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Abstract: This paper investigates the spectral recoverability of a final-time inverse load problem for
a Caputo fractionally damped Euler—Bernoulli beam. The unknown source is assumed to be separable
in space and time, and the aim is to recover the spatial load profile from terminal displacement
data. For a simply supported beam with constant coefficients, the terminal input-output map is
diagonalized by the beam eigenfunctions, leading to a modal relation between the unknown load
and the observation. The associated singular values are determined by the terminal responses of
fractional-order modal equations and depend explicitly on the damping order. A truncated spectral
reconstruction method with Tikhonov filtering is used for stable recovery from noisy data. Several
effective indicators, including the minimum retained singular value, the effective condition number,
and the maximum regularized amplification factor, are introduced to assess reconstruction stability.
Numerical experiments show that the fractional damping order can reshape the effective terminal
spectrum and influence the stability of the inverse problem. In suitable parameter regimes, fractional
memory damping improves recoverable modal responses and reduces noise amplification compared
with the classical integer-order damping model.

Keywords: spectral recoverability; final-time inverse load reconstruction; Euler—Bernoulli beam;
Tikhonov regularization; fractional damping; Caputo derivative

1. Introduction

Inverse source and inverse load problems form an important class of inverse problems for partial
differential equations. They arise when an unknown forcing term or load distribution must be inferred
from indirect observations of the system response. Such problems occur in structural health
monitoring, nondestructive evaluation, vibration-based diagnostics, dynamic force identification, and
material characterization. Mathematically, these problems are usually ill-posed, because the forward
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evolution may smooth, attenuate, or partially cancel the information carried by the unknown source
before it is observed.

Several classical monographs provide the mathematical foundation for the analysis and
regularization of such inverse problems. Engl et al. [1] gave a systematic treatment of regularization
methods for ill-posed operator equations, including Tikhonov regularization and spectral filtering
techniques. Kirsch [2] presented a comprehensive introduction to the mathematical theory of inverse
problems, with emphasis on compact operators, singular systems, and stability issues. Isakov [3]
studied inverse problems for partial differential equations from the viewpoint of uniqueness, stability,
and reconstruction, and provided many fundamental results for inverse source and coefficient
identification problems. These works form the general analytical background for the regularized
spectral reconstruction considered in the present paper.

Recent studies have further developed inverse reconstruction theory for partial differential
equations under limited or indirect measurements. Diao et al. [4] established a novel unique
continuation principle and applied it to inverse conductive scattering, showing how hidden
information can be recovered from indirect data under suitable structural assumptions. Diao et al. [5]
investigated the determination of anomalies in a semilinear elliptic equation by using a minimal
number of measurements, which highlights the role of limited observation data in inverse
reconstruction. Diao et al. [6] studied dislocations with corners in elastic bodies and applied their
analysis to fault detection, illustrating how geometric singularities can enhance identifiability in
elastic inverse problems. These works are related to the present study in the sense that they all address
the recovery of hidden information from indirect PDE observations, although the present paper
focuses on final-time load reconstruction for a dynamic beam model.

For elastic structures, the Euler—Bernoulli beam equation is a fundamental model for bending
vibration of slender beams. Meirovitch [7] presented the classical theory of vibration and modal
analysis, including the use of eigenfunction expansions for continuous mechanical systems. Rao [8]
provided a detailed treatment of vibration of continuous systems, including beam models, boundary
conditions, and modal response analysis. These references justify the use of the Euler—Bernoulli beam
framework and the sine eigenfunction basis for simply supported beams. In the inverse load setting,
this spectral structure is particularly useful because it allows the terminal input-output map to be
diagonalized mode by mode.

Beam vibration models have also been extended to modern multi-field and small-scale structural
systems. Fang et al. [9] studied the non-local multi-field coupling response of a piezoelectric
semiconductor nanofiber under shear force, demonstrating the importance of nonlocal and coupled
effects in advanced beam-type structures. Fang et al. [10] analyzed the size-dependent vibration of
laminated functionally graded curved beams covered with piezoelectric layers, showing that material
gradation, curvature, and piezoelectric effects may strongly influence beam vibration behavior. These
works are not inverse load studies, but they illustrate the continuing importance of accurate beam
modeling for modern structural analysis and motivate further investigation of inverse problems for
beam-type systems.

A typical final-time inverse load problem aims to recover an unknown spatial load profile from
a displacement observation at a prescribed terminal time. For a classically damped Euler—Bernoulli
beam, one may consider

Uy + UL + Uyyyx = F(X)G(t), (11)
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where F(x) is the unknown spatial load, G(¢) is a prescribed temporal excitation, and ¢ > 0 is the
viscous damping coeflicient. The final observation ur(x) = u(x,T) is related to F(x) through a
compact terminal observation operator. Its singular values determine how much modal information
about the load remains visible at time 7. Small singular values cause strong noise amplification in
direct inversion, and therefore regularization is necessary.

