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Abstract: In this research, we investigated the well-posedness of the Lord—Shulman model of
generalized thermoelasticity for inhomogeneous anisotropic materials with variable coefficients. The
presence of the differential thermoelastic coupling operator (1 + 7(d;) prevents the use of the standard
energy method due to the lack of cancellation of the coupling terms in the weak formulation. To
overcome this difficulty, we introduced a suitable transformation that absorbs the time derivative in the
coupling term into new variables, which is an algebraic device to facilitate cancellation in energy
estimates. The transformed problem was analyzed using the Faedo—Galerkin method and energy
estimates, leading to the existence and uniqueness of weak solutions. The solution of the original
system was then recovered through the inverse transformation.
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1. Introduction

Lord and Shulman [1] introduced the “one-relaxation-time” theory of generalized thermoelasticity
for homogeneous isotropic materials. In this model, the governing equations have constant coeflicients,
and the classical thermoelastic system, consisting of a hyperbolic equation of motion coupled with a
parabolic heat equation, is transformed into a fully hyperbolic system in which both the mechanical
and thermal equations are of hyperbolic type. This modification resolves the paradox of infinite speed
of heat propagation inherent in the classical theory. The uniqueness of solutions for the Lord—Shulman
model has been established by several authors; see, for example, [2].

Subsequently, Dhaliwal and Sherief [3] extended the Lord—Shulman theory to anisotropic
thermoelastic materials and proved the uniqueness of solutions for the corresponding model. In recent
years, considerable attention has been devoted to the mathematical analysis of generalized
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thermoelastic systems of Lord—Shulman type, particularly in the presence of nonuniform material
properties, anisotropy, nonlinear effects, and additional physical couplings.  For example,
Ferniandez et al. [4] investigated a two-dimensional Lord—Shulman model for a homogeneous
thermoelastic material incorporating four dissipative mechanisms and established well-posedness
using the theory of linear semigroups. Apalara et al. [5] analyzed the well-posedness and asymptotic
stability of a model describing double-wall carbon nanotubes with Lord—Shulman heat conduction. It
is worth emphasizing that all of these works deal with hyperbolic systems of partial differential
equations with constant material coefficients. Feng et al. [6] investigated a nonuniform laminated
beam within the Lord—Shulman framework and established well-posedness using semigroup theory.
The three-dimensional anisotropic formulation of Lord—Shulman thermoelasticity has also been
examined from a variational perspective by Giorgio and Placidi [7], highlighting the role of thermal
inertia in anisotropic thermoelastic bodies. = More recently, well-posedness and stability of
Lord—Shulman thermoelastic systems have been studied using semigroup and energy methods,
including porous thermoelastic models with microtemperature effects [8] and swelling porous
thermoelastic systems [9]. Related recent work has further addressed stability properties of
Lord—Shulman systems with additional time-delay and microtemperature effects [10], while very
recent developments have considered coupled thermoelastic structures with Lord—Shulman heat
conduction [11]. These studies demonstrate the continuing development of modern analytical
approaches, particularly semigroup, variational, and energy methods, for establishing well-posedness
and stability of generalized thermoelastic systems. Motivated by these developments, the present
work considers a Lord—Shulman thermoelastic model with spatially variable and anisotropic
coeflicients, and develops a Galerkin-based framework for establishing the existence and uniqueness
of strong and weak solutions under the stated assumptions. Recent studies on nonlinear beam-type
models have also investigated the qualitative behavior of their solutions, particularly the derivation of
upper and lower bounds for the blow-up time in nonlinear extensible beam equations [12, 13].

We also mention the work of Stelmashchuk et al. [14], who investigated the well-posedness of the
Lord—Shulman model for thermopiezoelectricity in general inhomogeneous anisotropic materials. In
their formulation, the governing system consists of a hyperbolic equation of motion coupled with
parabolic equations describing the electric potential, heat flux, and temperature variation.
Consequently, the analytical treatment is considerably simpler than that of a fully coupled hyperbolic
thermoelastic system. In contrast, the model considered in the present work consists of two coupled
hyperbolic  equations, = where the thermal equation contains the coupling term
Toyij(x) (1 + 790,) &;j(0,u) . The presence of the time differential operator in the coupling term
prevents the standard cancellation of the coupling terms in the weak formulation, making the
derivation of suitable energy estimates significantly more challenging. To overcome this difficulty, we
introduce the transformed variables v = v + 730,v, following the idea of Sherief [15]. This
transformation absorbs the time derivative in the coupling term into new variable, for which suitable a
priori estimates can be established. Finally, the estimates obtained for the transformed variables are
transferred back to the original variables by means of the inverse transformation
v(t) = e p(0) + T—lo fot e~ =9/77{(s) ds, which enables us to recover the well-posedness of the original
Lord—Shulman model.
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2. Problem formulation

