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Abstract: In this research, we investigated the well-posedness of the Lord–Shulman model of
generalized thermoelasticity for inhomogeneous anisotropic materials with variable coefficients. The
presence of the differential thermoelastic coupling operator (1 + τ0∂t) prevents the use of the standard
energy method due to the lack of cancellation of the coupling terms in the weak formulation. To
overcome this difficulty, we introduced a suitable transformation that absorbs the time derivative in the
coupling term into new variables, which is an algebraic device to facilitate cancellation in energy
estimates. The transformed problem was analyzed using the Faedo–Galerkin method and energy
estimates, leading to the existence and uniqueness of weak solutions. The solution of the original
system was then recovered through the inverse transformation.

Keywords: existence and uniqueness; Lord–Shulman thermoelastic model; differential coupling
operator; higher-order estimates; Galerkin method

1. Introduction

Lord and Shulman [1] introduced the “one-relaxation-time” theory of generalized thermoelasticity
for homogeneous isotropic materials. In this model, the governing equations have constant coefficients,
and the classical thermoelastic system, consisting of a hyperbolic equation of motion coupled with a
parabolic heat equation, is transformed into a fully hyperbolic system in which both the mechanical
and thermal equations are of hyperbolic type. This modification resolves the paradox of infinite speed
of heat propagation inherent in the classical theory. The uniqueness of solutions for the Lord–Shulman
model has been established by several authors; see, for example, [2].

Subsequently, Dhaliwal and Sherief [3] extended the Lord–Shulman theory to anisotropic
thermoelastic materials and proved the uniqueness of solutions for the corresponding model. In recent
years, considerable attention has been devoted to the mathematical analysis of generalized
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thermoelastic systems of Lord–Shulman type, particularly in the presence of nonuniform material
properties, anisotropy, nonlinear effects, and additional physical couplings. For example,
Fernández et al. [4] investigated a two-dimensional Lord–Shulman model for a homogeneous
thermoelastic material incorporating four dissipative mechanisms and established well-posedness
using the theory of linear semigroups. Apalara et al. [5] analyzed the well-posedness and asymptotic
stability of a model describing double-wall carbon nanotubes with Lord–Shulman heat conduction. It
is worth emphasizing that all of these works deal with hyperbolic systems of partial differential
equations with constant material coefficients. Feng et al. [6] investigated a nonuniform laminated
beam within the Lord–Shulman framework and established well-posedness using semigroup theory.
The three-dimensional anisotropic formulation of Lord–Shulman thermoelasticity has also been
examined from a variational perspective by Giorgio and Placidi [7], highlighting the role of thermal
inertia in anisotropic thermoelastic bodies. More recently, well-posedness and stability of
Lord–Shulman thermoelastic systems have been studied using semigroup and energy methods,
including porous thermoelastic models with microtemperature effects [8] and swelling porous
thermoelastic systems [9]. Related recent work has further addressed stability properties of
Lord–Shulman systems with additional time-delay and microtemperature effects [10], while very
recent developments have considered coupled thermoelastic structures with Lord–Shulman heat
conduction [11]. These studies demonstrate the continuing development of modern analytical
approaches, particularly semigroup, variational, and energy methods, for establishing well-posedness
and stability of generalized thermoelastic systems. Motivated by these developments, the present
work considers a Lord–Shulman thermoelastic model with spatially variable and anisotropic
coefficients, and develops a Galerkin-based framework for establishing the existence and uniqueness
of strong and weak solutions under the stated assumptions. Recent studies on nonlinear beam-type
models have also investigated the qualitative behavior of their solutions, particularly the derivation of
upper and lower bounds for the blow-up time in nonlinear extensible beam equations [12, 13].

We also mention the work of Stelmashchuk et al. [14], who investigated the well-posedness of the
Lord–Shulman model for thermopiezoelectricity in general inhomogeneous anisotropic materials. In
their formulation, the governing system consists of a hyperbolic equation of motion coupled with
parabolic equations describing the electric potential, heat flux, and temperature variation.
Consequently, the analytical treatment is considerably simpler than that of a fully coupled hyperbolic
thermoelastic system. In contrast, the model considered in the present work consists of two coupled
hyperbolic equations, where the thermal equation contains the coupling term
T0γi j(x) (1 + τ0∂t) εi j(∂tu) . The presence of the time differential operator in the coupling term
prevents the standard cancellation of the coupling terms in the weak formulation, making the
derivation of suitable energy estimates significantly more challenging. To overcome this difficulty, we
introduce the transformed variables ṽ = v + τ0∂tv, following the idea of Sherief [15]. This
transformation absorbs the time derivative in the coupling term into new variable, for which suitable a
priori estimates can be established. Finally, the estimates obtained for the transformed variables are
transferred back to the original variables by means of the inverse transformation
v(t) = e−t/τ0v(0) + 1

τ0

∫ t

0
e−(t−s)/τ0 ṽ(s) ds, which enables us to recover the well-posedness of the original

Lord–Shulman model.
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2. Problem formulation

We consider a general inhomogeneous, anisotropic material represented by an open bonded domain
Ω in Rn with two disjoint boundaries S 1 and S 2 such that ∂Ω = S 1∪S 2. More specifically, we consider
the model described by the following equations. The equations of state relating the stress tensor, the
strain tensor, and the temperature variation are given by

σi j = αi jkl εkl(u) − γi j θ, (2.1)

where σi j denotes the components of the stress tensor, εkl(u) the components of the infinitesimal strain
tensor, u = (u1, u2, u3) is the displacement, αi jkl the elastic moduli tensor, γi j the thermoelastic coupling
tensor, and θ the temperature increment. The energy equation is given by

∂xiqi = −ρcE ∂tθ − T0γi jεi j (∂tu) , (2.2)

where qi is the heat conduction vector, ρ is the density assumed independent of time, cE is the specific
heat for constant deformation, and T0 is the initial temperature. qi satisfies the generalized
heat equation:

qi + τ0∂tqi = −κi j∂x jθ, (2.3)

where κi j is the thermal conductivity tensor. The displacement equations is:

∂σi j

∂x j
+ ρFi = ρ

∂2ui

∂t2 , (2.4)

where Fi represents the body force and

εi j(u) =
1
2

(
∂x j∂ui + ∂xiu j

)
, (2.5)

ρ(x) ∂2
t2ui − ∂x j

(
αi jmn εnm(u)

)
− ∂x j

(
γi j θ

)
= ρFi, in Ω × (0,T ), (2.6)

ρ(x)cE(1 + τ0∂t)∂tθ + T0γi j(x)(1 + τ0∂t)εi j (∂tu) − ∂xi

(
κi j∂x jθ

)
= 0, in Ω × (0,T ). (2.7)

The boundary conditions are

ui = 0 on S 1 × (0,T ), αi jmn εnm(u)ν j = 0 on S 2 × (0,T ), (2.8)

θ = 0 on ∂Ω × (0,T ). (2.9)

The initial conditions are

ui(x, 0) = u0
i , ∂tui(x, 0) = u1

i , θ(x, 0) = θ0, ∂tθ(x, 0) = θ1, x ∈ Ω. (2.10)

Let us state the following functional spaces: for an integer k, Hk(Ω) = {u ∈ L2(Ω) such that ∂αu ∈
L2(Ω) with |α| ≤ k}, V0(Ω) = {u : u ∈ H1(Ω) and u = 0 on S 1} and V(Ω) = {u : u ∈ H1(Ω) and u =

0 on ∂Ω}.
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Assumptions on the data

(i) There exist constants cρ,Cρ > 0 such that cρ ≤ ρ(x) ≤ Cρ for all x ∈ Ω, cE, τ0, and T0 are positive
constants.

