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Abstract:  Finite-time surrounding control possesses superior performance in terms of tracking
accuracy and rapidity. Nevertheless, most existing finite-time surrounding algorithms are only
applicable to integrator systems, restricted to single-target scenarios, and fail to maintain rapid dynamic
responses throughout the entire convergence process. To address these limitations, this paper extends
the framework to multiple moving targets and generalizes integrators to nonlinear systems with
unknown control coefficients. Meanwhile, an accelerated distributed control scheme is developed
to improve the convergence performance of each agent throughout the entire process. Specifically,
dynamic high-gain distributed observers are constructed for each follower, which achieve target state
estimation merely using local relative information. Combined with adaptive techniques, a novel
accelerated distributed surrounding protocol based on high-gain is proposed, which realizes finite-
time multi-target encirclement and significantly improves global convergence rapidity compared with
existing finite-time strategies. The embedded dynamic high-gain mechanism effectively compensates
the unknown control coefficients while strictly preserving the fully distributed feature of the protocol,
which guarantees strong operational robustness. Numerical simulations further verify the feasibility
and effectiveness of the developed control scheme, demonstrating its promising application potential
in practical multi-agent cooperative surrounding missions.

Keywords: multi-agent systems; accelerated finite-time surrounding; multiple moving targets;
distributed protocol; adaptive technique

1. Introduction

Surrounding control enables multiple agents to construct predefined geometric enclosures for
single or multiple targets within finite convergence time. Although existing finite-time surrounding
schemes realize accurate encirclement and fast local convergence, they cannot maintain fast
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convergence rates over the whole control process [1-5]. These approaches fail to meet the stringent
global convergence speed demands of emerging time-critical industrial and military tasks, particularly
for full-duration fast interception in cooperative multi-missile scenarios. This motivates the
development of an accelerated finite-time surrounding strategy that simultaneously guarantees precise
encirclement and global rapid convergence.

Nowadays, most of the finite-time distributed protocols proposed in existing related works [6—11]
concern consensus, containment, and microgrid secondary regulation but not surrounding. As a
cooperative goal extended from consensus, the investigation of the surrounding in a finite time is
complex, let alone the accelerated finite-time surrounding. In addition, the protocols proposed in
works [1, 12-14] on finite-time surrounding are only applicable to single-target scenarios, which
greatly limits their practical applicability. In engineering and military practices, numerous typical
missions such as multi-UAV hunting and important formation protection require the encirclement of
multiple dynamic targets [15-17], such as entrapping or protecting important teams, patrolling, and
hunting multiple enemy UAVs. Thus, it is meaningful to pursue a powerful distributed control
strategy to realize accelerated finite-time surrounding for multiple moving targets.

Notably, multi-target surrounding control faces inherent difficulties in estimating the geometric
center of multiple dynamic targets, as follower agents cannot always directly access real-time target
state information. To tackle this challenge, works [2, 3, 5, 18, 19] adopted neighbor-interaction
estimation strategies based on local error information, which realized geometric center estimation for
integrator and parameter uncertain nonlinear multi-agent systems (MASs). However, these techniques
still require absolute position information of interactive targets in protocol design. To reduce reliance
on direct target information, a distributed observer was developed in [20] to estimate target position
for each follower. Nevertheless, this method failed to achieve accelerated finite-time performance
with global fast convergence. In practical scenarios, the superposition of accelerated finite-time
characteristics and time-varying target motion imposes severe limitations on real-time information
acquisition and rapid formation reconstruction. Therefore, sophisticated control protocols and
rigorous theoretical analysis are urgently required to address the above unresolved issues.

Motivated by the aforementioned research gaps, this paper constructs a fully distributed control
scheme for MASs with unknown control coefficients to achieve an accelerated finite-time surrounding
of multiple moving targets. Firstly, an adaptive technique is adopted to design distributed finite-time
observers for each follower, which can precisely estimate target states and drive observation errors to
zero within finite time. Based on the observers, a distributed protocol based on high gains is further
proposed, which guarantees practical accelerated finite-time convergence of surrounding errors
irrespective of initial system states. Moreover, the designed dynamic high gains compensate the
negative effects brought by unknown control coefficients while preserving the fully distributed
property of the protocol. Theoretical analysis demonstrates that the proposed observer-based control
approach ensures the boundedness of all closed-loop signals and enables effective accelerated
finite-time multi-target surrounding performance.

The primary contributions of this paper over existing surrounding control literature are highlighted
as follows:

e Different from the finite-time control strategies in [18, 19, 21, 22], which only achieve fast
convergence in the neighborhood of equilibrium while the convergence rate degrades significantly
under large initial errors, the developed accelerated finite-time adaptive scheme achieves favorable
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global convergence performance and accelerates state evolution even when initial state errors are far
away from the equilibrium.

e Unlike the existing results in [1, 12,23-26], which are restricted to the single-target scenario or
targets with zero acceleration, this paper realizes multi-target encirclement for targets with nonlinear
acceleration profiles.

e The designed target state estimation approach removes the strict requirement of target absolute
position information in control design. Compared with the geometric-center-based estimation methods
in [5, 19], this work features a more concise distributed estimation structure. It reduces reliance on
global network information and avoids network-wide iterative fusion for target state estimation, thereby
lowering topology-dependent computational overhead in the observation stage.

e The proposed protocol is fully distributed and independent of any global topological information
of the communication graph. Benefiting from this feature, the protocol requires no redesign when
new agents join the network provided that network connectivity is maintained, which demonstrates
favorable scalability for practical applications.

Notations: For a vector x = [xy,-- -, x,]", denote x* = [x%,--- ,x?]" and x[‘” = |x;| - sgn(x;). Let
R{ represent the set of positive real numbers that possess both odd numerators and odd denominators.
For a square matrix M, its transpose, minimal eigenvalue, and maximal eigenvalue are represented by
M, Apin(M), and A, (M), respectively. Let ® represent the Kronecker product.

2. Preliminaries

For MASs, the interactions among agents can be described by G = (V, &), where V = {1,2,...,n+
m} = Ve |JVr is the node set and & C V X V is the edge set. Note that (j,i) € & implies the jth
node could transmit the information to the ith node. We use N; = {j|j € V,(j,i) € &} to denote
the neighbor set of the ith node. Let A := [a;;] to represent the adjacency matrix between nodes.
While, when (j,i) € &, a;; > 0, and otherwise, a;; = 0. In this paper, there are no self-loops. A
directed path from node i to node j can be represented by a sequence of ordered edges in the form
(i,i+1),---,(j—1, j). The Laplacian matrix is denoted by L := [/;;], in which, when i # j, [;; = —a;j,

and otherwise, [;; = Z?;l- a;j. Note that the Laplacian matrix can be partitioned as

£:[ L L ]’

Oan Ome

where £, € R™" and £, € R™"™,
Next, we introduce several foundational lemmas that will be extensively adopted in analysis.

Lemma 1. [27] For x(t) = g(x(t)) with x(ty) = xo and g(0) = 0, x € R", if for any x € R"/{0}, the
continuously differentiable function V(x) : R" — R satisfies V(x) + a; V(x) + uV(x)* < 0 with a; > 0,
u>0and0 < a < 1. 17Then, V(x(t)) converges to zero in finite time, and the settling time satisfies
T(x0) < 7= In(1 + w)

Lemma 2. [28] Let o (R

(1)IfO < a <1, then |x* —y*| <2'7%x —y|%, VYx,y€R.

(2) If @ > 1, then |x* — y*| > 2'7%|x —y|*, Vx,y € R.
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Lemma3. [28]Ifa> b > 1, thenforanyz; >0,i=1,...,n,

(ZZ?) < (sz’)b < nz‘](gz?).

Definition 1. [29] Consider the nonlinear dynamical system x(t) = f(x(t)) satisfying f(0) = 0. A
system is said to achieve accelerated practical finite-time convergence if there exists a continuously
differentiable positive definite function V(x) satisfying the composite Lyapunov inequality:

V(x) +aV(x) + bV (x) —c <0,

where a > 0, b > 0, ¢ > 0 are constants and 0 < 1. For arbitrary 0 < € < a, the following two
properties hold:

c
(i) Foranyt > Ty, V(x(t)) < —, which implies that system errors converge to a practical residual set.

(ii) The settling time is explicitly quantified as

1 L+ VIT(xp)
T() < n —
(a-e)1l-a) L.,.(g)l «

a—e& &

3. Problem formulation

3.1. System models

This work investigates a class of uncertain nonlinear MASs, which consist of follower agents and
dynamic moving targets. The dynamical evolution formula for the ith follower agent is formulated
as below:

vi = bi(Hu; +g(t,xi,vi), i=1,...,n,

Xi = v
{. 3.1

where x;,v; € RY represent the follower’s states; u; € RY denotes the control input; unknown nonzero
and time-varying continuous function b;(¢) is called the control coefficient, and continuous vector-value
function g(z, x;,v;) : R, x R¥Y — RY is called the nonlinearity of the system.

