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Abstract: Nonlinear partial differential equations are of particular interest to mathematicians and physi-
cists because of their ability to model a wide range of complex nonlinear phenomena. Consequently,
obtaining their exact analytical solutions is of considerable importance. In this study, we invoked the
Lie symmetry method to construct new exact explicit solutions to a generalized 2D B-type Kadomtsev-
Petviashvili (2D-gnBKP) equation. The Lie symmetry method provides a systematic framework for
identifying continuous symmetries admitted by a differential equation and, subsequently, reducing its
order and complexity. First, the infinitesimal generators were derived and using these, a one-dimensional
optimal system of subalgebras was constructed. The optimal system enables the classification of in-
equivalent symmetry reductions and avoids redundant solution representations. Thereafter, symmetry
reductions were performed that reduce the 2D-gnBKP equation to multiple ordinary differential equa-
tions. These reduced equations were then analyzed using a variety of analytical techniques. In particular,
exact solutions were obtained through direct integration, the simplest equation, (G’/G)-expansion,
and Kudryashov’s techniques. Finally, for the first time in the literature, we constructed conserved
vectors for the equation using the multiplier approach and Ibragimov’s method. The resulting conserved
quantities include physically meaningful conservation laws related to momentum and energy, thereby
highlighting important structural and physical properties of the model.
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1. Introduction

Nonlinear partial differential equations (NPDEs) are an important component in applied science
and engineering, with applications in mechanics, ecological and economic systems, control processes,
epidemiology, etc. [1-3]. Currently, the study of exact solutions, particularly solitary wave solutions,
for NPDEs plays a significant role due to their impact in the natural world, for example, in numerous
areas of science and engineering [4—6]. Many problems in nuclear physics, applied science, fluid
mechanics, ecology, plasma, and nonlinear optics can be represented and expressed using NPDEs [7-9].
Thus, numerous physicists and mathematicians developed a variety of reliable and efficient methods for
finding exact explicit solutions to NPDEs. Some of these methods are the inverse scattering method [10],
Painlevé expansion method [11], (G’/G)-expansion method [12], Hirota bilinear technique [13,14], Cole-
Hopf transformation [15], tanh function technique [16], Riccati equation technique [17], Kudryashov’s
techniques [18, 19], homogeneous balance technique [20], Jacobian elliptic function expansion tech-
nique [21], sine-cosine method [22], bifurcation method [23], extended trial equation technique and
modified auxiliary equation method [24], simplest equation method [25,26], F-expansion technique [27],
first integral technique [28], power series solution technique [29], Darboux transformation [30], a
novel computational algorithm for efficiently solving partial differential equations [31], exp-function
method [32], and Lie symmetry method [33-35].

The Lie symmetry technique is an effective mathematical tool for analyzing and solving differential
equations (DEs). It was uncovered by Sophus Lie (1842-1899), a mathematician from Norway. Drawing
inspiration from Evariste Galois (1811-1832), a French mathematician, Lie developed symmetry-based
methods, which uncovered that the many integration techniques, once considered ad hoc, could in fact
be derived systematically. For partial differential equations (PDEs), the technique focuses on finding the
symmetries of PDEs, which can then be used to reduce the independent variables in PDEs, making the
solving process easier [36—38].

Since a Lie algebra of a PDE usually contains infinitely many subalgebras, many of which lead
to equivalent (repetitive) group-invariant solutions, to avoid this redundancy, we construct an optimal
system, which is a minimal set of inequivalent subalgebras that ensure we get only the distinct invariant
solutions. These analyses can be used to derive transformations that keep the PDEs invariant. From
these transformations, invariant solutions can be derived [33, 35].

Conservation laws are extremely significant in the study of DEs and their influence extends to many
areas of science and engineering. Conservation laws are mathematical representations of physical rules
like conservation of mass, momentum, and energy [38]. Several strategies have been introduced to
construct conservation laws. These include the multiplier method [35], Noether’s theorem [39], and
Ibragimov’s theorem [40,41]. It is important to recognize that the usefulness of Noether’s theorem
depends on the existence of a Lagrangian of DEs. However, many DEs do not have a Lagrangian
representation, making Noether’s theorem ineffective for establishing conservation laws. In such cases,
the multiplier method and Ibragimov’s theorem are extremely useful in constructing conservation laws
for DEs.

The 2D integrable Kadomtsev-Petviashvili (KP) equation [42] is

Upe — Uyy + 6 (Ully), + Uy = 0, (1.1)

which describes the evolution of long waves with small amplitude and slow dependence on the transverse
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coordinate [43]. Its Hirota bilinear form is
(Dt + DD, - D})f-f =0, (1.2)

where f = f(t, x,y) and D,, D,, D, represent the Hirota bilinear operators [14]. After substituting u by
u, and integrating with regard to x [44], the potential KP equation

Upe — Uyy + OUle + Uy = 0, (1.3)

is produced from (1.1) [43]. Equation (1.3) represents the transmission of nonlinear waves in a 2D
space [45], and it may model various physical applications, like nonlinear optics, plasma physics, and
fluid dynamics. Also, the 2D integrable B-type Kadomtsev-Petviashvili (BKP) equation [46] is

th = tyy + (150 + 151l + tereer) + 5 (e + 3 (t4211y) ) =0, (1.4)

which has been used to model the shallow water wave in fluids and the electrostatic wave potential in
plasmas, and it depicts the interactions between exponentially confined structures [47,48]. Its Hirota
bilinear form is

(DS +5DID, + DD, - D})f - f =0, (1.5)

which is obtained through the substitution u = 2 (Inf), into equation (1.4). Equations (1.1) and (1.4)
possess infinite Lie algebra structures, as well as N-soliton solutions via their Hirota bilinear forms [49].
According to the Hirota bilinear form (1.5), the soliton solutions for (1.4) were examined using the
Pfaffian approach [50] and the 7-function approach [51].