(ii) αi jmn, γi j, and κi j are in W1,∞(Ω) and satisfy the following;

(a) αi jmn(x) = αmni j(x) = α jimn(x) for all x ∈ Ω and all i, j,m, n = 1, 2, 3. Furthermore, there exist
constants cα,Cα > 0 such that for all ηi j = η ji and all x ∈ Ω,

cα|ηi j|
2 ≤ αi jmnηi jηmn ≤ Cα|ηi j|

2. (2.11)

(b) γi j(x) = γ ji(x) and κi j(x) = κ ji(x) for all x ∈ Ω and all i, j = 1, 2, 3. Furthermore, there exist
constants cκ,Cκ > 0 such that for all ηi ∈ R and all x ∈ Ω,

cκ|ηi|
2 ≤ κi jηiη j ≤ Cκ|ηi|

2. (2.12)

(iii) Fi, ∂tFi and ∂2
t2 Fi are in L2(0,T ; L2(Ω)).

(iv) u0
i ∈ H2(Ω) ∩V0(Ω), θ0 ∈ H2(Ω) ∩V(Ω), u1

i ∈ V0(Ω), and θ1 ∈ V(Ω).

In order to obtain the weak formulation of the systems (2.6)–(2.10), we multiply Eq (2.6) by a function
ωi ∈ V0(Ω) and Eq (2.7) by a function ϕ ∈ V(Ω), we have∫

Ω

ρ(x)∂2
t2uiωidx +

∫
Ω

(
αi jmnεmn(u) + γi j(x)θ

)
∂x jωidx =

∫
Ω

ρ(x)Fiωidx (2.13)

and ∫
Ω

ρ(x)cE(1 + τ0∂t)∂tθϕdx + T0

∫
Ω

γi j(x)εi j (∂tu)ϕdx

+ T0τ0

∫
Ω

γi j(x)εi j (∂tu)ϕdx +

∫
Ω

κi j(x)∂x jθ∂xiϕdx = 0. (2.14)

Using the symmetry of αi jmn and γi j, and the boundary conditions (2.8) and (2.9), we have the weak
formulation as:

(
ρ(x)∂2

t2ui, ωi

)
+

(
αi jmnεmn(u), εi j(ω) )+( γi j(x)θ, εi j(ω)

)
= (ρ(x)Fi, ωi) (2.15)

and

(ρ(x)cE(1 + τ0∂t)∂tθ, ϕ) +
(
T0γi j(x)εi j (∂tu) , ϕ

)
+

(
T0τ0γi j(x)∂2

t2εi j(u), ϕ
)

+
(
κi j(x)∂x jθ, ∂xiϕ

)
= 0, (2.16)

with the initial and boundary conditions (2.8)–(2.10), where (., .) denotes the inner product on the
L2(Ω).

Theorem 2.1. Under assumptions (i)–(iv), the system (2.6)–(2.10) admits a unique solution

(ui, ∂tui, θ, ∂tθ) ∈ C([0,T ];V0(Ω)) ×C([0,T ]; L2(Ω)) ×C([0,T ];V(Ω)) ×C([0,T ]; L2(Ω)),
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such that the following energy equality holds

E(t) +
1
T0

∫ t

0

∫
Ω

κi j∂x jθ∂xiθdxds = E(0) + M(ρ, τ0, ũi, Fi, ∂tFi)(t) (2.17)

where

E(t) =
1
2

∫
Ω

{
ρ(x) (∂tũi)

2
+ αi jmnεi j(̃u)εmn(̃u) +

ρ(x)cE

T0
θ̃2 +

τ0

T0
κi j

(
∂x jθ∂xiθ

)}
dx, (2.18)

and

M(ρ, τ0, ui, Fi, ∂tFi)(t) =

∫ t

0

∫
Ω

ρ(x)Fi(s, x)∂tũi(s, x)dxds

+ τ0

∫ t

0

∫
Ω

ρ(x)∂tFi(s, x)∂tũi(s, x)dxds. (2.19)

Moreover, there exist positive constants c1, c2, and c3 dependent on T0, τ0, cρ, cα, cκ,T, and Ω such that

‖∂tui‖
2
L∞(0,T ;L2(Ω)) + ‖∂x jui‖

2
L∞(0,T ;L2(Ω)) + ‖θ‖2L∞(0,T ;L2(Ω)) ≤ c1, (2.20)

‖∂tũi‖
2
L∞(0,T ;L2(Ω)) +

∥∥∥∂x j ũi

∥∥∥2

L∞(0,T ;L2(Ω))
+

∥∥∥̃θ∥∥∥2

L∞(0,T ;L2(Ω))

+
∥∥∥∂x jθ

∥∥∥2

L∞(0,T ;L2(Ω))
+

∫ T

0

∥∥∥∂x jθ(s)
∥∥∥2

L2(Ω)
ds ≤ c2, (2.21)

and ∥∥∥∂2
t2 ũi

∥∥∥2

L∞(0,T ;L2(Ω))
+

∥∥∥∂t∂x j ũi

∥∥∥2

L∞(0,T ;L2(Ω))
+

∥∥∥∂tθ̃
∥∥∥2

L∞(0,T ;L2(Ω))

+
∥∥∥∂t∂x jθ

∥∥∥2

L∞(0,T ;L2(Ω))
+

∫ T

0

∥∥∥∂t∂x jθ(s)
∥∥∥2

L2(Ω)
ds ≤ c3, (2.22)

where f̃ := (1 + τ0∂t) f .

3. Preliminaries

The following preliminaries will be useful in our analysis.

Lemma 3.1. The following inequality holds true:∫
Ω

θ
[
ρcEτ0 ∂

2
t2θ + T0τ0γi j

(
εi j

(
∂2

t2u
))
− ∂xi

(
κi j∂x jθ

)]
dx ≥ 0. (3.1)

Proof. As in [3], we use the second law of thermodynamics, i.e.,

−qi ∂xiθ ≥ 0. (3.2)

From (2.2) and (2.3), one easily obtains

∂xiqi = ρcEτ0 ∂
2
t2θ + T0τ0γi j

(
εi j

(
∂2

t2u
))
− ∂xi

(
κi j∂x jθ

)
. (3.3)

From (3.2) and (3.3), and integration by parts, we get (3.1). �
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Lemma 3.2. [16, P. 192, Proposition 10.5] The seminorm

u 7→ ‖ε(u)‖L2(Ω)

is equivalent to the norm of (H1
0(Ω))n. More precisely, there exist positive constants c1 and c2 such that

cp‖u‖H1
0 (Ω) ≤ ‖ε(u)‖L2(Ω) ≤ Cp‖u‖H1

0 (Ω), ∀ u ∈ (H1
0(Ω))n.

Lemma 3.3. Let a > 0 and let {vn} be a sequence of functions satisfying that there exists a constant
C > 0, independent of n, such that ‖vn + a∂tvn‖L2(0,T ;L2(Ω)) ≤ C and ‖vn(0)‖L2(Ω) ≤ C. Then there exists a
constant M > 0, independent of n, such that

‖vn‖L2(0,T ;L2(Ω)) ≤ M

and
‖∂tvn‖L2(0,T ;L2(Ω)) ≤ M.

Proof. Setting
vn + a∂tvn = ṽn,

the function vn satisfies the first-order evolution equation

∂tvn +
1
a

vn =
1
a

ṽn.

Multiplying by the integrating factor et/a and integrating from 0 to t yields

vn(t) = e−t/avn(0) +
1
a

∫ t

0
e−(t−s)/aṽn(s) ds.

Therefore,

‖vn(t)‖L2(Ω) ≤ e−t/a‖vn(0)‖L2(Ω) +
1
a

∫ t

0
e−(t−s)/a‖̃vn(s)‖L2(Ω) ds.