We consider a general inhomogeneous, anisotropic material represented by an open bonded domain
Q in R” with two disjoint boundaries S| and S, such that 0Q = §,US,. More specifically, we consider
the model described by the following equations. The equations of state relating the stress tensor, the
strain tensor, and the temperature variation are given by

Oij = Qjjig () = y;; 6, (2.1)

where o;; denotes the components of the stress tensor, g(u) the components of the infinitesimal strain
tensor, w = (uy, u, u3) is the displacement, a; i, the elastic moduli tensor, y;; the thermoelastic coupling
tensor, and 6 the temperature increment. The energy equation is given by

0x,qi = —pcE 0,0 — Toyijcij (O, (2.2)

where g; is the heat conduction vector, p is the density assumed independent of time, cg is the specific
heat for constant deformation, and 7, is the initial temperature. ¢; satisfies the generalized
heat equation:

q; + T()a[qi = —Kijé)xj@, (23)
where «;; is the thermal conductivity tensor. The displacement equations is:
00—1’]’ azl/t,‘
— 4 Fi =p—:, 2.4
o, pFi=po3 2.4)
where F; represents the body force and
Sij(ll) = l (axjaui + axiuj) , (2.5)
2
P) Patti = B (@ijn £ (W)) = By, (111 6) = pFi, in Qx (0,7, (2.6)
p(xX)cr(1 +700)0,0 + Toyij(x)(1 + 108)e;; (Bw) = By, (kijd,,0) = 0, in QX (0,T).  (2.7)
The boundary conditions are
;=0 onS;x(0,7), Qijmn Em(@v; =0 onS, x(0,7), (2.8)
0=0 on 0Q x (0, 7). (2.9)
The initial conditions are
wi(x,0) =1,  Ou(x,0)=ul,  O6x,0 =6,  96x0) =6, xeQ (2.10)

Let us state the following functional spaces: for an integer k, H*(Q) = {u € L*(Q) such that §%u €
L*(Q) with || < k), Vo(Q) ={u:uec H(Q)andu =0onS;}and V(Q) = {u:u e H'(Q)and u =
0 on 0Q2}.
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Assumptions on the data

(1) There exist constants c,, C, > 0 such that ¢, < p(x) < C, for all x € Q, cg, 7, and T are positive
constants.
(1) @jjmn, Vij> and k;; are in W' (Q) and satisfy the following;

(@) @jjmn(X) = Ui j(X) = @jimn(x) for all x € Q and all 7, j,m,n = 1,2, 3. Furthermore, there exist
constants c,, C, > 0 such that for all n;; = n;; and all x € Q,

Calttijl® < @ijpnllijn < Colmijl (2.11)

(b) yij(x) = yji(x) and «;;(x) = kji(x) for all x € Q and all 7, j = 1,2, 3. Furthermore, there exist
constants c,, C, > 0 such that for all ; € R and all x € Q,

cldnil® < kimimj < Clmil*. (2.12)

(iii) F;, 8,F; and 3% F; are in L*(0, T; L*()).
(iv) 1 € HY(Q) N Vo(Q), 6 € HAQ) N V(Q), u! € Vo(Q), and 6 € V().

In order to obtain the weak formulation of the systems (2.6)—(2.10), we multiply Eq (2.6) by a function
w; € Vo(Q) and Eq (2.7) by a function ¢ € V(Q), we have

Lp(x)@fzu,-w,-dx+ L(aijmnamn(u) +y,-j(x)0) Oy,widx = Lp(x)F,-w,-dx (2.13)
and
Lp(x)cE(l + 700,)0,0¢dx + T Lyij(x)sij (0u) pdx
+ Ty1o fg; Yij(x)gi; (Om) pdx + Lkij(x)(?x_/ﬁax[godx = 0. (2.14)
Using the symmetry of a;j,, and y;;, and the boundary conditions (2.8) and (2.9), we have the weak

formulation as:

(Pt i) + (XijmnEmn(W), &) )+(¥i(X)0, £1j(w)) = (P(X)F iy ;) (2.15)

and

(p()ce(1 + 10008, @) + (Toyij(x)si; () , @) + (ToToyi(X)Faei;(), @)
+ (Kij(x)0,,0.0,,) = 0, (2.16)

with the initial and boundary conditions (2.8)—(2.10), where (.,.) denotes the inner product on the
L*(Q).