Computational and data-driven studies also show that reliable modeling of structural responses is
essential for engineering diagnosis and interpretation. Meng et al. [11] developed a multi-scale
feature fusion network for rapid intensity classification of ground vibration signals, which
demonstrates the relevance of vibration-response information in engineering assessment. Zhang et
al. [12] proposed a physics-informed neural network framework for stress-field modeling in coal
matrix with hard inclusions, showing how physical models and computational learning can be
combined to interpret mechanical fields. Although these two works use different methodologies from
the present paper, they both emphasize the importance of stable response analysis and interpretable
reconstruction in engineering systems.

Classical viscous damping is not always sufficient for describing energy dissipation in materials
with memory. In viscoelastic media, the present state may depend on the deformation history, and
fractional derivatives provide a useful tool for modeling such hereditary effects. Podlubny [13]
introduced the basic theory of fractional differential equations and described the main definitions and
analytical tools of fractional calculus. Kilbas et al. [14] provided a detailed mathematical treatment of
fractional integrals and derivatives, including Caputo-type derivatives and their applications.
Mainardi [15] developed the theory of fractional calculus in linear viscoelasticity and wave
propagation, clarifying the physical meaning of memory-dependent constitutive laws. Li and
Zeng [16] presented numerical methods for fractional calculus, including discretization techniques
that are useful for fractional differential equations. These references provide the theoretical and
numerical background for the Caputo damping term used in this paper.

Fractional damping has been increasingly used in structural dynamics to describe
memory-dependent dissipation and viscoelastic response. Boukhari et al. [17] investigated fractional
derivative boundary control in coupled Euler—Bernoulli beams and analyzed stability and discrete
energy decay. Mohamed et al. [18] studied nonlinear dynamics and forced vibrations of simply
supported fractional viscoelastic microbeams by using a fractional differential quadrature method,
showing the influence of fractional viscoelasticity on microbeam vibration. Abouelregal et al. [19]
considered thermomechanical waves in functionally graded viscoelastic nanobeams with an
Atangana—Baleanu fractional derivative, illustrating the role of fractional operators in coupled
thermoelastic nanobeam models. These works show that fractional derivatives can significantly
modify vibration, stability, and wave propagation properties of beam-type structures.

Fractional damping in Euler—Bernoulli beam systems has also been studied from the viewpoint of
boundary dissipation and energy decay. Achouri et al. [20] analyzed an Euler—Bernoulli beam equation
with boundary dissipation of fractional derivative type and obtained decay properties associated with
fractional boundary damping. Akil et al. [21] studied energy decay for boundary coupled wave/Euler—
Bernoulli beam systems involving locally singular fractional Kelvin—Voigt damping. Their results
further demonstrate that fractional damping mechanisms may strongly influence the long-time behavior
and stability of beam systems. In contrast to these studies, the present work does not focus on energy
decay or boundary stabilization, but on how the fractional damping order affects the singular spectrum
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of a final-time inverse load operator.

Inverse problems for fractional differential equations have also attracted considerable attention.
Zhang et al. [22] investigated two regularization methods for identifying a spatial source term in a
space-time fractional diffusion-wave equation, emphasizing the stabilizing role of regularization in
fractional inverse source recovery. Liu et al. [23] proposed a fractional Tikhonov regularization
method for identifying a time-independent source in the fractional Rayleigh—Stokes equation, which
is closely related to the use of spectral filtering for source reconstruction. Sun and Zhang [24]
developed an exponential Tikhonov regularization method for an inverse source problem in a
sub-diffusion equation, showing another way to suppress noise amplification in fractional inverse
problems. Chen and Cheng [25] studied conditional stability and regularization for an inverse source
problem associated with a distributed-order time-fractional diffusion equation. Hai and Chanh [26]
considered regularization of an inverse source problem for fractional diffusion-wave equations under
a general noise assumption. These works demonstrate the importance of regularization in fractional
inverse source problems, but most of them concern diffusion-type or diffusion-wave-type equations
rather than fractionally damped beam equations.

Despite the above developments, the influence of fractional damping on the spectral recoverability
of final-time inverse load reconstruction for Euler—Bernoulli beams has not been systematically
clarified. Existing fractional beam studies mainly address forward vibration, stability, decay, or
coupled field behavior, while existing fractional inverse source studies mainly focus on diffusion-type
equations. The present work connects these two directions by studying how a Caputo damping order
changes the terminal singular values of a beam inverse load operator.

Motivated by these observations, a Caputo fractionally damped Euler—Bernoulli beam model
is considered:

Uy + L CDPU+ Uy = FOG(1),  0<B <. (1.2)

Here CDf denotes the Caputo fractional derivative. The case 8 = 1 recovers the classical viscously
damped beam, whereas 0 < 8 < 1 introduces long-memory damping. The inverse problem is to recover
the unknown spatial load F(x) from the final-time displacement u(x, 7). The central question is how
the fractional damping order (8 affects the singular-value structure and hence the spectral recoverability
of the inverse problem.