The dynamic equation of the kth target is given as below:

{’:‘k - Ve (32)

ve = gt,xp, i), k=n+1,....,n+m,
where x;, v, € RY represent the target’s states and g(-) is defined as in (3.1).
Subsequently, three assumptions are given for system (3.1)—(3.2).

Assumption 1. There exist constants ; > 0,6, > 0 such that for any x,y, x, yx € RYN and t > 0,

m m m

le(t, %) = D axg(t, xi yoll < Gillx = D axll + lly = D gl

k=1 k=1 k=1

where ay > 0 and Y, ay = 1.
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Assumption 2. The sign of bi(t) is priori known. In addition, there exist two unknown nonzero
constants b, b; such that b, < |bi()| < b; for any t > 0.

Remark 1. In Assumption 1, this inequality characterizes the bounded residual of nonlinear terms
under convex combinations, and it is different from the convex-preserving property of affine mappings.
Particularly, if for any k = 1,--- ,m, g(t, xy,y;) are the same, then the nonlinearities satisfy the
Lipschitz condition, which is a common condition on nonlinearity. Assumption 2 indicates that severe
uncertainties are allowed in control coefficients. In the context, the considered systems are more
generic than existing related works with known control coefficients [30, 31].

Next, two assumptions on the communication graph in this paper are given as follows.

Assumption 3. In the graph, each follower is reachable from at least one target via a directed path.
In addition, each target can communicate with at least one follower agent.

Assumption 4. There exist positive constants q; > 0, i € Vg, obeying q;a;; = q;a; for any, i, j € Vp,
with a;j standing for the (i, j)-th entry of the graph adjacency matrix.

Assumption 5. The maximal offset of each target relative to the group geometric centroid is globally
bounded. Specifically, a positive scalar M fulfills

M = sup{[lx(2) — g(DIl},
keVr

where q(t) = L S (1),

Remark 2. Assumption 3 guarantees that L, is a non-singular M-matrix with all eigenvalues having
strictly positive real parts. Besides, by Assumption 3, we know the elements of —L'L, are
nonnegative and each row sum of —£1‘1£2 equals 1 (see [8]). From Assumption 4, we know the
interactions between followers are bidirectional and weights on the edges may be different. As such,
the adjacency matrix of the followers may be asymmetric, which would make some good properties
used in performance analysis vanish and thereby render the existing control strategies invalid [15].
Such topology satisfies the detailed-balance condition q;a;; = q,aj;, which defines weight-balanced
directed graphs. Typical examples include undirected graphs, bidirectional directed graphs with
unequal edge weights, and bidirectional ring networks. Physically, this topology corresponds to
bidirectional information exchange among multi-agent nodes, where the channel gains of forward and
reverse communication links are not identical. This condition ensures that the weighted Laplacian
matrix L0 (Q = diagl{q,, - ,q,}) is symmetric and positive definite and facilitates the finite-time
stability analysis. Note that this topology constraint is stronger than the general leader-reachable
directed graph condition and restricts the admissible network structures. In practical systems,
Assumption 5 is always satisfied.

3.2. Objective

The paper seeks to design a distributed scheme for dynamics (3.1)—(3.2) subject to Assumptions
1-5, which achieves accelerated practical finite-time surrounding of multiple targets. To facilitate the
theoretical analysis, the definition presented below is provided.
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Definition 2. For each follower agent i, the topology-induced aggregate target states are defined as

n+m n+m

Xi(1) = Z wi X (1),  Vit) = Z Wik Vi (1),
k=n+1 k=n+1
where wy, = (- £I1.£2)ik denotes the convex weight of target k for follower i, withi € {1,...,n} and
ke{n+1,...,n+m}. These coefficients satisfy wy > 0 and Y ;™" | wy = 1.

Definition 3. The practical finite-time surrounding is solved if there exists a distributed protocol such
that for any initial condition, there hold

lxi(1) = Xi() = pix(Oll < d, V1 2Ty
vi(®) = vi() = puOll < d, V12T,

where d is a positive adjustable constant and T is the limited settling time. Here, p;(t) = p;,(t), and

Pir(?) = 0lpis(0), -+, PO € R”, pin(1) = 0lpins(®, -+ s pine®]" € R, i = 1,--+ ,n are the desired
surrounding configuration for followers, o > 2M.

Remark 3. From Definition 2, we know X,(t) = Yi1" | wyxi(t) and vi(t) = Yjim | wavi(t) are convex
combinations of the target states induced by the communication topology. This notation is distinct from
a;j, the (i, j)-th entry of the adjacency matrix. Note that Laplacian matrix L is constructed from the
adjacency matrix whose entries are a;j. After partitioning L into blocks corresponding to followers
and leaders, wy is the (i, k)-th entry of —L' L,. Therefore, wy is implicitly governed by a;;, while no
simple explicit closed-form expression directly relating wy. and a;; is available due to matrix inversion.
Moreover, from Definition 3, the compact form of x; — X; can be written as xp — (—.51‘1.52 ®1,)xr, where
xp =[x, axn]T’ Xr = [Xpe1,- e ’xn+m]T' IfXF — PF with PF = [plm te apnx]T pmcrical converges
10 (—L;' Ly ® 1,)xz, then xp around the convex hull is formed by targets. As such, the followers could
surround the multiple moving targets. Figure 1 is given to exhibit the surrounding scenario for four-
target six-follower.

target : follower
ar S
7’ Y
Y P \
/, S
I T
[ 1 »
\ L
Ay /
. /
\ \‘._’/ y
\\ 7
~ ”

Figure 1. Six followers surrounding four moving targets.

3.3. Distributed accelerated finite-time observers for followers

For each follower (i € V), we design the following distributed accelerated finite-time observer to
estimate x;, vi, kK € Vy:
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Xik = ~Yiklikx — $pe + Vit
Yikx = {l?/;x{ikx’ yikx(O) >0,

A A (3.3)
Vit = ~Yinliw — iy, + 8 Xits Vi),
View = {0 Lk Yi(0) > 0,
where Jj. = '21 a;j(Xix — Xjp) + ai(Xix — Xi), i = ‘21 a;j(Vi — Vi) + ai(Vi — vie), @ € (0, 1).
= J:
Let Xy = Xix — Xk, Ve = Vix — vk. Then, by (3.3), we have the following error system:

xLi:_ixix_q+‘~/i’

Lk Yikxlikx — L + Vik o (3.4)

Vik = ~Yirnlikv = G, + & Xies Vi) — (2, X, vie).

In what follows, we show that the trajectories of error system (3.4) rapidly and precisely converge
to zero in a finite time. Denote £; as the graph Laplacian matrix associated with the communication
topology connecting n follower agents and the k-th target. Additionally, the matrix £; admits a block
decomposition of the form:

= _|Lu Lx
a [om 0]

By Assumption 3, we know L, is a non-singular M-matrix with all eigenvalues having strictly

positive real parts. Let P, = diag{pix, -, Puk}> Pix > 0,1 = 1,--- ,n. Then, from Assumption 4,

we know that L, Py is a positive defined and symmetric matrix. We give the following Lyapunov
function candidate:

4
WXk, Vie, Vies Yiw) = ; Wi,

Wi(x) = %{ka((lePk)_l ® )iy Wa1) = 545, (LikPO)™ @ L) (3.5)
Yikx"ThPik) ‘ ikv T, i2
W3 (i) = z Outiral () = 4 $
where X = [X],....% nk] [V1k,...,\7nk] Gie = [l O] "G = [l nkv] Ve =

[Vikxs - - - ,ynkx]T, YViy = [)qu, ... ,ynkv] , and 7, is a positive constant determmed later. Based on the
proposed distributed observers, a proposition is proposed to describe the behavior of X,V through the
Lyapunov function candidate, and the detailed proof process is presented in Appendix A.

Proposition 1. Under Assumptions 1-5, the states Xy(t), Vy(t), i € Vi, k € Vg of system (3.4)
achieve accelerated convergence to zero within a finite settling time T\, where T\ = maxy= ... w{T2x},
Top = 52 In(l + QUM 3 4 7yt = 4o (P L5, and g = PP Tiw s a finie
time and is given in later.

Electronic Research Archive Volume 34, Issue 12, 9138-9168.



