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Abstract: This paper investigates mean-square exponential ultimate boundedness (MSEUB) for
bandwidth-limited networked control systems subject to Bernoulli packet losses and finite-bit
communication. A packet-loss-adaptive, event-triggered mechanism updates the triggering threshold
according to the number of consecutive packet losses. It also enforces a positive minimum inter-
event time. A scale-normalized encoding–decoding method is then constructed for finite-bit output
transmission. Before quantization, the sampled output is normalized using a scale retained locally at the
field-side node. The finite-bit index vector representing the normalized output is transmitted through
the sensor-to-controller channel subject to packet losses. A stochastic closed-loop model is established
by decomposing the Bernoulli packet-reception variable into its mean and zero-mean fluctuation.
Tractable conditions are then derived to ensure MSEUB under Bernoulli packet losses and finite-bit
reconstruction errors. Finally, numerical simulations illustrate the closed-loop and communication
performance of the proposed design.
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1. Introduction

In recent years, networked control systems (NCSes) have been applied to autonomous aerial
vehicles [1], wireless industrial automation [2], and multi-agent consensus control [3]. Their sensing,
communication, computation, and actuation functions are typically distributed across interconnected
nodes [4]. In edge-enabled industrial systems, communication scheduling and control can be jointly
designed [5]. Sensor nodes acquire plant outputs, controllers compute control commands, and
actuators apply the corresponding control inputs to the plant [6]. End–edge collaboration further
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places control-related processing near field devices [7]. Computation and compression latencies can
influence end-to-end timing [8]. Practical NCSes additionally face resource-constrained edge
devices [9] and limited communication bandwidth [10]. Networked information exchange can also be
affected by communication latency [11]. Packet losses remain an important communication constraint
in closed-loop NCS operation [12, 13]. Communication delays and sampling constraints can further
affect closed-loop stability [14, 15]. Sampled-data modeling captures the interaction between
continuous-time plant evolution and discrete controller updates. Within this framework, stability
analysis and controller synthesis based on linear matrix inequalities (LMIs) provide tractable tools for
closed-loop design [16, 17]. These considerations motivate the joint treatment of transmission
scheduling and finite-bit output representation.

In bandwidth-limited NCSes, the communication rate is an important metric for resource
planning [18]. Periodic transmission of all sampled information may therefore be inefficient,
especially when the measured output changes only slightly. To reduce unnecessary transmissions,
various communication scheduling strategies, including the stochastic communication protocol
(SCP), have been investigated [19, 20]. Among them, event-triggered mechanisms provide
nonperiodic transmission by releasing information or control actions only when prescribed conditions
are satisfied [21, 22]. Such mechanisms can reduce communication and computation burdens while
maintaining closed-loop stability. Adaptive and dynamic event-triggered strategies have also been
studied for learning-based and data-driven control [23, 24]. Event-triggered methods have further
considered asymptotic tracking [25]. Related designs have addressed security compensation and
synchronization under different triggering structures [26, 27]. Fixed-time regulation with input
nonlinearities has also been investigated using dynamic event-triggered designs [28]. Practical
network constraints have also received considerable attention. Sun et al. [29] developed a
threshold-dependent secure event-triggered control mechanism (TDSETCM) under denial-of-service
(DoS) attacks. Wu et al. [30] investigated a dynamic periodic event-triggered control mechanism
(DPETCM) for nonlinear cyber–physical systems under denial-of-service (DoS) attacks. Zeng et
al. [31] considered robust tracking control under bounded packet dropouts and external disturbances.
Wang et al. [32] developed looped-functional-based output-feedback conditions for aperiodic
sampled-data systems. Together, these studies provide a basis for communication-efficient control and
stability analysis under unreliable and nonperiodic network updates.

Communication usage in NCSes is determined jointly by transmission instants and the finite-bit
representation of feedback information. Quantized communication has been investigated for
event-triggered consensus under asynchronous DoS attacks [33] and resilient control of uncertain
NCSes [34]. Finite-bit feedback can also be corrupted by bit-level channel errors, which may degrade
the information available for closed-loop control [35]. Various encoding–decoding constructions have
also been investigated in quantized control [36, 37]. Although such methods reduce transmitted
payloads, finite-bit reconstruction errors enter the control loop. The integration of encoding–decoding
mechanisms with closed-loop control has also been investigated. Liu et al. [38] studied
observer-based control of networked periodic piecewise systems using an encoding–decoding
mechanism. Wakaiki [39] developed a dynamic quantization with a zoom-parameter
encoding–decoding method (DQZPEDM) for systems subject to quantization and packet loss. Zhou
et al. [40] investigated robust finite-time stabilization using a limited static state-quantization
encoding–decoding method (LSSQEDM). This study further characterized the effects of finite
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quantization levels on closed-loop performance. Together, these studies addressed finite-bit
encoding–decoding and quantization under different network constraints.

Although the above studies have advanced event-triggered transmission, finite-bit
encoding–decoding, and quantized control, two issues remain in bandwidth-limited NCSes. First,
many existing triggering rules determine transmission instants according to state deviations, output
variations, or prescribed threshold parameters. These rules mainly evaluate whether the newly
sampled signal differs sufficiently from the last transmitted signal. However, packet losses may
prevent a triggered packet from being received by the controller, making the corresponding feedback
update unavailable. Consequently, the controller-side update rate depends on the triggering error and
packet-loss history. If this loss history is not reflected in the triggering threshold, the triggering rule
may not promote timely transmission attempts after repeated packet losses. Second, finite-bit
encoding–decoding schemes can reduce communication usage. However, the output magnitude may
vary over time, whereas only a limited number of bits are available for transmission. Without
appropriate scale normalization, balancing output-amplitude coverage and reconstruction accuracy
remains difficult.

To address these issues, this paper develops an event-triggered control framework for
bandwidth-limited linear NCSes. Its main contributions are summarized as follows. First, a
packet-loss-adaptive event-triggered mechanism (PLAETM) is proposed to adjust the triggering
threshold according to consecutive packet losses, thereby promoting subsequent transmission
attempts after unsuccessful receptions. Numerical comparisons with adapted implementations of
SCP [19], TDSETCM [29], and DPETCM [30] show that PLAETM reduces sensor-to-controller
transmission attempts relative to SCP and TDSETCM while maintaining comparable closed-loop
regulation under the stated parameter settings. Second, a scale-normalized encoding–decoding
method (SNEDM) is developed to represent sampled outputs using fixed-length finite-bit indices
without prescribing a raw-output quantization range or recursively updating a dynamic range.
Numerical comparisons with LSSQEDM [40] and DQZPEDM [39] show that SNEDM achieves the
lowest integral reconstruction error among the compared methods under the common trajectory and
bit-length settings considered in the numerical study while avoiding overflow and requiring neither a
prescribed raw-output range nor recursive dynamic zooming. Third, a stochastic closed-loop model is
established to capture the coupled effects of packet-loss-dependent triggering, packet reception, and
finite-bit reconstruction errors. Sufficient conditions for mean-square exponential ultimate
boundedness (MSEUB) and a tractable controller-design condition are then derived.

Notations: Expectations and probabilities are denoted by E{·} and P{·}, respectively. The integers
nx, nu, and ny denote the dimensions of the state, input, and output. The symbols Rn and Rn×r denote
the corresponding real vector and matrix spaces. The operator diag{·} constructs a block-diagonal
matrix. For a square matrix G, He(G) = G +GT. The identity matrix of dimension n is denoted by In;
its subscript is omitted when the dimension is clear. The notation ∥ · ∥p denotes the vector p-norm
for p ∈ {1, 2,∞}, with ∥ · ∥ = ∥ · ∥2. For a real symmetric matrix G, λmin(G) and λmax(G) denote
its minimum and maximum eigenvalues. The symbol ∗ represents a transposed symmetric block in a
symmetric matrix.

Electronic Research Archive Volume 34, Issue 11, 8689–8718.