The main contributions of this paper are as follows.

e A final-time inverse spatial load problem is formulated for a Caputo fractionally damped Euler—
Bernoulli beam.

e A modal singular-value representation of the terminal observation operator is derived for the
simply supported constant-coefficient case.

e A truncated spectral reconstruction method with Tikhonov filtering is used for stable recovery
from noisy terminal data.

e Fractional-order-dependent spectral indicators are introduced to quantify recoverability,
including the minimum retained singular value, the truncated condition number, and the
regularized amplification indicator.

e Numerical experiments show that suitable fractional damping orders can reshape the effective
terminal spectrum and reduce regularized noise amplification compared with the classical integer-
order damping model in certain parameter regimes.
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The novelty of this work is not merely the replacement of classical damping by a Caputo
derivative. Rather, the fractional damping order is identified as a spectral tuning parameter that
modifies the singular-value structure of the terminal observation operator. This distinguishes the
present work from standard inverse load reconstruction studies for classically damped beams, where
the damping mechanism is fixed and the terminal spectrum is not analyzed with respect to a memory
parameter. By connecting fractional memory damping with singular values, regularized amplification
factors, and reconstruction errors, this paper provides a spectral explanation for how the Caputo
damping order affects the recoverability and stability of final-time inverse load reconstruction.

The remainder of this paper is organized as follows. The mathematical model and inverse problem
are introduced in Section 2. The spectral representation of the terminal observation operator is derived
in Section 3. Conditional uniqueness and regularized reconstruction are discussed in Section 4. The
numerical approximation of fractional modal responses is described in Section 5. Numerical
experiments and spectral recoverability indicators are presented in Section 6. Concluding remarks are
given in Section 7.

2. Mathematical model and inverse problem

Throughout this paper, the fractional damping order is denoted by 3, the terminal singular values of
the observation operator are denoted by o, and the Tikhonov regularization parameter is denoted by
a. The truncation level used in the spectral reconstruction is denoted by N.

LetO<x<fand 0 <t < T. A simply supported Euler—Bernoulli beam with fractional damping
is considered. The fourth-order spatial term in the model comes from the classical Euler—Bernoulli
bending theory for slender beams [8], while the Caputo fractional derivative is introduced to describe
memory-dependent viscoelastic dissipation [13, 14]. The governing equation is given by

uy(x, 1) + u CDfu(x, D)+ Up(X, 1) = F(x)G(), 2.1)

where u(x,t) denotes the transverse displacement, F(x) is the unknown spatial load profile, G(¢) is
a prescribed temporal excitation, ¢ > 0 is the damping coefficient, and 0 < g8 < 1 is the fractional
damping order. Thus, Eq (2.1) may be viewed as a fractional viscoelastic extension of the classically
damped Euler—Bernoulli beam equation. When § = 1, the damping term reduces to the standard
viscous damping term uu,; when 0 < 8 < 1, the damping is nonlocal in time and accounts for hereditary
memory effects.

For 0 < B < 1, the Caputo derivative used in (2.1) is defined by the following formula; see the
standard references on fractional calculus [13, 14]:

! ’
CDPy(r) = @ 2.2)
' FA-p Jo t-1F
For the limiting classical case § = 1, the convention
“DIv(t) = V(1) (2.3)

is adopted. Therefore, the model continuously connects the fractional memory-damped beam for 0 <
B < 1 with the classical viscously damped beam for g = 1.

Electronic Research Archive Volume 34, Issue 12, 9169-9189.



9174

The beam is assumed to be simply supported:
u0,1) = u(t, 1) =0, u(0,1) = uy (€, 1) = 0. (2.4)

These boundary conditions correspond to zero transverse displacement and zero bending moment
at both ends of the beam. They are also chosen because they lead to a sine eigenfunction basis,
which allows the terminal observation operator to be diagonalized explicitly in the subsequent
spectral analysis.

The initial conditions are taken as homogeneous:

u(x,0) =0, u(x,0) = 0. (2.5)

This assumption is imposed in order to isolate the effect of the unknown external load. If unknown
initial states were also present, the final-time observation would contain contributions from both the
initial data and the source term, and an additional identification problem would have to be considered.

The inverse problem is to reconstruct F(x) from the terminal displacement

ur(x) = u(x, T). (2.6)
In practice, the observation may be noisy. We write uj. = uz + 17 and assume
lluy = urllo.0 < 6. (2.7

The forward map from the spatial load F to the terminal displacement u; is called the terminal
observation operator in this paper. Since the beam dynamics smooth and attenuate modal information
before the terminal time 7', this operator is compact in the spectral setting considered below.
Consequently, direct inversion is unstable with respect to measurement perturbations, and
regularization is required for stable recovery from noisy terminal data.

