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Abstract: Nonlinear partial differential equations are of particular interest to mathematicians and physi-
cists because of their ability to model a wide range of complex nonlinear phenomena. Consequently,
obtaining their exact analytical solutions is of considerable importance. In this study, we invoked the
Lie symmetry method to construct new exact explicit solutions to a generalized 2D B-type Kadomtsev-
Petviashvili (2D-gnBKP) equation. The Lie symmetry method provides a systematic framework for
identifying continuous symmetries admitted by a differential equation and, subsequently, reducing its
order and complexity. First, the infinitesimal generators were derived and using these, a one-dimensional
optimal system of subalgebras was constructed. The optimal system enables the classification of in-
equivalent symmetry reductions and avoids redundant solution representations. Thereafter, symmetry
reductions were performed that reduce the 2D-gnBKP equation to multiple ordinary differential equa-
tions. These reduced equations were then analyzed using a variety of analytical techniques. In particular,
exact solutions were obtained through direct integration, the simplest equation, (G′/G)-expansion,
and Kudryashov’s techniques. Finally, for the first time in the literature, we constructed conserved
vectors for the equation using the multiplier approach and Ibragimov’s method. The resulting conserved
quantities include physically meaningful conservation laws related to momentum and energy, thereby
highlighting important structural and physical properties of the model.
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1. Introduction

Nonlinear partial differential equations (NPDEs) are an important component in applied science
and engineering, with applications in mechanics, ecological and economic systems, control processes,
epidemiology, etc. [1–3]. Currently, the study of exact solutions, particularly solitary wave solutions,
for NPDEs plays a significant role due to their impact in the natural world, for example, in numerous
areas of science and engineering [4–6]. Many problems in nuclear physics, applied science, fluid
mechanics, ecology, plasma, and nonlinear optics can be represented and expressed using NPDEs [7–9].
Thus, numerous physicists and mathematicians developed a variety of reliable and efficient methods for
finding exact explicit solutions to NPDEs. Some of these methods are the inverse scattering method [10],
Painlevé expansion method [11], (G′/G)-expansion method [12], Hirota bilinear technique [13,14], Cole-
Hopf transformation [15], tanh function technique [16], Riccati equation technique [17], Kudryashov’s
techniques [18, 19], homogeneous balance technique [20], Jacobian elliptic function expansion tech-
nique [21], sine-cosine method [22], bifurcation method [23], extended trial equation technique and
modified auxiliary equation method [24], simplest equation method [25,26], F-expansion technique [27],
first integral technique [28], power series solution technique [29], Darboux transformation [30], a
novel computational algorithm for efficiently solving partial differential equations [31], exp-function
method [32], and Lie symmetry method [33–35].

The Lie symmetry technique is an effective mathematical tool for analyzing and solving differential
equations (DEs). It was uncovered by Sophus Lie (1842–1899), a mathematician from Norway. Drawing
inspiration from Évariste Galois (1811–1832), a French mathematician, Lie developed symmetry-based
methods, which uncovered that the many integration techniques, once considered ad hoc, could in fact
be derived systematically. For partial differential equations (PDEs), the technique focuses on finding the
symmetries of PDEs, which can then be used to reduce the independent variables in PDEs, making the
solving process easier [36–38].

Since a Lie algebra of a PDE usually contains infinitely many subalgebras, many of which lead
to equivalent (repetitive) group-invariant solutions, to avoid this redundancy, we construct an optimal
system, which is a minimal set of inequivalent subalgebras that ensure we get only the distinct invariant
solutions. These analyses can be used to derive transformations that keep the PDEs invariant. From
these transformations, invariant solutions can be derived [33, 35].

Conservation laws are extremely significant in the study of DEs and their influence extends to many
areas of science and engineering. Conservation laws are mathematical representations of physical rules
like conservation of mass, momentum, and energy [38]. Several strategies have been introduced to
construct conservation laws. These include the multiplier method [35], Noether’s theorem [39], and
Ibragimov’s theorem [40, 41]. It is important to recognize that the usefulness of Noether’s theorem
depends on the existence of a Lagrangian of DEs. However, many DEs do not have a Lagrangian
representation, making Noether’s theorem ineffective for establishing conservation laws. In such cases,
the multiplier method and Ibragimov’s theorem are extremely useful in constructing conservation laws
for DEs.

The 2D integrable Kadomtsev-Petviashvili (KP) equation [42] is

utx − uyy + 6 (uux)x + uxxxx = 0, (1.1)

which describes the evolution of long waves with small amplitude and slow dependence on the transverse
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coordinate [43]. Its Hirota bilinear form is(
D4

x + DtDx − D2
y

)
f · f = 0, (1.2)

where f = f (t, x, y) and Dx,Dt,Dy represent the Hirota bilinear operators [14]. After substituting u by
ux and integrating with regard to x [44], the potential KP equation

utx − uyy + 6uxuxx + uxxxx = 0, (1.3)

is produced from (1.1) [43]. Equation (1.3) represents the transmission of nonlinear waves in a 2D
space [45], and it may model various physical applications, like nonlinear optics, plasma physics, and
fluid dynamics. Also, the 2D integrable B-type Kadomtsev-Petviashvili (BKP) equation [46] is

utx − uyy +
(
15u3

x + 15uxuxxx + uxxxxx

)
x
+ 5

(
uxxxy + 3

(
uxuy

)
x

)
= 0, (1.4)

which has been used to model the shallow water wave in fluids and the electrostatic wave potential in
plasmas, and it depicts the interactions between exponentially confined structures [47, 48]. Its Hirota
bilinear form is (

D6
x + 5D3

xDy + DtDx − D2
y

)
f · f = 0, (1.5)

which is obtained through the substitution u = 2 (ln f )x into equation (1.4). Equations (1.1) and (1.4)
possess infinite Lie algebra structures, as well as N-soliton solutions via their Hirota bilinear forms [49].
According to the Hirota bilinear form (1.5), the soliton solutions for (1.4) were examined using the
Pfaffian approach [50] and the τ-function approach [51].

In this study, we extend the classical BKP equation given in (1.4) to a more general form, which we
refer to as the generalized two-dimensional B-type Kadomtsev–Petviashvili (2D-gnBKP) equation:

utx − uyy +
(
abu3

x + abuxuxxx + uxxxxx

)
x
+ b

(
uxxxy + a

(
uxuy

)
x

)
= 0, (1.6)

where a and b are constants. This generalization is introduced to provide a broader framework for
investigating the underlying nonlinear dynamics and to encompass a wider class of solutions and
physical or mathematical phenomena than those described by the standard BKP equation. In particular,
the proposed 2D-gnBKP equation preserves the essential structural features of the original BKP equation
while incorporating parameters that allow for greater flexibility in the modeling and analysis of nonlinear
wave interactions.