8692

2. Preliminaries

This section presents the considered bandwidth-limited NCS and its signal flow, as illustrated in
Figure 1. The sensor samples the plant output, and PLAETM determines whether the current sample is
released. Once an event is generated, the encoder normalizes and quantizes the sampled output. Only
the resulting finite-bit index vector is transmitted through the sensor-to-controller channel subject to
packet losses. Decoder 1 reconstructs the normalized output for control computation, and Decoder 2
recovers the physical control input applied to the plant. The plant model, PLAETM, and SNEDM are
formulated in the following subsections.
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Figure 1. Architecture of the proposed PLAETM–SNEDM framework.

2.1. System model

The plant dynamics are described by the continuous-time linear plant

ẋ(t) = Ax(t) + Bu(t), y(t) = Cx(t), (2.1)

where x(t) ∈ Rnx , u(t) ∈ Rnu , and y(t) ∈ Rny represent the plant state, the actuator input, and the sensor-
side measured output. The matrices A ∈ Rnx×nx , B ∈ Rnx×nu , and C ∈ Rny×nx are known constants.

2.2. PLAETM

This subsection introduces the PLAETM for bandwidth-limited NCSes with random packet losses.
PLAETM releases a sampled output only when the triggering condition is satisfied. A minimum inter-
event time is imposed to avoid arbitrarily dense transmissions, and the triggering threshold is adjusted
according to the number of consecutive packet losses. Consequently, repeated transmission failures
reduce the threshold for the next triggering decision and promote a new transmission attempt.

The triggering instants are denoted by

0 = t0 < t1 < · · · < tk < · · ·
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and satisfy
tk+1 − tk ≥ Tmin, lim

k→∞
tk = ∞, (2.2)

where Tmin > 0 denotes the minimum interevent time. When an event occurs at tk, the sampled output
y(tk) is released for finite-bit encoding and transmission to the edge controller through the sensor-to-
controller channel subject to packet losses.

The packet-reception status at tk is represented by σ(tk) ∈ {0, 1}, where σ(tk) = 1 denotes successful
reception, and σ(tk) = 0 denotes packet loss. The sequence {σ(tk)} is modeled as independent Bernoulli
trials satisfying

P{σ(tk) = 1} = ps, P{σ(tk) = 0} = ploss = 1 − ps,

where ps ∈ (0, 1] denotes the packet-reception probability, and ploss = 1 − ps denotes the packet-loss
probability. The consecutive-loss counter is updated according to

rk+1 =

0, σ(tk) = 1,
rk + 1, σ(tk) = 0.

(2.3)

The packet-reception outcome associated with each triggered transmission is determined by the
communication interface and made available to the field-side triggering unit through the reception-
status feedback path shown in Figure 1. A successfully delivered packet is decoded and used for the
control update at tk, as represented by the delay-free model. For the causal update of PLAETM, the
reception status becomes available before the earliest admissible next triggering test at tk + Tmin. Upon
obtaining σ(tk), the consecutive-loss counter rk+1 is first updated according to (2.3), and the threshold
used for the subsequent triggering decision is then computed as

εk+1 =
ε0

1 + ηrk+1
, (2.4)

where ε0 > 0 is the nominal triggering threshold, and η ≥ 0 is the loss-adjustment coefficient. Thus,
εk+1 is the loss-adapted triggering threshold and remains unchanged until the next event is generated.
It follows from (2.4) that

0 < εk+1 ≤ ε0. (2.5)

When η = 0, the mechanism reduces to a fixed-threshold design. For η > 0, a longer sequence of
consecutive packet losses results in a smaller εk+1, thereby lowering the threshold for the next
transmission attempt.

Remark 1. In the considered architecture, σ(tk) denotes the delivery status explicitly confirmed by
the communication interface for the packet transmitted at tk. The communication interface completes
the status-resolution procedure and provides σ(tk) to the field-side triggering unit before the next
admissible triggering test at tk + Tmin. Upon receiving this status, the triggering unit sequentially
updates rk+1 and εk+1 before determining tk+1. An acknowledgment delay or loss may postpone or
prevent these updates and thereby alter the subsequent triggering sequence. Explicit treatment of
delayed or unreliable acknowledgment feedback would require extending the current network model
and the corresponding stability analysis.

The encoder and Decoder 2 are co-located at the field-side node. Therefore, the scale s(tk) is
retained and shared locally, whereas only the finite-bit index vector is transmitted through the
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sensor-to-controller channel. In the communication metrics, Ntx counts sensor-to-controller
transmission attempts, and nybz denotes the payload length of each triggered packet. These metrics
cover the sensor-to-controller data link; reception-status signaling and controller-to-actuator
communication lie outside their scope.

Using (2.2) and (2.4), the next triggering instant is determined by

tk+1 = inf
{
t ≥ tk + Tmin

∣∣∣ eT
y (t)Wey(t) ≥ εk+1yT(t)Wy(t)

}
, (2.6)

where W =WT ≻ 0 is the triggering weight matrix. Let

T
(1)
k = [tk, tk + Tmin), T (2)

k = [tk + Tmin, tk+1).

For t ∈ T (1)
k , set ∆(t) = t − tk, and define

ψ(t) =


1
∆(t)

∫ t

tk
ẋ(λ) dλ, ∆(t) > 0,

ẋ(t+k ), ∆(t) = 0,

where t+k denotes the right-hand limit at tk. Therefore, the sampled state x(tk) can be represented as

x(tk) = x(t) − ∆(t)ψ(t). (2.7)

The output sampling error ey(t) is defined as

ey(t) =

−C∆(t)ψ(t), t ∈ T (1)
k ,

C
(
x(tk) − x(t)

)
, t ∈ T (2)

k .
(2.8)

For t ∈ T (2)
k , the triggering condition remains unsatisfied. Hence, (2.5) and (2.6) yield

eT
y (t)Wey(t) ≤ ε0xT(t)CTWCx(t). (2.9)

Algorithm 1 summarizes the causal implementation sequence of PLAETM. The packet-reception
status associated with the transmission at tk becomes available before the next admissible triggering
test. The triggering unit then updates rk+1 and εk+1 sequentially before determining tk+1.

Algorithm 1. Update procedure of PLAETM
Input: Measured output y(t), packet-reception status σ(tk), and parameters Tmin, ε0, η, and W.
Output: Triggering instants {tk}k≥0, consecutive-loss counters {rk}k≥0, and triggering thresholds
{εk}k≥0.

1: Initialize t0 = 0 and r0 = 0.
2: for k = 0, 1, 2, . . . do
3: Release y(tk) for encoding and transmission.
4: Obtain σ(tk) before tk + Tmin.
5: Update rk+1 according to (2.3).
6: Update εk+1 according to (2.4).
7: Determine tk+1 according to (2.6).
8: end for
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2.3. SNEDM

At each triggering instant, SNEDM maps the sampled output into a bounded normalized domain
and represents the normalized vector by a finite-bit index vector. The encoding and reconstruction
procedures are formulated as follows.

When an event is triggered at tk, the sampled output is written as

y(tk) =
[
y1(tk) y2(tk) · · · yny(tk)

]T
.

The scale factor is selected as
s(tk) = max{smin, ∥y(tk)∥∞}, (2.10)

where smin > 0 is the prescribed lower bound for the scale. In the considered architecture, the encoder
and Decoder 2 are co-located at the field-side node. Thus, the scale s(tk) in (2.10) is retained locally and
used by Decoder 2 for scale recovery, whereas only the finite-bit normalized index vector is transmitted
through the bandwidth-limited sensor-to-controller channel.

Using the scale factor in (2.10), the ith output component is normalized as

zi(tk) =
yi(tk)
s(tk)

, i = 1, 2, . . . , ny. (2.11)

The normalized output vector is represented by

z(tk) =
[
z1(tk) z2(tk) · · · zny(tk)

]T
.

It follows from (2.10) and (2.11) that

|zi(tk)| ≤ 1, i = 1, 2, . . . , ny,

which further implies
∥z(tk)∥∞ ≤ 1.

Let bz ≥ 2 denote the number of bits assigned to each normalized component, and define

qz = 2bz .

