ. Aloading is a sequence of integers 6 = (6, ...,6,) such that 6, — 6; ¢ {Z for
i<jIf6, —6;>nforeachi=1,2,...,0— 1, we call 8 a separated loading.

Definition 3.13. [8, Definition 2.8] Let a = (r,c,1),a’ = (', c’,l') € N'. We write @ >4 o' if either

@) 0 +Ll(r—c)< 6+ =) or
(i) O+ lr—c)=6, +t(r —c)andr+c<r +c.

Moreover, if res(a) = res(a’), then we write a >y .

Definition 3.14. [8, Definition 2.11] Let A, € P°. We write A >4 p if

BeuBroyll <liBeABey)l Vye N
We call >4 the 6-dominance order.

Definition 3.15. [9, Definition 2.3] Let A, € P. We write A =y p if

BeuB> VI <IBeAUB>yyll VyeN,.
We call >4 the weak 6-dominance order.

For A € 73,‘;, we denote the residue multiset of A by res(4). Next, let’s prove weak §-dominance order
refines §-dominance order.

Proposition 3.16. Let A, u € PL. If Ay u, then res(A) = res(u) and A >4 p.

Proof. Suppose A >4 u. Let’s prove res(d) = res(u). First, we prove that the length of the diagonal
of {-partitions of 7 is less than that of N. In other words, we just need to prove that in each row of
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N,f , the last two nodes cannot be the nodes of {-partitions of n. For example, let £ = 1,n = 2, then
N, ={(r,o)lr,c € Ny, r + ¢ < 6}. The Young diagram of N, is

**‘
k| ok

[N;]=

* | 3k

*

where the nodes marked with * are the last node on their respective diagonals of A,. On the other
hand, A = (2), u = (1, 1) are the only partitions of 2 and

=10 =H.

Obviously, all the nodes marked * in [Nz}] belong to neither [A] nor [u]. In general, let’s prove that
the last two nodes of each row of N! cannot be the nodes of ¢-partitions of n. Suppose k is a positive
integer with k < n. Since N! is defined with r + ¢ < 2(n + 1), and the last two nodes of the k-th row
of each component of N are (k,2n + 2 — k) and (k,2n + 2 — k — 1). Since (k,2n + 2 — k) is after
(k,2n + 2 — k — 1) in the same row, we just need to prove (k,2n + 2 — k — 1) cannot belong to any
{-partitions of n. Otherwise, assume (k,2n + 2 — k — 1) lies in an {-partitions 1 of n, then we derive

N >k@Rn+2—-k—-1)=nk+n—-k+ 1)k >nk+k > n.

This contradicts that 7 is an {-partition of 7.

For each residue i € res(A) Ures(u), as we have proved, the length of the diagonal of AU u is strictly
less than that of N and the nodes on the same diagonal have the same residue. Let y be the smallest
node with residue i under >4 in N{. Then, y must be the last node on a diagonal of N!. Hence, y
cannot belong to A U u. Therefore, {8 € u|B >, v} is the set of i-nodes in u and {a@ € Ala >4 y} is the set
of i-nodes in A. By definition, A >4 u implies

1B € AB gy}l = l{a € pla >y}

Moreover, A and g are multipartitions of n, so we derive

{B € AB >y ¥}l = l{a € pla >4 yi,

hence, res(A) = res(u).
Next, let’s prove A >4 u. Let y € N, for each i € res(Ad) = res(u), and we define ; as follows:

o Ifi =res(y), theny; := .

e If i # res(y) and there exists no i-node @ in A U g such that @ >4 y, then y; := .

e If i # res(y) and there exists i-node @ in A U u such that @ > 7y, let @; be the smallest node with
residue i under >4 in the set {8 € 4 U u|B >4 y}. We choose y; to be the last node on the same
diagonal of N as ;. Since the length of the diagonal of AU g is strictly less than that of N, note
that nodes on the same diagonal have the same residue, and we derive res(y;) = i and @;>g7y; >4 y.
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By the choice of y;, we have

Beup>ovi= | 1BeuBroy

ieres(A)

and

Bedp>yt= | (BedBrey.

ieres(A)

Since A >4 u, we have
B € AB>gyill = {B € plB>gyi}l Vi € res().

