ERA, 34(12): 8740-8755.

B\ Electroni DOT: 10.3934/era. 2026368
Atnig lectronic Received: 17 July 2026

@ Research Archive Revised: 28 August 2026
Accepted: 22 September 2026
https://www.aimspress.com/journal/era Published: 23 October 2026

Research article

Normalized solutions to a Choquard equation with potential and mixed
local-nonlocal nonlinearities

Huiling Wu* and Liping Wu
School of Cyber Science and Engineering, Minjiang University, Fuzhou 350108, China

* Correspondence: Email:huilingwu@mju.edu.cn.

Abstract: This work investigated normalized solutions for the Choquard equation with external
potential and mixed local-nonlocal nonlinearities

—Au+ (V) + Du =y, # lu] ¥ )|ulv ' u + wlulPu, x € RY,

2 2
Nluldx=p,
R

where N > 3,9, u>0,1€R, p e (2++,29,2" = 2%, and I, stood for the Riesz potential when
a € (0,N). Under finite potential conditions, normalized ground states were verified. For trapping

potentials, normalized ground states paired with bound states were obtained.
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1. Introduction

This paper addresses a class of Choquard-type equations involving an external potential

N+a

—Au+ (V(x) + Du = y(l, |u|T)|u|%‘1u + ulul”_zu, xeRV,

1.1
f |u|2dx — pZ, ( )
RN
where the symbol * acts as convolution, N > 3, y, u, p > 0,1 € R, p € (2 + 4 2%) with 2% = %

and V is an external potential. Rooted in the Hardy-Littlewood-Sobolev inequality, the power % is
commonly regarded as the lower critical exponent. The map I, : R \ {0} — R corresponds to the
Riesz potential formulated as

A, (%)

I,(x) = s Ay = ———,
|x[N=a 2073 1(2)
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where a € (0, N).
The standard Choquard-Pekar equation

—Au+ du = (I * ||| u, xeR", (1.2)

which is encountered across numerous theoretical settings (see, e.g, [1-3]), is a prototype of (1.1).
Lieb [1] stands as the first to discuss solutions of Eq (1.2) via variational arguments. Since then
equations of this type have been widely investigated (see, e.g, [4,5]). Many existing contributions
explore the fixed-mass problem concerning (1.2), namely, the investigation of normalized solutions
with a prescribed L?>-norm. Problems of this type arise naturally in physics, where the prescribed
L*-norm often carries concrete physical meaning. A representative illustration is the atom population
inside Bose-Einstein condensates. However, their mathematical treatment is challenging due to the
presence of the normalization constraint.

A few studies examine whether normalized solutions exist for the base model (1.2). In the mass-
subcritical regime g € (N + @)/N, 2,), with 2, = (N + a + 2)/N denoting the mass critical exponent,
we refer to [1,6,7]. When considering the mass-supercritical scenario g € (2,,2}), where 2; = %,
see [8,9]. Studies concerning (1.2) with a more general nonlinearity are available in [10, 11]. After a
local perturbation is added, the Choquard equation (1.2) becomes

—Au+ du = y(I, * [ulDul"u + plul’*u, x e RN, (1.3)

In this setting, various regimes have been investigated. In particular, when g = (N + a)/N, Eq (1.3)
has been explored in [12-14], with p € (2,2*]in [14], p € (2,2 + ] in [12], and p € 2 + 7,2°)
in [13]. Related works for Choquard equations with composite nonlinearities appear in [15, 16] and
cited references. For the Choquard-type equation with a potential, namely,

—Au+ (V) + Du = y(Ly * ulDlul?2u, x €RY, (1.4)

the trapping potential case has been studied by Cao et al. [17], Li and Ye [7], and Luo [8], with the
mass-subcritical regime treated in [7, 17] and the mass-supercritical regime addressed in [8]. The non-
trapping potential case was investigated for Eq (1.4) in [6, 18], and for its perturbed versions in [19,20]
along with the sources listed there.
Motivated by [12—14,20], we intend to study normalized solutions of (1.1) with potential V(x) # 0
for two regimes: the trapping case V,, = oo and the non-trapping case V., < co, where
Vo = lim V(x).

| x| >0

1.1. The case Vy, < 00

We may set V,, = 0 without loss of generality by substituting (V(x) — Ve, A + V) for (V(x), 2).
For simplicity, we write H for H'(R") and f - for fRN -dx. The following assumptions are required in
this section.