Because ∥z(tk)∥∞ ≤ 1, the normalized domain [−1, 1] is uniformly divided into qz subintervals, and the
jth subinterval Q j is expressed as

Q j =

[
−1 +

2 j
qz
,−1 +

2( j + 1)
qz

)
, j = 0, 1, . . . , qz − 1, (2.12)

where the last subinterval is closed at the right endpoint such that 1 ∈ Qqz−1.
According to (2.10) and (2.12), the width of each quantization interval in the physical output

domain is 2s(tk)/qz. When ∥y(tk)∥∞ < smin, the scale satisfies s(tk) = smin, so a smaller smin provides
finer reconstruction resolution near the origin, whereas a larger smin enlarges the minimum physical
quantization range with a coarser resolution. When ∥y(tk)∥∞ ≥ smin, the scale follows the current
output magnitude, and the instantaneous quantization range is determined by ∥y(tk)∥∞.
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For each normalized component, the zero-based transmitted index mi(tk) ∈ {0, 1, . . . , qz − 1} is
determined according to (2.12) as

zi(tk) ∈ Qmi(tk), i = 1, 2, . . . , ny. (2.13)

Because each mi(tk) is represented by bz bits, the encoded index vector is written as

m(tk) =
[
m1(tk) m2(tk) · · · mny(tk)

]T
.

Only m(tk) is transmitted through the sensor-to-controller channel, and the corresponding payload
length is nybz bits for each triggered packet. According to (2.12) and (2.13), the midpoint
reconstruction associated with mi(tk) is expressed as

ẑi(tk) = −1 +
2mi(tk) + 1

qz
, i = 1, 2, . . . , ny. (2.14)

The corresponding reconstructed normalized vector is represented by

ẑ(tk) =
[̂
z1(tk) ẑ2(tk) · · · ẑny(tk)

]T
.

Using the scale factor in (2.10) and the reconstructed normalized vector in (2.14), the reconstructed
physical output is expressed as

ŷ(tk) = s(tk )̂z(tk). (2.15)

Based on the reconstructed normalized output, the edge controller computes

uz(tk) = −K̂z(tk), (2.16)

where K ∈ Rnu×ny is the output-feedback gain. Using the scale factor in (2.10), Decoder 2 reconstructs
the physical control command as

ū(tk) = s(tk)uz(tk). (2.17)

The output reconstruction error is defined as

eq(tk) = ŷ(tk) − y(tk).

Using (2.15)–(2.17) and the definition of eq(tk), the actual control input is expressed as

u(t) = σ(tk)ū(tk) = −σ(tk)K
(
y(tk) + eq(tk)

)
. (2.18)

Using (2.1) and (2.18), the closed-loop dynamics on T (1)
k are expressed as

ẋ(t) = Ax(t) − σ(tk)BKCx(tk) − σ(tk)BKeq(tk). (2.19)

Substituting (2.7) into (2.19) yields

ẋ(t) = (A − σ(tk)BKC)x(t) + σ(tk)BKC∆(t)ψ(t) − σ(tk)BKeq(tk), t ∈ T (1)
k . (2.20)

For t ∈ T (2)
k , the second branch of (2.8) gives

y(tk) = y(t) + ey(t). (2.21)
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Using (2.21) and the output equation in (2.1), the sampled output is rewritten as

y(tk) = Cx(t) + ey(t).

Substituting this expression into (2.18) and then using (2.1) yields

ẋ(t) = (A − σ(tk)BKC)x(t) − σ(tk)BKey(t) − σ(tk)BKeq(tk), t ∈ T (2)
k . (2.22)

Remark 2. The actuator adopts a zero-order hold between consecutive triggering instants.
Under (2.18), a successfully received command is held over the corresponding interevent interval,
whereas a packet loss results in zero input. A hold-last-command strategy can preserve control
continuity after packet loss, but the retained command may become increasingly outdated as the plant
state evolves. Therefore, the zero-input policy is adopted here to avoid prolonged actuation based on
stale output information.

Definition 1. The stochastic closed-loop system under Bernoulli packet losses described by (2.20)
and (2.22) is said to satisfy MSEUB if there exist constants c1 > 0, c2 > 0, and c3 > 0 such that

E{∥x(t)∥2} ≤ c1e−c2(t−t0)E{∥x(t0)∥2} + c3

for all t ≥ t0.

Lemma 1. Suppose that the scale factor s(tk) is generated by (2.10) and that the normalized output is
encoded and reconstructed according to (2.12)–(2.14). Then, there exists a constant κq = ny/q2

z > 0,
independent of tk, such that

eT
q (tk)eq(tk) ≤ κq

[
s2

min + yT(tk)y(tk)
]
. (2.23)

Proof. Each normalized component is reconstructed by the midpoint of an interval with width 2/qz.
Hence, |̂zi(tk) − zi(tk)| ≤ 1/qz for i = 1, 2, . . . , ny, and

∥̂z(tk) − z(tk)∥2 ≤
ny

q2
z
= κq.

Because eq(tk) = s(tk)[̂z(tk) − z(tk)],
eT

q (tk)eq(tk) ≤ κqs2(tk).

Moreover, (2.10) gives

s2(tk) = max
{
s2

min, ∥y(tk)∥2∞
}
≤ s2

min + yT(tk)y(tk).

Combining these inequalities establishes (2.23). □

Lemma 2. [41] For a positive integer N, let Λ, Ui, and Vi be dimensionally compatible real matrices,
and let Ri be nonsingular, i = 1, . . . ,N. The inequality

Λ +

N∑
i=1

He
(
UiR−1

i VT
i

)
≺ 0 (2.24)

holds if there are scalars ρi > 0, i = 1, . . . ,N such that[
Λ U1 + ρ1V1 · · · UN + ρNVN

∗ diag {−ρ1 He(R1), . . . ,−ρN He(RN)}

]
≺ 0. (2.25)
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3. Main results

Let F −k denote the history information set before the packet-reception status σ(tk) is observed. The
packet-reception process is assumed to satisfy

P{σ(tk) = 1 | F −k } = ps. (3.1)

To separate the mean reception probability from its random fluctuation, define

ξk = σ(tk) − ps, E{ξk | F
−

k } = 0, E{ξ2
k | F

−
k } = νs, (3.2)

where
νs = ps(1 − ps).

Remark 3. The conditional reception model in (3.1) describes a memoryless packet-reception process
with a constant success probability ps. The conditional moments in (3.2) are therefore independent of
previous reception outcomes. Temporally correlated or bursty packet losses, including Markovian and
Gilbert–Elliott channels, require a channel-mode-dependent model. In this case, the stability analysis
needs to account for different channel modes and their transitions. The PLAETM loss counter remains
updateable from the observed reception sequence.

Theorem 1. Assume that the packet-reception process satisfies (3.1) and that the encoding–decoding
scheme satisfies the conditions of Lemma 1. For given bz ≥ 2; smin > 0, K ∈ Rnu×ny; and
ε0,Tmin, α, τ1, τ2 > 0, define qz = 2bz and κq = ny/q2

z . If there exist P = PT ≻ 0 and S = ST ≻ 0 in
Rnx×nx; W = WT ≻ 0 in Rny×ny , Z,Z1,N3 ∈ R

nx×nx , Mi,Fi,Ni ∈ R
nx×nx for i ∈ {1, 2}; and µq > 0 such

that the following matrix inequalities hold:

P + Tmin
He(Z)

2
Tmin(Z1 − Z)

∗ −Tmin He(Z1) + Tmin
He(Z)

2

 ≻ 0, (3.3a)

Φσ
0 =



Φ11(0) Φ12(0) Φ13(0) −psMT
1 BK τ1MT

1 0

∗ Φ22(0) Φ23(0) −psMT
2 BK τ1MT

2 0

∗ ∗ Φ
q
33(0) 0 0

√
νs(BKC)T

∗ ∗ ∗ −µqIny 0
√
νs(BK)T

∗ ∗ ∗ ∗ −τ1Inx 0

∗ ∗ ∗ ∗ ∗ −τ1Inx


≺ 0, (3.3b)