Theorem 2.1. Under assumptions (i)—(iv), the system (2.6)—(2.10) admits a unique solution
(i, Oyuz, 8,0,0) € C([0, T1; Vo(Q)) x C([0, T1; L*(Q)) x C([0, T1; V() x C([0, T; L*(€Y)),
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such that the following energy equality holds

1 ! —
E(t) + F f f K,'jaxﬂ@xﬁdxds = E(O) + M(p, To, Ui, Fi, (?,F,-)(t) (217)
0 Jo Jo
where
1 _ -
E() =5 f {p(x) O’ + s @@ + L2ER + D, (ax.eax.e)} dx, (2.18)
2 Jo To To 77
and

!
M(p, To, Ui, Fi, aII:Z)(Z) :f fp(x)Fi(S, x)at};[i(s’ X)dXdS
0 Q

+T()f fp(x)@tFi(s,x)O,ﬁi(s,x)dxds. (2.19)
0 Jo

Moreover, there exist positive constants ci, ¢;, and c3 dependent on T, T, Cp, Co, C, T, and L such that

”atuinim(o’T;LZ(Q)) + ||axjui||i°"(0,T;L2(Q)) + ”9”%00(0’7‘;112(9)) < C1, (220)
~12 — 112 2
||6‘”’1|L‘>"(0,T;L2(Q)) T ||axjui||L°°(0,T;L2(Q)) + ||5“L°°(0,T;L2(Q))
2 T 2
+ ||6x1'9||L°°(O,T;L2(Q)) + o 6XJ9(S)||L2(Q) ds < ¢, (2.21)
and
112 2 2
||‘9t2“i||Lw(o,T;L2(g)) + ||a’ax.iui||L°°(0,T;L2(Q)) + ||at5||L°°(0,T;L2(Q))
2 T 2
+ ||af8X./9||Lw(o,T;L2(Q)) + fo ||atax./9(s)”L2(Q) ds < c3, (2.22)
where ]7:: (1 + 790, f.
3. Preliminaries
The following preliminaries will be useful in our analysis.
Lemma 3.1. The following inequality holds true:
f 6 [pCETo 0t229 + ToToYij (Sij (Otzzu)) - 8xl,(l<,~j(9xj9)] dx > 0. 3.1
Q
Proof. As in [3], we use the second law of thermodynamics, i.e.,
—qi 0,0 = 0. (3.2)
From (2.2) and (2.3), one easily obtains
By = perto 030 + Totoyi; (e (020)) = 8., (ki04,6). (3.3)
From (3.2) and (3.3), and integration by parts, we get (3.1). O
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Lemma 3.2. [16, P. 192, Proposition 10.5] The seminorm

u— ||8(u)||L2(Q)

is equivalent to the norm of (Hé(Q))". More precisely, there exist positive constants ¢, and c, such that

1

Cp||u||H(§(Q) < ||8(u)||L2(Q) < Cp”””Hé(Q)’ Yue (HO(Q))n-
Lemma 3.3. Let a > 0 and let {V'} be a sequence of functions satisfying that there exists a constant
C > 0, independent of n, such that |V* + adp"||12¢0.1.120) < C and |V'(0)ll;2) < C. Then there exists a
constant M > 0, independent of n, such that

IV l200.7:0200)) £ M
and
10V 20,1200 < M.

Proof. Setting

V' +adpy" =",

the function V" satisfies the first-order evolution equation

o'+ V' ==V,
a a

t/a

Multiplying by the integrating factor ¢ and integrating from O to ¢ yields
1 !
V() = e V0) + = f e VY (s) ds.
aJo
Therefore,

_ 1 (" .
IV Ol 2 < e t/a”Vn(O)”LZ(Q) + Ef e S)/am’ﬂ(S)HLZ(Q) ds.
0

Taking the L?(0, T)-norm and applying Young’s inequality for convolutions, we obtain

_ 1 _
IV 202 < eIz IV Ol 2@ + ‘ —e!/ 1 V" 1220071200 -
LI0.T)
Since
~t/a a 2T /a 12
el = (501 - )
and 1
—e7Ma =1-e¢Tl<1,
a LY(0,T)

it follows that
a\l?
n
Ilv ||L2(O,T;L2(Q)) < (E) 11% (O)”LZ(Q) + |W||L2(O,T;L2(Q)) <M,
for some constant M > 0 independent of n. Finally,
ady' =V =",
and therefore 1
10" |2200.7:12(00)) < p (an”LZ(O,T;LZ(Q)) + ||Vn||L2(O,T;L2(Q))) <M,

possibly after enlarging the constant M. This completes the proof. O
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Lemma 3.4. [17] Let H be a Hilbert space, € C'[0,T] such that y(0) # 0 and y(T) = 0, and
Vo, OV € L*(0,T; H), and ¢" € H. Then

T T
f @ (1), " (D) dt = ~("(0), $"(0)) - f (v'(0), ")) .
0 0
Proof of Theorem 2.1
The proof is done in several steps.