Taking the L2(0,T )-norm and applying Young’s inequality for convolutions, we obtain

‖vn‖L2(0,T ;L2(Ω)) ≤ ‖e−t/a‖L2(0,T )‖vn(0)‖L2(Ω) +

∥∥∥∥∥1
a

e−t/a
∥∥∥∥∥

L1(0,T )
‖̃vn‖L2(0,T ;L2(Ω)).

Since

‖e−t/a‖L2(0,T ) =

(a
2

(1 − e−2T/a)
)1/2

and ∥∥∥∥∥1
a

e−t/a
∥∥∥∥∥

L1(0,T )
= 1 − e−T/a ≤ 1,

it follows that

‖vn‖L2(0,T ;L2(Ω)) ≤

(a
2

)1/2
‖vn(0)‖L2(Ω) + ‖̃vn‖L2(0,T ;L2(Ω)) ≤ M,

for some constant M > 0 independent of n. Finally,

a∂tvn = ṽn − vn,

and therefore
‖∂tvn‖L2(0,T ;L2(Ω)) ≤

1
a

(
‖̃vn‖L2(0,T ;L2(Ω)) + ‖vn‖L2(0,T ;L2(Ω))

)
≤ M,

possibly after enlarging the constant M. This completes the proof. �
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Lemma 3.4. [17] Let H be a Hilbert space, ψ ∈ C1[0,T ] such that ψ(0) , 0 and ψ(T ) = 0, and
vn, ∂tvn ∈ L2(0,T ; H), and φn ∈ H. Then∫ T

0
(∂tvn(t), φnψ(t)) dt = −(vn(0), φnψ(0)) −

∫ T

0

(
vn(t), φnψ̇(t)

)
dt.

Proof of Theorem 2.1

The proof is done in several steps.

Construction of approximation

The idea of this step is to obtain an appropriate approximation to the solution (ui, θ) of (2.6)–(2.10)
and to the initial data (u0

i , u
1
i , θ

0, θ1). For this, we consider the following eigenvalues problems:

(
vi,w

j
i

)
V0(Ω)

= µ j
(
vi,w

j
i

)
L2(Ω)

for all vi ∈ V0(Ω), k = 1, 2, 3 · · · ,(
ϕ, φ j

)
V(Ω)

= λ j
(
ϕ, φ j

)
L2(Ω)

for all ϕ ∈ V(Ω), k = 1, 2, 3 · · · ,

where the sequences
(
{wk

i }
∞
k=1, {φ

k}∞k=1

)
and

(
{µk}∞k=1, {µ

k}∞k=1

)
are the corresponding eigenfunctions and

the non-decreasing eigenvalues. Assume that {wk
i }
∞
k=1 is an orthonormal set of L2(Ω) and the orthogonal

basis ofV0(Ω), and {φk}∞k=1 is an orthonormal set of L2(Ω) and the orthogonal basis ofV(Ω) and define
the spaces VN

0 = span{w1
i ,w

2
i , · · · ,w

n
i } and VN = span{φ1, φ2, · · · , φN}. We search for the sequence

(uN
i , θ

N) such that

uN
i (·, t) =

N∑
k=1

dn
k (t)wk

i for all wk
i ∈ V

N
0 ,

θN(·, t) =

N∑
k=1

eN
k (t)φk for all φk ∈ VN ,

for all k = 1, 2, · · · ,N, where dN
k (t) = (uN

i ,w
k
i ) and eK

k (t) = (θN , φk). Furthermore, assume the following
for the initial data:

uN0
i := uN

i (·, 0) =

n∑
k=1

dN
k (0)wk

i , where dN
k (0) = (u0

i ,w
k
i ) for all wk

i ∈ V
N
0 ,

uN1
i := ∂tuN

i (·, 0) =

n∑
k=1

ḋN
k (0)wk

i , where ḋN
k (0) = (u1

i ,w
k
i ) for all wk

i ∈ V
N
0 ,

θN0 := θN(·, 0) =

n∑
k=1

eN
k (0)φk, where eN

k (0) = (θ0, φk) for all φk ∈ VN ,

θN1 := ∂tθ
N(·, 0) =

n∑
k=1

ėN
k (0)φk, where ėN

k (0) = (θ1, φk) for all φk ∈ VN .

(3.4)
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Now we introduce the projections P : L2(Ω)→VN
0 and Q : L2(Ω)→VN as:

P(u) =

N∑
k=1

(u,wk
i )w

k
i for all u ∈ L2(Ω)

and

Q(ψ) =

N∑
k=1

(ψ, φk j)φk for all ψ ∈ L2(Ω). (3.5)

By the classical argument, one sees that at n→ ∞,

uN0
i = P(u0

i )→ u0
i strongly inV0(Ω),

uN1
i = P(u1

i )→ u1
i strongly in L2(Ω),

θN0 = Q(θ0
i )→ θ0 strongly inV(Ω),

θN1 = Q(θ1
i )→ θ1 strongly in L2(Ω).

(3.6)

We now require that the Fourier coefficients dN
k (t) = (uN

i ,w
k
i ) and eK

k (t) = (θN , φk) satisfy the following
system of ordinary differential equations:(

ρ∂2
t2u

N
i ,w

k
i

)
+

(
αi jmnεnm(uN), εi j(wk)

)
−

(
γi j θ

N , εi j(wk)
)

= (ρFi,wk
i ), (3.7)

for k = 1, . . . ,N, together with(
ρcE(1 + τ0∂t)∂tθ

N , φk
)

+
(
T0γi j(1 + τ0∂t)εi j

(
∂tuN

)
, φk

)
+

(
κi j∂x jθ

N , ∂xiφ
k
)

= 0, (3.8)

for k = 1, . . . ,N. This yields a finite-dimensional system of ordinary differential equations for the
coefficients {dN

k (t)}Nk=1 and {eN
k (t)}Nk=1.

First a priori estimates

Multiplying Eq (3.7) by ḋN
k and summing from k = 1 to N, we obtain

1
2

d
dt

∫
Ω

{
ρ(∂tuN

i )2 + αi jmnεnm(uN)εi j(uN)
}

dx −
∫

Ω

θNγi jεi j(∂tuN) dx =

∫
Ω

ρFi∂tuN
i dx. (3.9)

From Eq (3.8), we see that

γi jεi j(∂tuN) =
1
T0

[
∂

∂xi

(
κi j
∂θN

∂x j

)
− ρcE(1 + τ0∂t)

∂θN

∂t
− τ0T0γi jεi j

(
∂2

t2u
N
)]
. (3.10)

Substituting into (3.9), we obtain

1
2

d
dt

∫
Ω

{
ρ(∂tuN

i )2 + αi jmnεnm(uN)εi j(uN) +
ρcE

T0
(θN)2

}
dx

+
1
T0

∫
Ω

{
τ0ρcE(∂tθ

N)θN + τ0T0γi j

(
εi j

(
∂2

t2u
N
))
θN + κi j

∂θN

∂xi

∂θN

∂x j

}
dx

=

∫
Ω

ρFi∂tuN
i dx. (3.11)
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From Lemma 3.1, assumptions (i)–(iv), Cauchy’s inequality, and integration over (0, t), we get

∫
Ω

{
cρ(∂tuN

i (t))2 + cα
(
εi j(u(t))N

)2
+

cρcE

T0
(θN(t))2

}
dx

≤

∫
Ω

{
Cρ(∂tuN

i (0))2 + Cα
(
εi j(u(0))N

)2
+

CρcE

T0
(θN(0))2

}
dx

+ Cρ

∫ t

0
‖Fi‖

2
L2(Ω) + ‖∂tuN

i ‖
2
L2(Ω) dt. (3.12)

By Korn’s and Gronwall’s inequalities, we get

‖∂tuN
i (t)‖2L2(Ω) + ‖∂x ju

N
i (t)‖2L2(Ω) + ‖θN(t)‖2L2(Ω) ≤ C. (3.13)

Thus, ∂tuN
i (t) is bounded in L∞(0,T ; L2(Ω)), uN

i (t) is bounded in L∞(0,T ;V0(Ω)), and θN(t) is bounded
in L∞(0,T ; L2(Ω)).