We first perform Lie symmetry analysis of 2D-gnBKP equation (1.6) and discover its exact solutions.
We also compute conserved vectors for (1.6) using the multiplier approach and Ibragimov’s method.
As a result, the structure of the paper is as follows: Section 2 presents point symmetries of (1.6).
In Section 3, exact solutions to (1.6) are derived through the use of the simplest equation approach,
(G′/G)-expansion technique, and Kudryashov’s method. The derivation of conserved vectors for (1.6)
utilizing Ibragimov’s method and the multiplier approach is covered in Section 4. Section 5 presents the
discussions and conclusions.

2. Point symmetries and optimal system of (1.6)

We start by computing the point symmetries of the 2D-gnBKP equation (1.6). Thereafter, we
construct the optimal system of one-dimensional sub-algebras using these symmetries. The optimal
system is then utilized to perform symmetry reductions and to construct exact solutions of Eq (1.6).
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2.1. Point symmetries of (1.6)

Consider the one-parameter group of transformations

t̄ = t + νξ1, x̄ = x + νξ2, ȳ = y + νξ3, ū = u + νη,

with ξi, i = 1, 2, 3, η depending on (t, x, y, u), and ν being a small parameter. The associated vector field
is then given by

R = ξ1 ∂

∂t
+ ξ2 ∂

∂x
+ ξ3 ∂

∂y
+ η

∂

∂u

and it is a point symmetry of (1.6) if the invariance condition

R[6]
{
utx − uyy +

(
abu3

x + abuxuxxx + uxxxxx

)
x
+ b

(
uxxxy + a

(
uxuy

)
x

)} ∣∣∣∣
(1.6)
= 0 (2.1)

holds. Here, R[6] represents the sixth extension of R, which is defined as

R[6] =R + ζt
∂

∂ut
+ ζx

∂

∂ux
+ ζy

∂

∂uy
+ ζtx

∂

∂utx
+ ζxx

∂

∂uxx
+ ζxy

∂

∂uxy
+ ζyy

∂

∂uyy
+ ζxxx

∂

∂uxxx

+ ζxxxx
∂

∂uxxxx
+ ζxxxy

∂

∂uxxxy
+ ζxxxxx

∂

∂uxxxxx
+ ζxxxxxx

∂

∂uxxxxxx
, (2.2)

where ζ′s are given by [34]

ζ j1, j2,..., jk = D jk

(
ζ j1, j2,..., jk−1

)
− u j1, j2,..., jk−1nD jk (ξn) (sum on n), (2.3)

and the total differential operators Dt, Dx, and Dy are defined as

Di =
∂

∂xi + ui
∂

∂u
+ ui j

∂

∂u j
+ ui jk

∂

∂u jk
+ · · · , (2.4)

where (x1, x2, x3) = (t, x, y). Expanding (2.1) and separating on derivatives of u, we obtain the system of
over-determined seventeen linear and homogeneous PDEs, given as

ξ1
x = 0, ξ1

u = 0, ξ1
y = 0, ξ1

t + 5ηu = 0, ξ2
y = 0, ξ2

u = 0, ξ2
t − abηy = 0, ξ2

x + ηu = 0,
ξ3

t = 0, ξ3
x = 0, ξ3

u = 0, ξ3
y + 3ηu = 0, ηx = 0, ηtu = 0, ηyy = 0, ηyu = 0, ηuu = 0.

Solving the above system of PDEs, we obtain the Lie algebra of the 2D-gnBKP equation (1.6) that is
spanned by

R1 =
∂

∂t
, R2 =

∂

∂x
, R3 =

∂

∂y
, R4 =

∂

∂u
,

R5 = abt
∂

∂x
+ y

∂

∂u
, R6 = 5t

∂

∂t
+ x

∂

∂x
+ 3y

∂

∂y
− u

∂

∂u
. (2.5)

We see that point symmetries (2.5) lead to the corresponding one-parameter group of transformations
given by

T1 : t̄ = t + ν, x̄ = x, ȳ = y, ū = u,
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T2 : t̄ = t, x̄ = x + ν, ȳ = y, ū = u,

T3 : t̄ = t, x̄ = x, ȳ = y + ν, ū = u,

T4 : t̄ = t, x̄ = x, ȳ = y, ū = u + ν,

T5 : t̄ = t, x̄ = x + abνt, ȳ = y, ū = u + νy,

T6 : t̄ = te5ν, x̄ = xeν, ȳ = ye3ν, ū = ue−ν.

The above transformations indicate that if u = H(t, x, y) is a solution of (1.6), then so are the functions

u1(t, x, y) = H(t − ν, x, y, u),
u2(t, x, y) = H(t, x − ν, y, u),
u3(t, x, y) = H(t, x, y − ν, u),
u4(t, x, y) = H(t, x, y) + ν,
u5(t, x, y) = H(t, x − abνt, y) + νy,
u6(t, x, y) = e−νH(te−5ν, xe−ν, ye−3ν).

2.2. Optimal system (OS) of one-dimensional subalgebras

An OS of one-dimensional subalgebras provides a structured way to find a set of non-equivalent,
one-parameter subalgebras within a Lie algebra. This set is “optimal” in the sense that any other
one-parameter subalgebra is equivalent to one of these under a transformation within the adjoint
representation. This classification is crucial for finding symmetry-reduced solutions and invariant
solutions of differential equations.

One of the methods for computing an OS of one-dimensional subalgebras is described in [35]. It
gives a systematic method for classifying inequivalent one-dimensional subalgebras of a Lie algebra,
which is pivotal for carrying out symmetry reductions of differential equations. First, we need to
compute the commutator table of all symmetries and the adjoint representation of subalgebras. Recall
that the commutator of Ri and R j is defined as [Ri,R j] = RiR j−R jRi. Thus, all the commutation relations
for (2.5) are presented in Table 1.

Table 1. Commutator table of (2.5).

[Ri,R j] R1 R2 R3 R4 R5 R6

R1 0 0 0 0 abR2 5R1

R2 0 0 0 0 0 R2

R3 0 0 0 0 R4 3R3

R4 0 0 0 0 0 −R4

R5 −abR2 0 −R4 0 0 −4R5

R6 −5R1 −R2 −3R3 R4 4R5 0

The entries of the adjoint representation are computed using

Ad(exp(νRi))R j = R j − ν[Ri,R j] +
ν2

2
[Ri, [Ri,R j]] − · · · .

The results are tabulated in Table 2.
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Table 2. Adjoint representation of subalgebras.

[Ri,R j] R1 R2 R3 R4 R5 R6

R1 R1 R2 R3 R4 −abνR2 + R5 −5νR1 + R6

R2 R1 R2 R3 R4 R5 −νR2 + R6

R3 R1 R2 R3 R4 −νR4 + R5 −3νR3 + R6

R4 R1 R2 R3 R4 R5 νR4 + R6

R5 R1 + abνR2 R2 R3 + νR4 R3 R5 4νR5 + R6

R6 e5νR1 eνR2 e3νR3 e−νR4 e−4νR5 R6

Consequently, using the Tables 1 and 2, and following the procedure given in [35], we infer that the
OS of one-dimensional subalgebras is

{R6,R2 + a1R4,R1 + a1R2 + a4R4,R2 + a1R3 + a2R4,R1 + a2R2 + a3R3 + a4R4 + a5R5} . (2.6)

3. Symmetry reductions and solutions of (1.6) using an OS

We use an OS of one-dimensional subalgebras (2.6) to perform symmetry reductions and determine
exact explicit solutions of the 2D-gnBKP equation (1.6). The symmetry reductions will lead us to
nonlinear ordinary differential equations (NODEs), which are then solved by using different techniques
to obtain exact solutions of (1.6).