Construction of approximation

The idea of this step is to obtain an appropriate approximation to the solution (i;, 6) of (2.6)—(2.10)
and to the initial data (u?, u}, 6°,6"). For this, we consider the following eigenvalues problems:

(i w))p = (Vs W)) oy fOTall vy € Vo(@), k= 1,23+,

i i

(£:8)) = (0 8)) g forall g € V@), k=1,2,3--,

where the sequences ({wf},‘j’zl, {gbk},‘;":l) and ({,uk},‘j’:l, {u"},‘j’:l) are the corresponding eigenfunctions and

the non-decreasing eigenvalues. Assume that {w*}?°  is an orthonormal set of L*(€2) and the orthogonal
basis of V(Q), and {¢* }r= 1s an orthonormal set of L*() and the orthogonal basis of V(Q) and define
the spaces VY = span{w],w?, -+ ,w"} and VN = span{¢', ¢*,--- ,¢"}. We search for the sequence
(ul,0") such that

N
w0 = ) diow for all wh e VY,
k=1

N
OV(.1) = Z e (g for all ¢* € VY,

k=1

forallk = 1,2,---, N, where d¥ (1) = (u, w}) and ef (1) = (6", ¢"). Furthermore, assume the following
for the initial data:

u = ul(-,0) = Z dY (0%, where dy (0) = (u), w¥) for all wi € VY,
k=1

ul' =0l (-,0) = Z dY (0¥, where dy (0) = (u}, w") for all wi € VY,
e (3.4)
gv0 .= V(.. 0) = Z eY(0)¢*, where e} (0) = (6°, ¢") for all ¢* € V",

k=1
n

V' = 0,07(-,0) = » &Y(0)g*, where & (0) = (6, ¢") for all ¢* € VV.

k=1
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Now we introduce the projections P : L*(Q) — ‘Vév and Q : L*(Q) — VN as:
N
P(u) = Z(u, whwk for all u € LA(Q)
and
N
QW) = Y (. ¢" ¢* for all y € LX(Q). (3.5)
k=1

By the classical argument, one sees that at n — oo,
= P(u?) — u? strongly in V(Q),
= P(u}) — u} strongly in L*(Q),
= Q(6") — 6 strongly in V(Q),
M = Q8)) — 6' strongly in L*(Q).

(3.6)

We now require that the Fourier coeflicients d,iv (r) = (ul , w") and e K@) = (8", ¢*) satisfy the following
system of ordinary differential equations:

(p0%ul, wE) + (ijmnn(@™), £5(WH) = (v, 68", £(WH) = (0Fi, wh), (3.7)

fork =1,...,N, together with
(pce(l +700)0,8", ¢) + (Toyi(1 + Tod)er; (Ou") , ¢°) + (30,0, B, 8") = O, (3.8)
for k = 1,...,N. This yields a finite-dimensional system of ordinary differential equations for the

coefficients {dN (O, and {e) (D},

First a priori estimates

Multiplying Eq (3.7) by d,lc\’ and summing from k = 1 to N, we obtain
1d
2dt

From Eq (3.8), we see that

{,0((9,uﬁv)2 + aijmnsnm(uN)s,-j(uN)} dx — f QN)/,-js,»j(ﬁtuN) dx = pr,-B,uﬁV dx. 3.9
Q Q Q

110 o6V ooV
71]811((9[“ ) T() [a ) (Kija_xj) - pCE(l + Toat)ﬁ - T()To’}/ijé‘,'j (6,22uN)] . (310)

Substituting into (3.9), we obtain

1d

EE {P(a MN) + aljmngnm(uN)glj(uN) + T (HN) }

06N 66N
{roch(a,e oY + T0T0Yij (s,j (afzuN)) N + }dx

t T o o,

= f pF0.u dx. (3.11)
Q
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From Lemma 3.1, assumptions (i)—(iv), Cauchy’s inequality, and integration over (0, 1), we get

fg {cp@,u,-N 1) + ca (&5@)Y) + %@a»z}dx
< f {Cp(()tuf"(O))z + Ca (s;@O)") + %(HN(O))Z}dx
Q Ty

t
+GC, fo IFill}2 g + 10026 1172 . (3.12)
By Korn’s and Gronwall’s inequalities, we get

18,14 (D7) + 10,28 DNy + 1Y D172 ) < C. (3.13)

L2(Q) LX(Q) LX)
Thus, d,u(7) is bounded in L(0, T'; L*(Q)), u? (¢) is bounded in L*(0, T; V(€2)), and 6" (¢) is bounded
in L0, T; LA(Q)).
Higher estimates

The main difficulty in obtaining higher estimates is caused by the differential thermoelastic coupling
operator 1 + 70;. Indeed, the thermal equation contains the term Ty;;(x)(1 + 790,)€;;(0;u), which can
be written as

T()’)/ij(X) {8ij(6,u) + ToSl’j(anl/t)} .

Consequently, if the mechanical equation is tested by d,u and the thermal equation by 0,6, the
thermoelastic coupling terms do not cancel in the usual way. This prevents the direct application of
the standard energy method. The choice of the transformation used below is dictated by the structure
of the Lord-Shulman constitutive law. For any sufficiently regular function f, define

f=0+7100,)f = f + 7100, f. In particular, we introduce
Zt} =u; + T()a,l/li, 5: 0+ 7'00,9, F'l =F; + T()atFl'.