9145

3.4. Distributed accelerated finite-time surrounding control

Let e, = x; — X; — piy and €;, = Vi — Zi — Pivs i = Dopoms WiVi. Then, by (3.1)—(3.3), we have the
following error system:

€ix =V, — ‘_}i — Pix»

] n+m n+m n+m ] (36)
ey = bi(Duwi + Y Yinwwiliuw + 2 wady, + 8t xi,vi) — X wag(t, i, Vir) — Piv-
k=n+1 k=n+1 k=n+1

By finite-time observer (3.3), a distributed accelerated finite-time surrounding protocol is derived
as follows:

w; = —sign(b(Nhn + AP + ) + AuDy) — sign(bi(O)e,
hi = 77 + MGl P ) + AaiD), (3.7)
1

m=en =) e =g =& h0)>0,

where 0 < € < 5=, Bl +p) > 1, B < 20 -G -, 0 < B < 1, B € Rodd

>0 °
. . T . . .
Di = [lpixll + |piv1| + |piv1| P |pixn| + |pivn| + |szn|] s A2i = dlag {Slgn(nil)7 T, Slgn(nin)}a
n n+m
T
& = (&, L&l s i = 2 aif(Xig — Xjg — Pixs + Pjus) + 2 Qi Xig — X — Pixs)s § = 1,--- ,n, and
J=1 k=n+1
43-p) B=AU-P(1+B) 43-p) B=pU-P(1+B)
Ai=diagil+¢&,” +¢&, F 1+ +¢, 7

Remark 4. Protocol (3.7) merely depends on agent velocity information and relative state
information, which is essentially different from the existing works [5, 21-23], where neighboring
target information and global topology information are utilized directly. This greatly lowers the
topology-induced computational overhead, especially for MASs with a large number of agents. In
addition, —fl.ﬁ and n; are critical in achieving the finite-time surrounding. Moreover, —.f? in virtual
control €, and 1} in u; play a key role in guaranteeing that the error variables converge to an
arbitrarily small bounded region around the origin at an exponential rate. Dynamic gain h(t) is
introduced to handle the unknown control coefficients and ensure the protocol possesses a fully
distributed architecture. In addition, in observer (3.3), the introduction of Vi, Yir» Shows that the
global graph information is no longer necessary for observer design and reduces the computations.
Since if there is no Vi, Yir, then p; = ||P;1|| and Ay, = Anin(L12), k € V7 are need to be computed.

Define Q = diag{q;, - ,q.}, where ¢; > O forall i = 1,--- ,n. Hence, Assumption 4 ensures
L0 is symmetric and positive definite. To confirm the reliability of the devised control law presented
beforehand, the below Lyapunov candidate is formulated:

V(exa €y, h) =V (ex) + VZ(em ev) + V?(h),
Vite) = 3 (LiQ) @ L)E Valewe) = X [17 (9 — €, 38)
Vah) = § 3 ) = )

where €x = [erlrx’ th ’ezx]Tv e, = [eFlrva o, eZv]Ta h= [hla tee ahn]T’ and é:: = [é:Tv tee af}{]T-

Based on surrounding control protocol (3.7), we present the following proposition (the detailed
proof process is presented in Appendix B), which is the preparatory work for the subsequent proof.

Electronic Research Archive Volume 34, Issue 12, 9138-9168.



9146

Proposition 2. For systems (3.1)—(3.2) satisfying Assumptions 1-5, under the finite-time observer (3.3)
and distributed protocol (3.7), the Lyapunov function V(e,, e,, h) satisfies

DV < - Z Z (il ™ + &) = Z Z Byllmisl € = oo Z Z (isP )+ 275

i=1 s=1 i=1 s=1 i=1 s=1

n n+m
T 2 ~T ~ ~T ~
3 § § (gikgik + (U,'k(xikxik + V[kvik))a (3.9)
i=1 k=n+1

where uy, up, and us are some positive constants to be determined later.
4. Main results

This section focuses on practical accelerated finite-time surrounding for MASs (3.1)—(3.2). First,
we analyze the existence of the solutions of the closed-loop system consisting of (3.1), (3.2),
and (3.7). Second, Proposition 3 is given based on accelerated finite-time observer (3.3) and
distributed protocol (3.7) to exhibit the bounded characteristic for every signal of the closed-loop
system and verify their asymptotic convergence of & and 7;. Finally, based on Proposition 3 and
Lemma 1, we show the accelerated finite-time surrounding for multiple moving targets in Theorem 1.

From (3.1), (3.2), (3.3), and (3.7), the closed-loop system includes the sign function. Hence, the
vector field of the closed-loop system is not continuous over R, XR"™ xR" xR,. Therefore, the solution
of the closed-loop system can be understood in the sense of Filippov [32], and the closed-loop system
possesses at least one Filippov solution on its maximal interval [0, 7;), with 7, < +o0.

Proposition 3. Under Assumptions 1-5 and accelerated finite-time observers (3.3), the signals of
the closed-loop system formed by (3.1)—(3.2) and accelerated surrounding control protocol (3.7) are
bounded. Moreover, foranyi = 1,--- ,n, there hold t1_1>1+rgo () =0, and lim,_,,, n;(t) = 0,.

Proof: Based on the Filippov differential inclusion theory, we adopt the upper-right Dini derivative
D*V to perform Lyapunov analysis along Filippov solution trajectories. From Proposition 1, we know
Xix (1), Vir(1), Linx (1), and Ly, (¢) converge to 0, in finite time. Thus, by (3.9), we know V(-) is bounded on

[0,1;). Then, by the definition of V(-), we can see ||&(0)||’s and |h;(f) — ﬁl’s are bounded on [0, #/), and

meanwhile, we know |h;(t) — ﬁl < @ := h, where b = min{l,|,---,|b,[}. Noting e, = —(.fiﬁ + ff),
then |le} (1)||’s are also bounded.

Furthermore, with Lemma 2, the definition and bounded feature of V(-), we confirm that
lleq () — e ()|l is bounded for [0, 7;), and [le;(DII’s, |l7:(1)II’s are likewise bounded. From the foregoing
derivations and the definition of u;, each norm ||| is bounded. Hence, the conclusion holds: Signals
of the closed-loop dynamics exhibit global boundedness. Besides, by accelerated finite-time
observers (3.3), system (3.2), and the boundeness of the signals, we can obtain that target states x;’s
and v;’s exist on [0, 7;). Thus, ty = +oo.

In addition, recalling the fact that {j(¢)’s, Xy (?)’s, and V;(f)’s converge to 0, in finite time, one
can easily know from (3.9) that n;(r)’s and &;(¢)’s are square integrable. Owing to bounded signals
and the differential equations of &(¢)’s and n,(f)’s, we obtain that ||7;(1)||’s, ||€;(?)||’s remain bounded.
Hence, applying Barbdlats lemma, we reach the conclusion that foralli = 1,--- ,n, tl_lfio &) =0,and

lim n;(r) = 0,.
t—+00
This complete the proof.
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Theorem 1. For system (3.1)—(3.2) satisfying Assumptions 1-5, finite-time observer (3.3) and
distributed protocol (3.7) guarantee that the practical accelerated finite-time surrounding for multiple
moving targets is achieved.

Proof: Let V =V, + V,. Then, based on (3.9), the definition of V(-), and a series of calculations, we
conclude that for any ¢t > T’ = max{T}, T»},

DYV < —puaV — sV + eus, @.1)
. . 148 _ _T7
where w4 = mln{‘j—;, b ps = minfg(H)7, i‘_;z oAz o= /lmin((LIP) " e = 3pbhn,
. 2
b = max{lb,l.+ bl e~ My -5 —06 = > 0, 7 = Fpy - B - B = > 0.h = T,
b = min{|b|,---,1b,|}, p is the bound of pm + pm + pm, b. < |bi(1) is the unknown nonzero constant,

g1is an arbitrarlly small positive constant, and 7, and c are sufficiently large constants. (The detailed
proof process of (4.1) is presented in Appendix D). Therefore, by Definition 1, we can conclude there
exists a finite time

+ V7 (T )
Ts < 2 . ,U4 #8 — + T/
(s — ps)(1 =) s 4 (o)
Ha—pig
such that for any ¢t > T, V() < 8:‘—8" = w always holds, where ug is a constant and 0 < ug < y.

Note that & is an arbitrarily small positive constant, thus, for any ¢ > T,, V(¢) ultimately enters and
remains within an arbitrarily small bounded region around the origin, and this region can be shrunk
arbitrarily close to the origin by tuning parameter ¢. This, together with the definitions of V() and €},
means that for any ¢ > T, &.(?), €;.(?), €;(1) — €(1), e;,(¢) ultimately converge to an arbitrarily small
bounded neighborhood of the origin.

In addition, from V =V + V,, V; = 37 ((L,0Q)™' ® I,)¢, and the boundness of V, we can derive

1 _ 6gpnbV(0
0<s1e¢<v, <7 < 2PVO)
2 bug

where A; denotes the minimum eigenvalue of the positive definite matrix (£; Q)" ®I,. Then, according
to¢é = (L ®1,)e,, we have

b

le.(0)] < 12A3pnbV(0) .
X - @18/17 ’ R

with Ag as the minimum eigenvalue of the positive definite matrix £1T£1 1,
Now, we estimate the bound of ¢;,. By Lemma 2 and the definition of V,, we can obtain that

=Y f (s - (e )ﬁ)ds>2f 2Hs — ()

iy

. B
ﬁds—Z—2ﬂ lew — el 7,

GspnbV(O)

e B
which, together with V =V, + V, and V < w)wj =E,t>T,.