Therefore, {5 € AB >¢ v}l > l{B € p|B >¢ y}l and A >4 p. m]
Suppose 0 = (6, ..., 0;) is separated. Let m = (my,...,m;), where m; = (-6, + i)/{, then
m; — m;yq :w—%>n—%>n—l.

According to Proposition 3.16, Theorem 3.11, and [9, Theorem 4.1], we obtain the relationship
between 6-dominance order and a-function order.

Corollary 3.17. Suppose 60 = (6,,...,0;) is separated. If u >y A, then A >, p.
4. Relationship between Webster’s ordering and a-function order

Fixo = (e;0q,...,0¢) € Ny xZ'. Fora = (r,¢,1) € N, we define its content to be ct(a) = c—r+0.
By definition, res(a) = ct(a) + eZ € Z/eZ.

Definition 4.1 ( [4, Definition 1.1]). Given o = (e;0,...,0¢) € Noy X Z, @ = (r,¢,1) € N, and
B=(,c, ') e N, we write B >, a if either

(i) ct(a) < ct(B), or
(ii) ct(a) =ct(B)and [ > I'.

Moreover, if res(a) = res(B), then we write >, a.

Definition 4.2 ( [4, Definition 1.2]). For A, u € Pﬁ we write A >, p if there is a bijection f : [A] —
[u] such that either a >, f(a) or f(a) = a for all @ € [A]. We call >, Lusztig’s a,-ordering.

Definition 4.3 ( [4, Definition 1.3]). For A,u € P, we write 1>, p if there is a residue preserving

bijection f : [A] — [u] such that either a >, f(@) or f(a) = a for all @« € [A]. We call >,
Webster’s ordering.

The Webster’s ordering was originally defined by Webster via diagrammatic
form [10, Definition 2.8]. Bowman rephrased it in the form of Definition 4.3. It is clear that Lusztig’s
a,-ordering refines Webster’s ordering.

Fix a sequence u = (uy, ..., u;) € Q° with 0 < u; —u; < e, Yi < j. Let

m=(m,...,m) € Q, wherem; = o; —u;, Y1 <i <. “4.4)
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Remark 4.5. For any rational sequence m = (m,,...,m;) € Q', we can always choose a suitable
sequence (e; 0,0, ...,07) € NoyXZ! and a strictly increasing rational sequenceu = (uy, . .. ,u;) € Q°
with O < uj —u; < e for each i < j such that m; = o; — u;, V1 < i < L. For example, (m;,my,m3) =
(2.4, 1.5, 3.8). To construct the suitable e, (0,0, 03) and (uy, u,, uz), we first choose sequences

([24]+1,[1.5]+1,[3.8]+1)=(3,2,4)
and
([24]1+1-24,[1.5]+1-1.5,[3.8] +1-3.8) =(0.6,0.5,0.2),

where [-] is the rounding function. To make the second sequence strictly increasing, we add 1 to the
second number and 2 to the third number in both sequences, then we get sequences

(0-1’ 0>, 0-3) = (35 3a 6)
and
(I/tl, us, M3) = (06, 15, 22)
Since uz —u; = 1.6 < 2, we choose e = 2.

For @ = (r,c,l) € N¢, define (@) = ct(a) —uy = c — r + o — u;.
The next lemma is proved in [5, Lemma 5.5], and we provide the details of the proof here for the
reader’s convenience.

Lemma 4.6 ( [5, Lemma 5.5]). Suppose u,u’ are €-compositions of n with kn(') > km(u). Let A
(respectively, A’') be an {-composition obtained from u (respectively, u’) by adding an extra node B
(respectively, B'). If n(B") > n(B), then kyu(A") > km(A).