The final-time inverse load problem can therefore be stated as follows: given the known parameters
¢, T, u, B, the prescribed temporal excitation G(r), and the noisy terminal observation 3., recover the
unknown spatial load profile F(x) in a stable manner. The spectral representation and the associated
regularized reconstruction method are developed in the following sections.

3. Spectral representation of the terminal observation operator

For a simply supported beam with constant coefficients, the eigenfunctions of the fourth-order
spatial operator are

2
Wa(x) = \/jsin@, n=12,..., 3.1)
t t
and the corresponding eigenvalues are
nm\*
w=(2) 32
7 (3.2)

The system {i,,}°> | forms an orthonormal basis of L*(0, ¢).
The unknown spatial load and the displacement are expanded as

(o)

F)= ) Fan(0,  u(xn) =) un(On(x), (3.3)
n=1

n=1
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where
F,= fF(x)w,,(x) dx. (3.4)
Substituting (3.3) into (2.1) and using the orth(())gonality of {¢,,} yield the modal equation
W/ (0) + P D (1) + () = F,G@), up(0) = u(0) = 0. (3.5)
Let g, (¢) be the unit-load modal response defined by
g, (1) + u DLqu(t) + (D) = G@), u(0) = ¢,(0) = 0. (3.6)

By linearity of (3.5), one has

up(t) = FnQn(t)' (3.7)
At the terminal time, the terminal modal coefficient is therefore given by
ot = qu(T). (3.8)
Then ,
Urn, = Ongm UTn = f MT(X)%(X) dx. (39)
0

Consequently, the terminal observation operator has the spectral representation
ur(x) = ) oEF (%), (3.10)
n=1

This representation is the core of the analysis. It shows that final-time load reconstruction is
equivalent to recovering F, from ur, through the singular values o?. Since o is generated by the
fractional-order modal response, the fractional damping order directly affects the stability of the
inverse problem.

A further interpretation of o can be obtained from the Laplace-domain representation of the modal
response. For 0 < 8 < 1, applying the Laplace transform to (3.6) with zero initial data gives

(3.11)

For the classical case 8 = 1, the denominator becomes s> + us + A,. Thus, g,(f) can be interpreted as
the convolution of the prescribed temporal excitation G(#) with the impulse response associated with
the fractional modal transfer function

(3.12)

Accordingly, the terminal singular value o = q.(T) depends on the eigenvalue A,, the damping
coefficient u, the fractional order S, the terminal time 7', and the excitation profile G(z).

This representation also explains the compactness mechanism of the terminal observation
operator. Since

4
A, = (%T) S asn— oo, (3.13)

Electronic Research Archive Volume 34, Issue 12, 9169-9189.



9176

high-frequency modes are increasingly dominated by the large stiffness term A,. As a result, the
terminal response generated by a unit modal load is attenuated for high modes, and the corresponding
terminal coefficients o = q.(T) tend to be small as n increases. Therefore, the terminal observation
operator is compact in the spectral sense, and the inverse reconstruction is ill-posed because
recovering F, requires division by o,

The dependence on S is embedded in the fractional damping term us® in (3.11). Changing S
modifies the frequency-dependent memory dissipation and therefore reshapes the terminal singular
spectrum {o8},51. This is the spectral mechanism by which the fractional damping order affects
recoverability. In general, however, this dependence need not be monotone for all modes or all
terminal times, because oscillation, damping, terminal observation time, and the excitation function
may interact in a nontrivial way.

4. Conditional uniqueness and regularized reconstruction

The spectral relation derived in the previous section shows that the final-time inverse load problem
is reduced to the sequence of scalar equations

ur, = obF,, n=12,.... 4.1)
A formal inversion gives
Urn
F,=—. 4.2)
o

However, this formula is meaningful only when 0'5 # 0. Moreover, even if all O'ﬁ are nonzero, the
inversion is unstable when o{f is small.

The following conditional uniqueness statement follows immediately from the modal
representation. Suppose that two loads F" and F® generate the same terminal displacement. Let F."

and F ,(12) be their Fourier coefficients. Then

B(FP-FP)=0, n=12,.... (4.3)
Therefore, if
d?+0  foralln>1, (4.4)

then F\” = F? for every n, and hence F()' = F® in L0, ). This gives uniqueness under the non-
vanishing modal response condition (4.4).
If condition (4.4) fails, uniqueness must be understood only on the observable subspace. More
precisely, define
Ig={neN:ot £0}. (4.5)

Only the coeflicients F, with n € 7z can be identified from the terminal observation. If o = 0 for
some n, then the corresponding component F i, belongs to the null space of the terminal observation
operator and cannot be recovered from uy. Thus, without additional a priori information, exact
uniqueness cannot be guaranteed for the unobservable modes.

