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Abstract: This paper investigates an optimal control problem governed by variable-order Caputo
fractional dynamics. The main difficulty arises from the fact that, for a type-I variable-order Caputo
derivative, the corresponding adjoint operator is not obtained by a direct replacement of the constant
fractional order in the standard right-sided Riemann—Liouville derivative. Instead, it must be derived
from the dual kernel induced by the variable-order Caputo operator. Based on this observation,
we formulate a right-sided variable-order adjoint operator and establish the associated integration-
by-parts formula. Under suitable regularity assumptions, first-order necessary optimality conditions
are derived for a class of quadratic optimal control problems with nonlinear variable-order fractional
dynamics. The resulting optimality system consists of a forward variable-order Caputo state equation,
a backward adjoint equation involving the dual-kernel operator, a stationarity condition, and a natural
transversality condition. A predictor—corrector forward—backward sweep method is then developed for
the numerical approximation of the coupled system. The adjoint equation is treated by a backward
Volterra-type approximation motivated by the fractional memory structure. Numerical examples,
including linear-quadratic, nonlinear scalar, and coupled nonlinear systems, illustrate the feasibility
and mesh-refinement behavior of the proposed approach.

Keywords: variable-order fractional calculus; Caputo derivative; fractional optimal control; adjoint
equation; integration by parts; forward—backward sweep method; predictor—corrector method

1. Introduction

Fractional calculus has become a powerful mathematical framework for modeling
memory-dependent and hereditary phenomena. Compared with integer-order differential equations,
fractional differential equations are able to describe nonlocal temporal effects and long-range memory
by means of convolution-type kernels. Fractional models have been widely used in viscoelasticity,
diffusion processes, anomalous transport, biological systems, signal processing, and control theory.
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Classical references on fractional calculus and fractional differential equations include [1-5].

In parallel, numerical modeling of complex dynamical systems has continued to advance in
various applied fields. For example, improved computational fluid dynamics—discrete element
method—volume of fluid (CFD-DEM-VOF) models have been used to simulate wet milling
processes [6], while Lagrangian mesh-free multiphase models have been developed for complex
bubbly-flow dynamics [7]. These studies illustrate the broad demand for accurate and efficient
computational approaches, which also motivates the development of numerical methods for fractional
and variable-order dynamical systems.

Among fractional derivatives, the Caputo derivative is particularly important in applications because
it allows the use of classical initial conditions. For a constant order a € (0, 1), the Caputo derivative is
defined by

C na _ 1 ft S ¢ 2N
DLy = pr—ay | =9V () ds

In many applications, however, the memory intensity is not fixed during the whole evolution process.
For example, material properties may change with time due to aging, thermal effects, or damage
accumulation; biological systems may display stage-dependent memory; and controlled processes
may exhibit different memory mechanisms at different time intervals. These observations motivate the
use of variable-order fractional derivatives, where the fractional order is a function of time or space.

Variable-order fractional calculus was introduced to describe memory processes whose order
changes during the evolution. Related models have been studied in anomalous diffusion, wave
propagation, optimal control, numerical analysis, and inverse problems; see, for instance, [§—12]. In
the variable-order setting, one usually replaces the constant order @ by an order function
a(t) satisfying

O<a_<al®) <a,<l.

This seemingly simple generalization leads to substantial analytical and numerical difficulties. For
example, the semigroup property of fractional integrals generally fails, the kernel depends on the
observation time, and the adjoint equation no longer has the same simple form as in the
constant-order case.

A substantial body of research has been devoted to the analysis and numerical approximation of
variable-order fractional differential equations. For variable-order time-fractional diffusion equations,
optimal-order finite element error estimates without imposing regularity assumptions on the exact
solution were established in [13]. These studies demonstrate that the changing fractional order affects
not only the underlying memory mechanism but also solution regularity, stability analysis, and the
construction of accurate numerical methods.