The crucial identities are
atﬁi = 8,u,- + Toanui = (1 + Toat)atui

and _
6,9 = 610 + Toatte = (1 + T()at)atH.

Moreover, since the strain operator is linear and independent of time,
(1 + 190,);;(0u) = &;;(Ou).
Applying 1 + 740, to the equation of motion gives
P03yt = B, (i jmnEmn @) = By, (71i(0)0) = p(O)F.
On the other hand, using the above identities directly in the heat equation gives

p(X)cpdif + Toy;(x)&:(01) — By, (Kijd,0) = 0.
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Thus, the transformed problem is

(x)@—i(ow P @)_i( .0) = p(x) F; inQx(0,7)
p 6t2 axj rymn<mn axl )/l] - p 4] H s
00 o ( o0 .
p(X)CEE + Toyijsij (ﬁtﬁ) - a—XI (Klja__xj) = 0, in Q x (0, T)

The boundary conditions are
u;=0o0nS; x(0,7), ijmnEm(@)v; = 00n S, x (0, T),
and
6 =00ndQx (0,T).
The initial conditions are
U 0) =1,  dm(x.0) =T,  xeQ
and
0(x,00=6",  6x,00=6, xeQ
where 0 = u + tou!, ° = 6° + 700", and u! = u! + Tou? such that

0 u; 1
u? " (x,0) = —
p(x)

a 0 9 0
;= ra {G_)CJ (a'ijmngmn(u )) + a—xj(%'j‘9 ) + p(x) Fi(x, 0)} .
It is clear from assumption (iv), we have 'ﬁ(l) € L*(Q). Then we set
' = P@;) — u strongly in L*(Q).
Therefore, the solution (ﬁi,g) of system (3.14)—(3.19) is approximated as:
N —~
W0 =) diw) forall wh e VY,

k=1
N

0.0 =Y ()" for all ¢ € VY,
k=1

forallk=1,2,---, N, where d~,’{"(t) = @, wh) and eX (1) = (6", ¢) such that
(XY W) + (i jmnEnn@), £1(WH)) = (71 6" £,(WH)) = (p(x)Fi, wh),
fork=1,...,N, together with
(p(x)cEa,gN, qbk) + (Toyi i€ij (6,HN) , ¢)k) + (K,-.,-GXJ,HN , (9xi¢k) =0,

fork=1,...,N. Multiplying Eq (3.22) by d,’c\’ and summing from k£ = 1 to N, we obtain

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)
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1d — ~ -~
EE fg {P (@Mﬁv)z + aijmngij(ﬁN)gmn(ﬁN)} dx — LQN')/ijSij (5zuN) dx
= f p F:di dx. (3.24)
Q
From Eq (3.15), we can write
1 [d(, 08" o~
Yij€ij (@“ ) = T_o {a_x, kij— ax,; pCEE (3.25)

Substituting (3.25) into (3.24), we obtain

1d

2 o s e
EE Q{p (atufv) +aijmn8ij(ﬁN)8mn(fiN) + pT:(HN)Z + }dx

F() g ax,- ij
1 09" 06N ~
— | kij———dx= F0u" dx.
" TO f 7 aXt ax] pr i 4

Integration over (0, ¢) gives

N 1 oo™ 06N N ! ~ N
E" (1) + T k,j o (9 dxds = EY(0) + pFiou; dxds. (3.26)
0 Jo 0 Ja

From assumptions (i)—(iv), we have

N —v\2 N\, PCE v Tock (06
E"(t) > fg{cp (0tui) + CoCp (8xju ) +T0(6’N) t (axl) }dx

> e | Oy + 10T Oy + PO # 1080 ). 32D
where ¢; = min {cp, CaCps %E, TUCK} and c, is the Korn’s inequality constant.

N 2
Bors | {Cp (07 0) + C.C, (0.7 O + T E@ 0y + T (aim)) }
S0 {”’LZVIHZ(Q)

where ¢, = max {Cp, C.Cp, £ COE T"C“} and c, is the Korn’s inequality constant.

1 T
f f pF:0u dxds < C, f f |Fi0,)| dxds
0 JQ 0 Q

T
<C, f FRs o + T Fille o di + C, fo 10,22 12, g . (3.29)

axjusOHLz(Q) + ||9N0||L2(Q) + ||8XJHNO||L2(Q)} (3.28)
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From inequalities (3.27)—(3.29), equality (3.26), and Gronwall’s inequality, we have

”aﬁN(t)”B(Q)Jr”a% ,(l)”Lz(g) |rN(t)”L2<Q>

)

These estimates imply the following boundedness;

0,60

LX(Q)

<C.

ax/QN(S)”

L2 (Q)

A is bounded in L*(0, T; L*(Q)),
u) is bounded in L¥(0, T; Vo(Q)),
6" is bounded in L*(0, T; L*()),
6" is bounded in L*(0, T; V(Q)).