3.1. Case 1. R6

We first consider the symmetry R6 = 5t
∂

∂t
+ x

∂

∂x
+ 3y

∂

∂y
− u

∂

∂u
. The associated Lagrangian system

yields the invariants
τ = t−1/5x, ξ = t−3/5y, F(τ, ξ) = t1/5u,

and using these invariants, Eq (1.6) is transformed into the NPDE

5abFττFξ − 5Fξξ − τFττ − 2Fτ − 3ξFτξ + 15abF2
τFττ + 5abFτFτξ + 5bFτττξ

+ 5abFτFττττ + 5abFττFτττ + 5Fττττττ = 0. (3.1)

Equation (3.1) has two point symmetries, viz.,

S 1 =
∂

∂F
, S 2 = 5ab

∂

∂τ
+ ξ

∂

∂F
.

The symmetry S 1 gives us no solution. However, the symmetry S 2 provides us with invariants ϵ =
ξ, G(ϵ) = F − τξ/(5ab), which transform NPDE (3.1) into

Gϵϵ +
4ϵ

25ab
= 0,

whose solution is G(ϵ) = −2ϵ3/(75ab) +C1ϵ +C2, where C1, C2 are constants. Thus, the exact explicit
solution of 2D-gnBKP equation (1.6) is

u(t, x, y) =
1

5ab
xyt−1 −

2
75ab

y3t−2 +C1yt−4/5 +C2t−1/5. (3.2)
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The graph of solution (3.2) is portrayed in Figure 1.

Figure 1. The 3D and 2D portrait of solution (3.2), where a = 5, b = 1, C1 = 1, C2 = 5,
t = 0.05, −10 ≤ x, y ≤ 10.

3.2. Case 2. R = R2 + a1R4

The symmetry R =
∂

∂x
+ a1

∂

∂u
, where a1 is a constant, gives the invariants ψ = t, θ = y, A(ψ, θ) =

u − a1x, which transform the 2D-gnBKP equation (1.6) into Aθθ = 0, whose solution is A(ψ, θ) =
θB(ψ) + C(ψ), where B(ψ) and C(ψ) are arbitrary functions of ψ. Hence, the exact solution of 2D-
gnBKP equation (1.6) is

u(t, x, y) = a1x + yB(t) +C(t). (3.3)

The graphic portrait of solution (3.3) is illustrated in Figure 2.

Figure 2. The 3D and 2D portrait of solution (3.3), where B(t) = sin(t), C(t) = cos(t) with
a1 = 1, y = 15, −10 ≤ t, x ≤ 10.

3.3. Case 3. R = R1 + a1R2 + a2R4

The symmetry R =
∂

∂t
+ a1

∂

∂x
+ a2

∂

∂u
, with a1, a2 being constants, gives invariants Θ = x− a1t, Φ =

y, Q(Θ,Φ) = u − a2t, which transform the 2D-gnBKP equation (1.6) into the NPDE

abQΘΘQΦ + abQΘQΘΦ − a1QΘΘ − QΦΦ + 3abQ2
ΘQΘΘ + abQΘΘQΘΘΘ

+ abQΘQΘΘΘΘ + bQΘΘΘΦ + QΘΘΘΘΘΘ = 0. (3.4)
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The NPDE (3.4) has four symmetries, viz.,

X1 =
∂

∂Θ
, X2 =

∂

∂Φ
, X3 =

∂

∂Q
, X4 = abΘ

∂

∂Θ
+ 3abΦ

∂

∂Φ
+ (4a1Φ − abQ)

∂

∂Q
.

3.3.1. Symmetry reduction using X1 =
∂

∂Θ

From the symmetry X1, we achieve the invariants σ = Φ, M(σ) = Q, and using these invariants,
NPDE (3.4) is transformed into Mσσ = 0, whose solution is M(σ) = C1σ + C2. Hence, the exact
solution of 2D-gnBKP equation (1.6) is

u(t, x, y) = a2t +C1y +C2

with C1, C2 as constants.

3.3.2. Symmetry reduction using X2 =
∂

∂Φ

The symmetry X2 produces the invariants ρ = Θ, Y(ρ) = Q, which transform NPDE (3.4) into the
sixth-order NLODE

3abY ′2Y ′′ − a1Y ′′ + abY ′′Y ′′′ + abY ′Y ′′′′ + Y ′′′′′′ = 0. (3.5)

Solutions of (3.5) via the simplest equation method
We employ the simplest equation method [25, 26] to find closed-form solutions of Eq (3.5). The

equations used here are the Bernoulli equation:

R′(ρ) = mR(ρ) + lR2(ρ) (3.6)

and the Riccati equation:
R′(ρ) = qR2(ρ) + rR(ρ) + s, (3.7)

with m, l, q, r, s as constants. We search for solutions of the type

Y(ρ) =
M∑

i=0

Ci(R(ρ))i, (3.8)

where R(ρ) solves the Bernoulli or Riccati equation, M is an integer that is positive, and C0, . . . ,CM are
unknown constants.

The exact solutions of (3.6) are given by [26]

R(ρ) =
−mC1

l (C1 + cosh (m {ρ + ρ0}) − sinh (m {ρ + ρ0}))

and

R(ρ) =
−m (cosh (m {ρ + ρ0}) + sinh (m {ρ + ρ0}))

l (C2 + cosh (m {ρ + ρ0}) + sinh (m {ρ + ρ0}))
,
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where C1, C2, and ρ0 are constants.
Riccati equation (3.7) has solutions [26]

R(ρ) = −
r

2q
−

z
2q

tanh
( z
2
{ρ + ρ0}

)
(3.9)

and

R(ρ) = −
r

2q
−

z
2q

tanh
( z
2
ρ
)
+

sech
( z
2
ρ
)

ρ0 cosh
( z
2
ρ
)
−

2q
z

sinh
( z
2
ρ
) (3.10)

with z2 = r2 − 4qs.
Solution of (3.5) via the Bernoulli equation
The balancing procedure gives M = 1 when applied to (3.5) and hence (3.8) becomes

Y(ρ) = C0 + C1R(ρ). (3.11)

We substitute Y(ρ) into (3.5), and by using Bernoulli equation (3.6), hereafter we equate the coefficients
of like powers of R to zero. We get

m4 − a1 = 0,
6 ablC1 + abC1

2 + 120 l = 0,
20 ablC1 + 3 abC1

2 + 420 l2 = 0,
166 ablC1 + 27 abC1

2 + 3360 l2 = 0,
6 ablmC1 + abmC1

2 + 120 l2m = 0,
2 abm4C1 + 63 lm4 − 3 la1 = 0,
26 ablm4C1 + 3 abm4C1

2 + 602 l2m4 − 2 l2a1 = 0.