In recent years, variable-order fractional optimal control problems have attracted increasing
attention. Theoretical and numerical methods have subsequently been investigated for variable-order
diffusion control, delay systems, distributed-order models, and multidimensional optimal control
problems [14—19]. These contributions demonstrate the importance of variable-order models in
describing controlled systems with time-dependent memory.

Fractional optimal control has also been extended to collective and transport models. In particular,
Zheng et al. developed a time-fractional mean field control model for subdiffusive advective
transport [20].  Although that model uses a time-fractional operator rather than the type-I
variable-order Caputo operator considered here, it illustrates how nonlocal memory can be
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incorporated into the optimal control of anomalous transport processes. More broadly, fractional and
variable-order optimal control models have potential applications in engineering, economics, data
science, transport processes, and biomedical systems. Time-varying memory effects may appear in
viscoelastic materials with aging properties, anomalous diffusion in heterogeneous media,
macroeconomic systems with changing memory intensity, fractional neural networks, drug delivery
optimization, and pharmacokinetic models.

Despite these advances, the continuous-level derivation of optimality conditions for variable-order
Caputo systems remains delicate. In particular, the adjoint operator associated with the type-I variable-
order Caputo derivative is not obtained by a direct formal replacement of the constant fractional order
by a time-dependent one. Since the kernel depends on the observation time, the correct right-sided
adjoint operator must be derived from the exact duality pairing. This distinction is essential because
different definitions of variable-order fractional derivatives generally induce different dual kernels and,
consequently, different adjoint equations.

Optimal control theory seeks a control input that optimizes a prescribed performance index subject
to a dynamical system. Classical optimal control has been extensively studied in [21-24]. Fractional
optimal control problems have received increasing attention in recent decades because many controlled
systems exhibit memory effects that are more accurately described by fractional dynamics. Necessary
optimality conditions and numerical methods for fractional optimal control problems can be found
in [25-31].

Related optimization and variational control problems have also been investigated in the context of
generalized convexity, variational inequalities, and fractional variational models. These studies show
that convexity, invexity, pseudo-convexity, quasi-convexity, and related generalized convexity notions
play an important role in deriving sufficient optimality conditions, duality results, and global optimality
criteria. Such ideas are particularly relevant when one seeks sufficient conditions beyond first-order
necessary optimality systems. In the present work, however, we focus on the derivation of necessary
optimality conditions for variable-order Caputo systems. Extensions to sufficient optimality conditions
under generalized convexity assumptions will be considered in future work.

The aim of this paper is to develop a rigorous formulation for variable-order Caputo fractional
optimal control problems. We consider a quadratic cost functional subject to a controlled nonlinear
state equation involving the type-I variable-order Caputo derivative. By introducing an adjoint variable
and using a duality argument, we derive the first-order necessary optimality conditions. The adjoint
equation is expressed by a right-sided variable-order Riemann-Liouville-type operator defined through
the exact duality pairing. This avoids the ambiguity that may arise when variable-order integration-by-
parts formulas are written through a purely formal extension of their constant-order counterparts.

The main contributions of this work are summarized as follows:

e We derive a continuous-level optimality system for variable-order Caputo fractional optimal control
problems by introducing a right-sided adjoint operator defined through the exact duality pairing.

e We clarify the adjoint structure of the type-I variable-order Caputo derivative and show that the
resulting adjoint equation differs from a naive variable-order extension of the constant-order formula.

e For affine-control systems, we obtain an explicit feedback representation of the optimal control in
terms of the adjoint variable.
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e We develop a predictor—corrector forward—backward sweep method with relaxation for solving the
coupled optimality system and illustrate its performance through numerical examples.

The rest of this paper is organized as follows. Section 2 introduces variable-order Caputo derivatives
and the associated right-sided adjoint operator. Section 3 formulates the optimal control problem.
Section 4 derives the necessary optimality conditions. Section 5 presents the numerical approximation.
Section 6 gives numerical experiments. Section 7 provides a discussion and concludes the paper.