To obtain boundedness for 8,8 and 6122175\’ , we consider

= _ ou;

1o o - _
Ui = or? — (%,0) = 0 {_ (aijmngmn(ﬁo)) + a_xj(’)/ijgo) +pFl-(x, O)} ,

0x;

~ 90 1 o ( 06
- = —Tovie (@) + — [ki— |4
0 ot *0) p(X)cE { 0Yij%ij (u ) - O0x; gy i

(3.30)

(3.31)

(3.32)

By assumptions (i)—(iv), it is easy to see that u} € L*(Q) and 6! € L2(Q). Thus, as before, we define

u? = PW?) — u strongly in L*(Q),
= Q(F") — 6" strongly in L*(Q).

Let us now differentiate (3.22) and (3.23) with respect to time. We have
( (9?3 u;, Wk) + (a'ijmngnm (atﬁN) , 3ij(wk)) - (%jang, 8ij(wk)) = (Pafi, Wf),
fork =1,...,N, together with
(IOCEa2 6", ¢ ) (TO)’ijSij (szﬁN) , ¢k) + (Kijazax_,QN, axi¢k) =0

fork=1,...,N. Multiplying Eq (3.34) by d,’{v and summing from k = 1 to N, we obtain

14 Q{p () + amesy (01 (@) £ (61 (7)) } dx
_ f 0"y;;0% (e,@")) dx = f PO Fi0%i" dx.
Q Q

From Eq (3.35), we can write

1 (o ( o6 o7V
e () = o{axi( fazax,-) P }

Electronic Research Archive Volume 34, Issue 12,
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(3.35)

(3.36)

(3.37)
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Substituting (3.37) into (3.36), we obtain

i Q{p () + gy (0, () 1 (0, () + 52 (0

ooV (9201\’} . 1 f o*oN o*oN

816, 91x; To Jo " o10x o1dx;

= f pd,F:05T) dx. (3.38)
Q

Integrating both sides of (3.38) over (0, 7), we have

Ao @)+ s (0, o (0. &)) + 5 (0
1, 06" PO L[, P8 e
Fok,j%@}dx + ?0 L Lkijmataxj dxds

:L&@m%mW%ww%@m+§qwf

0

1 N1 t ~
%k”@ae }dx+ f f pd,F,0%7 dxds. (3.39)
0 Q

i
0 ]Gx,- (9xj

From this and assumptions (i) and (ii), we have
e {27 Ol gy + 1007 Ol + 08Ol + 18050 O
+ ;—0 j; 16.0,6" )]}, dt < C, f (IFil2 g, + Tol0R Fill2a | dt

T
« €y [ 1T e+ ex{ 7 gy + 107 B 7

105020 (3.40)

where ¢; = min {Cp,cac,,, PC:’ T;CK} and ¢, = max {Cp,C Cp. % ‘OE, %} From Gronwall’s inequality,
we have

||52~N(f)||m(g) +[lo.a., l(t)HLz(Q) + ”af‘gN(t)“Lz(sz) +||o.0 X/QN(I)“L%Q)

+ fo 16:0,,8" ()[4, d1 < C. (3.41)

This gives:
0%u is bounded in L*(0, T; L*(Q)),

A is bounded in L=(0, T; Vo (Q)),
8,8" is bounded in L¥(0, T; L*(Q)),
9,0" is bounded in L*(0, T; V(Q)).

(3.42)
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Passing to the limit

From the boundedness obtained in the preceding section and the weak-weak™ compactness, we are
able to construct subsequences u)* of u "« of ¢ such that

™ — w; weakly” in L¥(0, T; Vo(Q)),

O — d,; weakly” in L0, T; Vo(Q)) N L0, T; L*(Q)),

O5u — 05m; weakly” in L™(0, T; L*(Q)),

% — 9 weakly in L*(0, T; V(Q)), (3.43)
8,0™ — 0,0 weakly in L*(0, T; V(),

6™ — 6 weakly in L*(0, T; V(Q)),

8,0™ — 8,0 weakly in L*(0, T; V(Q)).