Proof. Suppose km() = (ki(p), k2(p), ..., k() and km(p’) = (K1), k2(W'), ..., k(y')), where
km(1), km((") are descending sequences by (3.3). Since «y,((') > (), we have

r r

Dok = Y kG,  Vl<r<t

i=1 i=1

The nodes 8 and 8’ are added to the end of a row (which may be empty) of the compositions u and u’
respectively. According to Remark 3.1, there exist 1 < j <rand 1 < j/ <t such that, as multi-sets,

Km(A) = (km () \ {x;(0)}) U {k; () + 1}, km(A) = (k") \ {y ()} U {ky (") + 1}
Suppose 8 = (r,c, ), = (r',c’,l'), according to Remark 3.1 and note /lﬁl) =g, /1’(,{,) = ¢’, then we have
Kj(y)+1:ﬁﬁl)—r+s+m,:c—r+0',—u,:n(ﬁ)+s

and

K W)+ 1=2D —r v s+mp=c —r +op —u =n@) +s.
Since n(B) < n(B’), we have «;(u) < ky(u’). Let ko() = ko(u’) = oo, and there exist 1 </ < j and
1 <I” < j such that

ki () > ki) + 12 k() = k@), k() > k() + 12 k(i) = k().
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Then we have descending sequences

Kkm(D) = (k1(D), k2D, ..., k(D) and  km(A) = (k1(A), ko (X)), . ..., k(X)),

where
ki), fori <lori> j+1; ki), fori<l'ori>j +1;
ki(A) = 4k;(p) + 1, fori =1, and () =3k, (W) + 1, fori="1,;
Kioi(u), forl<i< j+1, ki), forl<i< j +1.

Next, to prove ky(A") > kn(A), we just need to prove that

r r

ZK,-(/l’) > Zki(/l), Vi<r<it,

i=1 i=1
and there exist some 1 < g < ¢ such that
q
D ki) > Z Ki(A).
i=1

We can prove this by distinguishing the follow six cases:
I'<si<j<j, 1<jslU<j; UV'<sj<i<j, I'<lI<j<j 1I<U'<j<j;, I<I<j<

To make the proof more readable, we only give the proof for the case ' </ < j < j’. The proof for the
remaining five cases is similar. If / <[ < j < j, then the descending sequences kp(4) and kp(4") can
be rewritten as:

Ki(p) = - 2 kpo () 2 k() 2 kpo () 20 2 ko () > k() + 1> k() > .
2 Ko () S K () 2 Ko () > -0 > ko (W) 2 k() 2 K () > ..

and

Ki(') > >k () > k() + 1 2 k') > - > k(') > k(@) > (') > .
2k k() 2 k() = 2 ko (W) 2 k(@) 2 KpoW') >

For1 < p <I’, we have

P P P
)= kW) 2 Y ki) = ) ki),

i=1 i=1 i=1 i=1
For I’ < p <1, since Y./ ") > > " k:(u) and Kp(') + 1> kp(u') > k,(u’), we have

-1

zplk,m: ki) + (k') + 1) zzpjwm zp]K,w:zp:K,u).
i=1

i=1 i i=1 i=1

M-u

'tﬂ

I
—_
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For l < p < j, since Zf:_ll Ki(u') > Zf’:_ll ki(p) and ky(u") > k;(u), we have the strict inequality

1

) = " ki) + ) + 1) > ) ki) + (ki) + 1) = D xi(d). (4.7)

i= i=1 i

)4 p-1 p-1 p
i=1 =1

For j < p < j/, since Zp:_ll k(') > Zf:_ll k() and k;(u') > k(1) = k,(u), we have the strict inequality

i

bS]

ki(A) = ) kW) + (ky () +1) >

p
=1 i

-1 I P
ki) + 1= ki),
=1

i=1

]

1

l
—

For p > j',since 3.7 k(') > X7, ki(p), we have

S = S wtu)+ 12wt + 1= ) k.

p
i=1 i=1 i=1 i=1

Note there must exist some [ < p < j such that the strict inequality (4.7) holds. Hence, we completed
the proof.
O

The following conclusion gives the relationship between the Webster’s ordering and
a-function order.