In this study, we extend the classical BKP equation given in (1.4) to a more general form, which we
refer to as the generalized two-dimensional B-type Kadomtsev—Petviashvili (2D-gnBKP) equation:

3
Upe — Uyy + (abu}C + abu, i, + uxxxxx)x +b (uxxxy +a (uxuy)x) =0, (1.6)

where a and b are constants. This generalization is introduced to provide a broader framework for
investigating the underlying nonlinear dynamics and to encompass a wider class of solutions and
physical or mathematical phenomena than those described by the standard BKP equation. In particular,
the proposed 2D-gnBKP equation preserves the essential structural features of the original BKP equation
while incorporating parameters that allow for greater flexibility in the modeling and analysis of nonlinear
wave interactions.

We first perform Lie symmetry analysis of 2D-gnBKP equation (1.6) and discover its exact solutions.
We also compute conserved vectors for (1.6) using the multiplier approach and Ibragimov’s method.
As a result, the structure of the paper is as follows: Section 2 presents point symmetries of (1.6).
In Section 3, exact solutions to (1.6) are derived through the use of the simplest equation approach,
(G’ /G)-expansion technique, and Kudryashov’s method. The derivation of conserved vectors for (1.6)
utilizing Ibragimov’s method and the multiplier approach is covered in Section 4. Section 5 presents the
discussions and conclusions.

2. Point symmetries and optimal system of (1.6)
We start by computing the point symmetries of the 2D-gnBKP equation (1.6). Thereafter, we
construct the optimal system of one-dimensional sub-algebras using these symmetries. The optimal

system is then utilized to perform symmetry reductions and to construct exact solutions of Eq (1.6).
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2.1. Point symmetries of (1.6)
Consider the one-parameter group of transformations

3

T=t+ve, T=x+v&, y=y+v&, a=u+n,

with &, i = 1,2, 3, p depending on (¢, x, y, u), and v being a small parameter. The associated vector field
is then given by

R = glﬁ+§2ﬁ+§3£+ i
TS S ax Sy Tou
and it is a point symmetry of (1.6) if the invariance condition
6] _ 3 _
R {u,x Uyy + (abu)C + abu ., + uxxxxx)x +b (uxxxy +a (uxuy)x)} ‘(1'6) =0 2.1)
holds. Here, R represents the sixth extension of R, which is defined as
0 0 0 0 0 0
R =R+ —+x + + g+ du + 4 + G
S ¢ 55 é Oty ¢ Ot Eo Oty b E < Ot
0 0
+ XXXX q XXX XXXXX + XXXXXX 22
é/ 6 XXXX { ya )CX)Cy { a XXXXX g 6 XXXXXX ( )
where {’s are given by [34]
Giioit = Dic (&) = WD (€1 (sum on ), (2.3)
and the total differential operators D,, D, and D, are defined as
0 0 0 0
Di=—+u—+u + u; +--, 2.4
ox " au T Tou; T 1 Guy @4

where (x!, x2, x*) = (¢, x,y). Expanding (2.1) and separating on derivatives of u, we obtain the system of
over-determined seventeen linear and homogeneous PDEs, given as

£ =0, u—og o,§}+5nu:o,g§:o,gﬁ:o,gf—abny:(),§§+nu:0,
ft:()a fx:0,fu—0,§y3+377u=0,ﬂxZO,T]m:O,T]yy:O,77yu=0,77uu:0-

Solving the above system of PDEs, we obtain the Lie algebra of the 2D-gnBKP equation (1.6) that is
spanned by

p p p p
R=Z2 rR=2 rR=2 pr=2,
YT TP T o P T ey Tt ou
o 8 o o _ 8 8
Rs = abt> Re=5 LA A 25
= Y ow o T ox Ty T ou 2.5)

We see that point symmetries (2.5) lead to the corresponding one-parameter group of transformations
given by
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T,:t=t, X=x+v,y=y, il =u,
T;:t=t, X=x, y=y+vV, il =u,
Ty:t=t, X=x, y=y, u=u+v,
Ts:t=t X=x+abvt, y=y, i =u+vy,
Te: T=te’, X =xe, )‘):ye3", u=ue".

The above transformations indicate that if u = H(z, x, y) is a solution of (1.6), then so are the functions

u(t,x,y) = H(t —v, x,y,u),
w(t,x,y) = H(t,x — v, y,u),
us(t, x,y) = H(t, x,y — v, u),
ug(t, x,y) = H(t, x,y) + v,

us(t, x,y) = H(t,x — abvt,y) + vy,

ug(t, x,y) = eV H(te™, xe™, ye‘3v).

2.2. Optimal system (OS) of one-dimensional subalgebras

An OS of one-dimensional subalgebras provides a structured way to find a set of non-equivalent,
one-parameter subalgebras within a Lie algebra. This set is “optimal” in the sense that any other
one-parameter subalgebra is equivalent to one of these under a transformation within the adjoint
representation. This classification is crucial for finding symmetry-reduced solutions and invariant
solutions of differential equations.

One of the methods for computing an OS of one-dimensional subalgebras is described in [35]. It
gives a systematic method for classifying inequivalent one-dimensional subalgebras of a Lie algebra,
which is pivotal for carrying out symmetry reductions of differential equations. First, we need to
compute the commutator table of all symmetries and the adjoint representation of subalgebras. Recall
that the commutator of R; and R; is defined as [R;, R;] = R;R;— R;R;. Thus, all the commutation relations
for (2.5) are presented in Table 1.

Table 1. Commutator table of (2.5).

[Ri,R;] R, R, R Ry Rs Rs

R] 0 0 0 0 abR2 5R1
R, 0 0 0 0 O R,
R; 0 0 0 0 R4 3R;
Ry 0 0 0 0 O —Ry
R5 —Cle2 0 —R4 0 0 —4R5
R6 —5R1 —Rz —3R3 R4 4R5 0

The entries of the adjoint representation are computed using

P
Ad(exp(vR))R; = R; — v[R;,R;] + %[Ri, [Ri,R;]] —---.

The results are tabulated in Table 2.
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Table 2. Adjoint representation of subalgebras.