(V1) | }LT V(x) = sup V(x) = 0. There exists a constant o, € [0,

XeRN
‘ f V(x)u?
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(p-2)N—-4
(p—2)N

) such that

< 0'1||Vu||§, Yu € H.
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(V2)V(x) € WES(RY). Let W(x) := %(VV(x),x), |llim W(x) = 0, and there exists o, € [0, min

loc

{ 2N-(N-2)p (1-0)(p—2)N-4

o 7} }) such that

' f W(x)u*

(V3) W(x) possesses a weak derivative. Let Y(x) = (% —N)YW(x)+(VW(x), x) and Y, (x) = max{Y(x),
0}. There exists o € [0, L= 2)N P=DN=1y guch that

< o||Vull3, Yu € H.

f Y, (x0)u* < o3||Vull?, Yu € H.

Remark 1.1. Numerous functions can be chosen to satisfy (V1)—(V3), for instance,
1) Vx) = _T’I(xlz with k > 0 suitably small.
2) V(x) = —m with k > 0 suitably small.

Under the previous assumptions, the map / : H — R given by

1
I(u) = EI(IVMI2 + V(i) 2(N f( o Jul VOl ¥ - —uflulp

is an energy functional well defined on H. To derive a normalized solution of Eq (1.1), we need to seek
a critical point of 1, constrained by

S(p):={uecH: f|u|2 = p?}.
We summarize our main findings as follows.

Theorem 1.2. Under hypotheses (V1)—~(V3), if N >3, @ € (O,N), 2 + % < p < 2%, then there exists a
positive constant p* such that for any p € (0, p*), problem (1.1) has a normalized ground state (u,, A,)
with A, > 0.

Due to the external potential V, we are unable to restrict our analysis to the radial subspace H!(RY)
of H. For this reason, the strategies developed in [13, 14] for the case V = 0 are not applicable. To
compensate for the loss of compactness originating from V as well as the lower critical exponent,
we rely on several properties of the limiting functional (see Remark 2.2), combined with a subtle
comparison between the least energy value for problem (1.1) and that associated with the limiting
functional. Besides, since p is mass-supercritical, the energy functional lacks lower boundedness. To
address this issue, we adopt a minimization approach constrained by the Pohozaev-type condition.

1.2. The case Vy, = +00

In this case, a local minimizer of I on the constraint S(p) alongside a normalized solution of
mountain-pass type is constructed. To this end, the following assumptions are set forth.
(V1) V(x) e CRY,R) and lim V(x) = +co.

x|—>+oo

(V2) V(x) € W (RY) and let W(x) := (VV(x), x). There exists 8 € (0, 523221 such that

1 2
— =BV —W(x) > 0.
(2 ,3) (x) + (—2N (x) >
(V3) There exists 8; > 0, 8, > 0, b > 0, Ry > 0 such that V(tx) < ' V(x) + b** for t|x| > R,.

Electronic Research Archive Volume 34, Issue 12, 8740-8755.
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Remark 1.3. Similar conditions can be found in [21]. By (V1), we know that V,, := inf gy V(x) > —c0.
After replacing (V(x),A) by (V(x) =V, + 1,4+ V,, — 1), it is reasonable to suppose inf gy V(x) > O.
There are several examples satisfying (V1)~(V3), such as the following functions.

) V(x) = |x|° for s > 1.

2Q)V(x) = |x° + 1+’|‘x|2 for s > 1 and « suitably small.

Let E be the Hilbert space defined by

EF:={ueH: f|VM|2 + V(0)u? < +o0},

equipped with the norm
1

2
|l := (j.IVMI2 + V(x)uz) )
For r > 0, we set B, := {u € E : ||lul|z < r}. Then, we will prove the following result.