Φσ
Tmin
=



Φ11(Tmin) Φ12(Tmin) Φ13(Tmin) TminN1 −psMT
1 BK τ1MT

1 0

∗ Φ22(Tmin) Φ23(Tmin) TminN2 −psMT
2 BK τ1MT

2 0

∗ ∗ Φ
q
33(Tmin) TminN3 0 0

√
νs(BKC)T

∗ ∗ ∗ −Tmine−2αTmin S 0 0 0

∗ ∗ ∗ ∗ −µqIny 0
√
νs(BK)T

∗ ∗ ∗ ∗ ∗ −τ1Inx 0

∗ ∗ ∗ ∗ ∗ ∗ −τ1Inx


≺ 0, (3.3c)
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Θσ =



Θ
q
11 Θ12 Θ

q
13 −psFT

1 BK τ2FT
1
√
νs(BKC)T

∗ −He(F2) −psFT
2 BK −psFT

2 BK τ2FT
2 0

∗ ∗ Θ
q
33 0 0

√
νs(BK)T

∗ ∗ ∗ −µqIny 0
√
νs(BK)T

∗ ∗ ∗ ∗ −τ2Inx 0

∗ ∗ ∗ ∗ ∗ −τ2Inx


≺ 0, (3.3d)

where

Φ11(∆(t)) = He(MT
1 A) + 2αP − He(N1) − [1 − 2α(Tmin − ∆(t))]

He(Z)
2

,

Φ12(∆(t)) = P −MT
1 + ATM2 − NT

2 + (Tmin − ∆(t))
He(Z)

2
,

Φ13(∆(t)) = N1 − psMT
1 BKC − NT

3 + [1 − 2α(Tmin − ∆(t))](Z − Z1),
Φ22(∆(t)) = −He(M2) + (Tmin − ∆(t))S,
Φ23(∆(t)) = N2 − psMT

2 BKC − (Tmin − ∆(t))(Z − Z1),

Φ33(∆(t)) = He(N3) + [1 − 2α(Tmin − ∆(t))]
[
He(Z1) −

He(Z)
2

]
,

Φ
q
33(∆(t)) = Φ33(∆(t)) + µqκqCTC,

Θ
q
11 = 2αP + ε0CTWC + µqκqCTC + He

[
FT

1 (A − psBKC)
]
,

Θ
q
13 = −psFT

1 BK + µqκqCT,

Θ
q
33 = −W + µqκqIny ,

Θ12 = P − FT
1 + (A − psBKC)TF2,

then the closed-loop system in (2.20) and (2.22) under Bernoulli packet losses satisfies MSEUB and

lim sup
t→∞

E{∥x(t)∥2} ≤
µqκqs2

min

2αc
,

where

c = min

λmin(P), λmin


P + Tmin

He(Z)
2

Tmin(Z1 − Z)

∗ −Tmin He(Z1) + Tmin
He(Z)

2



 .

It follows from (3.3a) that c > 0.

Proof. Case 1: t ∈ T (1)
k .

To analyze the first subinterval in (2.20), introduce the Lyapunov–Krasovskii functional

V1(t) = VP
1 (t) +VS

1 (t) +VH
1 (t),

where

VP
1 (t) = xT(t)Px(t),
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VS
1 (t) = (Tmin − ∆(t))

∫ t

tk
e2α(λ−t) ẋT(λ)Sẋ(λ) dλ,

VH
1 (t) = (Tmin − ∆(t))

[
xT(t) xT(tk)

]
H0

[
xT(t) xT(tk)

]T
,

and

H0 =


He(Z)

2
Z1 − Z

∗ −He(Z1) +
He(Z)

2

 .
Condition (3.3a) can be expressed as [

P 0
0 0

]
+ TminH0 ≻ 0.

For 0 ≤ ∆(t) ≤ Tmin, the matrix associated withVP
1 (t) +VH

1 (t) satisfies[
P 0
0 0

]
+ (Tmin − ∆(t))H0 =

∆(t)
Tmin

[
P 0
0 0

]
+

Tmin − ∆(t)
Tmin

([
P 0
0 0

]
+ TminH0

)
.

This representation is a convex combination of two positive semidefinite matrices, with the second
matrix being positive definite. Thus, VP

1 (t) +VH
1 (t) is positive definite with respect to x(t). At ∆(t) =

Tmin, the same sum reduces to xT(t)Px(t). The conditions S ≻ 0 and Tmin − ∆(t) ≥ 0 also ensure
VS

1 (t) ≥ 0. These properties establish the positive definiteness ofV1(t) with respect to x(t).
At t = tk, the integral term inVS

1 (t) vanishes. In addition,[
I I

]
H0

[
I I

]T
= 0.

The initial value of the functional is therefore

V1(tk) = xT(tk)Px(tk).

Differentiating the three functional components gives

V̇P
1 (t) = 2xT(t)Pẋ(t),

V̇S
1 (t) = −

∫ t

tk
e2α(λ−t) ẋT(λ)Sẋ(λ) dλ + (Tmin − ∆(t))ẋT(t)Sẋ(t) − 2αVS

1 (t), (3.4)

and

V̇H
1 (t) = −

[
xT(t) xT(tk)

]
H0

[
xT(t) xT(tk)

]T
+ 2(Tmin − ∆(t))

[
ẋT(t) 0

]
H0

[
xT(t) xT(tk)

]T
.

For λ ∈ [tk, t], the exponential weighting term satisfies

e2α(λ−t) ≥ e−2αTmin .

Applying Jensen’s inequality to the weighted integral in (3.4) yields

−

∫ t

tk
e2α(λ−t) ẋT(λ)Sẋ(λ) dλ ≤ −∆(t)e−2αTminψT(t)Sψ(t).
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To isolate the packet-dependent control input, define

dk = BK
[
Cx(tk) + eq(tk)

]
. (3.5)

To introduce the free matrices M1 and M2, substitute σ(tk) = ps+ ξk into the first closed-loop equation,
and add the following zero identity:

0 = 2
[
xT(t)MT

1 + ẋT(t)MT
2
]
[Ax(t) − psdk − ẋ(t)] − 2ξk

[
xT(t)MT

1 + ẋT(t)MT
2
]
dk. (3.6)

To introduce the free matrices N1, N2, and N3, use the state integral identity

0 = 2[xT(t)N1 + ẋT(t)N2 + xT(tk)N3] × [x(tk) − x(t) + ∆(t)ψ(t)].

The random cross term in (3.6) is bounded through Young’s inequality. For τ1 > 0,

−2ξk
[
xT(t)MT

1 + ẋT(t)MT
2
]
dk ≤ τ1∥M1x(t) +M2 ẋ(t)∥2 +

ξ2
k

τ1
dT

k dk. (3.7)

The vector dk depends only on information available before the current packet-reception status. It is
therefore F −k -measurable. Taking the conditional expectation of (3.7) and applying (3.2) gives

E
{
−2ξk[M1x(t) +M2 ẋ(t)]Tdk | F

−
k

}
≤ τ1E

{
∥M1x(t) +M2 ẋ(t)∥2 | F −k

}
+
νs

τ1
dT

k dk.

Arrange the derivative terms according to[
xT(t) ẋT(t) xT(tk) ψT(t) eT

q (tk)
]T
.

The resulting symmetric coefficient matrix depends affinely on ∆(t).
At ∆(t) = 0, the blocks associated with ψ(t) vanish. The reduced coefficient matrix over the active

variables is negative definite according to (3.3b). Restoring the zero row and column associated with
ψ(t) yields a negative-semidefinite extension. At ∆(t) = Tmin, the coefficient matrix is negative definite
according to (3.3c). Because the coefficient matrix is affine in ∆(t), it is a convex combination of these
endpoint matrices for 0 ≤ ∆(t) ≤ Tmin. It is therefore negative semidefinite and is negative definite over
the active-variable subspace. The Schur complements of (3.3b) and (3.3c) establish

E
{
V̇1(t) + 2αV1(t) − µqeT

q (tk)eq(tk) + µqκqxT(tk)CTCx(tk)
}
≤ 0.

Using (2.23) with y(tk) = Cx(tk) gives

E
{
V̇1(t) + 2αV1(t)

}
≤ µqκqs2

min. (3.8)

Case 2: t ∈ T (2)
k .

To analyze the second subinterval, consider the quadratic Lyapunov function

V2(t) = xT(t)Px(t).

Its derivative satisfies
V̇2(t) = 2xT(t)Pẋ(t). (3.9)
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The relation Cx(t) + ey(t) = Cx(tk) holds on T (2)
k . Accordingly, the packet-dependent control term

in (3.5) can be expressed as
dk = BK

[
Cx(t) + ey(t) + eq(tk)

]
.