[Ri,R;] R, R, Rj R4 Rs R

R, R, R, R; Ry —abvR, + Rs —5vR; + Rg
R, R, R, R; R4 Rs —VR; + Rg
R; R, R, R; R4 —VR4 + R5 —3vR3 + R¢
Ry R, R, R; Ry Rs VR, + Rg
Rs R, +abvR, R, R3; + VR, R; Rs 4vRs + R¢
Rq eSVRl e’R, €3VR3 e"Ry €_4VR5 Rq

Consequently, using the Tables 1 and 2, and following the procedure given in [35], we infer that the
OS of one-dimensional subalgebras is

{R(,,R2 +a1R4, Ry + a1 Ry + a4R4, Ry + a1 R + arR4, Ry + arRy + azR3 + a4R4 + Cl5R5} . (26)
3. Symmetry reductions and solutions of (1.6) using an OS

We use an OS of one-dimensional subalgebras (2.6) to perform symmetry reductions and determine
exact explicit solutions of the 2D-gnBKP equation (1.6). The symmetry reductions will lead us to
nonlinear ordinary differential equations (NODESs), which are then solved by using different techniques
to obtain exact solutions of (1.6).

3.1. Case l. Rq
0

We first consider the symmetry Ry = 5t— + x— + 3y— — u—. The associated Lagrangian system
ot ox dy  Ou

yields the invariants
r=1"x, &=y, F(1,& =t"u,

and using these invariants, Eq (1.6) is transformed into the NPDE

5abF . Fg— 5Fg — TFpr — 2F, = 3¢F ¢ + 15abF>Frp + 5abF Frg + SBF 17re
+ 5abF Frrrr + 5abF 1 Frrr + SFrprpre = 0. (3.1)

Equation (3.1) has two point symmetries, viz.,

0 0 0

—, Sy =5ab— +¢&(—.

oF 22 = T eGF

The symmetry S| gives us no solution. However, the symmetry S, provides us with invariants € =
&, G(e) = F —1€/(5ab), which transform NPDE (3.1) into

de
— =0,
* 25ab

S =

GEE

whose solution is G(e) = —2€/(75ab) + C,e + C,, where C;, C, are constants. Thus, the exact explicit
solution of 2D-gnBKP equation (1.6) is

1 -1 2 3.2 -4/5 -1/5
t, x, = —xyt — —vyt "+ Cvt + Cot . 3.2
u(t, x,y) sap™” T5ab” 1y 2 (3.2)
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The graph of solution (3.2) is portrayed in Figure 1.

2000 -

000 -

=10 -5 10 x

-1000

~10 5 0 5 10 —2000 f
Figure 1. The 3D and 2D portrait of solution (3.2), wherea =5, b =1,C; =1, C, = 5,
t=0.05,-10 < x,y < 10.

3.2. Case2. R =R, + aiRs

0 0
The symmetry R = — + al(?_’ where a, is a constant, gives the invariants y = ¢, 6 =y, A(Y,6) =
X u
u — arx, which transform the 2D-gnBKP equation (1.6) into Agy = 0, whose solution is A(y, 0) =

OB(Y) + C(y), where B(y) and C(y) are arbitrary functions of . Hence, the exact solution of 2D-
gnBKP equation (1.6) is
u(t,x,y) = a1 x + yB(t) + C(1). 3.3)

The graphic portrait of solution (3.3) is illustrated in Figure 2.

-10¢ t
-10 -5 0 5 10-10 -5 5 10

Figure 2. The 3D and 2D portrait of solution (3.3), where B(t) = sin(z), C(¢) = cos(t) with
a=1,y=15-10 <t x < 10.

3.3. Case 3. R = R1 + a1R2 + a2R4

The symmetry R = £y +a e + a,—, with a;, a, being constants, gives invariants @ = x —a;t, ® =
X
vy, Q(0,D) = u — a,t, which transform the 2D-gnBKP equation (1.6) into the NPDE

abQee Qo + abQeQow — a1 Qe — Qoo + 3abQgQee + abQeeQeoe
+ abQe Qoo + bQeses + Qosvsese = 0. 3.4)
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The NPDE (3.4) has four symmetries, viz.,

%, 7 = 0 , X3 = i, Xy = ab@i + :")(lb(l)i + (4(11(D - (le)i

X, = — .
! ) 80 30 ) 40

0

3.3.1. Symmetry reduction using X; = 6

From the symmetry X;, we achieve the invariants oo = ®, M(o) = Q, and using these invariants,
NPDE (3.4) is transformed into M, = 0, whose solution is M(0) = C,0 + C,. Hence, the exact

solution of 2D-gnBKP equation (1.6) is
u(t,x,y) = axt + Ciy + C,
with Cy, C, as constants.

0
3.3.2. Symmetry reduction using X, = 50

The symmetry X, produces the invariants p = ®, Y(p) = Q, which transform NPDE (3.4) into the

sixth-order NLODE
3abY’2Y/, _alyl/ +abyl/y/// +abylyll// + Y/////l — 0'

Solutions of (3.5) via the simplest equation method

(3.5)

We employ the simplest equation method [25, 26] to find closed-form solutions of Eq (3.5). The

equations used here are the Bernoulli equation:

R (p) = mR(p) + IR*(p) (3.6)
and the Riccati equation:
R (p) = ¢R*(p) + rR(p) + s, 3.7)
with m, [, g, r, s as constants. We search for solutions of the type
M
Y(p) = ) CiRp), (3.8)
i=0
where R(p) solves the Bernoulli or Riccati equation, M is an integer that is positive, and Cy, ..., Cy, are

unknown constants.
The exact solutions of (3.6) are given by [26]

—mCl
R =
) = (€, + cosh (m{p + po]) — sinh (1 (p + o)
and
Rip = M (cosh (mp + pol) +sinh m o + pob)

(G5 + cosh (m{p + po}) + sinh (m {p + po}))’
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where C;, C», and p, are constants.
Riccati equation (3.7) has solutions [26]

r Z b4
Rip) = 5= 5-tanh (3 1o+ po)) (3.9)
and
sech (Ep)
r z z 2
= —-— = — h - 1
Ro) = =3, =5, tan (2”) " 2\ 279 . (2 (3-10)
Po cosh (Ep) — —sinh (Ep)
Z

with 22 = 12 — 4gs.
Solution of (3.5) via the Bernoulli equation
The balancing procedure gives M = 1 when applied to (3.5) and hence (3.8) becomes

Y(p) = Co + C1R(p). (3.11)

We substitute Y(p) into (3.5), and by using Bernoulli equation (3.6), hereafter we equate the coefficients
of like powers of R to zero. We get

m* —a; =0,

6ablC, + abC* + 1201 = 0,

20ablCy +3abCi* + 420> = 0,

166ablCy + 27 abC,* + 3360 > = 0,

6ablmC, + abmC,* + 120 *m = 0,

2abm*Cy + 63Im* = 31a, =0,

26 ablm*C; + 3 abm*C,* + 602 Pm* — 2 I’a, = 0.