2. Preliminaries on variable-order Caputo fractional calculus

2.1. Notation

We first introduce some notations used throughout the paper. The Euclidean norm in
finite-dimensional spaces is denoted by || - ||. The inner product in L*(a, b; R") is denoted by (-, -). For
vector-valued functions, fractional integral and derivative operators are understood componentwise.
The left-sided variable-order Caputo derivative is denoted by €D, while the right-sided adjoint
operator induced by the duality of the variable-order Caputo kernel is denoted by RZE'). These
operators are defined precisely below.

Let —co < a < b < co. Throughout this paper, the variable fractional order is a function
a: [a,b] = (0,1).
We impose the following standing assumption.

Assumption 2.1. The order function a satisfies
O<a-<alt) <a, <1, t €la,b],

for two constants a._ and .. Moreover, a € C'([a, b]).

Remark 2.2. Assumption 2.1 ensures that the variable-order fractional kernels appearing below are
weakly singular but integrable. The condition a(t) < 1 avoids nonintegrable singularities of the Caputo
kernel, while a(t) > 0 guarantees that the associated Volterra kernels are meaningful. The smoothness
assumption a € C'([a, b)) is imposed to simplify the variational analysis. Extensions to less regular
order functions require additional technical arguments and are left for future work.

Definition 2.3. Let y : [a,b] — (0,00) and f € L'(a,b). The left-sided variable-order fractional
integral is defined by

1 t
JVf)@) = f (t— s f(s)ds, a<t<bh. 2.1)
+f F'(y() Ja /
Definition 2.4. Let y € W'!(a, b). The left-sided type-I variable-order Caputo derivative of order a(t)
is defined by
al- 1 ' )
(DOy)(1) = Ti—o®) f (t— 5Oy (s)ds, a<t<bh. (2.2)

Remark 2.5. The definition (2.2) is often called the type-I variable-order Caputo derivative because
the order is evaluated at the observation point t. Other definitions are possible, for example with a(s)
or a(t, s) in the kernel. The type-I convention is adopted throughout this paper.
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The above definitions are standard in variable-order fractional calculus; for example, [2, 5, 8-10].
We emphasize that different conventions for variable-order derivatives may lead to different adjoint
operators. Therefore, the adjoint operator used in this paper must be derived from the particular type-I
Caputo kernel in (2.2).

For the derivation of optimality conditions, the correct adjoint of (2.2) is needed. Let

(t — 570

_—, t<b.
F(l—a(t)) a<<s<it<

K(t,s) =

Then )
(DLW = f K(t, 5)y (s)ds.

For a test function p, we have formally

b b b
f pO(DLy) () dt = f Y (s) [ f K(t, s)p(r)dr] ds.

This motivates the following right-sided variable-order fractional integral.

Definition 2.6. For p € L'(a, b), define

(Il—fl(')p)(s) — ’ Mp([) dt a<s<b (2 3)
b , TA—a@)”V ™ 4227 '

Remark 2.7. The operator I 11:’(') in (2.3) is not simply the standard right-sided variable-order
fractional integral obtained by replacing the constant order by a(s). Instead, the order in the kernel is
evaluated at the integration variable t, because it comes from the dual kernel of the left-sided type-I
Caputo derivative. This distinction is essential for deriving a consistent adjoint equation.

Definition 2.8. Let p be such that 1 }7:”(') p € Whi(a,b). The right-sided variable-order Riemann—
Liouville-type adjoint derivative associated with the variable-order Caputo derivative is defined by

(- d —a(-
(Rp)(s) = =—(L,"p)(s). (24)
Remark 2.9. The regularity condition I }1):“(') p € Whl(a, b) is imposed so that the derivative in (2.4) is

well defined almost everywhere and the integration-by-parts formula below is valid. For less regular
adjoint variables, the operator RZE') may be interpreted in a weak or distributional sense.