To introduce the free matrices F1 and F2, substituteσ(tk) = ps+ξk into the second closed-loop equation,
and add the following zero identity:

0 = 2
[
xT(t)FT

1 + ẋT(t)FT
2
]
× [(A − psBKC)x(t) − psBKey(t) − psBKeq(tk) − ẋ(t)]

− 2ξk
[
xT(t)FT

1 + ẋT(t)FT
2
]
dk.

(3.10)

The random cross term in (3.10) is bounded through Young’s inequality. For τ2 > 0,

−2ξk
[
xT(t)FT

1 + ẋT(t)FT
2
]
dk ≤ τ2∥F1x(t) + F2 ẋ(t)∥2 +

ξ2
k

τ2
dT

k dk.

The vector dk remains F −k -measurable. Taking the conditional expectation and applying (3.2) gives

E
{
−2ξk[F1x(t) + F2 ẋ(t)]Tdk | F

−
k

}
≤ τ2E

{
∥F1x(t) + F2 ẋ(t)∥2 | F −k

}
+
νs

τ2
dT

k dk.

Combine this inequality with (2.9) and (3.9). Arrange the resulting terms according to[
xT(t) ẋT(t) eT

y (t) eT
q (tk)

]T
.

The associated coefficient matrix is the Schur complement of Θσ in (3.3d). The Schur complement of
Θσ establishes

E
{
V̇2(t) + 2αV2(t) − µqeT

q (tk)eq(tk) + µqκq[Cx(t) + ey(t)]T[Cx(t) + ey(t)]
}
≤ 0.

Using (2.23) with y(tk) = Cx(t) + ey(t) gives

E
{
V̇2(t) + 2αV2(t)

}
≤ µqκqs2

min. (3.11)

To combine the estimates obtained on the two subintervals, introduce the piecewise functional

V(t) =

V1(t), t ∈ T (1)
k ,

V2(t), t ∈ T (2)
k .

At t = tk + Tmin, the multiplier Tmin − ∆(t) becomes zero. The termsVS
1 (t) andVH

1 (t) therefore vanish.
Consequently,

V1((tk + Tmin)−) = xT(tk + Tmin)Px(tk + Tmin) = V2(tk + Tmin).

At tk+1, the first-subinterval functional for the next interevent interval is reinitialized with elapsed time
measured from tk+1; hence, its elapsed-time argument is zero. Its integral term vanishes. The identity[

I I
]

H0

[
I I

]T
= 0

also removes its looped-functional term. The functional values satisfy

V1(tk+1) = xT(tk+1)Px(tk+1) = V2((tk+1)−).
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These equalities establish continuity at the switching instants. Combining (3.8) and (3.11) yields

d
dt
E{V(t)} + 2αE{V(t)} ≤ µqκqs2

min (3.12)

for almost all t ≥ t0. Multiplying (3.12) by e2αt and integrating over [t0, t] gives

E{V(t)} ≤ e−2α(t−t0)E{V(t0)} +
µqκqs2

min

2α

[
1 − e−2α(t−t0)

]
. (3.13)

Using the convex-combination representation above and the definition of c in Theorem 1, one has

VP
1 (t) +VH

1 (t) ≥
∆(t)
Tmin

λmin(P)∥x(t)∥2 +
Tmin − ∆(t)

Tmin
λmin

([
P 0
0 0

]
+ TminH0

)
∥x(t)∥2 ≥ c∥x(t)∥2.

BecauseVS
1 (t) ≥ 0,

V1(t) ≥ c∥x(t)∥2.

For the second subinterval,

V2(t) = xT(t)Px(t) ≥ λmin(P)∥x(t)∥2 ≥ c∥x(t)∥2.

Hence,
c∥x(t)∥2 ≤ V(t) (3.14)

holds on both subintervals.
At the initial event instant,

V(t0) = xT(t0)Px(t0),

and therefore,
E{V(t0)} ≤ λmax(P)E{∥x(t0)∥2}. (3.15)

Substituting (3.15) into (3.13) and using (3.14) gives

E{∥x(t)∥2} ≤
λmax(P)

c
e−2α(t−t0)E{∥x(t0)∥2} +

µqκqs2
min

2αc
.

This inequality satisfies Definition 1 with

c1 =
λmax(P)

c
, c2 = 2α, c3 =

µqκqs2
min

2αc
.

The closed-loop system under Bernoulli packet losses therefore satisfies MSEUB. Its ultimate
bound satisfies

lim sup
t→∞

E{∥x(t)∥2} ≤
µqκqs2

min

2αc
.

□
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Remark 4. The ultimate bound in Theorem 1 is affected by the finite-bit reconstruction parameters bz

and smin. According to Lemma 1, increasing bz reduces the reconstruction-related term through κq but
increases the payload length nybz. The influence of smin follows from (2.10) and (2.12). When ∥y(tk)∥∞ <
smin, decreasing smin provides finer resolution near the origin and reduces the s2

min-dependent residual
term in the MSEUB bound, whereas increasing smin enlarges the minimum physical quantization range
at the expense of a coarser resolution. When ∥y(tk)∥∞ ≥ smin, the scale is determined by the current
output magnitude, so smin no longer affects the instantaneous quantization range. Moreover, (2.10)
ensures s(tk) ≥ ∥y(tk)∥∞, so varying smin does not introduce quantizer overflow.

The packet-reception probability ps enters the LMI conditions and therefore influences the feasible
controller and the resulting MSEUB bound under unreliable transmissions. In addition, η affects the
event sequence and Ntx, and Tmin constrains the admissible transmission frequency. Hence, the
MSEUB bound characterizes closed-loop regulation under packet losses and finite-bit reconstruction,
whereas Ntx, nybz, and Tmin characterize sensor-to-controller communication usage and real-time
requirements. These quantities jointly describe the tradeoff between closed-loop performance,
communication reliability, and network resource usage [15, 18].

Remark 5. The conditions in Theorem 1 contain coupling terms between the Lyapunov matrices and
controller variables. By further processing these terms, Theorem 2 provides a solver-compatible LMI
reformulation, following a strategy similar to that in [42].

Theorem 2. Assume that the packet-reception process satisfies (3.1) and that the encoding–decoding
scheme satisfies the conditions of Lemma 1. For given bz ≥ 2; smin > 0; and ε0,Tmin, α, τ1, τ2, ρ1, ρ2 >

0, define qz = 2bz and κq = ny/q2
z . If there exist P = PT ≻ 0 and S = ST ≻ 0 in Rnx×nx; W =WT ≻ 0 in

Rny×ny; K ∈ Rnu×ny , Z,Z1,N3 ∈ R
nx×nx , Mi,Fi,Ni ∈ R

nx×nx for i ∈ {1, 2}; and µq > 0 such that (3.3a) and
the following matrix inequalities hold:

Φ̂
σ

0 =



Φ11(0) Φ12(0) Φ̄13(0) 0 τ1MT
1 0 MT

1

∗ Φ22(0) Φ̄23(0) 0 τ1MT
2 0 MT

2

∗ ∗ Φ
q
33(0) 0 0

√
νs(BKC)T −ρ1 ps(BKC)T

∗ ∗ ∗ −µqIny 0
√
νs(BK)T −ρ1 ps(BK)T

∗ ∗ ∗ ∗ −τ1Inx 0 0

∗ ∗ ∗ ∗ ∗ −τ1Inx 0

∗ ∗ ∗ ∗ ∗ ∗ −2ρ1Inx


≺ 0, (3.16a)