The above algebraic equations yield
Co =Co, C =-2I, ay =m", ab = 15.

Therefore, the exact solutions of 2D-gnBKP equation (1.6) are

_ _ —mC1
.59 =Co = 2 e oy s G ) G
and
A —m (cosh (m {p + po}) + sinh (m {p + po}))
ult, %,y) = Co 21{1(02 & cosh (m {p + po}) + sinh (m {p + po}))} 2 3-13)

where p = x — at, Cy, C», and py are constants. The portrait of the solution (3.12) is shown in Figure 3,
whereas the portrait of solution (3.13) is depicted in Figure 4.
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) —-10 =5 0 5 1[-] —‘IID —I5 5 WID X
Figure 3. The 3D and 2D portraits of solution (3.12), where m = 0.5, [ = 0.5, py = 1.5,
Co=5a=a=1,C;=05,t= 1,—1OSX,yS 10.
u
7.0 /—
66|
641
621
) ;’IO -5 0 5 1[5 =10 —IE !’; WID X
Figure 4. The 3D and 2D portraits of solution (3.13), where m = 0.5,/ = 0.5, py = 1.5,
Co=5a=a=1,C,=05,t=1,-10< x,y < 10.
Solutions of (3.5) via the Riccati equation
Following the above procedure, but using the Riccati equation (3.7), we obtain
Co=Co, Ci =-2q, ab =15, a; = 16¢*s*> — 8qr*s + 1.
Consequently, the exact solutions of 2D-gnBKP equation (1.6) are
r Z Z
u(t, x,y) = Co - Zq[ _r_z tanh(— (0 +p0})] +art (3.14)
2g 2q 2
and
, z z sech (%p)
u(t, x,y) = Co - 2q{ Lz tanh(—p) ; } + awt, (3.15)
2g 2q 2 Z 2g . (z
Po cosh (Ep) — — sinh (Ep)
Z

where p = x — a;t with Cy, py being constants. The portrait of solution (3.14) is depicted in Figure 5,
while the portrait of solution (3.15) is depicted in Figure 6.
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X = o -5 J 0w X

Figure 5. The 3D and 2D portraits of the kink solution (3.14), where ¢ = 0.5, r =4, s = 1,
Po = 1.5,a1=a,=1,Co =5, t=0.005, -10 < X,y < 10.

[ 1 s n . - x
-10 -5 i 5 10 - 5 10

-10 . X S 5
Figure 6. The 3D and 2D portraits of a kink solution (3.15), where g = 0.5, r = 0.5, s = 0.5,
Po = 1.5,a1=a, = ICO=5,t=O.5,—10Sx,yS 10.

3.3.3. Symmetry reduction using X = X, + «X;

Now using the symmetry X = — + k—— with « a constant, we achieve the invariants Q =
O — kO, O(Q) =S, which transform NPDE (3.4) into the NODE
2abi*S’S" — (1 + a;k)S” + 3abk*SS” — abk’S”S"" — abk’S’S"" + k°S""" = 0. (3.16)

Solutions of (3.16) via the (G’ /G)-expansion technique
We utilize the (G’/G)-expansion technique [12] to obtain exact solutions of (3.16). We assume that a
solution of Eq (3.16) is

N GO\
S(Q) = ;Ai(G((Q))) : (3.17)

with A; being parameters to be found and N 1is a positive nonzero constant. The function G(£2) solves
G" +AG" +uG =0, (3.18)

with u, A as constants. The balancing procedure when applied to (3.16) gives N = 1 and so (3.17)
becomes
G'(Q)

S(.Q):A()-i-Al G(,Q)

(3.19)
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Substituting (3.19) into (3.16), engaging (3.18), and subsequently comparing the coeflicients of powers
of G'(Q)/G(Q) gives eight algebraic equations in Ay, A, given by

6k+A; =0,

24bic* + dabi* Ay — 166abi’ Ay — 92abi’uA, — 27abk* A7 — 18abk’uA; = 0,

24bic + dabi*A; — 166abi’ A*A; — 92abk’uA, — 27abk* AT — 18abk*uAl = 0,

bi* A + 8bi* i + ipay + 2abkuA, — 2abk® PuA; — 10abi’? Ay — 3abk* i’ A? +1 = 0,
A+ b2+ 2u + 2206 P+ 16631 + K2 %ay + 2K%uay + 4abk* PuA, — 4abi® 1 uA,
+4abiC P Ay — 82abi® PP A, — 20abi’ Ay — 9abi* P AT — 6abi* AT = 0,

3+ 156K 2 + 60b> A + 36 day + 2ab*> P A — 2abk> A, + 12abk® AuA, — 58abi® *uA,
— 114abi® A — 9abi* PuA? — 27abi* Au*A3 = 0,

500k A% + 40bip + 2k%ay + 8abk* A — 26abk° A*A| + 8abk*uA, — 192abi® A’ uA,

— 76abk’ 1’ A| — 3abk* * A% — 36abk* P uA? — 18abi*1* A3 + 2 = 0,

60bi> AA | + 10abi* AAT — 100abk® 1 AT — 230abi® AT — 15abk* 1P A3 — 45abi* ApA3 = 0.

The above equations give

1 kD= D+ 32 - 4p)
1 B2 +4uk3 2 —du— k372 — 2424 — 96u?)’