In the presence of noisy data u., direct inversion by

§
uTﬂ

oh

F = (4.6)
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is unstable. Indeed, if

Uy, = Uz + M, (4.7)
then .
FO—-F,=—. (4.8)
oh

Thus, small singular values lead to strong amplification of measurement noise. This is the main ill-
posedness mechanism of the final-time inverse load problem.

To obtain a stable approximation, a Tikhonov-type spectral filtering strategy is adopted. For a
regularization parameter a > 0, the filtered coeflicient is defined by

6 _ 0-5 0

Fo= mur,m (4.9)

Equivalently,

Fo, =gy,  gulo) = (4.10)

ocrt+a
The factor g,(o") behaves like 1/0 for modes with o> > a, while it suppresses modes with 0> < a.
In this way, the unstable division by very small singular values is avoided.

Since the numerical implementation uses only finitely many modes, a truncated Tikhonov

reconstruction is considered:
N

o
Fi,N(X)—Z oPr+ urnwn(x) 4.11)

Here N is the truncation level. The parameters @ and N balance data fidelity, noise suppression, and
spectral approximation error. A small @ retains more modal information but may amplify noise,
whereas a large @ improves stability at the cost of stronger bias. Similarly, increasing N includes
more high-frequency information but may also introduce more unstable components.

For exact data, the corresponding truncated regularized approximation is

2

QNU—Z Oﬁ);) (). (4.12)

Thus the regularization error is caused by the filter factor

@ a
2 +a  (Er+a’

ro(0f) = (4.13)

This expression shows that modes with large singular values are well preserved, while modes with
small singular values are strongly damped. Hence the reconstruction quality depends essentially on the
distribution of {d%}.

The fractional order B enters the reconstruction through the singular values o= qn(T). Therefore,
changing  changes the Tikhonov filter factors, the noise amplification levels, and the amount of
retained modal information. This observation is the basis for the fractional-order-dependent spectral
indicators introduced later. It should be emphasized, however, that the optimal choice of g is
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problem-dependent and may depend on the terminal time, the damping coefficient, the excitation
function, the noise level, and the target load profile.
For later use, the regularized amplification factor is defined by

o
B o= |— . (4.14)
B (G
The maximal regularized amplification over the first N modes is defined as
A2 (a,N) = max AS . (4.15)

<N

This quantity provides a simple measure of the worst-case noise amplification under the chosen
regularization parameter and truncation level.

5. Numerical approximation of fractional modal responses

The reconstruction formula in Section 4 requires the terminal singular values
a? = q,(T), n=12,...,N, (5.1)
where ¢g,(f) solves the fractional modal problem

gl () + p Dl g + ,9.(0 = G(t),  g.(0) = ¢,(0) = 0. (5.2)

Thus, the numerical computation of 0¥ is reduced to solving a family of scalar fractional ordinary
differential equations.

Let0 =1y <t <--- <ty =T be auniform partition of the time interval with time step 7 = T /M.
Denote

¢~ q.t), G =G). (5.3)

For 0 < B < 1, the Caputo derivative is approximated by the classical L1 formula:

1 B (i el
D) = o= /3)2;/’1 (7 =g, k=1, (5.4)
j:
where
B =+ )PP, j=0,1,...,k—1. (5.5)

The second derivative is approximated by the central difference

k+1 k k—1
" g, — 24, +q,
g () ~ = . (5.6)

Combining (5.4) and (5.6), the following time-stepping scheme is used for 0 < 8 < 1:

k+1 ko k- k-1
ay"' = 2q5+ gy ) kej _ ghi1 k k

+ A,q, = G". 5.7

o ﬁr<2 -B) FZO“ n )+ g, (5.7)
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The initial conditions are discretized by
=0 ¢,=0, (5.8)

when the homogeneous initial velocity is used. More generally, g! may be obtained from a consistent
starting procedure if nonzero initial velocity is considered.

Solving (5.7) gives the discrete modal response g*. The numerical approximation of the terminal
singular value is then defined by

n

ot =q. (5.9)

In the reconstruction algorithm, P is replaced by O'f I
For the classical endpoint 8 = 1, the Caputo derivative is not discretized by the L1 formula (5.4).
Instead, the limiting equation is treated as the classical damped modal oscillator

g, (1) + pq, (1) + A,ga() = G(0), qn(0) = ¢,(0) = 0. (5.10)

A standard finite-difference time-stepping method is then applied, for example

G =20, 44 | d
2 TH
T T

+ .48 = G, (5.11)

This separate treatment avoids applying fractional L1 weights at the endpoint 8 = 1. Therefore, any
comparison between fractional cases 0 < S < 1 and the classical case 8 = 1 is based on their
corresponding continuous models and consistent numerical discretizations.