Higher estimates

The main difficulty in obtaining higher estimates is caused by the differential thermoelastic coupling
operator 1 + τ0∂t. Indeed, the thermal equation contains the term T0γi j(x)(1 + τ0∂t)εi j(∂tu), which can
be written as

T0γi j(x)
{
εi j(∂tu) + τ0εi j(∂ttu)

}
.

Consequently, if the mechanical equation is tested by ∂tu and the thermal equation by ∂tθ, the
thermoelastic coupling terms do not cancel in the usual way. This prevents the direct application of
the standard energy method. The choice of the transformation used below is dictated by the structure
of the Lord–Shulman constitutive law. For any sufficiently regular function f , define
f̃ = (1 + τ0∂t) f = f + τ0∂t f . In particular, we introduce

ũi = ui + τ0∂tui, θ̃ = θ + τ0∂tθ, F̃i = Fi + τ0∂tFi.

The crucial identities are
∂tũi = ∂tui + τ0∂ttui = (1 + τ0∂t)∂tui

and
∂tθ̃ = ∂tθ + τ0∂ttθ = (1 + τ0∂t)∂tθ.

Moreover, since the strain operator is linear and independent of time,

(1 + τ0∂t)εi j(∂tu) = εi j(∂tũ).

Applying 1 + τ0∂t to the equation of motion gives

ρ(x)∂ttũi − ∂x j

(
αi jmnεmn(̃u)

)
− ∂x j

(
γi j(x)̃θ

)
= ρ(x)F̃i.

On the other hand, using the above identities directly in the heat equation gives

ρ(x)cE∂tθ̃ + T0γi j(x)εi j(∂tũ) − ∂xi

(
κi j∂x jθ

)
= 0.
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Thus, the transformed problem is

ρ(x)
∂2ũi

∂t2 −
∂

∂x j

(
αi jmnεmn(̃u)

)
−

∂

∂x j
(γi j̃θ) = ρ(x) F̃i, in Ω × (0,T ), (3.14)

ρ(x)cE
∂̃θ

∂t
+ T0γi jεi j

(
∂tũ

)
−

∂

∂xi

(
κi j
∂θ

∂x j

)
= 0, in Ω × (0,T ). (3.15)

The boundary conditions are

ũi = 0 on S 1 × (0,T ), αi jmnεmn(̃u)ν j = 0 on S 2 × (0,T ), (3.16)

and

θ̃ = 0 on ∂Ω × (0,T ). (3.17)

The initial conditions are

ũi(x, 0) = ũ0
i , ∂tũi(x, 0) = ũ1

i , x ∈ Ω, (3.18)

and

θ(x, 0) = θ0, θ̃(x, 0) = θ̃0, x ∈ Ω, (3.19)

where ũ0
i = u0

i + τ0u1
i , θ̃0 = θ0 + τ0θ

1, and ũ1
i = u1

i + τ0u2
i such that

u2
i =

∂2ui

∂t2 (x, 0) =
1
ρ(x)

{
∂

∂x j

(
αi jmnεmn(u0)

)
+

∂

∂x j
(γi jθ

0) + ρ(x) Fi(x, 0)
}
. (3.20)

It is clear from assumption (iv), we have ũ1
0 ∈ L2(Ω). Then we set

ũN1
i := P(̃u1

i )→ ũ1
i strongly in L2(Ω). (3.21)

Therefore, the solution (̃ui, θ̃) of system (3.14)–(3.19) is approximated as:

ũN
i (·, t) =

N∑
k=1

d̃n
k (t)wk

i for all wk
i ∈ V

N
0 ,

θ̃N(·, t) =

N∑
k=1

ẽN
k (t)φk for all φk ∈ VN ,

for all k = 1, 2, · · · ,N, where d̃N
k (t) = (̃uN

i ,w
k
i ) and ẽK

k (t) = (̃θN , φk) such that(
ρ(x)∂2

t2 ũ
N
i ,w

k
i

)
+

(
αi jmnεnm(̃uN), εi j(wk)

)
−

(
γi j θ̃

N , εi j(wk)
)

= (ρ(x)F̃i,wk
i ), (3.22)

for k = 1, . . . ,N, together with(
ρ(x)cE∂tθ̃

N , φk
)

+
(
T0γi jεi j

(
∂tũN

)
, φk

)
+

(
κi j∂x jθ

N , ∂xiφ
k
)

= 0, (3.23)

for k = 1, . . . ,N. Multiplying Eq (3.22) by ḋN
k and summing from k = 1 to N, we obtain
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1
2

d
dt

∫
Ω

{
ρ
(
∂tũN

i

)2
+ αi jmnεi j(̃uN)εmn(̃uN)

}
dx −

∫
Ω

θ̃Nγi jεi j

(
∂tũN

)
dx

=

∫
Ω

ρ F̃i∂tũN
i dx. (3.24)

From Eq (3.15), we can write

γi jεi j

(
∂tũN

)
=

1
T0

 ∂

∂xi

(
ki j
∂θN

∂x j

)
− ρcE

∂̃θN

∂t

 . (3.25)

Substituting (3.25) into (3.24), we obtain

1
2

d
dt

∫
Ω

{
ρ
(
∂tũN

i

)2
+ αi jmnεi j(̃uN)εmn(̃uN) +

ρcE

T0
(̃θN)2 +

τ0

T0
ki j
∂θN

∂xi

∂θN

∂x j

}
dx

+
1
T0

∫
Ω

ki j
∂θN

∂xi

∂θN

∂x j
dx =

∫
Ω

ρF̃i∂tũN
i dx.

Integration over (0, t) gives

EN(t) +
1
T0

∫ t

0

∫
Ω

ki j
∂θN

∂xi

∂θN

∂x j
dx ds = EN(0) +

∫ t

0

∫
Ω

ρF̃i∂tũN
i dx ds. (3.26)

From assumptions (i)–(iv), we have

EN(t) ≥
∫

Ω

{
cρ

(
∂tũN

i

)2
+ cαcp

(
∂x jũ

N
)2

+
ρcE

T0
(̃θN)2 +

τ0cκ
T0

(
∂θN

∂xi

)2 }
dx

≥ c1

{∥∥∥∂tũN
i (t)

∥∥∥2

L2(Ω)
+

∥∥∥∂x j ũ
N
i (t)

∥∥∥2

L2(Ω)
+

∥∥∥̃θN(t)
∥∥∥2

L2(Ω)
+

∥∥∥∂x jθ
N(t)

∥∥∥2

L2(Ω)

}
, (3.27)

where c1 = min
{
cρ, cαcp,

ρcE
T0
, τ0cκ

T0

}
and cp is the Korn’s inequality constant.

EN(0) ≤
∫

Ω

{
Cρ

(
∂tũN

i (0)
)2

+ CαCp

(
∂x jũ

N(0)
)2

+
ρ(x)cE

T0
(̃θN(0))2 +

τ0Cκ

T0

(
∂θN

∂xi
(0)

)2 }
dx

≤ c2

{∥∥∥̃uN1
i

∥∥∥2

L2(Ω)
+

∥∥∥∂x j ũ
N0
i

∥∥∥2

L2(Ω)
+

∥∥∥̃θN0
∥∥∥2

L2(Ω)
+

∥∥∥∂x jθ
N0

∥∥∥2

L2(Ω)

}
, (3.28)

where c2 = max
{
Cρ,CαCp,

ρcE
T0
, τ0Cκ

T0

}
and cp is the Korn’s inequality constant.