Theorem 1.4. Under the assumptions (V1), (V2), (V3), if N > 3, @ € (O,N), 2 + % < p < 2% then
there exists a positive constant p; such that for any p € (0,p1), Eq (1.1) admits both a normalized
ground state (u,, A,) and a normalized bound state (i, /_lp) satisfying 1(i,) > 1(u,).

We examine the minimization problem on the constraint S(p) N B, and obtain a local minimizer.
With this critical point at hand, we construct the mountain-pass geometry of / over the manifold S (o)
and further derive a bound state solution. In contrast to the case V = 0, in addition to obtaining a
normalized ground state solution, we further establish the existence of a normalized
higher-energy solution.

2. The case where V., is finite

Throughout this section, all the assumptions in Theorem 1.2 are assumed to hold. To begin with,
we establish a lemma on the Pohozaev identity and give some definitions.

2.1. Preliminaries

Lemma 2.1. Ifu € H solves Eq (1.1), then u satisfies

P2 [+ 5 [wesan+ 5 [@vi, o
N+a N+a (21)
= N%f(za*mw)w +&f|”|”-
p

For (1, u) € R* x H'(RV), define u,(x) = 72 u(tx),

72 1 X N Nia Nt Np_
S 1= 1) = 5 f Val + 3 f VoW - s w f (Lol ¥l ¥ = S f uf”, (22)

PQu) := f |Vu|2—% f (VV(x),x)uz—(p;ﬂ,u f lul?.
p
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and



8744

J(t)="1 f Vu]? - — f (VV( u — (p ;)N FoN-1 f [ulf = —P(uT) (2.3)

By Lemma 2.1 and direct computation, any solution # to (1.1) necessarily fulfills P(u) = O.
We now define

Then,

P:={ueH:Pu)=0LP,=Sp NP,
and

P,={ueP,: J/(1)>0}, P,={ueP,:J/(1)=0}, P, =

o

weP,: J'(1) <0

Given the failure of compactness, we resort to the conclusion associated with V(x) = 0. Set

Io(u) == 5 fqul—z(N )f(l*lulN)lulN—l—),uflul”

Joou(®) = Louy) = - f |Vul* - 2(N - f (I, * 7N f |ul?,
Pull) i= f v - 2N, f ul”,
2p

Po :={u€ H: Po(u) =0}, Pu, =S NPes.

Similarly, we have J., ,(t) = 1P (u;). Denote

oo,u

and

:inf{f|u|2| ueH\ {0} and f(la* ] ¥l = 13,

Remark 2.2. Let 1, := inf I.(u). According to [13], there is a constant p, > 0 for which 1, is attained

u€Peop

for any p < p, and from the proof of [14, Theorem 1.10], 1, is a continuous and decreasing function
of p.

2.2. Proof of Theorem 1.2
Lemma 2.3. If u is a critical point of l|p, and J,/(1) # 0, then I'(u) + Au = 0 holds for some A € R.

Proof. Direct calculation gives

P(wu =2 f Vul? =2 f W(x)uz—@ f |ul”. (2.4)

Substituting P(u) = 0 into (2.4) yields

—2)?
P = P =2 N,uflul” <0.
2p

Therefore, , is a C' manifold.
Since u is a critical point for /|p , we obtain real scalars A, v € R satisfying

I'(u) + Au+vP'(u) = 0. (2.5)

Electronic Research Archive Volume 34, Issue 12, 8740-8755.
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It remains to prove v = 0. Given that u satisfies (2.5), the associated Pohozaev identity

d
d—TE(MT)|T=1 =0

holds, where E(u) := I(u) + 3 Allull? + vP(u). Observe that
E(ur) = I(ur) + %/lllullﬁ +vP(ur) = J (1) + %ﬂllulli + vt (1),
and
%E(uf)h:l =+ () +vtJ/(D),., = A+ (1) +vJ/(1) = (A +v)P(u) + vJ, (1).