Φ̂
σ

Tmin
=



Φ11(Tmin) Φ12(Tmin) Φ̄13(Tmin) TminN1 0 τ1MT
1 0 MT

1

∗ Φ22(Tmin) Φ̄23(Tmin) TminN2 0 τ1MT
2 0 MT

2

∗ ∗ Φ
q
33(Tmin) TminN3 0 0

√
νs(BKC)T −ρ1 ps(BKC)T

∗ ∗ ∗ −Tmine−2αTmin S 0 0 0 0

∗ ∗ ∗ ∗ −µqIny 0
√
νs(BK)T −ρ1 ps(BK)T

∗ ∗ ∗ ∗ ∗ −τ1Inx 0 0

∗ ∗ ∗ ∗ ∗ ∗ −τ1Inx 0

∗ ∗ ∗ ∗ ∗ ∗ ∗ −2ρ1Inx



≺ 0, (3.16b)
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Θ̂
σ
=



Θ̄
q
11 Θ̄12 Θ̄

q
13 0 τ2FT

1
√
νs(BKC)T FT

1 − ρ2 ps(BKC)T

∗ −He(F2) 0 0 τ2FT
2 0 FT

2

∗ ∗ Θ̄
q
33 0 0

√
νs(BK)T −ρ2 ps(BK)T

∗ ∗ ∗ −µqIny 0
√
νs(BK)T −ρ2 ps(BK)T

∗ ∗ ∗ ∗ −τ2Inx 0 0

∗ ∗ ∗ ∗ ∗ −τ2Inx 0

∗ ∗ ∗ ∗ ∗ ∗ −2ρ2Inx


≺ 0, (3.16c)

where

Φ̄13(∆(t)) = N1 − NT
3 + [1 − 2α(Tmin − ∆(t))](Z − Z1), Φ̄23(∆(t)) = N2 − (Tmin − ∆(t))(Z − Z1),

Θ̄
q
11 = 2αP + ε0CTWC + µqκqCTC + He(FT

1 A), Θ̄12 = P + ATF2 − FT
1 ,

Θ̄
q
13 = µqκqCT, Θ̄

q
33 = −W + µqκqIny ,

then the closed-loop system in (2.20) and (2.22) under Bernoulli packet losses satisfies MSEUB and

lim sup
t→∞

E{∥x(t)∥2} ≤
µqκqs2

min

2αc
.

Proof. Let Λ0 denote the leading principal submatrix of Φ̂
σ

0 obtained by deleting its last block row and
column. Then, (3.16a) can be written as

Φ̂
σ

0 =

[
Λ0 U0 + ρ1V0

∗ −2ρ1Inx

]
≺ 0,

where
U0 =

[
M1 M2 0 0 0 0

]T
, V0 =

[
0 0 −psBKC −psBK 0 0

]T
.

This matrix has the form of Lemma 2 with R = Inx , as −ρ1R − ρ1RT = −2ρ1Inx . Hence, (3.16a)
guarantees

Λ0 + He(U0VT
0 ) ≺ 0.

The term He(U0VT
0 ) introduces the blocks −psMT

i BKC and −psMT
i BK for i ∈ {1, 2}. Together with

the definitions of Φ̄13(0) and Φ̄23(0), the resulting matrix satisfies

Λ0 + He(U0VT
0 ) = Φσ

0 .

Therefore, (3.16a) guarantees Φσ
0 ≺ 0 in (3.3b).

Let ΛTmin denote the leading principal submatrix of Φ̂
σ

Tmin
obtained by deleting its last block row and

column. Inequality (3.16b) can be written as

Φ̂
σ

Tmin
=

[
ΛTmin UTmin + ρ1VTmin

∗ −2ρ1Inx

]
≺ 0,

where

UTmin =
[
M1 M2 0 0 0 0 0

]T
, VTmin =

[
0 0 −psBKC 0 −psBK 0 0

]T
.
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Applying Lemma 2 with R = Inx shows that (3.16b) guarantees

ΛTmin + He
(
UTminV

T
Tmin

)
≺ 0.

The added term recovers the controller-dependent blocks inΦ13(Tmin) andΦ23(Tmin), together with the
corresponding blocks associated with BK. Therefore,

ΛTmin + He
(
UTminV

T
Tmin

)
= Φσ

Tmin
,

and (3.16b) guarantees Φσ
Tmin
≺ 0 in (3.3c).

Finally, let ΛΘ denote the leading principal submatrix of Θ̂
σ

obtained by deleting its last block row
and column. Inequality (3.16c) can be written as

Θ̂
σ
=

[
ΛΘ UΘ + ρ2VΘ
∗ −2ρ2Inx

]
≺ 0,

where
UΘ =

[
F1 F2 0 0 0 0

]T
, VΘ =

[
−psBKC 0 −psBK −psBK 0 0

]T
.

Lemma 2 with R = Inx shows that (3.16c) guarantees

ΛΘ + He(UΘVT
Θ) ≺ 0.

The term He(UΘVT
Θ

) recovers He(−psFT
1 BKC) in the (1, 1) block, −ps(BKC)TF2 in the (1, 2) block,

and the products −psFT
i BK associated with ey(t) and eq(tk). Hence,

ΛΘ + He(UΘVT
Θ) = Θσ.

The terms involving µqκq are already contained in ΛΘ and are not affected by the slack-matrix
transformation. Therefore, (3.16c) guarantees Θσ

≺ 0 in (3.3d).
Thus, (3.3a), Φσ

0 ≺ 0, Φσ
Tmin
≺ 0, and Θσ

≺ 0 are all satisfied. Therefore, Theorem 1 applies, which
establishes the MSEUB property together with the stated ultimate bound. □

Remark 6. From a computational perspective, for fixed scalar design parameters, Theorem 2
contains 10n2

x + nx + ny(ny + 1)/2 + nuny + 1 scalar decision variables, and the principal LMI orders
are 2nx, 6nx + ny, 7nx + ny, and 5nx + 2ny. Thus, the number of decision variables grows quadratically
with the state dimension, whereas the orders of the principal semidefinite constraints grow linearly
with the state and output dimensions. For the numerical example with nx = 2, ny = 2, and nu = 1, the
formulation contains 48 scalar decision variables, with LMI orders 4, 14, 16, and 14. The resulting
semidefinite program is computationally modest for the considered example, although sparsity
exploitation or decomposition techniques may improve scalability for higher-dimensional systems.

4. Numerical example and simulation results

4.1. Simulation setup and LMI feasibility

Numerical simulations are conducted to evaluate the closed-loop control performance,
communication usage, and finite-bit reconstruction performance of the proposed framework. The
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NCS plant considered in the simulations is

A =
[

0 1
0.08 −0.8

]
, B =

[
0
1

]
, C = I2. (4.1)

All simulations are carried out in MATLAB R2024a with an integration step of 0.001 s. Let T f =

60 s denote the simulation horizon, and let the initial state be x(0) = [1.2,−1.2]T. Unless otherwise
specified, Tmin = 0.1, ε0 = 0.05, η = 0.25, smin = 0.01, and bz = 12. For the LMI design, α = 0.01,
ρ1 = 1, ρ2 = 10, and τ1 = τ2 = 1.

Using Theorem 2, the output-feedback gains are obtained with YALMIP and MOSEK. For ploss =

0.1, 0.2, and 0.3, the corresponding gains are

K0.1 = [0.346 − 0.034], K0.2 = [0.878 0.642], K0.3 = [2.818 3.078],

respectively. The corresponding triggering weight matrices used by PLAETM are

W0.1 =

[
0.0907 −0.0088
−0.0088 0.0016

]
, W0.2 =

[
0.5930 0.4322
0.4322 0.3180

]
, W0.3 =

[
4.0420 4.4130
4.4130 4.8219

]
,

respectively.
To examine the numerical feasibility of the LMI conditions with respect to the packet-loss

probability, bz = 12 is fixed, and ploss is further increased from 0.30 to 0.35; all other design
parameters are kept unchanged. Feasible solutions of Theorem 2 are obtained at ploss = 0.31 and 0.32,
yielding

K0.31 = [2.999 3.348], K0.32 = [3.084 3.486],

respectively. No feasible solution is obtained at ploss = 0.33, 0.34, or 0.35. Hence, ploss = 0.32 is the
largest tested packet-loss probability for which a feasible solution of Theorem 2 is obtained.

The influence of the finite-bit resolution on LMI feasibility is further examined by fixing ploss = 0.30
and decreasing bz. Because the result for bz = 12 has already been given above, Table 1 reports the
feasible solutions for bz = 11 to 5. All remaining design parameters are kept unchanged, and the
controller gain at each test point is obtained directly from Theorem 2. Let X⋆ collect the decision-
variable values returned by MOSEK. For each LMI, define the corresponding sign-normalized residual
matrix Li(X⋆), i = 1, . . . ,NLMI, such that strict feasibility requires Li(X⋆) ≻ 0; the residual of a
negative-definite LMI is multiplied by −1. The post-solution LMI margin is defined as

δLMI := min
1≤i≤NLMI

λmin
(
Li(X⋆)

)
.