∫ t

0

∫
Ω

ρF̃i∂tũN
i dx ds ≤ Cρ

∫ T

0

∫
Ω

∣∣∣F̃i∂tũN
i

∣∣∣ dx ds

≤ Cρ

∫ T

0

{
‖Fi‖

2
L2(Ω) + τ2

0‖∂tFi‖
2
L2(Ω)

}
dt + Cρ

∫ T

0
‖∂tũN

i ‖
2
L2(Ω)dt. (3.29)
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From inequalities (3.27)–(3.29), equality (3.26), and Gronwall’s inequality, we have∥∥∥∂tũN
i (t)

∥∥∥2

L2(Ω)
+

∥∥∥∂x j ũ
N
i (t)

∥∥∥2

L2(Ω)
+

∥∥∥̃θN(t)
∥∥∥2

L2(Ω)
+

∥∥∥∂x jθ
N(t)

∥∥∥2

L2(Ω)

+

∫ T

0

∥∥∥∂x jθ
N(s)

∥∥∥2

L2(Ω)
ds ≤ C. (3.30)

These estimates imply the following boundedness;

∂tũN
i is bounded in L∞(0,T ; L2(Ω)),

ũN
i is bounded in L∞(0,T ;V0(Ω)),

θ̃N is bounded in L∞(0,T ; L2(Ω)),
θN is bounded in L2(0,T ;V(Ω)).

(3.31)

To obtain boundedness for ∂tθ̃
N and ∂2

t2 ũ
N
i , we consider

ũ2
i =

∂2ũi

∂t2 (x, 0) =
1
ρ

{
∂

∂x j

(
αi jmnεmn(̃u0)

)
+

∂

∂x j
(γi j̃θ

0) + ρ F̃i(x, 0)
}
,

θ̃1 =
∂̃θ

∂t
(x, 0) =

1
ρ(x)cE

{
−T0γi jεi j

(̃
u1

)
+

∂

∂xi

(
κi j
∂θ0

∂x j

)}
.

(3.32)

By assumptions (i)–(iv), it is easy to see that ũ2
0 ∈ L2(Ω) and θ̃1 ∈ L2(Ω). Thus, as before, we define

ũN2
i = P(̃u2

i )→ ũ2
i strongly in L2(Ω),

θ̃N1 = Q(̃θ1
i )→ θ̃1 strongly in L2(Ω).

(3.33)

Let us now differentiate (3.22) and (3.23) with respect to time. We have(
ρ∂3

t3 ũ
N
i ,w

k
i

)
+

(
αi jmnεnm

(
∂tũN

)
, εi j(wk)

)
−

(
γi j∂tθ̃

N , εi j(wk)
)

= (ρ∂tF̃i,wk
i ), (3.34)

for k = 1, . . . ,N, together with(
ρcE∂

2
t2 θ̃

N , φk
)

+
(
T0γi jεi j

(
∂2

t2ũ
N
)
, φk

)
+

(
κi j∂t∂x jθ

N , ∂xiφ
k
)

= 0, (3.35)

for k = 1, . . . ,N. Multiplying Eq (3.34) by d̈N
k and summing from k = 1 to N, we obtain

1
2

d
dt

∫
Ω

{
ρ
(
∂2

t2 ũ
N
i

)2
+ αi jmnεi j

(
∂t

(̃
uN

))
εmn

(
∂t

(̃
uN

)) }
dx

−

∫
Ω

θ̃Nγi j∂
2
t2

(
εi j(̃uN)

)
dx =

∫
Ω

ρ∂tF̃i∂
2
t2 ũ

N
i dx. (3.36)

From Eq (3.35), we can write

γi jεi j

(
∂2

t2ũ
N
)

=
1
T0

 ∂

∂xi

(
ki j
∂2θN

∂t∂x j

)
− ρcE

∂2θ̃N

∂t2

 . (3.37)
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Substituting (3.37) into (3.36), we obtain

1
2

d
dt

∫
Ω

{
ρ
(
∂2

t2 ũ
N
i

)2
+ αi jmnεi j

(
∂t

(̃
uN

))
εmn

(
∂t

(̃
uN

))
+
ρcE

T0

(
∂tθ̃

N
)2

+
τ0

T0
ki j
∂2θN

∂t∂xi

∂2θN

∂t∂x j

}
dx +

1
T0

∫
Ω

ki j
∂2θN

∂t∂xi

∂2θN

∂t∂x j
dx

=

∫
Ω

ρ∂tF̃i∂
2
t2 ũ

N
i dx. (3.38)

Integrating both sides of (3.38) over (0, t), we have∫
Ω

{
ρ
(
∂2

t2 ũ
N
i

)2
+ αi jmnεi j

(
∂t

(̃
uN

))
εmn

(
∂t

(̃
uN

))
+
ρcE

T0

(
∂tθ̃

N
)2

+
τ0

T0
ki j
∂2θN

∂t∂xi

∂2θN

∂t∂x j

}
dx +

1
T0

∫ t

0

∫
Ω

ki j
∂2θN

∂t∂xi

∂2θN

∂t∂x j
dxds

=

∫
Ω

{
ρ
(̃
uN2

i

)2
+ αi jmnεi j

(̃
uN1

)
εmn

(̃
uN1

)
+
ρcE

T0

(̃
θN1

)2

+
τ0

T0
ki j
∂θN1

∂xi

∂θN1

∂x j

}
dx +

∫ t

0

∫
Ω

ρ∂tF̃i∂
2
t2 ũ

N
i dxds. (3.39)

From this and assumptions (i) and (ii), we have

c1

{∥∥∥∂2
t2 ũ

N
i (t)

∥∥∥2

L2(Ω)
+

∥∥∥∂t∂x j ũ
N
i (t)

∥∥∥2

L2(Ω)
+

∥∥∥∂tθ̃
N(t)

∥∥∥2

L2(Ω)
+

∥∥∥∂t∂x jθ
N(t)

∥∥∥2

L2(Ω)

}
+

cκ
T0

∫ T

0

∥∥∥∂t∂x jθ
N(t)

∥∥∥2

L2(Ω)
dt ≤ Cρ

∫ T

0

{
‖Fi‖

2
L2(Ω) + τ2

0‖∂
2
t2 Fi‖

2
L2(Ω)

}
dt

+ Cρ

∫ T

0
‖∂2

t2 ũ
N
i ‖

2
L2(Ω)dt + c2

{ ∥∥∥̃uN2
i

∥∥∥2

L2(Ω)
+

∥∥∥∂x j ũ
N1
i

∥∥∥2

L2(Ω)
+

∥∥∥̃θN1
∥∥∥2

L2(Ω)

+
∥∥∥∂x jθ

N1
∥∥∥2

L2(Ω)

}
, (3.40)

where c1 = min
{
cρ, cαcp,

ρcE
T0
, τ0cκ

T0

}
and c2 = max

{
Cρ,CαCp,

ρcE
T0
, τ0Cκ

T0

}
. From Gronwall’s inequality,

we have ∥∥∥∂2
t2 ũ

N
i (t)

∥∥∥2

L2(Ω)
+

∥∥∥∂t∂x j ũ
N
i (t)

∥∥∥2

L2(Ω)
+

∥∥∥∂tθ̃
N(t)

∥∥∥2

L2(Ω)
+

∥∥∥∂t∂x jθ
N(t)

∥∥∥2

L2(Ω)

+

∫ T

0

∥∥∥∂t∂x jθ
N(s)

∥∥∥2

L2(Ω)
dt ≤ C. (3.41)

This gives:
∂2

t2 ũ
N
i is bounded in L∞(0,T ; L2(Ω)),

∂tũN
i is bounded in L∞(0,T ;V0(Ω)),

∂tθ̃
N is bounded in L∞(0,T ; L2(Ω)),

∂tθ
N is bounded in L2(0,T ;V(Ω)).