From P(u) = 0 and J//(1) # 0, we deduce that v = 0, and the result follows. O

Lemma 2.4.
inf(r>0:3ueSp),IVull; =1, u, € P,} > 6,

with 6, > 0. Accordingly, inf IVull; > 6.
Ue P

Proof. By (2.3) and (V2), we obtain

@ =1 f |Vu|2—i f <vv<’f ’—C uz—wm%‘l f ul?
_r f IVul? — f W )N %N-l f ul?
=7 f Vul? - = f W) (ur)? — o )N A f ul? (2.6)

1 (p=2)N )N -
> 7||Vull; - —0'2||V( T)llz N= 1f|bl|p

(P~ o
= 7(1 = o) [IVull} - ” v f .

For any u € S(p) with ||Vu||§ =1,ifu, € Pp, then J/(r) = 0. Exploiting (2.6), together with the
standard Gagliardo—Nirenberg interpolation inequality, we deduce

- 2)N —2)N 2p=(p-2N w-2N
10y s 22N 2p) Tl e

-0
ch &

2p P Ciu
Lemma 2.5. $, = P, constitutes a natural constraint of 1|5 ).

Proof. For any u € #,, using P(u) = 0, (V3), and (2.3), we obtain

J;’(l):fIVu|2+fW(x)u2+f(VW(x),x>u2—%(¥—N—l)(%—N)flul”
_ f VP + f WO + f (VW(x),x)uz—(%—N—l)( f Vul? f W(x)u2)

N+2—— f Vul? + —p—N) f W + f (VW (), x0i82 27

< —(7 -N-2- O'3)||Vl/t||2
< 0.

where C,

( p—2)N _, 2N
EE-e— Y

N(p-2)-4
. This implies 7 > ( ) , and the conclusion follows. O

Electronic Research Archive Volume 34, Issue 12, 8740-8755.
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Thus, 7’; = P, forms a closed subset of H, and Lemma 2.3 ensures it is a natural constraint of /|g,). O

Lemma 2.6. Each u € S (p) admits a unique 7, > 0 with u., € P, and I(u,,) = m%x I(uy).
™

Proof. Exploiting (2.2) and the Hardy-Littlewood-Sobolev inequality yields

_N+a 2N+a)

Ju(1) = 2(N f( o [l N T > 2(N+ )S N,

as 7 — 0. From (2.6) and p > 2 + ~, we know that J/ () > 0 for 7 > 0 small enough. Consequently,
one finds 7 > 0 with J,(7) i 1ncreas1ng on (0,7%). Since lim,_, . J,(7) = lim,_, o, I(u;) = —oo, there
exists 7, > 7" satisfying

I(uTu) = n‘rlfbx I(u:),

which implies J;(7,) = 0 and u,, € P,,. It remains to establish the uniqueness of 7,. Suppose otherwise
that there is a T > 7, with u; € $,. Lemma 2.5 implies that J,(7) attains strict local maxima at 7, and
7. This guarantees a T € (1, T) such that

J.() = min J,(7).

T€[1y,7]
At this point, we have J/(7) = 0, J;/(T) > 0, so ur € $,. However, the fact J;/(7) = J//(1) 2 0

contradicts Lemma 2.5. O

Lemma 2.6 immediately yields the equality

inf I(u) = 1nf max I(u;).
ueP, ues (p) >0

We thus define
= inf I(u) = inf I(u,).
Mo L}EP,, @) ugSl(p) max (ur)

Lemma 2.7. There exists p] > 0 such that l|p, is positive and coercive for p € (0, p}).