The above algebraic equations yield

C0 = C0, C1 = −2l, a1 = m4, ab = 15.

Therefore, the exact solutions of 2D-gnBKP equation (1.6) are

u(t, x, y) =C0 − 2l
{

−mC1

l (C1 + cosh (m {ρ + ρ0}) − sinh (m {ρ + ρ0}))

}
+ a2t (3.12)

and

u(t, x, y) =C0 − 2l
{
−m (cosh (m {ρ + ρ0}) + sinh (m {ρ + ρ0}))

l (C2 + cosh (m {ρ + ρ0}) + sinh (m {ρ + ρ0}))

}
+ a2t, (3.13)

where ρ = x − a1t, C1, C2, and ρ0 are constants. The portrait of the solution (3.12) is shown in Figure 3,
whereas the portrait of solution (3.13) is depicted in Figure 4.
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Figure 3. The 3D and 2D portraits of solution (3.12), where m = 0.5, l = 0.5, ρ0 = 1.5,
C0 = 5, a1 = a2 = 1, C1 = 0.5, t = 1, −10 ≤ x, y ≤ 10.

Figure 4. The 3D and 2D portraits of solution (3.13), where m = 0.5, l = 0.5, ρ0 = 1.5,
C0 = 5, a1 = a2 = 1, C2 = 0.5, t = 1, −10 ≤ x, y ≤ 10.

Solutions of (3.5) via the Riccati equation
Following the above procedure, but using the Riccati equation (3.7), we obtain

C0 = C0, C1 = −2q, ab = 15, a1 = 16q2s2 − 8qr2s + r4.

Consequently, the exact solutions of 2D-gnBKP equation (1.6) are

u(t, x, y) =C0 − 2q
[
−

r
2q
−

z
2q

tanh
( z
2
{ρ + ρ0}

) ]
+ a2t (3.14)

and

u(t, x, y) =C0 − 2q
{
−

r
2q
−

z
2q

tanh
( z
2
ρ
)
+

sech
( z
2
ρ
)

ρ0 cosh
( z
2
ρ
)
−

2q
z

sinh
( z
2
ρ
)} + a2t, (3.15)

where ρ = x − a1t with C0, ρ0 being constants. The portrait of solution (3.14) is depicted in Figure 5,
while the portrait of solution (3.15) is depicted in Figure 6.
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Figure 5. The 3D and 2D portraits of the kink solution (3.14), where q = 0.5, r = 4, s = 1,
ρ0 = 1.5, a1 = a2 = 1, C0 = 5, t = 0.005, −10 ≤ x, y ≤ 10.

Figure 6. The 3D and 2D portraits of a kink solution (3.15), where q = 0.5, r = 0.5, s = 0.5,
ρ0 = 1.5, a1 = a2 = 1 C0 = 5, t = 0.5, −10 ≤ x, y ≤ 10.

3.3.3. Symmetry reduction using X = X1 + κX2

Now using the symmetry X =
∂

∂Θ
+ κ

∂

∂Φ
with κ a constant, we achieve the invariants Ω =

Φ − κΘ, Q(Ω) = S , which transform NPDE (3.4) into the NODE

2abκ2S ′S ′′ − (1 + a1κ
2)S ′′ + 3abκ4S ′2S ′′ − abκ5S ′′S ′′′ − abκ5S ′S ′′′′ + κ6S ′′′′′′ = 0. (3.16)

Solutions of (3.16) via the (G′/G)-expansion technique
We utilize the (G′/G)-expansion technique [12] to obtain exact solutions of (3.16). We assume that a

solution of Eq (3.16) is

S (Ω) =
N∑

i=0

Ai

(
G′(Ω)
G(Ω)

)i

, (3.17)

with Ai being parameters to be found and N is a positive nonzero constant. The function G(Ω) solves

G′′ + λG′ + µG = 0, (3.18)

with µ, λ as constants. The balancing procedure when applied to (3.16) gives N = 1 and so (3.17)
becomes

S (Ω) = A0 + A1
G′(Ω)
G(Ω)

. (3.19)
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Substituting (3.19) into (3.16), engaging (3.18), and subsequently comparing the coefficients of powers
of G′(Ω)/G(Ω) gives eight algebraic equations in A0, A1, given by

6κ + A1 = 0,
24bκ3 + 4abκ2A1 − 166abκ5λ2A1 − 92abκ5µA1 − 27abκ4λ2A2

1 − 18abκ4µA2
1 = 0,

24bκ3 + 4abκ2A1 − 166abκ5λ2A1 − 92abκ5µA1 − 27abκ4λ2A2
1 − 18abκ4µA2

1 = 0,
bκ3λ2 + 8bκ3µ2 + κ2µa1 + 2abκµA1 − 2abκ5λ2µA1 − 10abκ5µ2A1 − 3abκ4µ2A2

1 + 1 = 0,
λ2 + bκ3λ4 + 2µ + 22bκ3λ2µ + 16bκ3µ2 + κ2λ2a1 + 2κ2µa1 + 4abκ2λ2µA1 − 4abκ5λ4µA1

+ 4abκ2µ2A1 − 42abκ5λ2µ2A1 − 20abκ5µ3A1 − 9abκ4λ2µ2A2
1 − 6abκ4µ3A2

1 = 0,
3λ + 15bκ3λ3 + 60bκ3λµ + 3κ2λa1 + 2abκ2λ3A1 − 2abκ5λ5A1 + 12abκ2λµA1 − 58abκ5λ3µA1

− 114abκ5λµ2A1 − 9abκ4λ3µA2
1 − 27abκ4λµ2A2

1 = 0,
50bκ3λ2 + 40bκ3µ + 2κ2a1 + 8abκ2λ2A1 − 26abκ5λ4A1 + 8abκ2µA1 − 192abκ5λ2µA1

− 76abκ5µ2A1 − 3abκ4λ4A2
1 − 36abκ4λ2µA2

1 − 18abκ4µ2A2
1 + 2 = 0,

60bκ3λA1 + 10abκ2λA2
1 − 100abκ5λ3A2

1 − 230abκ5λµA2
1 − 15abκ4λ3A3

1 − 45abκ4λµA3
1 = 0.

The above equations give

A0 = A0, A1 = −6κ, a = −
1

1 − κ3λ2 + 4µκ3 , b =
(κ + 1)(κ − 1) + κ3(λ2 − 4µ)

λ2 − 4µ − κ3(72µ − 24λ4 − 96µ2)
.

Hence, the three exact solutions of 2D-gnBKP equation (1.6) are given below.
Case 1. For λ2 − 4µ > 0, we secure a hyperbolic function solution

u(t, x, y) = A0 − 6κ
{
−
λ

2
+ δ

(C1 sinh (δΩ) +C2 cosh (δΩ)
C1 cosh (δΩ) +C2 sinh (δΩ)

)}
, (3.20)

with C1, C2 being constants, Ω = y − κ(x − a1t), and δ = 1
2

√
λ2 − 4µ.