(3.42)
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Passing to the limit

From the boundedness obtained in the preceding section and the weak-weak∗ compactness, we are
able to construct subsequences uNk

i of uN
i θ

Nk of θN such that

ũNk
i → ũi weakly∗ in L∞(0,T ;V0(Ω)),

∂tũ
Nk
i → ∂tũi weakly∗ in L∞(0,T ;V0(Ω)) ∩ L∞(0,T ; L2(Ω)),

∂2
t2 ũ

Nk
i → ∂2

t2 ũi weakly∗ in L∞(0,T ; L2(Ω)),

θ̃Nk → θ̃ weakly in L2(0,T ;V(Ω)),

∂tθ̃
Nk → ∂tθ̃ weakly in L2(0,T ;V(Ω)),

θNk → θ weakly in L2(0,T ;V(Ω)),
∂tθ

Nk → ∂tθ weakly in L2(0,T ;V(Ω)).

(3.43)

Integrating equations (3.34) and (3.35) over (0, t), we obtain(
ρ∂2

t2 ũ
N
i ,w

N
i
)

+
(
αi jmnεnm

(̃
uN

)
, εi j(wN)

)
−

(
γi j̃θ

N , εi j(wN)
)
− (ρF̃i,wN

i )

=
(
ρũN2

i ,wN
i

)
+

(
αi jmnεnm

(̃
uN0

)
, εi j(wN)

)
−

(
γi j̃θ

N0, εi j(wN)
)
− (ρF̃i(0),wN

i ) (3.44)

and (
ρcE∂tθ̃

N , φN
)

+
(
T0γi jεi j

(
∂tũN

)
, φN

)
+

(
κi j∂x jθ

N , ∂xiφ
N
)

=
(
ρcE θ̃

N1, φN
)

+
(
T0γi jεi j

(̃
uN1

)
, φN

)
+

(
κi j∂x jθ

N0, ∂xiφ
N
)
. (3.45)

From the definitions of VN
0 (Ω) and VN(Ω), it is easy to see that wN

i → wi in V0(Ω) and φN → φ in
V(Ω) as N goes to ∞. Therefore, we multiply (3.44) and (3.45) by ψ ∈ D(0,T ), replace N by Nk,
integrate over (0,T ), and take the limit when k goes to∞, and we have∫ T

0

((
ρ∂2

t2 ũi,wi
)

+
(
αi jmnεnm

(̃
u
)
, εi j(w)

)
−

(
γi j̃θ, εi j(w)

)
− (ρF̃i,wi)

)
ψ(t)dt

=

∫ T

0

( (
ρũ2

i − ∂x jαi jmnεnm(̃u0) − ∂x jγi j̃θ
0 − ρF̃i(0),wi

) )
ψ(t)dt (3.46)

and ∫ T

0

( (
ρcE∂tθ̃, φ

)
+

(
T0γi jεi j

(
∂tũ

)
, φ

)
+

(
κi j∂x jθ, ∂xiφ

) )
ψ(t)dt

=

∫ T

0

( (
ρcE θ̃

N1 + T0γi jεi j(̃u1) − ∂xiκi j∂x jθ
0, φ

) )
ψ(t)dt. (3.47)

From (3.46), (3.47), and (3.32), we have∫ T

0

((
ρ∂2

t2 ũi,wiψ
)

+
(
αi jmnεnm

(̃
u
)
, εi j(w)ψ

)
−

(
γi j̃θ, εi j(w)ψ

)
− (ρF̃i,wiψ)

)
dt = 0 (3.48)
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and ∫ T

0

( (
ρcE∂tθ̃, φψ

)
+

(
T0γi jεi j

(
∂tũ

)
, φψ

)
+

(
κi j∂x jθ, ∂xiφψ

) )
dt = 0. (3.49)

The integral equations (3.48) and (3.49) are nothing but (3.14) and (3.15) in the sense of distribution.
We now show that the initial conditions are satisfied. From Lemma 3.4, we have∫ T

0

(
∂tũ

Nk
i (t),wNk

i ψ(t)
)

dt = −(̃uNk
i (0),wNk

i ψ(0)) −
∫ T

0

(̃
uNk

i (t),wNk
i ψ̇(t)

)
dt.

We pass to the limit using the convergences (3.6) and (3.43), and the fact that wNk
i → wi in V0(Ω),

to get ∫ T

0
(∂tũi(t),wiψ(t)) dt = −(̃u0

i ,wiψ(0)) −
∫ T

0

(̃
ui(t),wiψ̇(t)

)
dt. (3.50)

Integration by parts gives∫ T

0
(∂tũi(t),wiψ(t)) dt = −(̃ui(0),wiψ(0)) −

∫ T

0

(̃
ui(t),wiψ̇(t)

)
dt. (3.51)

From (3.50), (3.51), and density arguments, we have ũi(0) = ũ0
i . To show that ∂tũi(0) = ũ1

i θ̃(0) = θ̃0,
we have ∫ T

0

(
∂2

t2 ũ
Nk
i (t),wNk

i ψ(t)
)

dt = −(∂tũ
Nk
i (0),wNk

i ψ(0)) −
∫ T

0

(
∂tũ

Nk
i (t),wNk

i ψ̇(t)
)

dt.

We pass to the limit using the convergences (3.21), (3.43) and the fact that wNk
i → wi inV0(Ω) to obtain∫ T

0

(
∂2

t2 ũi(t),wiψ(t)
)

dt = −(̃u1
i ,wiψ(0)) −

∫ T

0

(
∂tũi(t),wiψ̇(t)

)
dt. (3.52)

Integration by parts gives∫ T

0

(
∂2

t2 ũi(t),wiψ(t)
)

dt = −(∂tũi(0),wiψ(0)) −
∫ T

0

(
∂tũi(t),wiψ̇(t)

)
dt. (3.53)

Density arguments give ∂tũi(0) = ũ1
i . Note that the operators α : V0(Ω) :→ V′0(Ω) such that 〈αu, v〉 =∫

Ω
αi jmnεi j(u)εmn(w)dx, κ : V(Ω) :→ V′(Ω) such that 〈κφ, ψ〉 =

∫
Ω
κi j∂x jφ∂xiψdx, and γ : L2(Ω) :→

V′0(Ω) such that 〈γφ, v〉 =
∫

Ω
φγi jεi j(v)dx are continuous linear operators. Also, note that wiψ is in

the spaceD(0,T ;V0(Ω)), which is dense in L2(0,T ;V0(Ω)), and φψ ∈ D(0,T ;V0(Ω)) is in the space
D(0,T ;V(Ω)), which is dense in L2(0,T ;V(Ω)). Therefore, Eqs (3.48) and (3.49) can be written as:

ρ∂2
t2 ũi − ∂x j

(
αi jmnεnm(̃u)

)
+ ∂x jγi j̃θ = ρF̃i in L2(0,T ;V′0(Ω)), (3.54)

ρcE∂tθ̃ + T0γi jεi j
(
∂tũ

)
− ∂xi

(
κi j∂x jθ

)
= 0 in L2(0,T ;V′(Ω)). (3.55)

Now we multiply Eq (3.54) by ∂tũ and integrate over (0, t),

1
2

d
dt

∫
Ω

{
ρ (∂tũi)

2
+ αi jmnεi j(̃u)εmn(̃u)

}
dx −

∫
Ω

θ̃γi jεi j
(
∂tũ

)
dx

=

∫
Ω

ρ F̃i∂tũi dx. (3.56)
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From Eq (3.55), we can write

γi jεi j
(
∂tũ

)
=

1
T0

 ∂

∂xi

(
ki j

∂θ

∂x j

)
− ρcE

∂̃θ

∂t

 . (3.57)

Substituting (3.57) into (3.56), we obtain

1
2

d
dt

∫
Ω

{
ρ (∂tũi)

2
+ αi jmnεi j(̃u)εmn(̃u) +

ρcE

T0
(̃θ)2 +

τ0

T0

∫
Ω

ki j
∂θ

∂xi

∂θ

∂x j
dx

}
dx

+
1
T0

∫ t

0

∫
Ω

ki j
∂θ

∂xi

∂θ

∂x j
dx ds =

∫ t

0

∫
Ω

ρF̃i∂tũi dx ds.