Proof. For any u € $,, by P(u) = 0 and (V2), we obtain

w _Qj))Nlu flulp = (fvlvul2 - fW(x)MZ) <1+ 0'2)||Vu||§’ (2.8)
20 [ = ([ = [ wood) = @ - o 29)

Then, by the Gagliardo-Nirenberg inequality, there is a constant Cy,, > 0 verifying

and

(p—2)Nu e llzp—<g—2>N (P-2N

(1= )Vl < =l 1Vl (2.10)

Thus,

2
2 1 _ (p-2)N-4 Sy
IVul|, > ((p(zTOg]) 0~ T 2.11)
2 M N,p

Electronic Research Archive Volume 34, Issue 12, 8740-8755.
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Taking (2.8) and (2.11) into account, we obtain

1 N N+a N+a 1
Iw) = 5 f(IVMI2 + V) - N+ f(la s Jul V)lul ¥ - I;Mflul”

1 N _ N+ 2(N+a) 1
> —(1- Vulp - ——yS, " M- — P
> 2( o)|IVull; 2(N+a)7 leell, p,uflul
e (2.12)
1 2 2]9(1 — 0'2) _4p-2(p-2)N
>(50-o)- ———(+o)|| o | p
2 (p=2)N (p —2)NuCy,
N g e
2N+ P
Hence, there exists p} > 0 with I|p > 0 for p € (0, p}). Moreover, from (2.12), we deduce
102 (201 =) - — 2 (1 + )| IVul? s, (2.13)
W=V TV T TN TP Ty T Ty P T R '

implying I(u) — +o0 as |[Vull, = +c0. O

Remark 2.8. Let {u,} C P, be such that I(u,) — m, as n — +oo. By Ekeland’s variational principle,
(Ilp,) () — 0. Since the constraint J;] (1) < 0 is open, there exist two sequences {1,}, {v,} C R with

I'(u,) + Au, +v,P'(u,) — 0.
By an argument analogous to Lemma 2.1, we have
Vud,, (1) = 0.
Then from (2.7), we obtain v,,lqu,,II% — 0. However, according to Lemma 2.4,
Va3 > 8.

Thus, v, — 0. Hence, we obtain
I'(u,) + A,u, — 0.

Proof of Theorem 1.2. Fix p* = min{py, p7}, if {u,} C P, is a minimizing sequence with
I(u,) — my,.

From Remark 2.8, there exists {4,} C R satisfying I'(u,) + 4,u,, — 0. In view of Lemma 2.7, we obtain
the boundedness of {u,} in H. Then the proof is divided into four steps for clarity.

Step 1. We prove that m, < I,. Actually, by Remark 2.2, we can choose w € S (p) as a positive solution
attaining /,. Then, by V(x) # 0 and sup, z~ V(x) = 0, we have

1
m, < I?EOX I(w;) = I(WTW) = IDO(WTW) + E fv(x)|w‘rw|2
< Lo(ws,) < Iu(w) = I,

Electronic Research Archive Volume 34, Issue 12, 8740-8755.
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Step 2. We assert that u,, — u weakly in H for some nontrivial u. The boundedness of {u,} justifies this
weak convergence. Now assume for contradiction that # = 0. Then, , — 0 in Lfoc(RN ). From (V1)
and (V2), there exists R > 0 sufficiently large and C, > 0 such that

| V(x)uzdx| = o(1),

|x|>R

and
| V(x)urdx| < C, f urdx = o(1).

|xI<R [xI<R

Thus, f V(x)u? = o(1). Similarly, we have f W(x)u? = o(1). Applying Brezis-Lieb Lemma, we obtain
my + o(1) = 1) = Lo(uy), Jlo, (1) = T, (1) + o(1) = o(1).

Arguing similarly to Lemmas 2.5 and 2.6, we can pick 7, so that (u,),, € P,. Moreover, since
Jiou, (1) = o(1), we have 7, = 1 + o(1). Then, it follows

Iy < 1o((Uy)z,) = Io(uy) + 0(1) = m,,.

This contradicts the strict inequality m, < [,.
Step 3. We prove that 4, — A for some A > 0. From the fact that I’(u,) + 4,u,, — 0, we deduce

f (Vi + V(2 + ) — f (L # ] ¥ty ¥ = f lual” = o(1). (2.14)
It follows that
0% = f (L # it Vi) ¥ + f ul” + o(1) — f (Vi + V(xud).