Theorem 4.8. Let A, X' € PLIf A >, A, then A >, A'.

Proof. If A’ >, A, then we have residue preserving bijection f : [A"] — [A] such that &’ >, f(a’) or
f(@) =« forall @ € [A']. In other words, there exist an ordering of [A]

a1’027-"7an’

and an ordering of [1]

’
no°

’ ’
ay,ah,. ..«

such that
’ ’ .
a;>,a or o=« 1i=12,...,n

Suppose a; = (r,c,]),a; = (r',c’,I'), and @} >, a;, then res(a;) = res(a;) and ct(a;) < ct(a;). Therefore,
there exists nonnegative integer m such that

ct(a)) — ct(a;) = me.
If ct(a;) < ct(a)), then m > 1 and
n(a;) — nla:) = (ct(a;) — ur) — (et(a) — uy) = me — (uy — ;) > 0.
If ct(a;) = ct(a}) and [ > I, then u; > uy and
n(a;) — n(a;) = (et(a;) — ur) — (et(a;) — u) = uy — up > 0.
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Therefore, n(a;) < n(a;) whenever a; # a;.
By the above arguments, if there exist i # j satisfying

o Fa;, a# a;, a; = a;j,
then we have n(a;) < n(a)) = n(a;) < n(a;). Then we can obtain a new ordering of [A']

Yo VaoeosVn

by exchanging o] and «/;. We have n(a;) < n(a) = n(y;) and @; = a; = ¥’. Therefore, by reordering
ap,a,...,q, and @}, aj, ..., a,, we can obtain an ordering of [A]

Bi,.- B

and an ordering of [1']
Bis-- By

such that there exists r € {0, 1, ..., n} satisfying:

e Bi=p,i=1,...,r
o nB) <n@B),i=r+1,...,n,
b {ﬁr+]7'-'7ﬁn}m{ﬁ:+]7""ﬁ;}:0'

In fact, {By,...,B8,} = [A] N [A]. Since A, A" are {-partitions of n, hence [A] N [A'] is a Young diagram
of some ¢-partition u of r. If r = n, then A = A". Now we assume r < n, then

(A = [V Brsr, - By (AT =[] UBL,, ... B

and

nB) <nB), Vr+l1<i<n. 4.9)

By reordering 3,1, . . . , 8,, We obtain a sequence by, by, ..., b,_, satisfying

n(by) <nby) < --- < n(b,-y).

Similarly, by reordering 3. .3, we obtain a sequence b\, b}, ..., b, _, satisfying

nby) <nds) < --- < nb;_,).

I
Note that if @ = (r,c,m) and @’ = (r, ¢/, m) lie in the same row of [4], then

n(a) < n(a’) if and only if ¢ < ¢'.

We can add the nodes by, b,,...,b,_, to [u] in order and get a sequence of Young diagrams of ¢-
compositions

(] UAb1}, () UDL, Do), o, (] VDY, by, By}

Similarly, we can add the nodes b},D),...,b,_, to [u] in order and get a sequence of Young diagrams
of £-compositions
[l VAR [l ViDL D5, o, [l UG by, by
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By (4.9), we derive n(b;) < n(b)), i = 1,2,...,n—r. Infact, for any 1 <t < n —r, the original partners
of the f primed nodes having the smallest n-values all have n-value smaller than n(b;) by (4.9). Hence,
at least # unprimed values are smaller than n(b;), which gives n(b,) < n(b)). Foreach 1 <i <n-r,
let u U {by,...,b;} be the {~-composition corresponding to the Young diagram [u] U {by,...,b;}, and
let p U {b},...,Db!} be the {-composition corresponding to the Young diagram [u] U {b],...,b}}. Apply
Lemma 4.6 to the £-composition g and nodes by, b}, and we derive ky (iU {b]}) > km( U {D1}). Suppose
Km(uU{b|,....b)) > km(uU {by,...,b;}). According to Lemma 4.6, we get kyn(u U {D},..., b}, b D) >
Km(uU{by, ..., b;, biy,}). Finally, by induction, we derive k(U {D}, ..., b, _ ) > km(uU{by, ..., b,.}),
that is, k() > km(A). Therefore, by Proposition 3.9, we have 4 >, A'. O