Integration over (0, t) gives

E(t) +
1
T0

∫ t

0

∫
Ω

ki j
∂θ

∂xi

∂θ

∂x j
dx ds = E(0) +

∫ t

0

∫
Ω

ρF̃i∂tũi dx ds.

As in (3.30) and (3.41), we have the following estimates to the solution of our model:

‖∂tũi(t)‖
2
L2(Ω) +

∥∥∥∂x j ũi(t)
∥∥∥2

L2(Ω)
+

∥∥∥̃θ(t)∥∥∥2

L2(Ω)
+

∥∥∥∂x jθ(t)
∥∥∥2

L2(Ω)

+

∫ T

0

∥∥∥∂x jθ(s)
∥∥∥2

L2(Ω)
ds ≤ C (3.58)

and ∥∥∥∂2
t2 ũi(t)

∥∥∥2

L2(Ω)
+

∥∥∥∂t∂x j ũi(t)
∥∥∥2

L2(Ω)
+

∥∥∥∂tθ̃(t)
∥∥∥2

L2(Ω)
+

∥∥∥∂t∂x jθ(t)
∥∥∥2

L2(Ω)

+

∫ T

0

∥∥∥∂t∂x jθ(s)
∥∥∥2

L2(Ω)
ds ≤ C. (3.59)

We now obtain the uniqueness of the solution. This is done in a similar way as in the proof of the
a priori estimates. We assume that (ui, θ) and (vi, ϑ) are two solutions of the system (2.5)–(2.8) and let
Vi = ui − vi and ϕ = θ − ϑ. Then system (3.14)–(3.19) gives the following.

ρ(x)
∂2Ṽi

∂t2 −
∂

∂x j

(
αi jmnεmn(Ṽ)

)
−

∂

∂x j
(γi jϕ̃) = 0, in Ω × (0,T ), (3.60)

ρ(x)cE
∂ϕ̃

∂t
+ T0γi jεi j

(
∂tṼ

)
−

∂

∂xi

(
κi j
∂ϕ

∂x j

)
= 0, in Ω × (0,T ). (3.61)

The boundary conditions are

Ṽi = 0 on S 1 × (0,T ), αi jmnεmn(Ṽ)ν j = 0 on S 2 × (0,T ), (3.62)
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and

ϕ̃ = 0 on ∂Ω × (0,T ). (3.63)

The initial conditions are

Ṽi(x, 0) = 0, ∂tṼi(x, 0) = 0, x ∈ Ω, (3.64)

and

ϕ(x, 0) = 0, ϕ̃(x, 0) = 0, x ∈ Ω. (3.65)

Again, we multiply Eq (3.60) by ∂tṼ and integrate over (0, t);

1
2

d
dt

∫
Ω

{
ρ
(
∂tṼi

)2
+ αi jmnεi j(Ṽ)εmn(Ṽ)

}
dx −

∫
Ω

ϕ̃γi jεi j

(
∂tṼ

)
dx = 0. (3.66)

From Eq (3.61), we can write

γi jεi j

(
∂tṼ

)
=

1
T0

{
∂

∂xi

(
ki j
∂ϕ

∂x j

)
− ρcE

∂ϕ̃

∂t

}
. (3.67)

Substituting (3.67) into (3.66), we obtain

1
2

d
dt

∫
Ω

{
ρ
(
∂tṼi

)2
+ αi jmnεi j(Ṽ)εmn(Ṽ) +

ρcE

T0
(ϕ̃)2 +

τ0

T0

∫
Ω

ki j
∂ϕ

∂xi

∂ϕ

∂x j
dx

}
dx

+
1
T0

∫ t

0

∫
Ω

ki j
∂ϕ

∂xi

∂ϕ

∂x j
dx ds = 0.

Integration over (0, t) gives∫
Ω

{
ρ
(
∂tṼi

)2
+ αi jmnεi j(Ṽ)εmn(Ṽ) +

ρcE

T0
(ϕ̃)2 +

τ0

T0

∫
Ω

ki j
∂ϕ

∂xi

∂ϕ

∂x j
dx

}
dx

+
1
T0

∫ t

0

∫
Ω

ki j
∂ϕ

∂xi

∂ϕ

∂x j
dx = 0. (3.68)

Therefore, from assumptions (i) and (ii), we have that∫
Ω

{
ρ
(
∂tṼi

)2
+ αi jmnεi j(Ṽ)εmn(Ṽ) +

ρcE

T0
(ϕ̃)2 +

τ0

T0

∫
Ω

ki j
∂ϕ

∂xi

∂ϕ

∂x j
dx

}
dx

+
1
T0

∫ t

0

∫
Ω

ki j
∂ϕ

∂xi

∂ϕ

∂x j
dx (3.69)

≤

∫
Ω

{
cρ

(
∂tṼi

)2
+ cαcp

(
∂x jṼ

)2
+
ρcE

T0
(ϕ̃)2 +

τ0cκ
T0

(
∂ϕ

∂xi

)2 }
dx

+
cκ
T0

∫ t

0

∫
Ω

(
∂ϕ

∂xi

)2

dxds = 0. (3.70)

This gives θ = ϑ and Ṽi = 0. But Ṽi = 0 implies Vi + τ0∂tVi = 0, which has the solution V(x, t) =

V(x, 0)e
−t
τ0 . But V(x, 0) = 0. Thus vi = ui and the model possesses a unique solution.
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Remark 3.5. The existence and uniqueness result requires τ0 > 0, together with the positivity and
boundedness of the density, elasticity tensor, and thermal conductivity tensor, which ensure the
coercivity of the energy functional. In particular, the coercivity constant depends on τ0cκ/T0, while
the inverse transformation introduces an additional quantitative dependence on 1/τ0. The tensor
γi j(x) ∈ W1,∞(Ω) affects the constants in the higher-order estimates through its spatial variation.
However, the thermoelastic coupling terms cancel in the energy identity, so no smallness assumption
on γi j is required. Thus, for every fixed τ0 > 0 and admissible γi j(x), spatial heterogeneity affects the
quantitative bounds but does not compromise the existence and uniqueness of the solution.

Remark 3.6. Note that our analysis is performed on the system (3.14)–(3.19), which was obtained by
applying the operator f̃ := (1 + τ0∂t) f to Eq (2.6). So, to get back to our original system (2.5)–(2.8),
we apply the inverse operator f = (1 + τ0∂t) f̃ := 1

τ0

∫ t

0
e
−(t−s)
τ0 f̃ (s)ds + e

−t
τ0 f (0) to (3.14), assuming that

the initial and boundary conditions of the original system are satisfied.