A() :A(), Al = —6K, a=

Hence, the three exact solutions of 2D-gnBKP equation (1.6) are given below.
Case 1. For A% — 4u > 0, we secure a hyperbolic function solution

A C sinh (692) + C, cosh (692)
fx,y) =A —6{——+6( : )} 3.20
ult, 2,3) = Ao = 0K = 5 40 5 oh (60) + Cy sinh (69) (3-20)
with C, C, being constants, Q =y — k(x — at), and ¢ = % A2 —4pu.
Case 2. For 4> — 4u < 0, we acquire a trigonometric function solution
A —C;8in (692) + C, cos (692)
fx,y) = A —6{——+6( _ )} 321
ult, 2,3) = Ao = 0K = 5 40\ =S (60) + G sin (00) (3-21)
with Cy, C, being constants, Q =y — k(x — at), and 6 = % Vau — 2.
Case 3. For 4> — 4u = 0, we get a rational function solution
A G,
LX,y)=Ayg—6k{——=+ ———— 1, 3.22
u(t, x,y) = Ao K{2 C1+QC2} (3.22)

with Cy, C, being constants, 2 =y — k(x — a1), and & = 1 /A% — 4u.
The portrait of solution (3.20) is depicted in Figure 7, the portrait of solution (3.21) is depicted in
Figure 8, whereas the portrait of solution (3.22) is given in Figure 9.
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Figure 7. The portraits of the hyperbolic function solution (3.20), where C; = 10, C, = 15,
A=40,u=5a, =5«k=5,A,=20,t=0.5-10 < x,y < 10.
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Figure 8. The portraits of the trigonometric function solution (3.21), where C; = 1, C, = 0,

A=0,u=1a =1,k=-1,A0=0,

t=5,-10<x,y<10.
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3000
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1000

-1000

Figure 9. The portraits of the rational function solution (3.22), where C; = 1, C, = 1, 1 =4,
u=4,a,=1,«k=1,A0=2,t=1,-10< x,y < 10.

Note that symmetries X3 and X4 do not produce any results of importance.
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34. Case4. R = R, + Cl]R3 + arRy

) . . 0 0o . .
The associated characteristic equations of symmetry R = g + ala— + aza—, with a;, a, being
X 'y u

constants, yield the invariants
1 a
0=t a=x—-—y, H6,a) =u—-—y,
a a

and using these invariants, the 2D-gnBKP equation (1.6) transforms into

a%H&y - ZabaleHtm + (abalaZ - I)Hmy + 3aba%H§H(m - balem(t
+ aba? HyoH oo + aba> HyH yooe + @5 Hoewoaa = 0. (3.23)

The NPDE (3.23) has four symmetries given by

0 0 0 0
T, = T, =—, Tz = —, T, = F(0)—.
1 > , T3 G(é)aH’ 4 (5)6H

a5 oa
3.4.1. Symmetry reduction using 7' = T + w7,

0 J . ) . .
The symmetry T = % + wa—, with w a constant, gives the invariants 8 = @ — wd, M(B) = H, that
a
transform NPDE (3.23) into the NODE

(aba,a; — wa: — )M” — bayM"" — 2aba,M’'M" + aba;M"' M"”
+3abaiM”*M" + abaiM'M"" + aiM""" = 0. (3.24)
Solution of (3.24) by means of Kudryashov’s technique

We invoke Kudryashov’s technique [18] to compute the exact solution of Eq (3.24). We assume that
the solution of (3.24) is

p
M@P) = ) ABEB) (3.25)
i=0
with A;, ..., Ap being constants to be found, P > 0, and B(B) solves the Riccati equation
B'(B) = BB - B(p), (3.26)
whose solution is !
BB) (3.27)

~ 1+ cosh(B) + sinh(8)”

Applying the balancing method on Eq (3.24) allows us to find P. Thus, we get P = 1 so the solution (3.25)
is expressed as
M@B) = Ay + A B(B). (3.28)

Inserting (3.28) into (3.24), invoking (3.26), and then equating the coefficients of the like powers of 8
to zero gives

abA*> + 6abA; + 120 = 0,
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abA;* + 6abA; + 120 = 0,
aba,a, — a;’w —ab+a,>—1=0,

3aba A% + 20aba; A, — 2abA, — 12b + 420a, = 0,

27aba, A,* + 166aba, A, — 4abB; — 24b + 33604, = 0,

2aba\ A, — 2aba\> A, = 3aba;ar +3a’w + 15a:b - 63a,”> +3 =0,

3aba*A,* + 26 aba,* A, — 8 aba, A, + 2 abajar — 2 a,*w — 50 a1b + 602a,> -2 = 0.

Using Maple to solve these algebraic equations, one potential set of values for Ay, A; is

A= A A 2(3b - 5a; - 10) 3(3b - 5a,)*
= R = — , d=— .
0= 70 b — Sa, b(a; — )(3b - 5a, — 10)
w = — (3b*a;? + 3b*a,ay — 8ba,® — 30ba,*a, + 5a,* + 75a,>a, — 3b*a; — 2ba,* + 5a,> + 13ba,

—15a,* = 3b - 5a, + 10)/(a; — 1)(3b — 5a, — 10)a?

with b # 5a;, a; # 0,—1, b # 0, and 3b — 5a; # 10. Thus, the exact solution of 2D-gnBKP equation
(1.6)1is

2(3b - 5a; - 10) 1 @
,x,y) = FAg — : 2y 32
it x.y) = Ao b 5a, {1 + cosh(x — (y/ay) —wt)+smh(x—(y/a1)—a)t} tay G2

with A, being a constant. The portrait of solution (3.29) is depicted in Figure 10.

=20 =10

& —-20 =10 0 10 20
Figure 10. The 3D and 2D portraits of solution (3.29), where b = 5, a; = 6, a, = 0.4,
Ay =10,1=2,-20 < x,y < 20.