Lemma 2.10 (Variable-order Caputo integration by parts). Let y € W"(a, b), and let p be such that
I}l):“(')p € Whl(a, b). Then

b B b
f POXDION WO di = [y T )]~ + f YOWR p)(0) . (2.5)

Proof. Using the definition of the type-I variable-order Caputo derivative, we have
b b t
[ poxconoa= [ oo [ Kasydsa
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Since a(f) < a, < 1, the kernel K(z, s) is weakly singular and integrable on the triangular domain
a < s <t < b. Therefore, under the stated assumptions, Fubini’s theorem can be applied. Thus,

b ¢ b b
fp(t)fK(t,s)y’(s)dsdt:f y’(s)f K(t, s)p(t)dt ds.

By the definition of 7 }1:'(‘), this becomes

b
f Y'(S)(I;l,:a(')p)(s) ds.

The assumption J }1;@(-) p € W'(a, b) allows us to perform the classical integration by parts formula.
Hence,

b b
5= d
f YOI p)s)ds = [y Ty p)s)] . - f Y8 (I, p)(s) ds.

Using the definition (2.4), we obtain

d —a( a(-
==, p)s) = (R p)(s).
Substitution gives (2.5), and the proof is complete. O

2.2. Well-posedness of the variable-order Caputo initial value problem

We now briefly discuss the well-posedness of the variable-order Caputo initial value problem

DIy = f(t,y©),  Y@) = Yay (2.6)

where f : [a,b] X R" — R" is continuous and satisfies the Lipschitz condition

/@& = f(1, &) < Lyllgy = &2l t€la,b], &,&€R 2.7

Proposition 2.11. Under Assumption 2.1 and the Lipschitz condition (2.7), the Volterra
integral equation

1 ' -1
I‘(a(t))fu(t $)® f(s,¥(s)) ds (2.8)

admits a unique solution y € C([a, b]; R"). If, in addition, the solution has the regularity required for
the Caputo derivative to exist almost everywhere, then it solves (2.6) in the usual weak sense.

(@) =y +

Proof. The type-I variable-order Caputo equation can be rewritten in the Volterra form (2.8). Define
the operator 7~ on C([a, b]; R") by

1 ! _
TV =y + T@®) f (t = )" f(s,y(5)) ds.
Since « is bounded away from zero and one, the kernel
(t _ S)a(t)—l
I'(a(0)

Electronic Research Archive Volume 34, Issue 11, 7833-7863.



7839

is weakly singular and integrable on the triangular domain a < s < t < b. Moreover, for y;,y, €
C([a, b];R"), we have

ITyD@) = (Ty2)@ll < CLy f (t = )™ Hlyi(s) = ya(s)ll s,

where C > 0 depends only on a_, @,, and the interval length. Standard fixed-point arguments for
weakly singular Volterra integral equations yield local existence and uniqueness. By applying the same
argument successively on subintervals, the solution can be extended to the whole interval [a, b]. O

Remark 2.12. Proposition 2.11 is included to clarify the well-posedness mechanism of the state
equation. In the optimal control problem considered below, stronger regularity is imposed when
necessary so that the Caputo derivative, the adjoint equation, and the integration-by-parts formula
are meaningful.

Remark 2.13. If a(t) = « is constant, then

1 b
(I, p)s) = mf (t — )" p(1) dt = (J,~p)(s),

and

P =-Dj_p
up to the usual convention for the right-sided Riemann—Liouville derivative. Thus, Lemma 2.10 reduces
to the classical Caputo integration-by-parts formula.

Remark 2.14. The constant-order reduction confirms that the operator ‘RZS') is consistent with the
classical adjoint structure when a(t) is constant. In the variable-order case, however, the dependence
of the kernel on the observation time leads to the dual-kernel form (2.3), which is essential for the
optimality system derived in Section 4.