Remark 4.10. We remind the reader that the a-function ay, in this paper is the same as ay in [5, 5.4].
The function n in this paper is the same as that in [5, 5.4]. The vector-valued function ky, is the same
as kg in [5, 5.4]. The function ct in this paper is the same as ¢ in [5, 5.4], hence the order >, on
nodes given in Definition 4.1 in this paper is the same as > in [5, 5.6]. Therefore, the relation given
in the hypothesis of [5, Proposition 5.6] is exactly the definition of Lusztig’s a,-ordering in this paper.
In [5, Proposition 5.6], M. Chlouveraki, I. Gordon, and S. Griffeth claim the following conclusion: Let
A, A € P if there exist ordering of [A]

Y5 Y2s -5 Yns
and ordering of [A']

R AR
such that

Yi>cvioryi=vy., Vi=1,...,n.

Then, A = A" or an(d) > an(A), that is, if ' >, A, then A >, A'. We point out that [5, Proposition 5.6]
is incorrect. In fact, the first sentence in the proof of [5, Proposition 5.6] is, “For all 1 < i < n, we have
n(yi) < n(y)), unless y; = v,,..." is false. The following example gives a counterexample. Moreover,
besides Theorem 4.8 which can be regarded as a revised version of [5, Proposition 5.6], we can also
add the condition that o is asymptotic to make [5, Proposition 5.6] hold; see Corollary 5.6.

Example 4.11. Suppose e = 4, £ = 2, (071,0%) = (4,5), u = (u,up) = (1,4), 0 < up —u; < 4. Let

m; = o; — u;, thenm = (m;,my) = (3,1). For A = ((2),(2)) and u = ((1), (3)), the Young diagram is
(Al=CTla), [T [el=0C1 [T 18])

where a = (1,2,1) € [A] and B = (1,3, 2) € [u]. We have
ct(a)=2-1+4=5<ctiB)=3-1+5="1.

Hence, B >, a, but
n@) =ct(a)—1=4>n) =ct(B) —4 =3.

This gives a counterexample of the sentence, “For all 1 < i < n, we have n(y;) < n(y.), unless
Yi = Vi,...” in the proof of [5, Proposition 5.6]. Moreover, since A\ a = u \ B, we have u >, A, that
is, A and p satisfy all the hypotheses of [5, Proposition 5.6]. Next let’s compute an(A) and an(p). Let
s =4. For 1 =(Q2),(2)), we have

pa =(2), po=(Q2).

Electronic Research Archive Volume 34, Issue 12, 9293-9316.



9311

Then

Bi(A) =po(s—h +m)=(0,1,2,3,4,5,8),
BZ(/l) = p,1(2>(s - h2 + mZ) = (Oa 1’ 27 3a 6)

So we have kyn(d) = (8,6,5,4,3,3,2,2,1,1,0,0), and hence ny(A) = 98. For u = ((1), (3)), we have

puo = (1),  puo =(3).
Then

Bi(p) = puw(s —hi +my) = (0,1,2,3,4,5,7),
By(p) = puo(s —hy + mp) = (0,1,2,3,7).

So, we have k(@) = (7,7,5,4,3,3,2,2,1,1,0,0) and, hence, ny,(u) = 99. For the empty multipartition

0 = (0,0), we have
pQ(l) = 0, pQ(Z) = 0.