3.5. Case 5. R=R; + a1R, + AR5 + azR, + asRs

0 0 0
+ (a; + abagt) — + a,— + (a3 + a4y) —. On solving its
ox ou

0
The symmetry R can be written as R = —
ot oy

corresponding characteristic equations, we get invariants
1 2 1 2
p=y—al, o=x—at— Eabaﬂ , W(p,0) =u+ Eazaﬂ — (asy + a3)t,
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which transform 2D-gnBKP equation (1.6) into the NPDE

3abW; Wy + abWyWggo + abWoW,, + bW,p00 + abW,Wy,
+ abWooWooo — a1 Woo — arWo — Wy + Wogoo0o = 0. (3.30)

NPDE (3.30) has three translation symmetries, viz.,

R )
1_a¢’ Z_aga 3_8W

0
3.5.1. Symmetry reduction using P, = £
¥

The symmetry P; gives the invariants I' = o, Z(I') = W, which transform NPDE (3.30) into the
NODE

3abZ*Z" — a\Z" +abZ"Z" +abZ'Z"" + 7" = 0. (3.31)

NODE (3.31) is similar to NODE (3.5), and using the above procedure, its solution is given by

u(t,x,y) =Dy —-2f {—% - % tanh(%m(F + e))} - %a2a4t2 + (asy + a3)t, (3.32)

where ab = 15, a; = 16f?h> = 8fhg*> + g*, I = x — a;t — %aba4t2, m = /g2 —4fh, and Dy, e, f,g,h
are constants. The portrait of solution (3.32) is depicted in Figure 11.

B —— B w X

-10 -5 0 5 10

Figure 11. The 3D and 2D portraits of solution (3.32), where ¢ = 0.5, r =4, s = 0.5,k = 1.5,
a, =15, a3 = 1,a4:O,DO:S,t:O.S,—10Sx,y§ 10.

3.5.2. Symmetry reduction using P, = %
(@

From the symmetry P,, we get the invariants ¢ = ¢, M(o") = W, which transform NPDE (3.30) into
M. = 0, whose solution is M(s) = K¢ + K,, where K; and K, are constants. Hence the exact solution
of 2D-gnBKP equation (1.6) is

1
u(t, x,y) = —50261412 + (asy + a3t + Ky (y — axt) + K.
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3.5.3. Symmetry reduction using P = P, + 9P,

The symmetry P = % + ﬁ%, with ¥ a constant, yields the invariants § = o0 — ¢, Z(6) = W, which
transform NPDE (3.30) into the sixth-order NODE

3abZ?Z" - (a) + 9 — axNZ’ —2ab0Z7'Z" - b¥Z"" +abZ"Z" +abZ'Z"" + Z""" = 0. (3.33)

NODE (3.33) is similar to NODE (3.24), and using the above procedure, its solution can be written as

2(3b9 - 109 - 5) { 1 }

200 =%o = =573 1+ exp(o)

(3.34)

3(b9 - 5)°
b — 1)(3bY — 109 - 5)

where K is a constant, a; = 1 — b — 9 + ap9, and a = Hence, the exact

solution of 2D-gnBKP equation (1.6) is

2(3b9 - 109 - 5)

u(t,x’y)zwo_ bﬁ—S

1 1
{ T exp(é)} - §a4t2a2 + (asy + a3)t, (3.35)

where 6 = x — %aba4t2 — ajt — ¥y — ayt). The portrait of solution (3.35) is depicted in Figure 12.

20/

10F

_20k 1 T —— - .
-20 -10 0 10 20 -20 -10 10 20

Figure 12. The 3D and 2D portrait sof solution (3.35), where b = 5, a; = 6,a, = 0.4, a3 = 0.5,
a, =0,%y=10,9 =0.5,1r=0.5,-20 < x,y < 20.

4. Conserved vectors of (1.6)

In this section, we construct conserved quantities of 2D-gnBKP equation (1.6) through the application
of the multiplier approach and Ibragimov’s method. It should be noted that both of these approaches
are applicable to any PDE, regardless of whether it has a Lagrangian formulation or not. This is to say

that the availability of variational principles is not necessary for obtaining the conserved vectors of a
specific PDE.

4.1. Conserved vectors of (1.6) via the multiplier approach
We derive conserved quantities of 2D-gnBKP equation (1.6) using the multiplier approach [35]. We
look for first-order multipliers A = A(t, x,y, u, u;, uy, u,). The determining equation for A is given as

0

50 [A {u,x — Uy + (abui + abu, Uy, + uxxxxx)x +b (uxxxy +a (uxuy)x)}] =0, 4.1)
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where
6.9 9 9 p2ipn -t i ipp, i _pf
Su  Ou "Ou, *ou, Y Ou, T Oy, TOU N Oty Y Ouy,y T OUprx

is the Euler-Lagrange operator. Thus, expanding (4.1) and separating based on derivatives of u, we get a
system of six linear homogeneous PDEs:

Ac=0, A,=0, A, =0, A, =0, A, =0, A,, =0.

Solving the above PDEs for A, we get A = V(t)y + W(t), which is a combination of two multipliers
Ay = V(t)y, Ay, = W() with V(¢), W(¢) being functions of z. Now to determine conserved vectors,
we use

A {sz — Uy + (abui + abu ., + uxxxxx)x +Db (uxxxy +a (quy)x)} =D,Y' +D,Y" +D,)Y’, (42)

where Y’ is the conserved density, and Y* and Y” are spatial fluxes. We have two cases:
Case 1. The conserved vector (Y;, Y;*, Y;”) that relates to A; = V(¢)y is given by

1
YIZ = Ev(t)yuxa

3 1 1
= va(t)yu”y + abV(t)yui — ZabV(t)uux + abV(t)yu,it ., — ZbV(t)uxx
1 1 3 1
- ZabV(r)yuuxy + EV(t)yut + ‘—LabV(t)yuxuy - EV'(t)yu + V() Ytyrrrr
, 1 1 1
Y/ = Vit - V(t)yu, + ZabV(r)yui + ZabV(t)yuuxx + ZbV(t)yuxxx.