Then, 4, is bounded. By taking a subsequence, we may suppose that 4, — 1 € R. By (V1), P(u,) =0,
and (2.9), we have

P f Lo # luta] ¥ty ¥ + g f lual? + 0(1) — f Vi,
N+a N+a -— 2 N
= f Ly # ] et ™ + 1 f lual? + o(1) f W(x)ui—% f l4pl?

v wa 2p—(p=2)N
> f Ly * ) iy 5+ L—L— 20, f 0l = o3|Vt |2

2p
2p-(p=-DN  2p 2
z( S Z)Naz)nwnuz +o(l).

Then by Lemma 2.4, 4,0> > & > 0 for some & > 0, which implies 1, — A > 0. Combining this with
the result obtained in Step 2, we conclude that u solves (1.1) and P(u) = 0.

Step 4. u, — u strongly in H. Set ||ull, = d. We first aim to show that d = p. To this end, we
proceed by contradiction. Assuming that d < p, we set ¢ := +/p> —d* > 0 and v, := u, — u. Then,
[Vallo = ¢ + o(1) > 0, and v, — 0 in H. As in Step 2, we obtain

f V() = o(1), f W2 = o(1).

Electronic Research Archive Volume 34, Issue 12, 8740-8755.
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So we have
my, = I(u,) + o(1) = I(u) + I(v,) + o(1), (2.15)

o(1) = P(u,) = P(u) + Po(v,) = Pos(v,) = J,, (1). (2.16)

Then we can pick 7, = 1 + o(1) so that (v,),, € Pmm”%. Consequently,
lIIv,,ll% < Ioo((vn)‘rn) = Io(vy) + o(1) = my — I(w) + o(1).
Taking into account that /, is decreasing in p, we obtain

lp <l[.=1lim lllv,,llz < lim Im((vn)Tn) =m, — I(u) < mp,

which contradicts m, < [,. Thus, u, — u in L*(RY), u e P,, and I(u) > m,,.
It is sufficient to show that ||Vv,|[, — 0. From the fact ||v,||, = o(1), the Gagliardo-Nirenberg and
Hardy-Littlewood-Sobolev inequality, we obtain

f val? = o(1), f Uy * vl Tl = 0(1).

Combining this with (2.15) yields
1 2
0>m,—I(u) = I-(v,) +o(1) = §||Vv,,||2 +o(1).
Therefore, ||Vv,|l, — 0, which implies that u, converges strongly to « in H and I(«) = m,. O
3. The confining potential case

3.1. Existence of normalized ground states

We shall work under the full set of assumptions from Theorem 1.4 throughout this section. Introduce
the following infimum
m, 1= uel?lrlrl\i;(p) 1(u).
First, we establish some auxiliary lemmas.
Lemma 3.1. (i) Given any r > 0, there is a p, > 0 satisfying S (p) N B, # 0 for all p < p,.
(ii) Provided that S (o) N\ B, # 0, then my, is achieved.

Proof. (i) By (V1), -A + Vis compact in L>(RY). We denote by 7, its first eigenvalue and by ¢, the

corresponding eigenfunction, normalized such that |||z = 1 and |||, = 771_7. For any r > 0, set
pr = |2 Then, it is clear that for every p < p,, ¥, := ;—pt//] € S(p) N B,. This completes the proof.
(if) The result follows directly from the compact embedding of E into LP(RY), 2 < p < 2*. O

Lemma 3.2. Given any r > 0, there is a constant p, > 0 such that if p < p, and S (0)N(B,\B;) # 0, then

inf  I(u) < inf I(u).
ues (p)mBi ues (ﬂ)m(Br\B%)

Electronic Research Archive Volume 34, Issue 12, 8740-8755.
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Proof. Given any r > O and u € S (o) N (B, \ B%), it holds

1 /,l Ny N+a N+a
I — 2 _ p____ ‘ I N N
() 2||u||E > flul SN+ f( o % Jul V)

1 5 /l 2p—(p-2)N (p—2)N Ny _ N+a 2(N+a)
> §||M||E - ;CZ,pHMHQ 2oVl 2 = mSa N ], ™ (3.1)
> r_2 l — E I4 p217*(p2*2)1\’ rw_z — —Ny S;%p% .