Then

B1(0) = pyn(s = +m1) =(0,1,2,3,4,5,6),
By(0) = pyo(s — hy + mp) = (0,1,2,3,4).

So, we have kyn(0) = (6,5,4,4,3,3,2,2,1,1,0,0) and, hence, ny,(0) = 95. Finally,

am(A) = np() — np(@) = 98 - 95 =3,
am(p) = np(p) — np(0) =99 — 95 = 4.

Therefore, ay(u) > am(A), that is, u >y A. This gives a counterexample of [5, Proposition 5.6].

Remark 4.12. The authors of [5] proved [5, Theorem 5.7] using [5, Proposition 5.6], since we have
shown [5, Proposition 5.6] is incorrect and we presented a corrected version of it, which is
Proposition 4.8 in this paper. It remains to check whether the use of [5, Proposition 5.6] in the
proof of [5, Theorem 5.7] can be replaced by Proposition 4.8 of our paper. For this purpose, for
the sequences yi,¥,...,¥, and y|,Y5,...,Y, appearing in the last paragraph of the proof
of [5, Theorem 5.7], one must verify whether res(y;) = res(y;) holds for each i. This is exactly what 1
cannot determine at the moment.

5. Relationship between Lusztig’s a,-ordering, Webster’s ordering, and weak #-dominance
order, 6-dominance order, dominance order

In this section, we fix o = (e;01,02,...,0¢) € Noy xZl and 0 = (6,,...,60,) € Z!, where 6, =
f(—o+ 1) foreach 1 <1< ¢ Itisclear £t (6;—6)) forall 1 <i# j<{.

Proposition 5.1. Let A, u € P!, then pu >, Aif, and only if, u >y A.
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Proof. Let’s prove the necessity. Suppose u >, A. By the definition of o-dominance order, there exists
bijection A : u — A such that

a>, Al@)orA(e) =a VYaepu.
For (r,c,l) € p with (r,c,l) >, A(r, c, 1), we write A(r,c,l) = (', ', I').
If ct(r, c,l) > ct(r’, ', '), then
O+ €' =)=, +r—c) =l(-op + 0+ l’—;l) +0r' —r+c—-c")
=lo+c—-r)—lop+c =)+ -1
={l(ct(r,c,) —ct(r, ', I')+{"=1) >0,
and the last inequality follows from |’ — /| < €. Hence, (1, c,l) >4 A(r, ¢, ).
If ct(r,c,l) = ct(r’,c’,I') and I’ > [, then
Oy +L(r' =) — (6, + L(r —¢)) = llet(r,c,]) —ct(r', ', 1)+ (I' =)
=0-1>0.
Hence, (r,c, 1) >¢ A(r,c, ).
Therefore, we have A~!(8) >, 8 for each B € A. So we derive
BeAB>o vl <Haepla>o¥ll YyeN,.
Hence, pu >4 A.

Next let’s prove the sufficiency. Suppose u >y A. According to the counting definition of weak
6-dominance order, we have g\ A >4 A\ . Let k := [A\ p| = |u \ A|. Since (N, >y) is a totally ordered
set, we can give an ordering of the nodes in u \ 4,

Yi>60Y2>0 " >0 Vi
Similarly, we can give an ordering of the nodes in 4 \ y,
Yi>0Y2 >0 >0 V)
We claim y; >4 v/ for each 1 < i < k. Otherwise, if there exists i such that y; > y;, then
HBed\puB >yl zi>i—1={aep\da>q vl

This contradicts g \ A >4 A\ u.

Now let’s prove y; >, .. Suppose y; = (ri,c;, 1), y: = (r],c,,[}). Since y; € p\ Aand y; € 1\ u,
¥i and ! lie in different diagonals. In fact, on each fixed diagonal, the nodes of u and of A each form
an initial segment; these two initial segments are nested. Consequently, g \ A and A \ u cannot both
contain a node on the same diagonal. Since y; >4 ¥/, so

O + €(r; = ¢) = (6, + L(ri = ¢;)) = E(et(ys) — et(y) + (; — 1)) > 0.