, implies le;, — €] | < ( v
2 F Bbug
Then, we derive that for any ¢ > T,

6(8 + l)spnbV(O)
2 :8_,“8

)i

|eiv(t)| < |ezv| + (
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( 1223epnbV(0) ),8 . ( 12/188/3}15‘/(0))3 N (6(ﬁ + 1)spn13\/(0))1£ﬁ
busly busy 2% Bbus

E,.

. . : 1 1 1 1 1 1 1
According to the above analysis, we have le} — (e} )?| < |e|? +e} [P < 2le;, |7 +ey—ef|P < 2E] +EJ.
Then, from the the bounds of e,, &, h and the protocol (3.7), we can obtain a conservative upper bound

= 1 1 1 1. _a 1 1
for protocol u;, that is, |u;| < 2V<°>(2( IZZ’;ZV(O))YI X (ZEf + E,f)y1 + (2Ef + Ef)z’“ +p1) + (ZEIB +EZ )e,
where p; is the bound of |p;| + |oi| + |0iv]-

These bounds are determined by system parameters, control parameters, and topological parameters
and can be arbitrarily reduced to the origin by tuning parameter €. Therefore, we can conclude that
the surrounding error between the followers and the multiple moving targets can achieve practical

accelerated finite-time convergence.

Corollary 1. For MASs consisting of (3.1)—(3.2), finite-time observer (3.3), and distributed
protocol (3.7) under Assumptions 1-5, the settling time of the finite-time surrounding satisfies

e 1B @2
s — -in — bl .
‘ (s — pg)(1 = B) Ky (‘9'“_6)Tﬂ
Ha—pg H8
where T' = max{Ty,Ta}, T1 = MaXimps o wemd Taxh Tox = 552 In(1 + (%Wﬁ + T,
T, = W(5(0),7%(0),yx(0),7kv(0)) T, = max{T.T,), T = W(x(0),7(0),ykx(0),¥10(0))+ V(e (0),e4(0), h(O)) and
min; {17 ( )iJrZ , i , ‘ i
T = W (5(0),7(0),¥kx(0), kv (0))+ V(ex(0).e,(0), h(O))
n- min;{b

Proof: From Deﬁmtlon 1 and (4.1), we see that (4.2) holds. In what follows, we estimate the
time 7”.
First, we estimate the time 7. Accordmg to the proof of Proposition 1 and (A.6) given in Appendix

A, we assume lex is the instant when w“" (1 < Zyk 1&2'*" (1 < 2’1" for the first time while T4, is the

instant when zp‘*" (1) < ” ~ for the first time. Let 7, = max{T ', T1x,}. Then, Ty, is the instant that
(A.6) holds for the first tlme

Now, we estimate the times Tz, and T'j,,. From (A.6) and ¢ (t) = 3. 3 |ikas| (1), we know

i=1 s=1

D) = 3 5 1l @) > (), 1€ 0, Ty,

zls—

¢/2(t) Z Z |§1kvs|l+a(t) (2),,()1 ! re [O, lev)’

i=1 s=1

which, together with (A.4), implies

W(x(0), 7(0), ¥1x(0), ¥1(0)) = W(E(T'11x)> V(T 14x)s ka(lex) ka(lex))

T1xx lkx

> [ WG ), 7).y (s > f ST el
0 i=1 s=1

> Ty m1n {ry ( )1 ¢
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and

W(x(0), 7(0), Y4x(0), ¥4, (0)) = W(E(T'110), V(T 1x0), )’kx(lev) Vkv(lev))

Tiky lkv
—1 1
> - W(E(5), (), Yix(), Yiu($))dss > f P it ™
0 i=1 s= 1
1+a
> lev m1n plk ( )] -,
Then, we obtain Ty, < W(5(0),7(0), ’)//\X(O)IZZ) ,(0)) and Ty, < W(%(0),7(0), ka(O)lifﬁm ,(0)) Thus,
min;{p 2‘;’2)1 ¢ min;{p 21;12)1 ¢

W(%,(0),7(0),yxx(0 VO
Tix = max{T iz, Tiio} = (5x€0), 7% (0), Y ( )'}’k( )

min{p;! }(27 )1 g
Second, we estimate the time T; According to the proof of inequality (4.1) and (B.23) given

in Appendix D, we assume T and T, are the instants that the following formulations hold for the
first time:

8G3-p) _ 23-p1-p) _
G i A S e Y

2 N 28048) _ 8 b
(pz(l‘)l+e 1 + ‘702(1‘)(2—11)(1+e) 1 + 902([) Tre 1 + 902(1‘) Tee 1 < ;

Then, we arrive at

838 23-p)1-p)
mMWW% o0 7 > g 1€]0,Ty),
28(1+8) _ 8 _ b
maX{‘PZ(t) Hf B SDZ(I) (270[)(1“) 5 QDZ(l) Lre 1’ QDZ(I) Lve 1} > 8/1;7’ re [Oa TI])

— BU+B) B
Therefore, for any ¢ € [0, Tg) and ¢ € [0, 7)), there hold ¢;(¢) > I'; = min{1, (%)W, (12%)”2_%6} and
- a(l+e)-2¢ (1+¢€) 1+e
@2(f) > T, = min{l (8#7)l € (8#7)(2*@(1“),(Sl%)zﬁ“*ﬁ)”*f,(%)ﬁ}, respectively. Furthermore, by (3.9),

(A4), o1(2) Z Z &', and o (1) = Y| Yy Inis(D)]'+€, we can derive that

i=1s=1

mmmmmm®wmmwm©@@ﬂmzﬁliﬁmmwwzmﬂb

W(5(0), 7(0), ¥ix(0), Y1(0)) + V(ex(0), €,(0), 2(0)) = fo S5 b, (@I <dr > T, ming{|b, )T

i=1 s=1
Then, we have T; < W (0),7(0),7x(0) 71y (O +V(e(0).,(0),1(0)) T, < W(E(0),7(0),7kx(0),y1 (0)+V (e4(0) €, (0),4(0)) . Thus,

/111"1 mmz{lb |}r2
T, = max{T,, T,}.

Therefore, we can conclude that the settling time satisfies (4.2).

Remark 5. In this paper, the practical accelerated finite-time surrounding is achieved. Specifically,
the surrounding error variables converge into an arbitrarily small neighborhood near the origin
within a finite settling time. Compared with conventional finite-time works, the proposed method
provides a tighter theoretical upper bound of settling time and superior transient performance under
large initial errors. Traditional finite-time algorithms satisfying V(x) < —uV(x)® exhibit non-uniform
convergence behavior: They decay rapidly near the origin but converge slowly when the initial error
is large and the system state is far from the origin. Specifically, according to (4.1), the Lyapunov
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function satisfies \7(x) < —aV(x) — uV(x)* (the small threshold term gug is neglected only for this
qualitative theoretical comparison). The corresponding settling-time upper bound is derived as

vl-a
T, < ——In (“V xo) i ) In contrast, most existing finite-time surrounding methods only rely on the

S = a(l-a) u
= — i7l-a
criterion V(x) < —uV(x)®, whose settling time satisfies T, < ‘;(1—_(;‘;) Based on the mathematical
1-a l-a
relation In (1 + & #(XO)) < W20 it is theoretically verified that the proposed accelerated finite-time

strategy possesses a faster convergence speed, especially when the system state is far away from the
origin. It should be emphasized that this tighter upper bound improves the worst-case convergence
guarantee and constitutes the core accelerated property of the proposed method.

Remark 6. It is worth noting that the term “accelerated control” also appears in [10]. In that paper,
acceleration denotes performance improvement over asymptotic convergence, where both finite-time
and fixed-time distributed protocols are constructed for microgrid secondary frequency regulation. By
contrast, the acceleration mechanism of our scheme operates strictly within the finite-time framework.
The specially devised control law induces an additional linear-damping-like term within the
Lyapunov derivative, which delivers theoretically faster error-decay rates especially under large
initial errors and produces a tighter settling-time upper bound for improved worst-case convergence
performance. This induced damping effect constitutes the source of the core accelerated property of
our scheme. Nevertheless, the settling-time upper bound remains dependent on initial conditions.
This characteristic intrinsically differentiates our design from fixed-time control [33].

Remark 7. Since the proposed protocol contains the sign function with respect to relative state
information, the closed-loop system may suffer from the chattering phenomenon in theory. To mitigate
chattering, boundary-layer approximation is commonly adopted in simulation and practical
implementation to approximate the sign function, such as the boundary-layer function w%e and
saturation function sat(g), where € is a small positive constant. As € — 0, these approximate
functions point-wise converge to the ideal sign function. It should be noted that with a fixed positive e,
the tracking error cannot converge exactly to zero but will stay within a bounded neighborhood of the
origin. This property is compatible with the practical finite-time surrounding objective considered in

this paper.