Case 2. For λ2 − 4µ < 0, we acquire a trigonometric function solution

u(t, x, y) = A0 − 6κ
{
−
λ

2
+ δ

(
−C1 sin (δΩ) +C2 cos (δΩ)
C1 cos (δΩ) +C2 sin (δΩ)

)}
, (3.21)

with C1, C2 being constants, Ω = y − κ(x − a1t), and δ = 1
2

√
4µ − λ2.

Case 3. For λ2 − 4µ = 0, we get a rational function solution

u(t, x, y) = A0 − 6κ
{
−
λ

2
+

C2

C1 + ΩC2

}
, (3.22)

with C1, C2 being constants, Ω = y − κ(x − a1t), and δ = 1
2

√
λ2 − 4µ.

The portrait of solution (3.20) is depicted in Figure 7, the portrait of solution (3.21) is depicted in
Figure 8, whereas the portrait of solution (3.22) is given in Figure 9.
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Figure 7. The portraits of the hyperbolic function solution (3.20), where C1 = 10, C2 = 15,
λ = 40, µ = 5, a1 = 5, κ = 5, A0 = 20, t = 0.5, −10 ≤ x, y ≤ 10.

Figure 8. The portraits of the trigonometric function solution (3.21), where C1 = 1, C2 = 0,
λ = 0, µ = 1, a1 = 1, κ = −1, A0 = 0, t = 5, −10 ≤ x, y ≤ 10.

Figure 9. The portraits of the rational function solution (3.22), where C1 = 1, C2 = 1, λ = 4,
µ = 4, a1 = 1, κ = 1, A0 = 2, t = 1, −10 ≤ x, y ≤ 10.

Note that symmetries X3 and X4 do not produce any results of importance.
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3.4. Case 4. R = R2 + a1R3 + a2R4

The associated characteristic equations of symmetry R =
∂

∂x
+ a1

∂

∂y
+ a2

∂

∂u
, with a1, a2 being

constants, yield the invariants

δ = t, α = x −
1
a1

y, H(δ, α) = u −
a2

a1
y,

and using these invariants, the 2D-gnBKP equation (1.6) transforms into

a2
1Hδα − 2aba1HαHαα + (aba1a2 − 1)Hαα + 3aba2

1H2
αHαα − ba1Hαααα

+ aba2
1HααHααα + aba2

1HαHαααα + a2
1Hαααααα = 0. (3.23)

The NPDE (3.23) has four symmetries given by

T1 =
∂

∂δ
, T2 =

∂

∂α
, T3 = G(δ)

∂

∂H
, T4 = F(δ)

∂

∂H
.

3.4.1. Symmetry reduction using T = T1 + ωT2

The symmetry T =
∂

∂δ
+ ω

∂

∂α
, with ω a constant, gives the invariants β = α − ωδ, M(β) = H, that

transform NPDE (3.23) into the NODE

(aba1a2 − ωa2
1 − 1)M′′ − ba1M′′′′ − 2aba1M′M′′ + aba2

1M′′M′′′

+ 3aba2
1M′2M′′ + aba2

1M′M′′′′ + a2
1M′′′′′′ = 0. (3.24)

Solution of (3.24) by means of Kudryashov’s technique
We invoke Kudryashov’s technique [18] to compute the exact solution of Eq (3.24). We assume that

the solution of (3.24) is

M(β) =
P∑

i=0

AiB
i(β) (3.25)

withAi, . . . ,AP being constants to be found, P > 0, and B(β) solves the Riccati equation

B′(β) = B2(β) − B(β), (3.26)

whose solution is
B(β) =

1
1 + cosh(β) + sinh(β)

. (3.27)

Applying the balancing method on Eq (3.24) allows us to find P. Thus, we get P = 1 so the solution (3.25)
is expressed as

M(β) = A0 +A1B(β). (3.28)

Inserting (3.28) into (3.24), invoking (3.26), and then equating the coefficients of the like powers of B
to zero gives

abA1
2 + 6 abA1 + 120 = 0,
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abA1
2 + 6 abA1 + 120 = 0,

aba1a2 − a1
2ω − a1b + a1

2 − 1 = 0,
3aba1A1

2 + 20aba1A1 − 2abA1 − 12b + 420a1 = 0,
27aba1A1

2 + 166aba1A1 − 4abB1 − 24b + 3360a1 = 0,
2 aba1A1 − 2 aba1

2A1 − 3 aba1a2 + 3 a1
2ω + 15 a1b − 63 a1

2 + 3 = 0,
3 aba1

2A1
2 + 26 aba1

2A1 − 8 aba1A1 + 2 aba1a2 − 2 a1
2ω − 50 a1b + 602 a1

2 − 2 = 0.

Using Maple to solve these algebraic equations, one potential set of values forA0,A1 is

A0 = A0, A1 = −
2(3b − 5a1 − 10)

b − 5a1
, a = −

3(3b − 5a1)2

b(a1 − 1)(3b − 5a1 − 10)
,

ω = − (3b2a1
2 + 3b2a1a2 − 8ba1

3 − 30ba1
2a2 + 5a1

4 + 75a1
3a2 − 3b2a1 − 2ba1

2 + 5a1
3 + 13ba1

− 15a1
2 − 3b − 5a1 + 10)/(a1 − 1)(3b − 5a1 − 10)a2

1

with b , 5a1, a1 , 0,−1, b , 0, and 3b − 5a1 , 10. Thus, the exact solution of 2D-gnBKP equation
(1.6) is

u(t, x, y) =A0 −
2(3b − 5a1 − 10)

b − 5a1

{
1

1 + cosh(x − (y/a1) − ωt) + sinh(x − (y/a1) − ωt

}
+

a2

a1
y (3.29)

withA0 being a constant. The portrait of solution (3.29) is depicted in Figure 10.

Figure 10. The 3D and 2D portraits of solution (3.29), where b = 5, a1 = 6, a2 = 0.4,
A0 = 10, t = 2, −20 ≤ x, y ≤ 20.

3.5. Case 5. R = R1 + a1R2 + a2R3 + a3R4 + a4R5

The symmetry R can be written as R =
∂

∂t
+ (a1 + aba4t)

∂

∂x
+ a2

∂

∂y
+ (a3 + a4y)

∂

∂u
. On solving its

corresponding characteristic equations, we get invariants

φ = y − a2t, ϱ = x − a1t −
1
2

aba4t2, W(φ, ϱ) = u +
1
2

a2a4t2 − (a4y + a3)t,
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which transform 2D-gnBKP equation (1.6) into the NPDE

3abW2
ϱWϱϱ + abWϱWϱϱϱϱ + abWϱWφϱ + bWrϱϱϱ + abWφWϱϱ

+ abWϱϱWϱϱϱ − a1Wϱϱ − a2Wφϱ −Wφφ +Wϱϱϱϱϱϱ = 0. (3.30)

NPDE (3.30) has three translation symmetries, viz.,

P1 =
∂

∂φ
, P2 =

∂

∂ϱ
, P3 =

∂

∂W
.