The approximation error in O'f: y affects the reconstruction through the Tikhonov filter. If

O-ﬁ,M = ol + eﬁ,M’ (5.12)
then the computed filter coefficient differs from the exact one by
o, ot
M i (5.13)

@ P ra (DR +a

For fixed @ > 0, this perturbation remains bounded when Ief ’ | 1s sufficiently small. However, if « is
chosen too small, errors in small singular values may have a stronger influence on the reconstructed
coefficients. This provides another reason for using a positive regularization parameter.

For sufficiently smooth modal responses, the L1 approximation of the Caputo derivative has the
standard consistency order O(7>#) away from possible initial singularities [16, 27]. In practical
computations, the time step is chosen small enough so that the discretization error in o, 18
dominated by the measurement noise and regularization effects. The numerical experiments below
use the same time grid for all modes at a fixed 8, which ensures that the computed singular spectrum
is obtained consistently across modal indices.

The complete computational procedure is summarized as follows.

(1). Choose the truncation level N, the regularization parameter a, and the time step 7.

(2). Compute the eigenvalues A, = (nz/£)* for 1 <n < N.
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M
P

(3). For each n, solve the modal equation (5.2) numerically and obtain O'f w=49

(4). Compute the noisy terminal coefficients

4
U, = fo Uy (X0 (x) dx. (5.14)
(5). Reconstruct the load by
N
FoM(x) = Z T uT (). (5.15)
o 2+a "

The superscript M in (5.15) indicates that the singular values are computed numerically on the time
grid. In the following sections, this notation is omitted when no confusion is possible.

6. Numerical experiments

6.1. Numerical setting

We present numerical experiments to examine how the fractional damping order affects final-time
inverse load reconstruction. The beam is simply supported on O < x < &. The parameters are

{=m, u=0.5, T=125. 6.1)
The prescribed temporal excitation is
G(1) = cos(wt), w=0.75, (6.2)

and the exact spatial load is
F(x) = xsin(5x). (6.3)

This load contains oscillatory components and is useful for testing the recovery of modal information
from terminal data.
The representative damping orders are

B=10, p=08,  B=06. (6.4)

The case § = 1.0 corresponds to the classical viscously damped beam model, while 0 < 8 < 1
corresponds to the fractionally damped beam model with memory-dependent dissipation.
The reconstruction is performed by the truncated Tikhonov formula

Fon(x) = Z Oﬁ)2 T,,,t//n(x), (6.5)
with truncation level
N=11 (6.6)
and regularization parameter
a=3x10". (6.7)
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The truncation level N = 11 is chosen to retain the dominant low- and medium-frequency modes that
are still effectively visible in the terminal observation, while excluding highly attenuated
high-frequency modes that would lead to severe noise amplification. The regularization parameter
@ = 3 x 107 is selected to balance the regularization bias and the amplification of the 5%
measurement noise. The same values of N and « are used for all tested damping orders in order to
provide a fair comparison of the influence of .
For noisy data, perturbations are added to the terminal displacement so that
Wiy = urlizom _ g o5 (6.8)
||MT||L2(0,7r)

Thus, the relative noise level is 5%. The same noise level, truncation level, and regularization parameter
are used for all damping orders.

In all experiments, the terminal singular values o = qn(T) are computed from the modal response
equations described in Section 5. For 0 < 8 < 1, the L1 approximation is used for the Caputo derivative.
For g = 1, the corresponding classical damped modal oscillator is solved directly, rather than by
applying the fractional L1 weights at the endpoint. This ensures that the comparison between fractional
damping and classical damping is based on consistent numerical discretizations of their respective
continuous models.

6.2. Reconstruction results

We first compare the terminal displacement responses generated by the same spatial load under
different damping orders. Since the terminal displacement is the only observation used in the inverse
problem, these curves reflect the information retained by the forward dynamics at time 7. The
corresponding terminal displacement responses are displayed in Figure 1.

95 X 103 Final-time displacement responses
. T T T T

——5=10
——5=038
2 £=06

u(x,T)

0 0.5 1 1.5 2 2.5 3 3.5

Figure 1. Terminal displacement responses for different fractional damping orders.

In Figure 1, the terminal displacement responses for 8 = 1.0, 8 = 0.8, and S = 0.6 are compared.
The curves show that changing 8 modifies both the amplitude and the shape of the terminal response.
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This indicates that memory damping changes the terminal information available for load recovery.
Since the final-time inverse problem uses only u(x, T'), such changes in the terminal response directly
affect the singular values of the terminal observation operator and hence the stability of the
reconstructed load.

Next, we examine the reconstructed spatial load from exact terminal data and noisy terminal data.
The noise-free reconstruction results are shown in Figure 2, while the corresponding reconstructions
from noisy terminal data are shown in Figure 3.