Moreover, |I! — [j] < £, so ct(y;) > ct(y)) or ct(y;) = ct(y;) and I! > [;, therefore y; >, y!. Finally, define
the bijection A : g — A such that

Al@)=a, Yaednp,
Aty =vi, i=1,...,k
Because y; >, y; = A(y), sop =5 A. .
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Theorem 5.2. Let A, u € P.. Then u>, Aif. and only if, p >4 A.

Proof. The proof of necessity is analogous to that of Proposition 5.1. Suppose >, A. By the definition
of Webster order, there exists bijection A : g — A such that

a>,Al@)orA(e) =a Vaepu.

For (r,c, 1) € p with (r,c, ) >, A(r, c, ), we write A(r,c,l) = (', c’, ).
Ifct(r,c,l) > ct(r’, c’, I'), by the same calculations as in Proposition 5.1, we derive (r, ¢, )>4A(r, ¢, [).
If ct(r,c,l) = ct(r',c’,l') and I’ > [, by the same calculations as in Proposition 5.1, we derive
(r,c,)>gAr,c, ).
Therefore, we have A~!(8) >, 8 for each 8 € A, so we derive

B € AB>o Y| < lla € pla>eyll Vye N

Hence, u >4 A.

Next let’s prove the sufficiency. According to Proposition 3.16, we have res(u) = res(4). Now we
fix a residue i € res(u) = res(4), and we denote the set of i-nodes of u by u[i] and that of A by A[i].
According to the counting definition of #-dominance order, we have u \ 41>, A\ . It is clear the set of
i-nodes of p \ Ais u[i] \ A[i] and that of A\ p is A[i] \ p[i]. Let k := |A[i] \ pli]| = |pli] \ A[]]. Since
(N,f ,>p) 1s a totally ordered set, its restriction to a fixed residue subset of Nf: is also a totally ordered
set, denoted by >4. So, we can give an ordering of the nodes in u[i] \ A[i],

Y1 BgY2 By By i

Similarly, we can give an ordering of the nodes in A[i] \ u[i],
Vi Bo¥sBo - B Ve

By a discussion similar to that of Proposition 5.1, we can prove y; &, ¥/, for each 1 < j < k. Finally,
define the bijection A : g — A such that

Ald) =a, VYaednpu,
A(y)) = y;-, j=1,...,k.
where i runs over all possible residues of the nodes of p and A. Because y; 2, ¥ = A(y)), p 2o . O
Ifo, -0 2n,i=1,...,£—1, we call o asymptotic.
Corollary 5.3. Suppose o = (e; 01, ...,0;) is asymptotic, A, u € PL. Then u >, Aif, and only if, u> A.

Proof. Since o is asymptotic, 6,11 — 6; = {(0; — 0+1) + 1 > {n, that is, 6 is separated. Therefore, the
conclusion follows from [9, Theorem 4.1] and Proposition 5.1. O

By Theorem 5.2, Proposition 3.16, and [9, Theorem 4.1], we obtain the following corollary.
Corollary 5.4. Suppose o = (e;0y,...,0) is asymptotic, L, u € PL. If u >, A, then u> A and
res(A) = res(u).
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The inverse of Corollary 5.4 is not true. We give a counterexample as follows.
Example 5.5. Let { =2, n =6, 0 = (e;01,02) = (2;14,1). Let A = ((2,1),(2, 1)), u = ((3),(3)), and
the Young diagrams with residue are
w= (ool oo ). A= (9, ),
It is clear that u > A and res(A) = res(u). The 1-nodes in u arei
{ar =(1,2,1),a0 =(1,3,2), a3 = (1, 1,2)},

and
ct(a)) =15 ct(az) =3 ct(az) = 1.
The 1-nodes in A are
{o) =(1,2,D),a; = (2,1, 1),a5 = (1,1,2)},

and

ct(a)) =15 ,ct(a}) =13 ct(a}) = 1.
So,

Q) = Q) Dy @Dy @) Dy @3 = Qb

Suppose A : u — A is a residue-preserving bijection such that a >, A(a) or A(a) = a, Ya € u. Then,
A(a3) = &}, hence A(a,) = a; or A(ay) = &), which contradicts to the assumption of A. Hence, u %, A.