Integrating equations (3.34) and (3.35) over (0, ), we obtain
(pafzﬁfva va) + (a'ijmngnm (HN) , 8ij(WN)) - (%‘jgN, Sij(WN)) - (Pi‘:i, ng)
= (pﬁfvz, va) + (a/ijmngnm (HNO) s Sij(WN))
— (78", £,(W")) = (Fi(0), W) (3.44)
and

(chath’ ¢N) + (To%jc‘?ij (atﬁN) ; ¢N) + (KijaxjeN’ 3xi¢N)
= (pced™, ¢") + (Toyiei; (W), 6") + (k0,0 6.,6"). (3.45)

From the definitions of V{(Q) and V¥ (Q), it is easy to see that w) — w; in Vo(Q) and ¢V — ¢ in
V(Q) as N goes to co. Therefore, we multiply (3.44) and (3.45) by ¢ € D(0,T), replace N by N,
integrate over (0, 7), and take the limit when k goes to oo, and we have

fo ' ((pa,%’ﬁ,-, W) + (@ijmnom (@) , £:5(W)) = (716> £;,(W)) = (OF;, wi))w(z)dr
= fo T( (0727 = 00 junEun (@) = B, 1,6 = pF(0), w;) )¢(r)dr (3.46)
and
[ ((oest.0) (T 00.0) + (110,6..8) o
= fo T((/OCEFGVN1 + Toyies @) = D0 00 0) )w(r)dz. (3.47)
From (3.46), (3.47), and (3.32), we have
fo ' ((pc??z% W) + (s jmnn (0, £5W0) = (316, &5(W)) = (OF wm)dr =0 (3.48)
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and

T
fO ((cha,E, o) + (Toyiei; (08) . o) + (1;,0.,6, D00 )dr = 0. (3.49)

The integral equations (3.48) and (3.49) are nothing but (3.14) and (3.15) in the sense of distribution.
We now show that the initial conditions are satisfied. From Lemma 3.4, we have

T T
f (0™ (1), Wi p()) dt = —@*(0), Wiy (0)) — f ("), wihire)) dit.
0 0

We pass to the limit using the convergences (3.6) and (3.43), and the fact that wka — w; in Vy(Q),
to get

T T
fo Ot (t), wap (1)) dt = =G, wiyp(0)) — fo (i), w1 . (3.50)

Integration by parts gives
T T
fo @2:(1), wtp (1)) di = =(@(0), wiyp(0)) - fo (i), wi(v)) . (3.51)

From (3.50), (3.51), and density arguments, we have %,(0) = . To show that d,u:(0) = &' 6(0) = ¢°,
we have

T T
f (02" (00, wiy(r)) dt = =01 (0), W y(0)) - f (0 (1), w (1)) dt.
0 0
We pass to the limit using the convergences (3.21), (3.43) and the fact that wﬁv" — w; in V(Q) to obtain

T T
[ @ www)ar = -@wwon - [ @m.wiw)ar (3.52)
0 0

Integration by parts gives

T T
f (6230, wig (1)) dt = —(,1(0), witp(0)) f (0r2t:(t), wih()) dt. (3.53)
0 0

Density arguments give d,u;(0) = 'ZZ}. Note that the operators a : Vy(€2) :— V((Q) such that (au, v) =
I, @i WEm(W)dx, k : V(Q) :— V'(Q) such that (kd, ) = [ k;j0x,¢ddx, and y : LA(Q) :—
V,(Q) such that (y¢,v) = fQ ¢yij€ij(V)dx are continuous linear operators. Also, note that w;iy is in
the space D(0, T; V(Q)), which is dense in L*(0, T; V(Q)), and ¢y € D(0, T; V(L)) is in the space
D0, T; V(Q)), which is dense in L*(0, T; V(Q)). Therefore, Eqs (3.48) and (3.49) can be written as:

PpO%TE; = 0., (jmnEun (@) + sy = pF; in L2(0, T; V(). (3.54)

pcpdif + Toyije; (0) — By, (kij0x,0) = 0 in L*(0, T; V'(Q). (3.55)
Now we multiply Eq (3.54) by d,u and integrate over (0, t),

1d

A7 P (atﬁi)z + aijmngij(ﬁ)gmn(ﬁ) dx — f57ij8ij (551‘) dx
2dt Jgo Q

= f o F:d,u; dx. (3.56)
Q
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From Eq (3.55), we can write

1 (o ( a0 90
Yij€ij () = To {a (kij%) - pCEE} . (3.57)
i J

Substituting (3.57) into (3.56), we obtain

1d

u, 7 00 06
EE Q{p (atui)z + a’ijmngij(ﬁ)gmnai) + pTLOE(H)2 + ;_(()) f k2297 dx}dx

i
Q jaxi ax]'

1 [ 60 00
[ [0 [ [soomin

Integration over (0, ¢) gives

1 (" ! —
E(f) + — f f kij— 9 %6 dxds = EO) + f f oF:0;; dx ds.

As in (3.30) and (3.41), we have the following estimates to the solution of our model:

”afﬁ"(t)”iz(ﬂ) + ”axjﬁi(t)”i%m + ||5(t)”i2(9) + ”axjg(t)”;(gz)

T
+ fo 10,672, ds < C (3.58)

and

||6 Ui (t)”LZ(Q) + ||8,8xju (t)”LZ(Q) + ”(9 Q(t)”LZ(Q) + ||a’ax19(t)||L2(Q)

+ f 16.0,05)] 20 ds < C. (3.59)
0

We now obtain the uniqueness of the solution. This is done in a similar way as in the proof of the
a priori estimates. We assume that (u;, 6) and (v;,#) are two solutions of the system (2.5)—(2.8) and let
Vi =u; —v; and ¢ = 8 — 9. Then system (3.14)—(3.19) gives the following.