Thus, δLMI > 0 indicates positive eigenvalue clearance for every evaluated LMI at the returned
numerical solution. This post-solution feasibility measure is computed separately from the MOSEK
stopping tolerances. Feasible solutions are obtained for all tested bit resolutions from bz = 11 down to
bz = 5. Together with the result for bz = 12, feasible solutions of Theorem 2 are obtained over the
tested range 5 ≤ bz ≤ 12 at ploss = 0.30. No feasible solution is obtained for bz = 4, 3, or 2. Thus,
bz = 5 is the smallest tested bit resolution for which a feasible solution of Theorem 2 is obtained.

Table 1. Controller gains and LMI margins versus bit resolution at ploss = 0.30.
bz 11 10 9 8 7 6 5
K [3.054, 3.354] [3.157, 3.486] [3.260, 3.618] [3.333, 3.756] [3.432, 3.894] [3.531, 4.032] [3.453, 3.894]
δLMI 1.9404 × 10−3 2.0090 × 10−3 2.0522 × 10−3 2.0460 × 10−3 1.9318 × 10−3 1.5361 × 10−3 2.7631 × 10−4
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Remark 7. To obtain solver-compatible LMI conditions for controller synthesis, Theorem 2 employs
a slack-matrix treatment to decouple the coupling terms between the Lyapunov matrices and the
controller variables in Theorem 1. Because Theorem 2 provides sufficient conditions, this
reformulation may introduce additional conservatism. Infeasibility at a particular parameter setting
is specific to the present sufficient LMI conditions; a stabilizing controller may exist outside the
certified feasible region. Less conservative slack-variable treatments and advanced looped-functional
constructions [32, 43] may enlarge this region.

4.2. Closed-loop and communication performance

For a consistent comparison, all four mechanisms use the same plant, initial state, integration step,
simulation horizon, packet-loss probability, finite-bit encoding setting, and corresponding feedback
gain. Within each Monte Carlo run, the same packet-loss realization is used for all four mechanisms.
The nominal threshold level 0.05 is used whenever a directly comparable threshold is present. The
baseline-specific tuning parameters remain fixed across all packet-loss conditions, and the Monte Carlo
runs are conducted without runwise retuning. For each packet-loss probability, the corresponding
feedback gain and PLAETM triggering weight matrix are synthesized once and then fixed throughout
the Monte Carlo runs. Full-space optimization of the baseline parameters lies outside the comparison
protocol. The reported results therefore provide controlled comparisons among the specified adapted
implementations. Alternative baseline tuning may change the quantitative communication–regulation
trade-offs and rankings. Performance variations across different ploss values reflect the combined effects
of the packet-loss condition and the corresponding LMI-based design.

For parameters having direct counterparts in PLAETM, the same settings are retained, with the time
scales referenced to Tmin and the triggering thresholds to ε0. The SCP baseline adopts the multiple-
probability sampling structure in [19], with intertransmission periods Tmin, 2Tmin, and 3Tmin selected
with probabilities 0.55, 0.30, and 0.15, respectively. The TDSETCM baseline follows the threshold-
based triggering structure in [29] with the fixed threshold ε0. The DPETCM baseline follows the
periodic dynamic triggering structure in [30], where the triggering condition is evaluated every Tmin

using the threshold ε0. Its dynamic variable is initialized by χDP(0) = 0.08, with λDP
χ = 0.25, σDP

y =

0.20, σDP
e = 0.40, and χDP

max = 0.25, and is updated using the same simulation step with projection
onto [0, χDP

max].
Figure 2 presents the uncontrolled open-loop response and the closed-loop realization of the

proposed PLAETM–SNEDM framework at ploss = 0.3. The upper panel shows that the open-loop
states exhibit a divergent tendency. In the lower panel, both state components enter and remain in a
neighborhood of the origin despite random packet losses and finite-bit output reconstruction. These
responses illustrate closed-loop state regulation under the considered communication condition.

A finite-horizon numerical check is performed for the theoretical ultimate bound. Let x j(t) denote
the state trajectory in the jth Monte Carlo run. The empirical terminal mean-square state measure over
the NMC = 30 independent PLAETM runs is defined as

Û f =
1

NMC

NMC∑
j=1

∥∥∥x j(T f )
∥∥∥2
. (4.2)

Let Uth denote the theoretical ultimate bound given in Theorem 1. Table 2 compares Û f with Uth

under the three packet-loss probabilities. In all tested cases, the empirical terminal mean-square state
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measure remains below the corresponding theoretical bound. The finite-horizon Monte Carlo results
are therefore consistent with the mean-square ultimate-bound estimate in Theorem 1.
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Figure 2. Open-loop and PLAETM–SNEDM closed-loop state responses at ploss = 0.3,
shown in the upper and lower panels, respectively.

Table 2. Comparison of empirical and theoretical ultimate bounds.

ploss Û f Uth Û f /Uth

0.1 6.201 × 10−14 1.292 × 10−9 4.80 × 10−5

0.2 7.596 × 10−9 8.071 × 10−9 0.9412
0.3 2.016 × 10−9 4.974 × 10−7 0.00405

For the packet-loss realization at ploss = 0.3, Figure 3 compares the closed-loop responses of the
four mechanisms. To quantitatively evaluate communication usage and closed-loop performance, 30
independent runs are conducted for each packet-loss probability. The quantity Ntx denotes the total
number of sensor-to-controller transmission attempts, including both successfully received and lost
packets, and is reported as mean ± standard deviation. The Ntx-based comparison is restricted to
utilization of the sensor-to-controller data link; total bidirectional network traffic lies outside the metric
scope. The indices JIAE, JRMS, and Ju quantify the integral absolute error, root-mean-square state
magnitude, and control effort, respectively, and are reported as mean values. They are defined as

JIAE =

∫ T f

0
∥x(t)∥1 dt, JRMS =

√
1

T f

∫ T f

0
∥x(t)∥22 dt, Ju =

∫ T f

0
∥u(t)∥22 dt. (4.3)
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Figure 3. Closed-loop state responses under the four transmission mechanisms.

Table 3. Communication and closed-loop performance over 30 independent runs.

ploss Method Ntx JIAE JRMS Ju

0.1 SCP 372.37 ± 8.18 5.128 0.2044 0.1788
0.1 TDSETCM 239.53 ± 30.41 5.373 0.2102 0.1988
0.1 DPETCM 20.60 ± 1.83 9.201 0.2661 0.3823
0.1 PLAETM 201.47 ± 23.29 5.116 0.2040 0.1759
0.2 SCP 372.37 ± 8.18 2.588 0.1605 0.0498
0.2 TDSETCM 401.80 ± 33.07 2.769 0.1619 0.0570
0.2 DPETCM 22.90 ± 3.18 4.447 0.1820 0.1961
0.2 PLAETM 153.53 ± 71.28 3.197 0.1625 0.0472
0.3 SCP 372.37 ± 8.18 2.458 0.1550 0.0256
0.3 TDSETCM 319.97 ± 53.06 2.462 0.1550 0.0256
0.3 DPETCM 30.57 ± 7.08 6.607 0.1902 0.7605
0.3 PLAETM 103.33 ± 28.80 2.561 0.1555 0.0293

As summarized in Table 3, PLAETM requires fewer sensor-to-controller transmission attempts
than SCP and TDSETCM under all three packet-loss conditions while maintaining comparable JRMS

values. Relative to SCP, PLAETM reduces the average number of transmission attempts by
approximately 45.90%, 58.77%, and 72.25% for ploss = 0.1, 0.2, and 0.3, respectively. The
corresponding reductions relative to TDSETCM are approximately 15.89%, 61.79%, and 67.71%.
Across the three packet-loss conditions, the absolute relative difference in JRMS between PLAETM
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and SCP remains below 1.25%, whereas that between PLAETM and TDSETCM remains
below 2.95%. SCP transmits at each transmission instant determined by its prescribed
sampling-period sequence. Because the same sampling-period setting is used under all three
packet-loss conditions, its Ntx statistics remain unchanged.