5. Simulation example

In this section, we give an example for the uncertain nonlinear MASs to illustrate that the
developed distributed adaptive protocol has the ability to achieve the accelerated finite-time
surrounding for multiple moving targets. Consider nonlinear MASs (3.1)—(3.2) with six followers
labeled by 1,---,6 and four targets labeled by 7,---,10. Moreover, in (3.1)—(3.2), where the
nonlinearities g(t, x;, v;) = 0.5 sin(?)(x; + v;) satisfy Assumption 1 with 8 = 0.5, the control coeflicients
are selected as

bi(t) =2 +0.5sin(t), br(t) =2 — 0.5cos(?), b3(r) = 2 + sin(?),
bs(t) = 2 —0.28in(z), bs(t) = 1 + 0.3 cos(t), bg(t) = 2 + sin(?).
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The communication graph G is described by Figure 2, and the weights are labeled on the edges. Then,
the corresponding Laplacian matrix is given as

L L
L= ,
[04><6 04><4]
where £, and £, are given as follows:
(45 -05 O -2 0 0 ] -2 0 O 0 ]
-1 33 -03 O 0 0 0O -2 0 0
0 -03 13 0 0 0 0O 0 O 1.
L=\ 0 13 -03 o|'27lo 0o o o
0 0 0O -06 26 -1 O 0 -1 0
| O 0 0 0 -02 0.2] |0 0 O 0 |
Let P = diag{1,2,2,0.5,1,0.2}. Then, we can obtain
(4.5 -1 0 -1 0 0 ]
-1 66 -06 O 0 0
0 -06 26 0 0 0
LiP=1_ 0 065 -03 0
0 0 0O -03 26 -02
| O 0 0 0 -02 0.04
7
2l
2
10 1<—=4
1
0.3 /
3<—Tz 5 0.2
2T Z\

Figure 2. Graph with six followers and four targets.

From this, we know L P is a positive defined and symmetric matrix. Thus, the weights of the
graph satisfy Assumption 4. In what follows, we implement the proposed observer (3.3) and control
protocol (3.7). Select the parameters as @ = %, g =4 Moreover, the formation is given

as follows:

_3
6—7.

o , .
{pix = olcos(ct + %), sin(ct + 2) + e,

. : A ;
piv = ol—csin(ct + 25), ccos(ct + 2) - 2¢7],
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with o = 0.18, ¢ = 0.00005,i = 1, - - - , 6. Set the initial values of the six followers as

x1(0) = [0.05,0.2]7, x,(0) = [0.04,0.1]7, x5(0) = [0.01,0.3]7,
x4(0) = [0.08,0.117, x5(0) = [0.04,0.2]7, x6(0) = [0.09,0.6]",
v1(0) = [1.2, 1.117, v,(0) = [0.5,0.11", v3(0) = [0.1,0.6]",
v4(0) = [0.2,1.117, v5(0) = [0.1,0.1]7, v(0) = [0.1,0.2]".

Choose the initial values of the four targets as

x7(0) = [-0.04, 0.2]7, x5(0) = [0.02,0.14]7, x(0) = [-0.04, 0.4]7,
x10(0) = [0.01, 0.2]7, v;(0) = [0.01,0.01]%, v¢(0) = [0.01,0.01]7,
vo(0) = [0.01,0.0117, v14(0) = [0.01,0.01]7.

Randomly select the values of Xi(0)’s, X2(0)’s, Vi1(0)’s, and V;,(0)’s in [—1, 1] and the values of
Yier(0)’s, Vier(0)’s, and h;(0)’s in (0,2]. Using MATLAB, we obtain Figures 3—12, which reveal the
trajectories of the closed-loop system signals. Specifically, from Figure 3, one can see that the
followers form the expected time-varying formation and surround the moving targets. Therefore,
under observers and protocols, the MASs can accomplish the finite-time surrounding with expected
time-varying formation. = We see from Figures 4-7 that observer errors (Py(t) — vii(2))’s,
Vik2 (1) — via(1))’s, (Xix1 (1) — xx1(2))’s, and (Xyo(f) — xx2(2))’s converge to zero. Moreover, from Figures
8—12, we see error variables e;,(f)’s and e;»(#)’s converge to zero; besides, the trajectories of control
protocols u;(¢)’s and dynamic gains y;,(f)’s, v (f)’s, and h;(¢)’s are bounded. In addition, from the
fourth subplot in Figure 11, we know o — 2M(¢) > O for all ¢t > 65 s (let M(¢) = max,{|[xi(t) — gO|I}),
indicating that the geometric condition for successful encirclement, o > 2M(#), holds after t = 65 s.
Simulation results verify the convergence of observer errors, surrounding errors, dynamic gains, and
protocols. Different from conventional finite-time methods that converge slowly at large state errors,
the proposed method introduces a linear acceleration term in the Lyapunov function and achieves
faster convergence for states far from the origin, thus improving the transient performance. Further
quantitative benchmark comparisons under identical conditions will be conducted in future work.

60
g 50
R
& 30
20
12
1 / 1
08 ) 08
0.6 ., 04 0.6
0.4 -
02 0.2

Tio 8 0

®
o
>

T

Figure 3. Encirclement configuration with six followers encircling four moving targets.
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0.2 1 = I - I -
—— U181 — U81 —— V1,91 — V91 —— 1,101 — V101
181 — Vg1 2,91 — Vg1 02,101 — V101
0 /7 —— U381 — Vg1 — U391 — Vg1 — 03,101 — V101
0.5 byg —osif] 05 T | UN D4,101 — V101
02 — 1,71 — v —— D581 — Vg1 —— 15,91 — Vg1 —— 5,101 — V101
e D271 — V71 — 6,81 — Vs1 — 6,91 — Vo1 — 6,101 — V101
—U3,71 — V11 \ —
-0.4 D471 — v71 0 0 0 /
— 15,71 — V71
— 6,71 — V11
-0.6 -0.6 -0.5 -0.5
0 20 40 60 80 O 20 40 60 80 O 20 40 60 80 O 20 40 60 80
Time(sec) Time(sec) Time(sec) Time(sec)

Figure 4. The trajectories of observer errors vy — vy, i =1,--- ,6,k=7,---,10.

0.4 I 0.2 0.4 0.6
0

ol 0 0
— 1,72 — Vr2 02 —— 1,82 — Vg2 —— 1,92 — Vg2 —— 1,102 — V102
Do 72 — VUr2 ’ —— Dy 82 — Vg2 ——Dg,92 — Vgo —— 2,102 — V102
0.2 —1:)3,72 — V2 —1:)3,82 | 4 —’l:l:;,sm — Vga 05 —1:13.102 — V102
Vg2 — V72| 0.4 V4,82 — Vg2 V4,92 — Vg2 V4,102 — V102
— 1572 — V12 —— D582 — VUsa —— 5,92 — Vg2 —— 5,102 — V102
— 6,72 — V72 — 06,80 — Vs2 — 6,92 — Vo2 I — 6,102 — V102

-0.8 -0.6 -0.8 -1

0 20 40 60 80 O 20 40 60 80 O 20 40 60 80 O 20 40 60 80
Time(sec) Time(sec) Time(sec) Time(sec)

Figure 5. The trajectories of observer errors by, — vio, i = 1,--- ,6,k=7,---, 10.

0.4 I - 0.6 05
——Z1.81 — T8l 0
—— 281 — Ts1
— 2381 — Tg1
0 0.5 ZTyg1 — w81 0
— 171 — 271 —9:55.,81 — 81 — 2191 — Tg1 2 —— 21,101 — T101
——=T271 — T71 — 26,81 — T8l —— 291 — T91 —x2,101 — T101
0.4 —3:93.71 —T7 0 05 —%3,91 — Tg1 —?3,101 - T101
L4711 — T71 : T4,91 — T91 L4,101 — 2101
— 3571 — Tn — 591 — To1 — %5101 — T101
— 2671 — T71 — 601 — x| -4 — 26,101 — 101
-0.8 -0.5 -1 -4.5
0 20 40 60 80 O 20 40 60 80 O 20 40 60 80 O 20 40 60 80
Time(sec) Time(sec) Time(sec) Time(sec)

Figure 6. The trajectories of observer errors X — x¢, i = 1,--- ,6,k=7,---,10.