4\2 p Nr 2(N + a)n;

Choose p, sufficiently small such that for p < p,,

Ny ~e - 1

XN+ P S 16
and !

/J p 2p—(p-2)N M—Z

;CN,pp 2 r 2 < E
hold. Then it follows that 32

,
I(w) > —. 3.2
() 2 0 (3.2)

Let p, := min{p:,p,}, then according to Lemma 3.1, we have S(p) N B: # 0. Moreover, a direct
computation shows that
1 2
1) < Sl < 35,V € S (o) 1 By. (3.3)
Thus, the desired result follows from (3.2) and (3.3). O

Lemma 3.3. For some py > 0, Eq (1.1) admits a normalized solution u, for p < po, and u, attains
a local minimum of the functional I on S(p) N By. In addition, if (V2) is satisfied, then there is some
p1 € (0, pol such that u, is a normalized ground state of (1.1) for any p < p;.

Proof. Take r = 1 for simplicity and set p, := p; with p; defined as in Lemma 3.2. For p < p,
Lemma 3.1 yields a minimizer u, € S(p) N By such that I(u,) = m). Lemma 3.2 further gives u, €
SN B%. Thus, u, is a critical point of I|s(,), i.e, for some A € R, I'(u,) + Au, = 0.

It remains to show there exists p; > 0 such that u, is a ground state for any p < p;. We begin by
proving mll) — 0asp — 0. Asin (3.1), for u € S(p) N By, we have

1 wgoow o 0DV, Ny M %) 3 5
1) =l (5 —op Nl S f”) 2 gl for p < o

Combining the above result with Lemma 3.1(ii), we deduce m}) > 0. To proceed, take w € S(py) N B
and set w, := ﬁ%w. A direct computation shows that w, € S(p) N B and

2
m < Iw,) <& f VP + V(xwidx,
Po

which yields m), — 0 as p — 0.
Next, we use an argument by contradiction. Suppose there are p, — 0 and w, € S(p,) with

Uls) W) =0, I(w,) <m,, . (3.4)
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Then we have P(w,) = 0. Taking (V2) into account, we obtain

m, > I(w,) - 22)NP(wn)
—2(N+ S o bl ¥ )|wn]|v”“’ N (3.5)
o N+a
> f (|2an|2 erv zmw,%) —Z(N—Za) Flwall, ™
= Blwallg — mSa_Tpn !
Since p, — 0, we have m — 0 and 22— S, s :Nm) — 0. Then from (3.5), we deduce |w,||z < 1

2(N+a)
for p, > O sufficiently small, which implies w, € By NS (p,), and so I(w,) > m}, This contradicts (3.4)

and establishes the desired result. O

3.2. Existence of normalized bound state solutions

For r > 0, p < p, with p, defined as in Lemma 3.1, set

Ar={ueS(p)N B, : [(u) = m).

As proved in Lemma 3.1, we have A} # 0. Let 7 x u := e%Tu(eTx). Fix v, € A) and set w,, 1= 79 x v,
for some 75 > 0. Since

X .
I ull = € f Vul® + f V(S > e f [VuP + inf V(x) f 1 — 400, as T — +oo,
e xeR

I(t % u) > —o0 as T — +o0,

and

we can select 7o > O sufficiently large such that w, € S(p) \ By and I(w,) < 0. Define
={h € C([0, 11,5 (p)) : h(O0) = vy, (1) = w,},

and

M, ]glrf lrer[l(e)ulc] I(h(D)).

Lemma 34. ', # 0.

Proof. Define h,(t) := (t7) * v,. It is sufficient to prove the continuity of /,(f) with respect to ¢. That
is, for any ¢, — ty, we need to show

171 (t2) = Ba(t0)lle = IV ((t4T0) * v,) = V((10T0) * I + fv(x)[(tnTO) * v, = (to70) * v, > = 0.