3.5.1. Symmetry reduction using P1 =
∂

∂φ

The symmetry P1 gives the invariants Γ = ϱ, Z(Γ) = W, which transform NPDE (3.30) into the
NODE

3abZ′2Z′′ − a1Z′′ + abZ′′Z′′′ + abZ′Z′′′′ + Z′′′′′′ = 0. (3.31)

NODE (3.31) is similar to NODE (3.5), and using the above procedure, its solution is given by

u(t, x, y) = D0 − 2 f
{
−

g
2 f
−

m
2 f

tanh
(
1
2

m(Γ + e)
)}
−

1
2

a2a4t2 + (a4y + a3)t, (3.32)

where ab = 15, a1 = 16 f 2h2 − 8 f hg2 + g4, Γ = x − a1t − 1
2aba4t2, m =

√
g2 − 4 f h, and D0, e, f , g, h

are constants. The portrait of solution (3.32) is depicted in Figure 11.

Figure 11. The 3D and 2D portraits of solution (3.32), where q = 0.5, r = 4, s = 0.5, k = 1.5,
a2 = 15, a3 = 1, a4 = 0,D0 = 5, t = 0.5, −10 ≤ x, y ≤ 10.

3.5.2. Symmetry reduction using P2 =
∂

∂ϱ

From the symmetry P2, we get the invariants ς = φ, M(σ) = W, which transform NPDE (3.30) into
Mςς = 0, whose solution is M(ς) = K1ς + K2, where K1 and K2 are constants. Hence the exact solution
of 2D-gnBKP equation (1.6) is

u(t, x, y) = −
1
2

a2a4t2 + (a4y + a3)t + K1(y − a2t) + K2.
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3.5.3. Symmetry reduction using P = P1 + ϑP2

The symmetry P =
∂

∂φ
+ϑ

∂

∂ϱ
, with ϑ a constant, yields the invariants δ = ϱ−ϑφ, Z(δ) = W, which

transform NPDE (3.30) into the sixth-order NODE

3abZ′2Z′′ − (a1 + ϑ
2 − a2ϑ)Z′′ − 2abϑZ′Z′′ − bϑZ′′′′ + abZ′′Z′′′ + abZ′Z′′′′ +Z′′′′′′ = 0. (3.33)

NODE (3.33) is similar to NODE (3.24), and using the above procedure, its solution can be written as

Z(δ) = K0 −
2(3bϑ − 10ϑ − 5)

bϑ − 5

{
1

1 + exp(δ)

}
, (3.34)

where K0 is a constant, a1 = 1 − bϑ − ϑ2 + a2ϑ, and a =
3(bϑ − 5)2

b(ϑ − 1)(3bϑ − 10ϑ − 5)
. Hence, the exact

solution of 2D-gnBKP equation (1.6) is

u(t, x, y) =K0 −
2(3bϑ − 10ϑ − 5)

bϑ − 5

{
1

1 + exp(δ)

}
−

1
2

a4t2a2 + (a4y + a3)t, (3.35)

where δ = x − 1
2aba4t2 − a1t − ϑ(y − a2t). The portrait of solution (3.35) is depicted in Figure 12.

Figure 12. The 3D and 2D portrait sof solution (3.35), where b = 5, a1 = 6, a2 = 0.4, a3 = 0.5,
a4 = 0, K0 = 10, ϑ = 0.5, t = 0.5, −20 ≤ x, y ≤ 20.

4. Conserved vectors of (1.6)

In this section, we construct conserved quantities of 2D-gnBKP equation (1.6) through the application
of the multiplier approach and Ibragimov’s method. It should be noted that both of these approaches
are applicable to any PDE, regardless of whether it has a Lagrangian formulation or not. This is to say
that the availability of variational principles is not necessary for obtaining the conserved vectors of a
specific PDE.

4.1. Conserved vectors of (1.6) via the multiplier approach

We derive conserved quantities of 2D-gnBKP equation (1.6) using the multiplier approach [35]. We
look for first-order multipliers Λ = Λ(t, x, y, u, ut, ux, uy). The determining equation for Λ is given as

δ

δu

[
Λ

{
utx − uyy +

(
abu3

x + abuxuxxx + uxxxxx

)
x
+ b

(
uxxxy + a

(
uxuy

)
x

)}]
= 0, (4.1)
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where

δ

δu
=

∂

∂u
− Dt

∂

∂ut
− Dx

∂

∂ux
− Dy

∂

∂uy
+ DtDx

∂

∂utx
+ D2

x
∂

∂uxx
+ DxDy

∂

∂uxy
+ D2

y
∂

∂uyy
− D3

x
∂

∂uxxx
+ · · ·

is the Euler-Lagrange operator. Thus, expanding (4.1) and separating based on derivatives of u, we get a
system of six linear homogeneous PDEs:

Λx = 0, Λu = 0, Λut = 0, Λux = 0, Λuy = 0, Λuyy = 0.

Solving the above PDEs for Λ, we get Λ = V(t)y +W(t), which is a combination of two multipliers
Λ1 = V(t)y, Λ2 = W(t) with V(t), W(t) being functions of t. Now to determine conserved vectors,
we use

Λ
{
utx − uyy +

(
abu3

x + abuxuxxx + uxxxxx

)
x
+ b

(
uxxxy + a

(
uxuy

)
x

)}
= DtY t + DxY x + DyYy, (4.2)

where Y t is the conserved density, and Y x and Yy are spatial fluxes. We have two cases:
Case 1. The conserved vector (Y1

t,Y1
x,Y1

y) that relates to Λ1 = V(t)y is given by

Y1
t =

1
2

V(t)yux,

Y1
x =

3
4

bV(t)yuxxy + abV(t)yu3
x −

1
4

abV(t)uux + abV(t)yuxuxxx −
1
4

bV(t)uxx

−
1
4

abV(t)yuuxy +
1
2

V(t)yut +
3
4

abV(t)yuxuy −
1
2

V ′(t)yu + V(t)yuxxxxx,

Y1
y = V(t)u − V(t)yuy +

1
4

abV(t)yu2
x +

1
4

abV(t)yuuxx +
1
4

bV(t)yuxxx.

Case 2. The corresponding conserved vector (Y2
t,Y2

x,Y2
y) associated with Λ2 = W(t) is

Y2
t =

1
2

W(t)ux,

Y2
x =

1
2

W(t)ut −
1
2

W ′(t)u + abW(t)uxuxxx + abW(t)u3
x −

1
4

abW(t)uuxy

+
3
4

abW(t)uxuy +
3
4

bW(t)uxxy +W(t)uxxxxx,

Y2
y =

1
4

abW(t)u2
x −W(t)uy +

1
4

abW(t)uuxx +
1
4

bW(t)uxxx.