0.5 0.2 0.2 1
0 0 0
(3 -2
— -0.5 — —— — —
T172 — X72 T182 — Tg2 T192 — Zg2 1,102 — 2102
—9:52.72 — 7 s — @[ 5 0 — ol 4 —— %2102 — T102
0.5 —— 3,72 — T72 —— 382 — Tg2 — 3,92 — T92 — 3,102 — T102
Gygo — o[ -1 Zyg) — Tgo Ty92 — Tgp 6 24102 — T102
—I572 — T72 —I580 — Tg2 —T500 — Too|| — 25,102 — 102
—T672 — T72 — 6,820 — Tg2 —T6,92 — T2 — 26,102 — T102
-1 -1.5 -1 -8
0 20 40 60 80 O 20 40 60 80 O 20 40 60 80 O 20 40 60 80
Time(sec) Time(sec) Time(sec) Time(sec)

Figure 7. The trajectories of observer errors Xy, — Xy, i = 1,--- ,6,k=7,---,10.
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1.6 1.6 2.5 2.5
2 2
1.2
1.5 1.5
0.9 0.8 ¢ 1 1
— 0.5 0.5
04 -
V1,72 V1,82 V1,70 V1,8 0 2,7z~ V2,8z 0 —2,7v —"V2,8v
— 71,9z V1,102 | —71,9v V1,100 —"2,9z V2,102 —"72,9v V2,100
0.2 0 -0.5 -0.5
0 20 40 60 80 O 20 40 60 80 O 20 40 60 80 O 20 40 60 80
Time(sec) Time(sec) Time(sec) Time(sec)
Figure 8. The trajectories of high gains yu., iy, i = 1,2,k =7,---, 10.
1.5 1.5 1.5 1.6
—3,7a — 3,8z 3,70 V3,80 —Y4,7z V4,82 V4,70 —V4,8v
3.9 73,10z —"3.9v 3,100 74,9z V4,102 741,90 V4,100
1 1 [ 1.2
Yy
1
0.5 0.5 0.8
0 0 0.5~ 0.4l
0 20 40 60 8 O 20 40 60 80 O 20 40 60 80 O 20 40 60 80
Time(sec) Time(sec) Time(sec) Time(sec)
Figure 9. The trajectories of high gains yi, Yiry, i = 3,4,k =7,--- , 10.
2 1.7 2.5 2.5
5,70~ V5,82 5,70~ V5,80 76,72 — V6.8 76,70 — 76,80
— 5.9z 5,10z —5.9v 5,100 6.9z 6,10z —"6,9v 6,100
1.5 2
1.2 2
—
1 { 1.5
0.7 1.5
0.5 1
0 0.2 1 0.5
0 20 40 60 80 O 20 40 60 80 O 20 40 60 80 O 20 40 60 80
Time(sec) Time(sec) Time(sec) Time(sec)
Figure 10. The trajectories of high gains y., Yiv, i = 5,6,k =7,--- ,10.
1.5 1.5 I 1.2 0.02
— €11 —C12 —hy——hy—h3 —0 — 2M ()
—— €21 —— 2,2 hy —hs —hs|| 01
1 —€3u1 - — €302
‘ "Il 08
N e :
. e . —
6v1 602 L _001
0.4
0 0 -0.02
-0.5 -0.5 0F -0.03
0 20 40 60 80 O 20 40 60 80 O 20 40 60 80 0 20 40 60 80
Time(sec) Time(sec) Time(sec) Time(sec)

Figure 11. The trajectories of errors e;,,, high gains h;, and 0 — 2M(¢),i=1,--- ,6,5s = 1,2.
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U22
—

2 - 32

Uq2

= U52

—UG2

3
0 20 40 60 8 0 20 40 60 80
Time(sec) Time(sec)

Figure 12. The trajectories of controls u;, i = 1,---,6,5s = 1,2.

6. Conclusions

In this paper, we have solved the practical accelerated finite-time surrounding problem for multiple
moving targets, in which the nonlinear MASs with time-varying unknown control coefficients were
concerned. Because only a portion of followers could obtain target information directly, by adaptive
technique and merely utilizing the relative information, distributed observers for each follower have
been given to estimate targets states, and then we have obtained the convex hull formed by the
estimated states. This is different from the related works [25, 26] where the target information was
applied directly. Based on the observers, we have given an adaptive distributed protocol with dynamic
high gain. It proved that the multi-target surrounding errors achieve practical accelerated finite-time
convergence. Compared with conventional finite-time surrounding strategies in [5, 19, 20, 22], the
proposed scheme has obtained shorter settling time and superior transient convergence performance.
This work has provided an effective distributed control solution for multi-target encirclement under
complex unknown system conditions. Future research will extend the established framework to more
practical scenarios, including systems with unknown nonlinear disturbances, fully unmeasurable
target velocities, and time-varying communication topologies.
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Appendices

A. Appendix A

Proof of Proposition 1:

First, by error system (3.4), (i, = (Lix ® 1) %, and &, = (L ® 1)V, we obtain

W = gkx((£1kpk)_ ® 1 )ékx + {k\;((l:lkpk)_l ® In)ékv
= P O LR+ P @ L

- Z Vit P Gt = Z PR Z L i - Z Yl P it

i=1

- Z L P G+ Z Lo P (8t R D) — 802, X1 v0)), (A1)
i=1 i=1

IA

where W = W, + W,.

By Young’s inequality and ¢, = (L ® I,,)Vx, we obtain that

n

T p-1x~

- Z é/ikka v
i=1

IA

ZnPk I il - ||vk||< el +—Z||vk||
=1

D) Z Z glkxs 2/12 Z Z {zkvs (A.2)

i=1 s=1 1k i=1 s=1

IA
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From Assumption 1, Young’s inequality, and £, = (Lix ® 1,)Xk, (v = (Lix ® 1,)¥y, it follows that

Z glingl(g(ta -)/eika i\’Yik) - g(t, Xk Vk))

i=1

n n
-1 o —1 ~
< Z OIPE - il - 1 = el + Z OaMPE - il - 193 — vl

AN

IA

Z PRl - 15l + Z el - 7]

n

6’ pr Z IZiwall* + Z X X + [; Z Pl i

i=1

62 Z Z Cios * 525 Z Z G+ 5 Z Z Livs: (A3)

i=1 s=1 1k i=1 s=1 lk i=1 s=1

IA

IA

where 6 = max{6;, 6>}, A1y = Amin(L1x). Substituting (A.2)—(A.3) into (A.1), we derive

Z Z yzkxp zkxs Z Z Pi |{zkxs|l+a Z Z yzkvpzk lkvs

zls i=1 s=1 i=1 s=

_Zzplk Gl + (Pk o )Zzgﬂm ( + 0% )Zzgkw

i=1 s=1 i=1 s=1 i=1 s=1

which, together with the formulation of W(-) and (3.3), implies

Z Z YVikxDg. Liis Z Z P Wi = i i YicrPit Lo

tlsl i=1 s=1 i=1 s=1

I (o 2Az)zzam (25 N

tlsl i=1 s=1

N Z Z Yikx — Tszk) 2 4 Z Z Yikw — Tkpzk) 2

i=1 s=1 i=1 s=1

Il
—_
=3
Il
—_

Choose a sufficiently large constant 7, such that 7, — 6*p; — 2%" - % = u; > 0, then there holds
1k

= Z Z Lhs ~ Z Z P e Z Z Cis — Z Z Pillid ™" (A4)

i=1 s=1 i=1 s=1 i=1 s=1 i=1 s=1

By this and from (3.5), we know W (X (1), Vi(1), Vix(?), Y1, (2)) is bounded on [0, +00), and furthermore,

Yikx(®) = Tepid’s, i) = Tepiel’s, 1 OI'S, i OIs, 1 (DI’s, and || (DII’s are also bounded. In

addition, by (A.4), it’s easy to verify that {i,(f)’s , {is(¢)’s are square integrable. Therefore, from

Barbdlat’s lemma, it follows that lim () = 0, lim {ys(t) = 0,i € Ve, k€ Vy, s =1,--- ,n. In
f—+o0 1—+00

what follows, we prove that Jix.s(2)’s, {is(2)’s converge to 0 in finite time. By the definition of W, (3.3),
and (A.4), we can obtain

< —HMi i i gizkxs - Z Z p |§1kxs|1+a - Z Z p |£:lkvs|1+a

i=1 s=1 i=1 s=1 i=1 s=1
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o Z Z 2 - o ik ;l: kpzk) 2 - Z Z Yikw — :’ kDik) 2 2

i=1 s=1 i=1 s=1 i=1 s= 1
Lie ~ l+a
Y B B S Z L™
i=1 s=1 i=1 s=1 i=1 s=1
= —i—'Zle— ?(&—%)ZW? - % ,le Z s+
+ )_/k Z Z{izkxs - %Zl Z |§lkvs| +7 Z Zgzkvs’ (AS)

i=1 s=1 s=1 i=1 s=1

where p; = miﬂi:1,.--,n{p§(1}, I(’Yikx;;kpik)l < ¥ | '}’zk‘;"l'(kpzk)l < Y.

Let (1) = i i |Cikas| (), a(2) = i 3 |Gikws ' T2(2). Then, we know

i=1 s=1 i=1 s=1
B i i il + 70 3 z 2. <o (D& - 70l (1),
i 171 Z l 1 s— (A6)
- ; g |Ctens ' + Yk ; 21 2 < —ot)(E mog‘“’ ().