Remark 3.7. The estimates derived for the transformed variables ·̃ can be readily translated into
estimates for the original solution by invoking Lemma 3.3. Thus, from estimates (3.58) and (3.59), and
assumption (iv), we have the following boundedness;

ui ∈ L∞(0,T ; H1
0(Ω)), ∂tui ∈ L∞(0,T ; L2(Ω)) ∩ L∞(0,T ; H1

0(Ω)), ∂ttui ∈ L∞(0,T ; L2(Ω)),

θ ∈ L∞(0,T ; L2(Ω)) ∩ L∞(0,T ; H1
0(Ω)), ∂tθ ∈ L∞(0,T ; L2(Ω)), ∂ttθ ∈ L∞(0,T ; L2(Ω)).

Remark 3.8. The regularity stated in Theorem 2.1 represents the basic continuity regularity of the
weak solution. The a priori estimates established later in the proof provide additional regularity
under the assumptions imposed on the initial data and the body force. In particular, estimates (3.58)
and (3.59), together with Lemma 3.3 and the inverse transformation, yield the stronger bounds stated
in Remark 3.7. Thus, Remark 3.7 should be understood as a refinement of the regularity asserted in
Theorem 2.1, rather than as a different solution concept.

Use of AI tools declaration

The author declares he has not used Artificial Intelligence (AI) tools in the creation of this article.

Acknowledgments

The author extends his appreciation to the Deanship of Postgraduate Studies and Scientific Research
at Majmaah University for funding this research work through the project number (R-2026-494).

Conflict of interest

The author declares there is no conflict of interest.

References

1. H. W. Lord, Y. Shulman, A generalized dynamical theory of thermoelasticity, J. Mech. Phys.
Solids, 15 (1967), 299–309. https://doi.org/10.1016/0022-5096(67)90024-5

Electronic Research Archive Volume 34, Issue 12, 9046–9065.

https://dx.doi.org/https://doi.org/10.1016/0022-5096(67)90024-5


9064

2. J. Ignaczak, Uniqueness in generalized thermoelasticity, J. Therm. Stresses, 2 (1979), 171–175.
https://doi.org/10.1080/01495737908962399

3. R. S. Dhaliwal, H. H. Sherief, Generalized thermoelasticity for anisotropic media, Q. Appl. Math.,
38 (1980), 1–8. https://doi.org/10.1090/qam/575828

4. J. R. Fernández, R. Quintanilla, On the hyperbolic thermoelasticity with several dissipation
mechanisms, Arch. Appl. Mech., 93 (2023), 2937–2945. https://doi.org/10.1007/s00419-023-
02418-z

5. T. A. Apalara, H. A. Almutairi, Well-posedness and stability of doublewall carbon nanotubes
Timoshenko system under Lord–Shulman thermoelasticity, Discrete Contin. Dyn. Syst. - Ser. S, 23
(2026), 110–125. https://doi.org/10.3934/dcdss.2025020

6. B. Feng, V. R. C. Zannini, E. A. Coayla-Teran, C. A. Raposo, Nonuniform
laminated beam of Lord–Shulman type, Stud. Appl. Math., 149 (2022), 1123–1154.
https://doi.org/10.1111/sapm.12530

7. I. Giorgio, L. Placidi, A variational formulation for three-dimensional linear thermoelasticity
with ‘thermal inertia’, Meccanica, 59 (2024), 1745–1756. https://doi.org/10.1007/s11012-024-
01796-0

8. A. Choucha, S. Boulaaras, R. Jan, On a Lord–Shulman swelling porous thermo-elastic soils
system with microtemperature effect: well-posedness and stability results, Afr. Mat., 35 (2024),
30. https://doi.org/10.1007/s13370-024-01170-z

9. T. A. Apalara, C. D. Enyi, Y. Khan, A. O. Ige, On the existence and exponential decay rate of
swelling porous thermoelastic system of Lord–Shulman type, J. Therm. Stresses, 47 (2024), 937–
958. https://doi.org/10.1080/01495739.2024.2345364

10. A. J. A. Ramos, A. L. A. Araujo, M. M. Freitas, M. J. D. Santos, A. S. Noe, Polynomial stability
for Lord–Shulman porous elasticity with microtemperature and strong time delay, J. Appl. Math.
Mech., 104 (2024), e202300323. https://doi.org/10.1002/zamm.202300323

11. M. L. de Araujo, A. de J. A. A. Ramos, C. A. S. Nonato, A. D. S. Campelo, A. S. N.
Chairuca, Exponential decay for piezoelectric beams with magnetic effect and Lord–Shulman
thermoelasticity, Ric. Mat., 75 (2026), 1951–1970. https://doi.org/10.1007/s11587-026-01106-8

12. T. Pang, Z. Wang, W. Wu, Upper bounds of blowup time for nonlinear extensible beam equations,
Electron. Res. Arch., 33 (2025), 5701–5718. https://doi.org/10.3934/era.2025253

13. X. Wang, Z. Wang, Lower bound of blow-up time for nonlinear extensible beam equation, Discrete
Contin. Dyn. Syst. - Ser. S, 29 (2026), 287–295. https://doi.org/10.3934/dcdss.2026003

14. V. V. Stelmashchuk, H. A. Shynkarenko, Well-posedness of the Lord–Shulman
variational problem of thermopiezoelectricity, J. Math. Sci., 238 (2019), 139–153.
https://doi.org/10.1007/s10958-019-04224-x

15. H. H. Sherief, On uniqueness and stability in generalized thermoelasticity, Q. Appl. Math., 44
(1987), 773–778. https://doi.org/10.1090/qam/872828

16. D. Cioranescu, P. Donato, An Introduction to Homogenization, Oxford University Press, 1999.
https://doi.org/10.1093/oso/9780198565543.001.0001

Electronic Research Archive Volume 34, Issue 12, 9046–9065.

https://dx.doi.org/https://doi.org/10.1080/01495737908962399
https://dx.doi.org/https://doi.org/10.1090/qam/575828 
https://dx.doi.org/https://doi.org/10.1007/s00419-023-02418-z 
https://dx.doi.org/https://doi.org/10.1007/s00419-023-02418-z 
https://dx.doi.org/https://doi.org/10.3934/dcdss.2025020 
https://dx.doi.org/https://doi.org/10.1111/sapm.12530
https://dx.doi.org/https://doi.org/10.1007/s11012-024-01796-0
https://dx.doi.org/https://doi.org/10.1007/s11012-024-01796-0
https://dx.doi.org/https://doi.org/10.1007/s13370-024-01170-z 
https://dx.doi.org/https://doi.org/10.1080/01495739.2024.2345364 
https://dx.doi.org/https://doi.org/10.1002/zamm.202300323
https://dx.doi.org/https://doi.org/10.1007/s11587-026-01106-8
https://dx.doi.org/https://doi.org/10.3934/era.2025253
https://dx.doi.org/https://doi.org/10.3934/dcdss.2026003
https://dx.doi.org/https://doi.org/10.1007/s10958-019-04224-x 
https://dx.doi.org/https://doi.org/10.1090/qam/872828 
https://dx.doi.org/https://doi.org/10.1093/oso/9780198565543.001.0001 


9065

17. R. Dautray, J. L. Lions, Mathematical Analysis and Numerical Methods for Science and
Technology: Volume 1, Physical Origins and Classical Methods, Springer Science and Business
Media, 2012.

c© 2026 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(https://creativecommons.org/licenses/by/4.0)

Electronic Research Archive Volume 34, Issue 12, 9046–9065.

https://creativecommons.org/licenses/by/4.0

	Introduction
	Problem formulation
	Preliminaries