4.2. Conserved vectors of (1.6) via Ibragimov’s method

Applying Ibragimov’s method [40, 41], we compute the conserved quantities of 2D-gnBKP equa-
tion (1.6). We begin by writing the adjoint equation of (1.6) that is given by

E∗ =
δ

δu

[
v
{
utx − uyy +

(
abu3

x + abuxuxxx + uxxxxx

)
x
+ b

(
uxxxy + a

(
uxuy

)
x

)}]
= 0, (4.3)

where we introduce the new variable v = v(t, x, y). In this case, the Euler operator is given by

δ

δu
=
∂

∂u
− Dt

∂

∂ut
− Dx

∂

∂ux
− Dy

∂

∂uy
+ DtDx

∂

∂utx
+ D2

x
∂

∂uxx
+ DxDy

∂

∂uxy
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+ D2
y
∂

∂uyy
+ DyD3

x
∂

∂uxxxy
+ D6

x
∂

∂uxxxxxx
+ · · · ,

where Dt, Dx, and Dy are specified in (2.4) [41]. Expanding (4.3) gives the adjoint equation as

E∗ = vtx − vyy + abuxvxy + abuyvxx + 3abux
2vxx + 4abvxxuxxx + 3abuxxvxxx + bvxxxy

+ 2abvx

(
uxy + 3uxuxx + uxxxx

)
+ abuxvxxxx + vxxxxxx. (4.4)

Thereafter, by [41], we see that Eq (1.6) and its adjoint (4.4) have the Lagrangian given as

L = v
{
utx − uyy +

(
abu3

x + abuxuxxx + uxxxxx

)
x
+ b

(
uxxxy + a

(
uxuy

)
x

)}
. (4.5)

We recall that Eq (1.6) admits six Lie point symmetries given by (2.5). Therefore, using the results
given in [41], we construct the conserved vectors (Jt

i , J
x
i , J

y
i ) of (1.6) for the given Lagrangian (4.5). We

have the following six cases:
Case 1. The conserved vector (J1

t, J1
x, J1

y) associated to symmetry R1 is given by

Jt
1 = abvuxuxy − vuyy + abvuyuxx + 3abvux

2uxx + abvuxxuxxx + bvuxxxy +
1
2

vxut

+ abvuxuxxxx + vuxxxxxx +
1
2

vutx,

Jx
1 =

1
2

abvyuxut + abuyvxut + 3abux
2vxut +

1
2

abvuxyut + 2abuxxvxxut +
3
4

bvxxyut

+ 2abvxuxxxut + abuxvxxxut + vxxxxxut +
1
2

utvt −
1
2

abvuxuty −
1
4

bvxxuty − abvuyutx

− 3abvux
2utx −

1
2

bvxyutx − abvxuxxutx − abuxvxxutx − abvuxxxutx − vxxxxutx

+
1
2

bvxutxy +
1
4

bvyutxx + abuxvxutxx + vxxxutxx −
3
4

bvutxxy − abvuxutxxx − vxxutxxx

+ vxutxxxx − vutxxxxx −
1
2

vutt,

Jy
1 =

1
2

abuxvxut − vyut −
1
2

abvuxxut +
1
4

bvxxxut + vuty −
1
2

abvuxutx −
1
4

bvxxutx

+
1
4

bvxutxx −
1
4

bvutxxx.

Case 2. The conserved vector (J2
t, J2

x, J2
y) linked to symmetry R2 is

Jt
2 =

1
2

uxvx −
1
2

vuxx,

Jx
2 =

1
2

abvyux
2 − vuyy + abuyuxvx + 3abux

3vx + abvuxuxy −
1
2

bvxyuxx − abvxuxx
2

−
1
4

buxyvxx + abuxuxxvxx +
1
2

bvxuxxy +
3
4

buxvxxy +
1
4

bvyuxxx + 3abuxvxuxxx

+ abux
2vxxx + uxxxvxxx +

1
4

bvuxxxy − vxxuxxxx − uxxvxxxx + vxuxxxxx + uxvxxxxx

+
1
2

uxvt +
1
2

vutx,
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Jy
2 =

1
2

abux
2vx − vyux + vuxy − abvuxuxx −

1
4

buxxvxx +
1
4

bvxuxxx +
1
4

buxvxxx

−
1
4

bvuxxxx.

Case 3. The conserved vector (J3
t, J3

x, J3
y) corresponding to symmetry R3 takes the form

Jt
3 =

1
2

uyvx −
1
2

vuxy,

Jx
3 =

1
2

abuyvyux −
1
2

abvuyyux + abuy
2vx + 3abuyux

2vx −
1
2

abvuyuxy − 3abvux
2uxy

−
1
2

buxyvxy +
1
2

bvxuxyy − abvxuxyuxx −
1
4

buyyvxx − abuxuxyvxx + 2abuyuxxvxx

+
1
4

bvyuxxy + abuxvxuxxy +
3
4

buyvxxy −
3
4

bvuxxyy + 2abuyvxuxxx − abvuxyuxxx

+ abuyuxvxxx + uxxyvxxx − abvuxuxxxy − vxxuxxxy − uxyvxxxx + vxuxxxxy + uyvxxxxx

− vuxxxxxy +
1
2

uyvt −
1
2

vuty,

Jy
3 =

1
2

abuyuxvx − uyvy +
1
2

abvuxuxy +
1
2

abvuyuxx + 3abvux
2uxx −

1
4

buxyvxx +
1
4

bvxuxxy

+ abvuxxuxxx +
1
4

buyvxxx +
3
4

bvuxxxy + abvuxuxxxx + vuxxxxxx + vutx.

Case 4. The conserved vector (J4
t, J4

x, J4
y) associated to symmetry R4 is

Jt
4 = −

1
2

vx,

Jx
4 = −

1
2

abvyux − abuyvx − 3abux
2vx −

1
2

abvuxy − 2abuxxvxx −
3
4

bvxxy − 2abvxuxxx

− abuxvxxx − vxxxxx −
1
2

vt,

Jy
4 = vy −

1
2

abuxvx +
1
2

abvuxx −
1
4

bvxxx.

Case 5. The conserved vector (J5
t, J5

x, J5
y) corresponding to symmetry R5 is expressed as

Jt
5 =

1
2

abtuxvx −
1
2

yvx −
1
2

abtvuxx,

Jx
5 =

1
2

abtvutx − abtvuyy −
1
2

abyvyux +
1
2

a2b2tvyux
2 − abyuyvx + a2b2tuyuxvx − 3abyux

2vx

+ 3a2b2tux
3vx −

1
2

abyvuxy + a2b2tvuxuxy −
1
2

ab2tvxyuxx − a2b2tvxuxx
2 +

1
4

bvxx

−
1
4

ab2tuxyvxx − 2abyuxxvxx + a2b2tuxuxxvxx +
1
2

ab2tvxuxxy −
3
4

byvxxy +
3
4

ab2tuxvxxy

+
1
4

ab2tvyuxxx − 2abyvxuxxx + 3a2b2tuxvxuxxx − abyuxvxxx + a2b2tux
2vxxx + abtuxxxvxxx

+
1
4

ab2tvuxxxy − abtvxxuxxxx − abtuxxvxxxx + abtvxuxxxxx − yvxxxxx + abtuxvxxxxx
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−
1
2

yvt +
1
2

abtuxvt,

Jy
5 =

1
2

a2b2tux
2vx − v + yvy − abtvyux −

1
2

abyuxvx + abtvuxy +
1
2

abyvuxx −
1
4

byvxxx

− a2b2tvuxuxx −
1
4

ab2tuxxvxx +
1
4

ab2tvxuxxx +
1
4

ab2tuxvxxx −
1
4

ab2tvuxxxx.