DPETCM achieves the lowest Ntx under all three tested conditions and has larger JIAE, JRMS, and
Ju. Relative to PLAETM, DPETCM reduces Ntx by approximately 89.78%, 85.08%, and 70.42%
for ploss = 0.1, 0.2, and 0.3, respectively. Relative to DPETCM, PLAETM reduces JRMS by
approximately 23.34%, 10.71%, and 18.24% under the same packet-loss conditions. These values
locate DPETCM at a lower-communication, higher-regulation-error operating point. PLAETM uses
more transmission attempts than DPETCM and maintains lower regulation indices while reducing
transmission attempts relative to SCP and TDSETCM.

The communication counts in Table 3 exclude reception-status signaling, as specified in Section 2.2.
A conservative overhead calculation assigns one reception-status bit to each PLAETM transmission
attempt and zero such bits to SCP and TDSETCM. Because ny = 2, and bz = 12, each sensor packet
contains nybz = 24 bits, and the communication usage of PLAETM is therefore evaluated using 25Ntx

bits. After including this additional bit, the communication usage of PLAETM remains approximately
43.64%, 57.05%, and 71.09% lower than that of SCP for ploss = 0.1, 0.2, and 0.3, respectively. The
corresponding reductions relative to TDSETCM are approximately 12.38%, 60.20%, and 66.36%.

4.3. Robustness and parameter sensitivity

An additional disturbance test at ploss = 0.3 evaluates empirical robustness under challenging
conditions. The controller, triggering parameters, and encoding settings remain unchanged from the
disturbance-free case. In this stress test, the plant dynamics are augmented as

ẋ(t) = Ax(t) + Bu(t) + ζ(t).

Three bounded disturbances are considered:

ζ1(t) = 0.020[sin(0.50t), cos(0.50t)]T,

ζ2(t) =

[0.040, −0.030]T, 20 ≤ t ≤ 30,
[0, 0]T, otherwise,

ζ3(t) = 0.015[sin(0.40t) + 0.5 sin(1.50t), cos(0.60t) + 0.5 cos(1.80t)]T.

These cases serve as periodic, finite-duration, and multifrequency numerical stress tests,
respectively. Figure 4 compares representative state responses under the three disturbances and the
disturbance-free case. The periodic and multifrequency disturbances produce persistent
small-amplitude oscillations after the initial transient. The finite-duration disturbance mainly affects
the states during 20–30 s, and its influence decreases after the disturbance is removed. In all cases,
both state components remain close to the origin without evident divergence.

Thirty independent runs are conducted for each case to account for variation among packet-loss
realizations. Figure 5 reports the mean values and one-standard-deviation error bars. All three
disturbances increase JIAE, with only minor changes in JRMS. The periodic disturbance yields the
largest accumulated state deviation and control effort. The multifrequency disturbance results in the
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largest number of transmission attempts. The finite-duration disturbance produces a smaller
communication increase because it acts over a limited interval. Across these tests, the state
trajectories remain close to the origin, and persistent perturbations increase communication and
control effort.
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Figure 4. Closed-loop state responses under different external disturbances at ploss = 0.3.
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Figure 5. Closed-loop and communication performance under external disturbances.
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The sensitivity of the PLAETM triggering parameters is examined under ploss = 0.3 and ε0 = 0.05.
Each single-factor test uses a fixed packet-loss realization. As shown in Table 4, varying η noticeably
changes Ntx, whereas JRMS remains nearly unchanged. Because η adjusts the loss-dependent triggering
threshold through the consecutive-loss counter, it changes the subsequent triggering sequence. This
sequence also interacts with the closed-loop state evolution, producing the observed nonmonotonic
variation in Ntx. Table 4 also shows that increasing Tmin reduces the available triggering opportunities
and generally decreases Ntx. Across both parameter sweeps, JRMS changes only slightly despite the
substantial variation in transmission counts.

Table 4. Sensitivity of the PLAETM triggering parameters.

η 0.25 0.75 1.50 2.50 4.00
Ntx 144 122 207 222 232
JRMS 0.154965 0.154930 0.154926 0.154931 0.154939
Tmin 0.10 0.20 0.30 0.40 0.50
Ntx 144 124 94 70 71
JRMS 0.154965 0.154964 0.155024 0.155113 0.155297

4.4. Finite-bit reconstruction comparison

The finite-bit reconstruction performance of SNEDM is compared with those of LSSQEDM [40]
and DQZPEDM [39]. All methods use the same PLAETM output trajectory and bz = 12 bits per
output component. The trajectory is generated under ploss = 0.3, ε0 = 0.05, and Tmin = 0.1. Let
G = {tℓ = ℓh : ℓ = 0, . . . , L}, where h = 0.001 s and L = T f /h denote the simulation grid. For each
methodM, let ŷM(tℓ) denote the pointwise reconstruction of y(tℓ). The reported integral reconstruction
error is

J(M)
rec =

∫ T f

0

∥∥∥̂yM(t) − y(t)
∥∥∥

2
dt, (4.4)

which is evaluated on G using the trapezoidal rule.
Let aM(tℓ) denote the half-range available to methodM at tℓ. An overflow is recorded once at a grid

point if any output component exceeds this range. Thus,

N(M)
ov =

L∑
ℓ=0

1 {∥y(tℓ)∥∞ > aM(tℓ)} , (4.5)

where 1{·} denotes the indicator function. For LSSQ-small, LSSQ-nominal, and LSSQ-large, the
constants aM = 0.5, 1.5, and 2.5 define the full quantization intervals [−aM, aM]. For all compared
methods, each available quantization range is uniformly divided into 2bz intervals, and midpoint
reconstruction is employed. The DQZPEDM half-range is initialized and updated according to [39] as

aDQ(t0) = max{smin, 1.10∥y(t0)∥∞},
aDQ(tℓ) = max{smin, 0.985aDQ(tℓ−1), 1.10∥y(tℓ−1)∥∞}, ℓ ≥ 1.

The DQZPEDM encoding–decoding mechanism and dynamic-range update rule follow [39]. For a
consistent reconstruction comparison, DQZPEDM, LSSQEDM, and SNEDM are evaluated using the
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same output trajectory and the same bit length. SNEDM uses aSN(tℓ) = max{smin, ∥y(tℓ)∥∞}, so its
normalized input remains within [−1, 1] by construction.
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Figure 6. Integral reconstruction errors of the compared encoding–decoding methods under
the same index length.

As shown in Figure 6, LSSQEDM exhibits a range–resolution tradeoff under a fixed bit length.
According to (4.5), LSSQ-small produces Nov = 939, whereas Nov = 0 for LSSQ-nominal,
LSSQ-large, DQZPEDM, and SNEDM. Increasing the prescribed range avoids overflow but enlarges
the quantization interval. DQZPEDM alleviates this limitation by dynamically adjusting its
quantization range and achieves a lower reconstruction error than the fixed-range cases considered
here. By comparison, SNEDM maps each output sample into the prescribed normalized domain
according to (2.10) and (2.11). It therefore avoids overflow without requiring a prescribed raw-output
range and achieves the lowest Jrec among the compared methods.

5. Conclusions

This paper investigated the MSEUB problem for bandwidth-limited NCSes under Bernoulli packet
losses and finite-bit output transmission. A unified framework combining PLAETM and SNEDM was
developed. PLAETM adapts the triggering threshold according to consecutive packet losses. SNEDM
maps triggered outputs into a bounded normalized domain for finite-bit transmission. A stochastic
closed-loop model was established, and LMI conditions were derived for MSEUB and controller
synthesis. Under the stated adapted implementations and parameter settings, PLAETM reduces
sensor-to-controller transmission attempts relative to SCP and TDSETCM while retaining comparable
regulation performance. DPETCM achieves lower transmission counts and larger regulation indices
under the same conditions. Under the common trajectory and bit-length settings considered in the
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numerical study, SNEDM achieves the lowest integral reconstruction error among the compared
encoding–decoding methods and avoids overflow without requiring a prescribed raw-output range or
recursive dynamic zooming. The present framework does not cover nonlinear plants, complex
networks [44], learning-based control [45], temporally correlated or time-varying packet-loss
channels, or prescribed-time mean-square analysis [46].
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