Noise-free reconstructions
T T

3 T T

F(x)

= Exact load

- = f=10

- = (=08
p=0.6

3 1 I I 1 1 I
0 0.5 1 1.5 2 25 3 3.5

Figure 2. Noise-free reconstructions for different fractional damping orders.

In Figure 2, the reconstructed loads obtained from exact terminal data are compared with the exact
load. In this case, the reconstruction error mainly comes from the finite modal truncation and the
Tikhonov regularization bias. The results indicate that the damping order affects the accuracy of the
recovered spatial profile even when no measurement noise is present.

3 Reconstructions from 5% noisy final-time data
3 T T T T

—— Exact load | |
- = =10
- = =08

p=06

Figure 3. Reconstructions from terminal data with 5% relative noise.
In Figure 3, the reconstructions are obtained from terminal data contaminated by 5% relative noise.
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Compared with Figure 2, the reconstructed profiles are additionally affected by noise amplification
through the inverse procedure. The results show that the damping order has a visible influence on
reconstruction quality. In the tested setting, suitable fractional orders produce reconstructions closer
to the exact load, particularly in the presence of noise. This observation does not mean that smaller
fractional orders always improve the reconstruction. Rather, it suggests that changing 5 modifies the
effective singular spectrum of the terminal observation operator, and that some values of S may lead
to better conditioning for the specific parameters, terminal time, excitation function, and noise level
considered here.

To further explain this behavior, we compute the regularized modal amplification factor

Fa) = o]

= m. (6.9)

This quantity measures how strongly the Tikhonov filter amplifies the n-th noisy modal coefficient.
A large value of ¢>(@) indicates that noise in the corresponding terminal modal coefficient may be
amplified more strongly in the reconstruction. The modal amplification factors for different damping
orders are plotted in Figure 4.

10000 ‘chular&zcd an]Rllhcatlon factors‘

9000 -

8000 +

7000

6000

5000

FAO)

4000

3000

2000

1000

0

Mode number n

Figure 4. Regularized amplification factors for different fractional damping orders.

In Figure 4, the regularized amplification factors over the retained modal range are compared for
different values of 8. The figure shows that the fractional damping order changes the modal
amplification pattern. Orders with smaller amplification over the retained modes tend to yield more
stable reconstructions from noisy data. This supports the interpretation that the improved recovery is
related to the effective spectral structure of the terminal observation operator.

It should be noted that gﬁ(a) is a regularized amplification factor, not the unregularized inverse
factor 1/ |0‘ﬁ|. The Tikhonov denominator |0'§ | + @ prevents severe amplification of very small singular
values. Therefore, the reconstruction quality is determined by the combined effect of the singular
spectrum, the regularization parameter «, and the truncation level N.
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6.3. Influence of the fractional order

We further scan the fractional order S to examine how reconstruction accuracy varies with the
damping order. The relative reconstruction error as a function of § is reported in Figure 5.

025 Reconstruction error versus fractional order
.. T T T T T

02F

—
2
b5}
5
8 015 —O— Noise-free data
g —&— 5% noisy data
&
=]
151
2
o 01F 1
=
5
o)
(a2

0.05 - 1

© © ©
0 1 1 1 1 1 1
0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Fractional order

Figure 5. Relative reconstruction error as a function of the fractional damping order 3.

In Figure 5, the relative reconstruction error varies with the fractional damping order. The curve
shows that the reconstruction error is not necessarily monotone with respect to . Therefore,
fractional damping should not be viewed as a universally improving modification. Rather, the
fractional order acts as a tuning parameter that changes the terminal response and the effective
stability of the inverse problem.

This non-monotone behavior is consistent with the modal transfer function

(6.10)

Changing S modifies the frequency-dependent damping and the phase of the modal response. As a
consequence, the terminal values a‘ﬁ = ¢,(T) may increase for some modes and decrease for others.
The final reconstruction error is therefore determined by the interaction between the modal spectrum,
the terminal time, the excitation function, and the regularization filter.

The corresponding spectral indicators are shown in Figure 6. These indicators include the minimal
retained singular value mfv, the truncated condition number kfi,, and the global regularized amplification

indicator A% ().
For clarity, these indicators are defined as follows. The minimal retained singular value is
iy = min |o7]. (6.11)

It measures the weakest observable modal response among the first N modes. The truncated spectral
condition number is

<n< Oﬁ
,(I‘i/ = Mﬂl”l (6.12)

. b
min, <<y o]
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provided that mf\, > 0. A smaller value of /ffv indicates a more balanced singular spectrum on the
retained modal range. Since the full terminal observation operator is compact, this condition
number is only a truncated indicator and does not remove the ill-posedness of the infinite-dimensional
inverse problem.

The global regularized amplification indicator is defined by the root-mean-square average of the

modal amplification factors:
N 1/2

A (a) = (% > (gfj(a))z] . (6.13)

n=1

Thus, g(a) describes the amplification of a single modal coefficient, whereas Afv(oz) describes the
overall regularized amplification level over the first N modes. A smaller Afv(a) generally indicates
weaker average noise amplification after Tikhonov filtering.