It follows from [22] that /;(¢) is a continuous function in H. Hence, it remains to show
f V(0)[(t,70) * v, — (to70) * v,]* = 0. (3.6)
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Actually,

fv(x)[(tnTO) * Vp]2 = fV(E:‘CTO)VZ’

X —InToP1 —InTi
V(Wo)vﬁ < (maX{Cl,e WPV (x) + be™ OﬁZ)vﬁ

< (max{Cy, 2707 |V (x) + 2be 07052 ) 2.

and by (V3), it holds

This together with Lebesgue’s dominated convergence theorem gives

f V()[(t,70) * v, 1> — f V(xX)[(toT0) * v, 1% (3.7)

Using (3.7) and Holder’s inequality, we deduce

fV(x)(tn‘ro) * v, - (foTo) * v, — fV(x)[toTo * vp]z. (3.8)

Combining (3.7) and (3.8) yields (3.6). Hence, h;(?) € I',,, and the conclusion follows. O
Lemma 3.5. Given py > 0 as defined in Lemma 3.3, for p < py, a sequence {u,} C S (p) exists such that
I(u,) = My, (s ) (n) — 0, P(u,) — 0. (3.9)

Proof. For any h € I',, we observe that 4(0) = vy. Then from Lemma 3.2, we know that h(0) €
S NB 1. Taking account of the continuity of ||A(?)||z, we deduce that i(#,) € S(0)N (B, \ B 1 ) for some
t; €10, 1]. Thus,

> i 1 > 1 = 1
2}8‘}‘] 1(h(t)) > inf I(w)> inf I(u)> uesl(fol)mel I(u) m,.

ues (p)N(B1 \B% ) ues (p)ﬂB%
Then,
M, = inf max I(h(f)) > m'. 3.10
P hel, 1e[0.1] (h(D) p ( )

As in [22], we consider the auxiliary function given by
[:S(@) xR - R, (u,7)— I(Tku).

Setting R R X
I, :={h € C([0,1],S(p) X R) : h(0) = (up, 0), A(1) = (wy, 0)},

and R .
M, = ;nrf max /(h(r)),
we have Mp = M, as in [21]. By Ekeland’s variational principle, there exists {(u,,7,)} € S(p) X R with
70 = 0, 1ty 7,) = My, (s )y, 72) = 0, as n — oo.

Since 1(uy, 7,) = Iz, %1y, 0) and (Ils pyxe) (1, Ta)(@, 8) = Uls o) (Takity, 0)(T, %6, 5), we may assume
that 7, = 0, which implies

L(uy) = My, (Uls () (un) = 0, P(uy) — 0.

O
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Lemma 3.6. The sequence {u,} in (3.9) is bounded in E.
Proof. By (3.9), (V2), and simple calculation, we deduce

Ny %2 v

NP(un) 2ﬁ”unH]ZE - —S

Mp+0(1):I(un)_(p_—2) 2(N+a/) a

The conclusion follows. O
Proof of Theorem 1.4. As indicated in Lemma 3.3, a normalized ground state exists whenever p < p;.
Applying Lemmas 3.5 and 3.6, we derive a bounded sequence {u,} C S (p) satisfying

1(uy) = My, (L5 ) (un) = 0, P(u,) — 0.
We can take a subsequence and assume that
u, = i, in E, u, — ii, in L’R"),2 < p <2*, u, - i, ae. in R". (3.11)
From the method of Lagrange multiplier, there is some 4, verifying
I'(u,) + ,u, — 0. (3.12)

Then, it is easy to see that

= —[%U’(un), ) + o(1),

is bounded. Thus, taking an appropriate subsequence, we obtain A, — 1, for some A, € R. This
combined with (3.11), (3.12) implies

I'(W,) + i, =0, in E7". (3.13)
Then, by the fact that
<I/(ﬁp) + /_lpﬁpa ﬁp>E =0, <1,(un) + Aplty, Up)E = o(1),

and the compact embedding, we have u, — i, in E, that is, there exists i, € S(p) with I(ii,) = M,,.
Moreover, by (3.10), we have M, > m}). O
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