1-a
NO[iIlg that hm gikxs(t) = 0, lim {ikvs(t) =0,i € Vg, k € Vp, s = 1,--- ,n, thus ‘,Dllm(t) < &
—>+400 t—+00

“" (1) < zp_" YVt > Ty, T4 1s a finite time. Therefore, for any ¢ > T, we arrive at

Py Zn: sl + 7 Zn: Zn: Liws — % ” Zn: [itos| ™ + Vi Zn: Zn: Likns <0

i=1 s=1 i=1 s=1 i=1 s=1 i=1 s=1
Substituting this into (A.5), we deduce that, for any t > T,

l+a
21 2 = Lra
W <-=W- —(—) Wz, (A.7)
Aok 2 Ay

Invoking Lemma 1, we can conclude that W(-) accelerated converges to 0 at an exponential rate in
finite time, that is,

lim W(E(0), (1) = 0
W(E (1), (1) = 0, V1t 2 Tay,

N
where T, ; = % In(1 + (%ﬁ”k(’») )+ Ty Then, we have for any k € V7,

Hm (a0 0 () = (0,2,0,2),
(ex(0), G () = (0,2,0,2), 1> T,
where T\ = max{7%,+1," - » T2n+m}. Furthermore, we can obtain that for any i € Vg, k € Vy,
Lim (% (1), Vic(®)) = (00, 0),
(X (@), V() = (0,,0,), =T,
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B. Appendix B

Proof of Proposition 2:
First, by error system (3.6), & = (£, ® I,)e,, and p;,(t) = p;,(t), we know

(B.1)

(B.2)

D'Vi = £QL oL Li® e =£(Q @ L) =T =p)
= Z é: Q (Vl —Zi— Pt~ Vl + Piv — sz)
n+m
= Zf 0\ (er - elv>+Zf 0le +Zf 0" > wad
k=n+1
= @ +Q@+0O,
where ¥ = [V, -+ ,,]".
In what follows, we handle the three items, respectively. From Young’s inequality and Lemma 2,
we derive
_6 n - n
o< L 2 €k - 5 2 (e =€ (ew —i)
AR qz 1y
W REC) ]

i=1 s=1 i=1 s=1
where g = [|Q7'||. In addition, noting that e}, = —§f — &, then we have
— YO - 0 <—q ) Y (6N + &,
i=1 i=1 i=1 s=1

with ¢ = min;_, .. ,{g;'}. Utilizing Young’s inequality and Lemma 3, we deduce

n n+m
lkvlkS + 6q Z Z 6157
i=1 s=1 k=n+1 i=1 s=1
which, together with wy; < 1, implies

_ n n+m n n

g\m ~T _ 2

@< 2—6 Z Z VaVik +0q &is-
i=1 k=n+1 i=1 s=1

Substituting (B.2)—(B.4) into (B.1), we derive that

D'V, < —gi Z (€3l + £ + @ Z zn]-fi

i=1 s=1 zlvl
22(1[3) n+m

IDWAE-DIPILAR

i=1 s=1 i=1 k=n+l1

(B.3)

(B.4)

(B.5)
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Next, we estimate D*V,. According to the definition of V,(:), we have

1
. =

D*V, = anew f ds - 6;;5 @+ 0. (B.6)

w

In what follows, we estimate @ and (®, respectively.
First, by (3.6), we derive that

n+m n+m n+m
@ Z n; (b (t)ul + Z 71kvwlk§tkv + Z wlk{,kv + g(t Xis Vt) - Z wlkg(t xlka tk) sz) (B7)
k=n+1 k=n+1 k=n+1

Noting the boundedness of y;,, one can assume |yy,| < l;. Then, by Young’s inequality, it’s easy to
obtain

n+m n+m n+m n
T T
n; ( Z YikwWikiky + Z wily,) < Z Wi (Vi i + Z 7isl - 1iws™)

k=n+1 k=n+1 k=n+1 s=1

n+m 2 n n n
L7 L 2 @ ) L 2-a =
< Z wik(i(ikv{ikv + 5 Z Nis + 5 Z gikvs + T Z ntzs (Y)’

k=n+1 s=1 s=1 s=1

which, together with Y}, wy = 1, means

n+m n+m 1+ CL’ n+m n 2 _ n 5
T 2 —a
MY Yl + ) o) € —5— > Gl 5 an =2 (BB
k=n+1 k=n+1 k=n+1 s=1 s=1

where [ = max{l;,--- ,1,}.
In addition, according to Assumption 1 and the definitions of e;y, e;,, Xi, Vi, and e, we know

n n+m
T A A
D 0l @ xi,v) = ) @l fi hi))
i=1 k=n+1
n+m n+m
< Zelnn,n b= > widkull + Zeznn,n i = > wadull
k=n+1 k= n+l
n+m n+m
= Zelnmn i = % = pic+ pic+ K= > wakall + Zeznmn i = > wibi = piv + il
k=n+1 k=n+1
< Zenemn Il +Ze||ew = el il + Zenmn I’ + &l
n+m
+Ze||nl|| » w,kx,k||+20||m|| llosx + pal,
k=n+1

which, together with Lemma 2, Lemma 3, Young’s inequality, &, = (L ® L)%k, (o = (Lix @ 1)y,
and & = (L ® I))e,, implies
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Z Olle| - llmill < & ; ini+5 Z elei <t ; ; M+ 5 %k ; ; z,
Z Ollmill - lloix + pixll < 66 21 Zl Mis| - 1Pixs + Pivsl,
Z Oll:ll - Il Z wiXil| < 2 nni+ 4 Z I Z Wi Xil?
i=1 k=n+1 \ = n k;f’-;;l
< g Z Z Z wlkx,k-xlk,
=1 s=1 i= 1k n+1
z Blles, — eI - Il + z il ||§ﬂ +EIl< 15 21 21 6"+ 3 2 3 €l
+7) z z sl ¥ + L2 5 3
i=1 s=1 403 =1 s=1
Then, we derive that
n n+m
Dt v) = D wis(t, T Vi)
i=1 k=n+1
< 1+ﬁ 148
< 1+B;;I§“ ZZ&“ mi{;;&v >, 2

n n+m

Z Z s + 0 Z Z iy +06 Z Z il - 1Pixs + Pivsl + = Z Z w5 Xy, (B.9)

i=1 s=1 i=1 s=1 i=1 s=1 i=1 k=n+1

67 . Substituting (B.8)—(B.9) into (B.7), we can obtain the following estimation:

(1+8)65
zkglk l i 20 Z Z 771s
l 1 k= n+ l
DI Z Z u Z Z €l P + = Z Zf“

tlsl tlsl i=1 s=1 i=1 s=1

2/12 Z Z & +66 Z Z 1is] * Pixs + Pivs + Pivs|

1k i=1 s=1 i=1 s=1

where 7, = 2P0+

2
2-a
N

@ < ) biomlu+
i=1

llsl

n n+m

Z PR (B.10)
i=1 k=n+1
Now, we estimate @ in (B.6). By e: = —(é’g + .§3) we arrive at — ;ff = A;B;, where A;; =
1

1 B .
diaglén. - &nb By = [(1+ £V, (1 + &7 ] Then, we have “2-; = ApByé;, where Ap =

diag{1 + ﬁ‘le Ly, 1+ %ffn_ﬁ}, » = diag{(1 + g )ﬁ ,ooo(1+ f?n_ﬁ)ﬁ }. By this and noting o, = p,,
we derive that

®

IA

D (en =€) AnBndi = (e, — &) AL ® L) (v = ¥ = p)

(ev =€) ALV =2 =py+py+2-T=py)
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(e =€) AL ® L) (e, — ) + (e, — e)) AL ® I)e’
+(e, — €)' AL ®1,)(z - V)
T ®+D+®, (B.11)

where A = diag{A;B2,--- ,AnBrn}. By a series of computations, we can obtain the following
estimations for the three items ®, @, and ® (the detailed proof is given in Appendix C):

@- 2/3)(3 —B) 6-28

< 2]_%2”:2”:”1 +clzZn2ﬂ(1+§ + &7+, (B.12)

i=1 s=1 i=1 s=1

where ¢; = /1421_2'82% : %j’ Ay = /?vmax(LlL}‘)-

a /32)( 3-p) €] ﬁ)(Hﬁ)

Z Z FOPE g P e 1)

zlsl

@- 4/f)(3 —B)

+c3Zan(§,§ LE g7 +1>+6ZZ<|§”“‘*+§“> (B.13)

i=1 s=1 i=1 s=1

/l“ﬁ 7 1 a 4
where ¢, = 2 T D)oy = CLPEPt C(3), As = Aman (L1).
<2 -0 6= Zﬁ e
2 6 2 T~
< ¢ Zznﬂ( +&7 +&7)+ Z PR (B.14)
i=1 s=1 i=1 k=n+1

Substituting (B.12)—(B.14) into (B.11) and noting B(1 + ) < 2 < 48 and the other power exponents
2
of &5 in ®, @, and ® belong to the interval ((l_ﬁﬁﬁ, %’)), we can obtain the estimation of 3):

n.n a ﬁ)a -B) 12-48
< Moy D P enave, T +E7)
i=1 s=1
n+m
+5Z Z & e Z PRz (B.15)
i=1 s=1 i=1 k=n+l

where M, is a positive constant. Thus, by (B.5), (B.6), (B.10), (B.15), and the formulation of V(-), we
know