Minimum effective singular value x 10* Effective condition number Maximum regularized amplification
_5 T T T B I | T
e st 1 8000 ——
7000
5 E -
i | 1 6000
4 -
5000
i 13
“Fat 1 oz 4000
<
2L . 3000
2L 4
2000
1+ 1 1r 1
1000
0 1 L 1 1 1 1 1 O 1 1 1 1 1 1 1 0 1 1 1 1 1 1 1
0.3 04 05 06 07 09 1 0.3 0.4 05 06 0.7 09 1 0.3 04 05 0.6 0.7 0.9 1
B B B

Figure 6. Spectral indicators as functions of the fractional damping order £.

In Figure 6, the dependence of the spectral indicators on S is presented. The results indicate that
smaller reconstruction errors are associated with more favorable spectral indicators. In particular,
fractional orders that reduce regularized amplification and improve the balance of retained modal
responses tend to produce better reconstructions. This supports the conclusion that the reconstruction
improvement is caused by a genuine change in the effective spectral structure of the terminal
observation operator.

At the same time, Figure 6 confirms that the influence of § is not purely monotone. The fractional
damping order should therefore be interpreted as a spectral tuning parameter rather than as a
parameter that always improves or always deteriorates reconstruction. For the present example, the
best reconstruction is obtained when the singular spectrum and the Tikhonov filter jointly provide a
favorable balance between retained modal information and noise suppression.
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7. Conclusions

In this paper, a final-time inverse spatial load problem was studied for a Caputo fractionally
damped Euler—Bernoulli beam. The unknown spatial load was reconstructed from terminal
displacement data by using a spectral representation of the terminal observation operator and a
truncated Tikhonov regularization method.

For the simply supported constant-coeflicient beam, the problem was diagonalized in the sine
eigenfunction basis. This led to the modal relation

Urp = O-ﬁFn’ (7.1)

where 0% = q.(T) is the terminal modal response generated by a unit modal load. This representation
shows that the recoverability of the inverse load problem is governed by the terminal singular values
{of). In particular, small singular values cause strong noise amplification, and regularization is
therefore required for stable reconstruction.

A conditional uniqueness result was discussed in terms of the modal terminal response. If o # 0 for
all relevant modes, then the corresponding modal coefficients of the load can be uniquely determined.
If o = 0 for some mode, then that component belongs to the null space of the terminal observation
operator and cannot be recovered from a single final-time observation without additional information.
Thus, the uniqueness considered in this paper is conditional on modal terminal observability.

The influence of the fractional damping order was analyzed through the modal transfer function

HE(s) = ;. (7.2)

This expression shows that changing 8 modifies the frequency-dependent damping and hence reshapes
the singular-value structure of the terminal observation operator. Therefore, the fractional order affects
not only the forward response but also the stability of the inverse reconstruction.

The numerical scheme for computing the modal singular values was also clarified. For 0 < 8 < 1,
the Caputo derivative was approximated by the L1 formula. For the classical endpoint 8§ = 1, the
limiting modal equation was treated as a classical damped oscillator and discretized separately. This
avoids applying fractional L1 weights at the endpoint and ensures a consistent comparison between the
fractionally damped and classically damped models.

Numerical experiments demonstrated that the damping order can have a significant influence on
reconstruction accuracy. For the tested parameters, some fractional orders led to smaller
reconstruction errors and lower regularized noise amplification than the classical damping case. The
spectral indicators, including the minimal retained singular value m[ﬁv, the truncated condition number
/(]‘i,, and the global regularized amplification indicator A'fv(a/), helped explain these differences in terms
of the effective singular spectrum.

It should be emphasized that the results do not imply that smaller fractional orders always improve
reconstruction. The dependence of the reconstruction error and spectral indicators on § may be non-
monotone, because the terminal singular values depend jointly on the fractional memory effect, modal
oscillations, damping coefficient, terminal time, excitation function, and regularization parameters.
Therefore, the fractional damping order should be interpreted as a spectral tuning parameter rather
than as a universally stabilizing parameter.
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The present work has several limitations. The analysis was carried out for a simply supported Euler—
Bernoulli beam with constant coefficients and a known temporal excitation. Only a single final-time
displacement observation was used. In addition, the reconstruction was based on a finite number of
modes and a fixed Tikhonov regularization parameter.

Future work may consider more general boundary conditions, spatially varying beam coeflicients,
multiple or time-dependent observations, and simultaneous identification of spatial and temporal load
components. It would also be useful to develop adaptive strategies for choosing the fractional order
B, the truncation level N, and the regularization parameter . Another possible direction is to extend
the present spectral framework to more complex beam, plate, or coupled multi-field structures where
fractional damping and memory effects play an important role.
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