Case 2. The corresponding conserved vector (Y,', Y,%, Y5”) associated with A, = W(¢) is

1
Y, = EW(I)M)C’
1 1 1
Y, = EW(t)u, - EW’(I)M + abW(t)u, ity + abW(t)ui - ZabW(t)uuxy

3 3
+ ZabW(t)quy + ZbW(t)uxxy + W(t)uxxxxx»

1 ! 1
Y2y = ZabW(t)ui — W(t)uy + ZabW(t)uuxx + ZbW(t)uxxx~

4.2. Conserved vectors of (1.6) via Ibragimov’s method

Applying Ibragimov’s method [40,41], we compute the conserved quantities of 2D-gnBKP equa-
tion (1.6). We begin by writing the adjoint equation of (1.6) that is given by

£ = = [v {utx — Uy + (abui + abu ., + u””")x +b (umy +a (uxuy)x)}] =0, (4.3)

where we introduce the new variable v = v(¢, x, y). In this case, the Euler operator is given by

6 0 0 0 0 0 0 0
2 =2 D~ -D— -Dy— + DDy + D*—— + D.D,—
ou Ou "Ou, Ou, Y du, e Oty " T Ol - Y Ou,y
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0 0
+ D?— + D,D}
Y Ouy,

0

6

+D +ee,
* aMx)cxy * auxxxxxx

where D;, D,, and D, are specified in (2.4) [41]. Expanding (4.3) gives the adjoint equation as

E* =v, — vy, + abu,v,y, + abuyv,, + 3abu, vy, + 4abv ity + 3abU Ve + bV yyxy

+ 2abv, (uxy + 3u i, + uxxxx) + abu Vi + Vicooox- “4.4)
Thereafter, by [41], we see that Eq (1.6) and its adjoint (4.4) have the Lagrangian given as
L=v {u,x — Uy, + (abui + abu ., + uxxxxx)x +b (uxxxy +a (uxuy)x)} . 4.5)

We recall that Eq (1.6) admits six Lie point symmetries given by (2.5). Therefore, using the results
given in [41], we construct the conserved vectors (J!, J7, Jl.y ) of (1.6) for the given Lagrangian (4.5). We
have the following six cases:

Case 1. The conserved vector (J;/,J;*, J;*) associated to symmetry R; is given by

J| = abvu,ityy — vty + abvuyit,, + 3abvu,u,, + abvi i, + bvityyry + 2 Vals

1
+ abvuxuxxxx + VU yxxxxx T 5 VUi,

2
1 1 3
Ji = Eabvyuxu, + abuyv.u, + 3abu,*v.u, + Eabvuxyut + 2abu, v, u, + vamu,

1 1
+ 2abv, Uy + ADULY o Uy Vol + Eu,v, — Eabvuxuty - vaxxu,y — abvuyu,,

1
2
- BCleI/tx Uix — Ebvxyutx - abvx”xxutx - abuxvxxutx - abvuxxxutx — VxxxxUix

1
+ Ebvxutxy + vayutxx + abuxvxutxx + Vixxlpxx — vautxxy - abvuxutxxx — VaxUrxxx
1
t Villtxxxx = Vlexxxxx — Evutn
, 1 1 1 1
Ji = Eabuxvxu, — Yyl — Eabvumu, + vaxxxu, + Vi, — Eabvuxu,x - vaxxum

1
+ vaxu,xx - vaumx.

Case 2. The conserved vector (J,', J5", J,”) linked to symmetry R; is

.1 1
Jy = Euxvx — Evuxx,

o1 2 3 1 2
J; = Eabvyux — Vityy, + abuyu, vy + 3abu,’ v, + abvu,u,, — Ebkum —abv,u,,

1 3 1
- Zbuxyvxx + abu Vi, + Ebvxuxxy + Zbuxvxxy + vayumc + 3abu, v, i,

2
+ abux V)CX)C + MXXXV)CX)C + vauxxxy - vX)CuX)CX)C - uXXvX)CX)C + vxuxxxxx + uXVJCX)CX)C
1
+ _I/txvt + _Vu[x,

2 2
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1 1 1 1
J; = Eabuxzvx — Vylly + Vi, — abvit,ity, — Zbuxxvxx + vaxuxxx + Zbuxvxxx

1
- _b XXXX*
4 27

Case 3. The conserved vector (J5', J5%, J5*) corresponding to symmetry R; takes the form

1
t_
J3 = Zuyvy — Zviyy,

2 2
1
3= Eabuyvyux - Eabvuyyux + abu,*v, + 3abu,u,*v, — Eabvuyuxy - 3abvu,’u,,
1 1
- Ebuxyvxy + Ebvxuxyy — abv Uy — Zbuyyvxx — abu, UV + 2abuy Uy, vy

3 3
+ vayuxxy + abu, vty + Zbuyvxxy - vauxxyy + 2abuy vty — ADVU Uy

+ abuyuxvxxx + UxxyVxxx — abvuxuxxxy — VaxlUxxxy = UxyVxxxx + Vxllxxxxy + UyVxxxxx
1 1

- Vuxxxxxy + _uyvt — S VUyy,

2 2
y 1 ) 1 1
J; = Eabuyuxvx — UyVy + Eabvuxuxy + Eabvuyum + 3abvu, u,, — Zbuxyvxx + vaxum

1 3
+ abviu, U, + Zbuyvxxx + vauxm + abVU U ypry + Vilroxor T Vidgg.

Case 4. The conserved vector (J./, J,*, J;) associated to symmetry R, is

J,= - lv

4 = ) X

1 3
J:f = - Eabvyux - abUny - BGbuxzvx - Eabvuxy - zabuxxvxx - vaxxy - ZGbeMxxx
1
- abuxvxxx — Vxxxxx = Evta

J =y, — labu vy + —abvu,, — lbv

4 — Yy 2 xVx 2 XX 4 XXX

Case 5. The conserved vector (J5', J5*, J5") corresponding to symmetry Rs is expressed as

Ji = Eabtuxvx BbrA Eabtvuxx,

1
Ji = Eabtvum — abtvuy, — Eabyvyux + —azbztvyux2 — abyuyv, + azbztuyuxvx - 3abyux2vx

2
2,2, 3 1 2.2 L, 2.2 » 1
+3a°b tu,’v, — Eabyvuxy +a'b tvu i,y — Eab Wyl — D71V, UL + vaxx
1, 2,2 1, 3 3 5
- Zab MgV iy — 2abYUyViy + Q"D TU UV i + Eab 1V llyry — Zbyvxxy + Zab MUY yry

|
+ Zabztvyuxxx —2abyv. ., + 3a*D*tu, vty — abyu,v ., + @b o + abtu Vo

1
2
+ Zab tvuxxxy - abtvxxuxxxx - abtuxxvxxxx + abtvxuxxxxx — YVxxxxx + abtuxvxxxxx
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1
- Eyv, + Eabtuxvt,

1 1 1 1
Jg = Eazbztuxzvx — Vv +yvy —abtvyu, — Eabyuxvx + abtvu,, + Eabyvuxx - Zbyvxxx

1 1 1 1
—a*b*tvuu,, — Zabztuxxvxx + Zabztvxuxxx + Zabztuxvxxx - Zabztvux,m.