Case 6. Finally, the conserved vector (J6
t, J6

x, J6
y) associated to symmetry R6 is

Jt
6 =

1
2

uvx − 5tvuyy − vux +
3
2

yuyvx +
1
2

xuxvx −
3
2

yvuxy + 5abtvuxuxy −
1
2

xvuxx

+ 5abtvuyuxx + 15abtvux
2uxx + 5abtvuxxuxxx + 5btvuxxxy + 5abtvuxuxxxx

+ 5tvuxxxxxx +
5
2

tvxut +
5
2

tvutx,

Jx
6 =

1
2

abuvyux − xvuyy − 4abvuyux +
3
2

abyuyvyux −
3
2

abyvuyyux +
1
2

abxvyux
2

− 6abvux
3 + abuuyvx + 3abyuy

2vx + abxuyuxvx + 3abuux
2vx + 9abyuyux

2vx

+ 3abxux
3vx +

1
2

abuvuxy −
3
2

abyvuyuxy + abxvuxuxy − 9abyvux
2uxy +

5
2

bvxuxy

− buxvxy −
3
2

byuxyvxy +
3
2

byvxuxyy +
3
4

bvyuxx + abuxvxuxx − 3abyvxuxyuxx

−
1
2

bxvxyuxx − abxvxuxx
2 − buyvxx −

3
4

byuyyvxx − 2abux
2vxx −

1
4

bxuxyvxx

− 3abyuxuxyvxx + 2abuuxxvxx + 6abyuyuxxvxx + abxuxuxxvxx −
9
2

bvuxxy

+
3
4

byvyuxxy +
1
2

bxvxuxxy + 3abyuxvxuxxy +
3
4

buvxxy +
9
4

byuyvxxy +
3
4

bxuxvxxy

−
9
4

byvuxxyy +
1
4

bxvyuxxx − 6abvuxuxxx + 2abuvxuxxx + 6abyuyvxuxxx + 3abxuxvxuxxx

− 3abyvuxyuxxx − 4vxxuxxx + abuuxvxxx + 3abyuyuxvxxx + abxux
2vxxx + 3uxxvxxx

+ 3yuxxyvxxx + xuxxxvxxx +
1
4

bxvuxxxy − 3abyvuxuxxxy − 3yvxxuxxxy + 5vxuxxxx

− xvxxuxxxx − 2uxvxxxx − 3yuxyvxxxx − xuxxvxxxx + 3yvxuxxxxy − 6vuxxxxx

+ xvxuxxxxx + uvxxxxx + 3yuyvxxxxx + xuxvxxxxx − 3yvuxxxxxy − 3vut +
5
2

abtvyuxut

+ 5abtuyvxut + 15abtux
2vxut +

5
2

abtvuxyut + 10abtuxxvxxut + 10abtvxuxxxut

+ 5abtuxvxxxut + 5tvxxxxxut +
1
2

uvt +
15
4

btvxxyut +
3
2

yuyvt +
1
2

xuxvt +
5
2

tutvt

−
3
2

yvuty −
5
2

abtvuxuty −
5
4

btvxxuty +
1
2

xvutx − 5abtvuyutx − 15abtvux
2utx

−
5
2

btvxyutx − 5abtvxuxxutx − 5abtuxvxxutx − 5abtvuxxxutx − 5tvxxxxutx

+
5
2

btvxutxy +
5
4

btvyutxx + 5abtuxvxutxx + 5tvxxxutxx −
15
4

btvutxxy − 5abtvuxutxxx
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− 5tvxxutxxx + 5tvxutxxxx − 5tvutxxxxx −
5
2

tvutt,

Jy
6 = 4vuy − uvy − 3yuyvy − xvyux − abvux

2 +
1
2

abuuxvx +
3
2

abyuyuxvx +
1
2

abxux
2vx

+ xvuxy +
3
2

abyvuxuxy −
1
2

abuvuxx +
3
2

abyvuyuxx − abxvuxuxx + 9abyvux
2uxx

+
3
4

bvxuxx −
1
2

buxvxx −
3
4

byuxyvxx −
1
4

bxuxxvxx +
3
4

byvxuxxy − bvuxxx +
1
4

bxvxuxxx

+ 3abyvuxxuxxx +
1
4

buvxxx +
3
4

byuyvxxx +
1
4

bxuxvxxx +
9
4

byvuxxxy −
1
4

bxvuxxxx

+ 3abyvuxuxxxx + 3yvuxxxxxx − 5tvyut +
5
2

abtuxvxut −
5
2

abtvuxxut +
5
4

btvxxxut

+ 5tvuty + 3yvutx −
5
2

abtvuxutx −
5
4

btvxxutx +
5
4

btvxutxx −
5
4

btvutxxx.

5. Conclusions

In this paper, we presented a comprehensive study of the sixth-order 2D generalized nonlinear B-type
Kadomtsev-Petviashvili (2D-gnBKP) equation (1.6). First, the Lie point symmetries of Eq (1.6) were
systematically computed and thereafter employed to construct an optimal system of one-dimensional
subalgebras. The optimal system was then utilized to perform symmetry reductions, through which the
2D-gnBKP equation (1.6) was reduced to several NODEs. By solving the resulting reduced NODEs, we
constructed a variety of new exact solutions for (1.6). To accomplish these solutions, various powerful
analytical techniques were invoked, including direct integration, the simplest equation approach, the
(G′/G)-expansion method, and Kudryashov’s method. As a consequence, numerous classes of exact
explicit solutions were successfully obtained, such as hyperbolic function solutions, rational function
solutions, trigonometric function solutions, exponential-type solutions, and kink-wave solutions. These
solutions disclosed the rich dynamical behavior and nonlinear wave structures connected with the
considered model. Furthermore, to better illustrate the physical features and propagation behavior of the
obtained solutions, graphical representations were depicted in Figures 1–12.

In addition, conserved vectors for 2D-gnBKP equation (1.6) were derived by invoking two distinct
and effective approaches, namely, the multiplier method and Ibragimov’s conservation theorem. Using
the multiplier approach, two independent multipliers were found, which yielded two local conservation
laws. On the other hand, Ibragimov’s method generated six local conservation laws associated with
physical quantities such as momentum and energy. The conserved vectors obtained in this work further
demonstrated the mathematical richness and physical significance of the 2D-gnBKP equation and
may play an important role in the analysis of integrability, stability, and nonlinear wave propagation
phenomena.
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