Recall the choice of m in (4.4), and fix u = (uy,...,u;) € Q' with 0 < uj—u; < e, Vi < j. Let
m = (my,...,m;) € Q°, where m; = o; — u; for all 1 < i < £. Suppose that o is asymptotic, then

mi—mm:(O'i—0'i+1)+(u,~+1—u,-)>n>n—1 Vi<i<H{.

By Theorem 3.11 and Corollary 5.3, we give the relationship between Lusztig’s a,-ordering and a-
function order.

Corollary 5.6. Suppose o = (e; 01, ...,0y) is asymptotic, A, € P.. If u >, A, then A >, Q.
6. Main results

Now we summarize the main results of this paper in the following theorem. More explicitly, in
the following theorem, we summarize Theorem 3.11 as (a), Corollary 3.17 as (b), Theorem 4.8 and
Corollary 5.6 as (c), Proposition 5.1 and Theorem 5.2 as (d), and Corollary 5.3 and Corollary 5.4 as
(e). Letm = (my,...,my) € Q', o0 = (e;04,...,0¢) € Noy xZ and u = (uy,...,u;) € QF with
O<uj—u <efori<j Letf=(6,...,6) erwithQi—Qj ¢ (Zfori < j.

Theorem 6.1. Suppose A, u € P,

(a) Suppose m € Qf withm; —m; >n—1,Yi < j. Ifu> A, then A >y p.

(b) Suppose 0 is separated and m € Q' with m; = (—6; + i)/C. If u >y A, then A >p, 1.

(¢) Suppose m € Qf withm; = o; — u;. If u>, A, then A >y, p. Moreover, suppose o is asymptotic, if
U =5 A then A >, u.

(d) Suppose 0 € Z' with 6; = €(—o; + é). Then p >, Aif, and only if, p >y A. Moreover, u >, A if, and
only if, p >4 A.

(e) Suppose o is asymptotic. Then u >, A if, and only if, u > A. Moreover, if u >, A, then u > A and
res(A) = res(u).
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7. Conclusions

In this paper, if m = (my,...,m;) € Q! with m; — m; > n—1,Y¥i < j, we proved that a-function
order refines the opposite dominance order. If 6 = (0y,...,6,) is separated and m = (my,...,m,)
with m; = (—6; + i)/{, we proved that a-function order refines the opposite §-dominance order. If o =
(€;01,...,0¢0) € No  XZ L w = (uy, ..., ur) € QC with O < uj—u; < e,¥i < j,andm = (my, ..., m) with
m; = o; —u;, we proved that a-function order refines the opposite Webster’s ordering. Moreover, if o =
(e; 01,070, ...,07)1s asymptotic, we proved that a-function order also refines the opposite Lusztig’s a, -
ordering. If o = (e; 01,02, ...,0¢) € Noy xZ and 0 = (6, ..., 6,) with 6; = £(—0; + f,), we proved that
Lusztig’s a,-ordering is equivalent to weak #-dominance order and Webster’s ordering is equivalent
to 6-dominance order. If o = (e;0,0,...,0,) € N, x Z' is asymptotic, we proved that Lusztig’s
a,-ordering is equivalent to dominance order and dominance order refines Webster’s ordering.

We hope that the main results of this paper may contribute to the study of the relationship among
different parameterizations of simple modules of the cyclotomic Hecke algebras, which also constitutes
one of our goals for future work.
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