0%V, —y 0 ,
PG " (ijmnEmn(V)) = @ =0, n@xO.D), (3.60)
op a( @ :
pcE—+ Toyije (0V) - p (K,- ja—fj) =0, nQx(0,7). (3.61)
The boundary conditions are
Vi=0onS, X0, T),  @ijmem(V)v;=00nS,x(0,T), (3.62)
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and
¢ =00n0Qx(0,7). (3.63)
The initial conditions are
Vix,00=0,  4,V(x,00=0, xeQ, (3.64)
and
@(x,0) =0, ¢(x,0) =0, x e Q. (3.65)

Again, we multiply Eq (3.60) by 4,V and integrate over (0, 7);

1d —\2 — — _ —
ARG (6:V) + ijmn&i/(V)Emn(V) { dx = Pviiei (8,V) dx =0. (3.66)
From Eq (3.61), we can write
1 (0 oy )
vii€ii (0V) = T { o (k,J - ) Bt} (3.67)
Substituting (3.67) into (3.66), we obtain
1d = > d¢ dp
Ed_t Q{p (atvt) + a’zjmngzj(v)gmn(v) + _(~) fklj axl ax] dx }dx

dp dy
; dxds = 0.
ff Tox ox;

Integration over (0, ) gives

dp 0
2 To @ QD
L{p (6,V) + aumngu(v)gmn(v) + _(~) F f ki, Ox; 6XJ @ }d

1 (" dp dp
— ; dx = 0. 3.68
+Tov£ f j@x, ébcj ( )

Therefore, from assumptions (i) and (i1), we have that

=\2 = <. PCE T d¢ Op
f { (0,v,) +a,jmns,j(V)8mn(V)+TO(@2+?O f Kij— v x, dx}d
op O¢
f f T ax, (3.69)
< OV, +cacy (. V) + 2L (@) T"C“ d
_L{cp(, ) +c cp( ; ) +F (~) F x

+ lfa—(’azdxds—o (3.70)
Ty Jo Jo\Ox; e .

This gives 8 = ¥ and Vi = 0. But Vi = 0 implies V; + 1799,V; = 0, which has the solution V(x,t) =
V(x,0)e7 . But V(x,0) = 0. Thus v; = u; and the model possesses a unique solution.
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Remark 3.5. The existence and uniqueness result requires Ty > 0, together with the positivity and
boundedness of the density, elasticity tensor, and thermal conductivity tensor, which ensure the
coercivity of the energy functional. In particular, the coercivity constant depends on toc,/To, while
the inverse transformation introduces an additional quantitative dependence on 1/ty,. The tensor
yii(x) € W'(Q) affects the constants in the higher-order estimates through its spatial variation.
However, the thermoelastic coupling terms cancel in the energy identity, so no smallness assumption
on v;j is required. Thus, for every fixed to > 0 and admissible v;;j(x), spatial heterogeneity affects the
quantitative bounds but does not compromise the existence and uniqueness of the solution.

Remark 3.6. Note that our analysis is performed on the system (3.14)—~(3.19), which was obtained by
applying the operator f := (1 + 190,) f to Eq (2.6). So, to get back to our original system (2.5)—(2.8),

—_ —(t=s) ~ —t
we apply the inverse operator f = (1 + 190, f = Tl—o fot e 0 f(s)ds+ e f(0) to (3.14), assuming that
the initial and boundary conditions of the original system are satisfied.

Remark 3.7. The estimates derived for the transformed variables - can be readily translated into
estimates for the original solution by invoking Lemma 3.3. Thus, from estimates (3.58) and (3.59), and
assumption (iv), we have the following boundedness;

i € L2(0,T5 Hy(Q),  dui € L0, T; L) N L7(0, T3 Hy(Q)),  dyus € L7(0,T; L*(Q)),

6 e L™0,T; LX(Q)NL 0, T; Hy(Q)), 8,0€L0,T;L*(Q)), 0,0 L0, T;L*(Q)).
Remark 3.8. The regularity stated in Theorem 2.1 represents the basic continuity regularity of the
weak solution. The a priori estimates established later in the proof provide additional regularity
under the assumptions imposed on the initial data and the body force. In particular, estimates (3.58)
and (3.59), together with Lemma 3.3 and the inverse transformation, yield the stronger bounds stated
in Remark 3.7. Thus, Remark 3.7 should be understood as a refinement of the regularity asserted in
Theorem 2.1, rather than as a different solution concept.
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