+ _ 1+ﬁ -4 148
D'V < Zb(t)n,ul+;];< (. vy (2 +212 & + 2067 + £0))
g221-p) P P+20 , 2-a 2 g O,
+ Tyl —1,
; ;( 5 n+ > 17| ot )
1-HG-H) )(3 ) 12-48 non
+ Z Z M, (Uﬁ(“ﬂ) + 774B)(1 + é:,s 'f[sﬁ ) + 952 Z misl : |pixs + Pivs t pivsl
i=1 s=1 i=1 s=1
1 + a n n+m n n+m ~ o
=D D badut Zw (h; - )h * (— * —) DU W (R + ). (B.16)
i=1 k=n+1 i=lk=n+1
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Noting &2 < g—‘jjﬁ + & ﬁf(lw) 17” < 1711:[; ni(lw ) < nff < 77} and choosing a sufficiently small

constant 6 such that g — 7 - T%k — 26 > u; > 0, then we can obtain
2 n n
D+V < Z b; (f)77, u + Z Z ( ,ul(lgzs 1+'8 + §4) + 12; + 60 |77is| : |pixs + Pivs +pivs|
i=1 s=1 i=1 s=1
12-48 (1_ﬂ2>(3 -B) 1 +a n n+m n ¢ )
M P )+ €+ g T N+ 2 i+ )b =
i=1 k=n+1 i=1 —i
n n+m
m
Hoge + —) D0 wh(FEa + ), (B.17)
i=1 k=n+1

where M| is a positive constant. Substituting protocol (3.7) into (B.18) and choosing a large enough
constant ¢ such that c — M, — 2_7" — 66 > up > 0, moreover, by Assumption 2, we have

D'V < —u i i (|§is|l+ﬂ + f?s) - i i |]2,~||77is|1+E — M2 i i (lnislﬂ(Hﬁ) + U?S)

i=1 s=1 i=1 s=1 i=1 s=1

n n+m
a3 )L > (Gl + O (R F + ThTa)), (B.18)
i=1 k=ntl
where p3 = max{132, ‘2/—? + 2.

C. Appendix C

Proof of Inequality (B.12):

By Young’s inequality and Lemma 2, we derive

(ev =€) AL ® L) (e, - e)
< 1(ev — )AL L)L ® L)A(e, — eb) + 1(ev —e)' (e, —¢))

< AN - O T w2 WY N
i=1 9 1 i=1 s=1
- 2/3)(3 -B) 6-28
< clzznzﬁ(l tE T +ET 18P 10 MZZ%’ (C.1)
i=1 s=1 i=1 s=1

where c|1 = /142]_2'82% : 9[3;25, Ay = /lmdx('ﬁl'ﬁf)

Proof of Inequality (B.13):
According to the formulation of v} and Young’s inequality, we can obtain
(e =€) ML @ I)e; = (ev e )TAu:l ® L) + &)
< 62 Z @ e+ 2 Z (lews = iyl 11+ 353 Pl g

i=1 s=1 i=1 s=1
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1+ﬂn1_ﬁ n
5 3 3 1

(|em— R f B+ T,
=1 s=1 ﬂ

which, together with Lemmas 2 and 3, implies

(e, — e*)TA(£1 ®L)e’
a ﬁ )( -B) (€] B)(Hﬂ)
< o Z Znﬁ(l‘*'ﬂ)(f“ + §(3 —B)(1+p) + ég + 1)

zlsl

@- 4/3)(3 —B) 12-45

+6 Z Z &7+ + o Z Z @, t &S D,

i=1 s=1 i=1 s=1

/lﬁlﬁ _/ln4

where ¢, = 228 . 21 ﬁz (3 3 ¢y 24 . Qi & (%)4, As = Amax(L1).

Proof of Inequality (B.14):

By Young’s inequality and Lemma 3, we deduce
\/]’}_’l n n+m
(e, —e)' AL ®L)z—7) < e, — ) AL L)L @ I)A(e, — €) + — Z Z AATS

which, together with (B.19), implies

- 2ﬂ)(3 B 6-28
(=)' NLI®L)z-7) < © Z Zn% vE, T wES e

tlsl

n+m
i=1 k=n+1
Appendix D
Proof of Inequality (4.1):

Based on (3.9) and the formulation of V, we derive

D'V < _ﬂlqugmlwﬁ)-szm— Tk ZanmsP*f

i= 1 s= 1 i=1 s=1
n n+m
> Z Z (sl ) + a3 D0 > (Gl + (i T + ). (C2)
i=1 s=1 i=1 k=n+1

By |b,| > b and noting |hi(1) - 5] < ZV(O) =h & < f”ﬂ + e

we can obtain that

DV Zag SNV gy 2§ e

i=1 s=1 i=1 s=1 i=1 s=1

and |n”|ﬂ(l+ﬁ) < |77 sl < |77is|1+ﬁ < n?s’

zs’
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non (12-4p) € B)(I—ﬂz

+bh 2 S e+ £ +E T )

i=1 s=1

1l oias + P+ PusD =B Dl " = EE DTN (gl + )

i=1 s=1 i= 1 s=1
n  n+m
H2 1
3 Z Z (glk{lk + wzk(xzkxtk + Vlkvlk)) E Z | zcl +ﬂ
i=1 k=n+1 i=1 s=

where b = max{|b,|,---,|b,|}. Moreover, from Young’s inequality and noting pjs, Pivs, Pivs are known
and bounded, we arrive at

1

. & .
|77is| : |pixs + Pivs + pivsl < ni + _(pixs + Pivs + pivs)2
2¢e 2
I , 3¢ , ’ .2 1, £_
< —n.+ —;.+ 0.+ 0 < —n. +—=—p,
= 2877” 2 (pzxs Pivs plvs) = 28% 2 1%

where  is the bound of p? .+ p7 + p? . Then, we conclude that

ZZ ”——ZZ@,‘:M#)——ZZ ml 4" @Z i

zlsl tlsl i=1 s=1 i=1 s=1

. (148) (12-48) G- ﬁ)(l—ﬁz
ZZm ﬁ+u7ZZ(n2 T P DA+ €T 6T )

llsl i=1 s=1

n n+m

Z (™ + &) + 13 D D" (Ll + WR(Eha + Vi) + e, (C.3)

i=1 s=1 i=1 k=n+1

where y = 3pbhn, 7 = bh + -, and ¢ is an arbitrarily small positive constant. In addition, from the

definition of V(+), it follows that

W3 Sa e ST

i=1 s=1 i=1 s=1

Then, by (B.21) and the first inequality in Lemma 3, we have

L+ n  n+m
_ M 2 148 L L
DV < V- T ) VP b D (Gl + @ (B + T)
i=1 k n+1
#2 uz 1+ .
—ﬁvz—f—_ﬁz v’ +su6—bZZ| il e = ZZ(M“ 2
i=1 s=1 i=1 s=1
2 (12-4p) € ﬁ)(l )
+/J7 Z Z (772; ’7u + (T’B(1+ﬂ) + nzv)(l + gn ’ + 'fls )) (C4)

i=1 s=1

In what follows, we handle the last three items (denoted by @). First, by Young’s inequality, we
deduce that

(12-4p) G /3)(1 %
Z Z 3"+ + O P DA+ 6,7 +&07 )

i=1 s=1
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n.on 2 8(3-8) (6-28)(1-62)

s Y, DG o+ e+ €T g ),

IA

Let ¢ (f) = i i €O and @y(1) = YL, 2, I7is(O)]'*€. Then, by Lemma 3, we know @ can be

i=1 s=1

estimated as follows:

©)

IA

8G-p) 26-p1-p) 2 2 28(148) 8

2u7(@1(OFTH + @1(1) F + (D) + @a(D)TIT + ) (8) T+ + p(1)T+¢) — %901(0 — by (1)
8(3-p) 23 ,8)(1 B _ M1 2

o127 (1 OFH ™ + @)™ 7 )+ Z) = @2(0)(b = 2u7 (a2 (1) T+

Hor (T 4 o0+ (),

which, together with the facts lim,_,, &,(f) = 0 and lim,_,,, 7;(#) = 0, implies that for any t > T>, T,
is a finite time

OFH ! o0 < g
L M o (C5)
¢2(t)l+e +‘,02(l’)(2711)(1+6) +(,02(l‘) I+e +()02(t)1+5 < 2;
Thus, by (B.22), we know, for any ¢ > 75,
1+ﬁ 148 148
T M H 5 M2 5 M2
D'V < /th 4(/13) v o —V, 22—BV2
n n+m
a3 D0 > (G + W (R T + TTa) + spte. (C.6)
i=1 k=n+1
Then, according to Proposition 1, we have, for any t > 7’ = max{T, T},
1+8
D+V<—V—()V#—”ZV¥ oy
= /1_3 1 — 1 2# 2 22 B8 2 Ele
< -V —,usVT + &le,
. 148
where py = min{4!, 3%}, us = min{5 ()7 ;j}
E ©2026 the Author(s), licensee AIMS Press. This
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