Case 6. Finally, the conserved vector (J4', J5", J5*) associated to symmetry Rg is

1
Jé = Euvx — 5tvityy — Vi, + YUV + XUV — Eyvuxy + Sabtvu. iy, — Exvuxx

2 2
+ Sabtvuyu,, + 15abtvu,u,, + Sabtvi, it + S5btvityyyy + SabtVU s

+ S5Vl prrr + Etvxu, + Etvutx,

3 1
Ji = Eabuvyux — xXvity, — 4abvuyu, + Eabyuyvyux — —abyvuyu, + —abxvyux2

2 2
— 6abvu,’ + abuuyv, + 3abyuy2vx + abxuyu,v, + 3abuu,’v, + 9abyuyux2vx

1 3 5
+ 3abxu,’v, + Eabuvuxy - Eabyvuyuxy + abxvu iy, — 9abyvux2uxy + Ebvxuxy
3 3 3
- bu,y, — Ebyuxyvxy + Ebyvxuxyy + vayuxx + abu, vty — 3abyvyityy iy,

3 1
2 2
- bevxyuxx — abxvyity” — buyVye — —byuy vy — 2abu, Vi — —DXUL Vi

4 4

9
— 3abyu,u V., + 2abuit V. + 6abyUu U Vi + ADXULU Yy — Ebvuxxy

1 3
+ —byvylyy + bevxuxxy + 3abyu,v iy, + Zbuvxxy + —byuyv.,, + beuxvxxy

4 4
9 1
- Zbyvuxxyy + bevyuxxx — 6abvu ity + 2abuv ity + 6abyuyV ity + 3aDXULY Uiy

2

= 3abyvit,yU gy — 4V ixllyry + abULL Y + 3abYUGULY r + ADXUL Vi + UV ix
1

+ 3YVlryVirx + XlprxVirx + bevuxm = 3abyvit U yrey = 3YVaxllxrry + SVilhigxx

= XVxxllxxxx — 2uxvxxxx - 3y uxyvxxxx — XUxxVyxxx T 3y quxxxxy - 6vuxxxxx

5
+ XVxlxxxxx T UWyxxxx + 3yuyvxxxxx + XUV xxxxx — 3yvuxxxxxy - 3Vl/lt + Eabtvyuxut

5
+ Sabtuyv,u, + 15abtu,v.u, + Eabtvuxyut + 10abtu, v, + 10abtv i, 1,

1 15 3 1 5
+ 5abtu, v yclty + StV yppxclly + UV + —DtVylty + YUYV + XUV, + = TUY,
2 4 2 2 2
3

1
- Eyvuty - Eabtvuxu,y - thvxxu,y + Exvu,x — Sabtvuyu,, — 15abtvu,’u,,

5
- Ebtvxyutx — 5abtv Uy, — Sabtu, v,y — SAbtVU sy — STV ppy sy

5 1
+ Ebtvxumy + thvyu,xx + Sabtu, vl + StV llyer — thvu,xxy — Sabtvu .,

Electronic Research Archive Volume 34, Issue 12, 8917-8942.



8938

5
- Stvxxutxxx + Stvxutxxxx - Stvutxxxxx - Etvuth

: 1 1
Jé = dvu, — uvy — 3yu,vy — xXvyity — abvu,* + Eabuuxvx + iabyuyuxvx + Eabxuxzvx

3
+ XVUyy + Eabyvuxuxy - Eabuvuxx + Eabyvuyuxx — abxvu,u,, + 9abyvux2uxx
+ 3 b ! b b ! b + 3 b b + ! b
—OVUyy — ZOUVx — — UxyVxx — TOXUxxVxx - Vxlyxxy = OVUxxx —OXV Uy
4 2 4y oV Ty 4ty 4

1 3 1 9 1
+ 3abyvi ey + Zbuvmx + Zbyuyvxxx + beuxvxxx + Zbyvuxm, - bevuxxxx

5 5
+ 3abyvit Uy + 3YVlgyxrer — Stvylty + Eabtuxvxu, - Eabtvuxxut + thvxxxut

5 5 5 5
+ S5tvuyy + 3yviy, — Eabtvuxutx - thvxxu,x + L—thvxumC - thvu,xxx.

5. Conclusions

In this paper, we presented a comprehensive study of the sixth-order 2D generalized nonlinear B-type
Kadomtsev-Petviashvili (2D-gnBKP) equation (1.6). First, the Lie point symmetries of Eq (1.6) were
systematically computed and thereafter employed to construct an optimal system of one-dimensional
subalgebras. The optimal system was then utilized to perform symmetry reductions, through which the
2D-gnBKP equation (1.6) was reduced to several NODEs. By solving the resulting reduced NODEs, we
constructed a variety of new exact solutions for (1.6). To accomplish these solutions, various powerful
analytical techniques were invoked, including direct integration, the simplest equation approach, the
(G’ /G)-expansion method, and Kudryashov’s method. As a consequence, numerous classes of exact
explicit solutions were successfully obtained, such as hyperbolic function solutions, rational function
solutions, trigonometric function solutions, exponential-type solutions, and kink-wave solutions. These
solutions disclosed the rich dynamical behavior and nonlinear wave structures connected with the
considered model. Furthermore, to better illustrate the physical features and propagation behavior of the
obtained solutions, graphical representations were depicted in Figures 1-12.

In addition, conserved vectors for 2D-gnBKP equation (1.6) were derived by invoking two distinct
and effective approaches, namely, the multiplier method and Ibragimov’s conservation theorem. Using
the multiplier approach, two independent multipliers were found, which yielded two local conservation
laws. On the other hand, Ibragimov’s method generated six local conservation laws associated with
physical quantities such as momentum and energy. The conserved vectors obtained in this work further
demonstrated the mathematical richness and physical significance of the 2D-gnBKP equation and
may play an important role in the analysis of integrability, stability, and nonlinear wave propagation
phenomena.
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