3. Problem statement

We focus on first-order necessary optimality conditions for a class of variable-order Caputo
fractional optimal control problems. In continuous optimal control theory, convexity and generalized
convexity notions, such as invexity, pseudo-convexity, quasi-convexity, and approximately star-shaped
structures, are important for establishing sufficient optimality conditions, duality results, and global
optimality. These concepts have been widely used in variational control problems, variational
inequalities, nonconvex optimization, and fractional variational models. In the present work, however,
our main objective is to derive a consistent adjoint-based necessary optimality system for
variable-order Caputo dynamics. Therefore, sufficient optimality conditions under generalized
convexity assumptions are not pursued here and will be considered in future research.

Let y(#) € R" be the state variable and u(f) € R™ be the control variable. We consider the following
variable-order Caputo fractional optimal control problem:

b
min J(u) = ! f [y OPy(@) + u” () Du(s)| dt, (3.1)

ueUyy 2
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subject to
(DIOy)(1) = Fo), u(®),  a<t<b, (3.2)

and

y(@) = ya. (3.3)
Here, y, € R" is prescribed, P € R™" is symmetric positive semidefinite, and D € R"™" is symmetric
positive definite.

The matrices P and D determine the relative weights of the state and control costs. The positive
definiteness of D ensures strict convexity of the running cost with respect to the control variable, which
is useful for obtaining an explicit stationarity relation in the unconstrained case.

The admissible control set is defined by

Uy = {u € L*(a,b;R™) : (3.2)—(3.3) admits a corresponding state y} . (3.4)

In this paper, we mainly consider unconstrained controls in L*(a, b;R™). If pointwise control
constraints are imposed, the stationarity condition derived below should be replaced by a variational
inequality or a projection formula. Such constrained problems require additional analysis and are left
for future work.

We impose the following assumptions.

Assumption 3.1. The mapping F : R" X R™ — R" is continuously differentiable. Moreover, F and its
partial derivatives with respect to y and u are locally Lipschitz continuous.

Assumption 3.2. For every admissible control u € U,qy, the state equation (3.2) and (3.3) admits
a unique solution y € W' (a,b;R"). Moreover; the control-to-state mapping u — y(u) is Gateaux
differentiable in the sense specified in Proposition 4.1. The adjoint variable p is assumed to satisfy

I,"p e W (a, b;R"), (3.5)

so that the right-sided adjoint derivative RZ(_') p and the integration-by-parts formula in Lemma 2.10
are well defined.

Remark 3.3. Assumption 3.2 summarizes the regularity requirements needed for the variational
derivation. The well-posedness mechanism of the variable-order Caputo equation has been discussed
in Proposition 2.11. For nonlinear controlled systems, sufficient conditions for existence, uniqueness,
and differentiability of the control-to-state mapping can be obtained by fixed-point arguments for the
corresponding weakly singular Volterra equation, combined with standard perturbation estimates.
Since the main focus of the present paper is the derivation of the adjoint system, we state these
requirements explicitly.

Remark 3.4. The local Lipschitz condition in Assumption 3.1 is sufficient for the local variational
analysis around an optimal pair, provided that the corresponding state and control remain in a bounded
set. If global well-posedness is required, one may impose global Lipschitz or suitable growth conditions
onF.

Remark 3.5. The optimality conditions derived in this work are necessary conditions. They do not,
by themselves, guarantee global optimality unless additional convexity or generalized convexity
assumptions are imposed on the cost functional, the admissible set, and the dynamics. Establishing
such sufficient conditions for variable-order fractional optimal control problems is an interesting
topic for future investigation.
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4. Necessary optimality conditions

In this section, we derive first-order necessary optimality conditions for the optimal control
problem (3.1)—(3.3). The derivation is based on the differentiability of the control-to-state mapping
and on the variable-order Caputo integration-by-parts formula established in Lemma 2.10. We first
record the sensitivity equation associated with control perturbations.

4.1. Differentiability of the control-to-state mapping

Let (y*, u*) be a reference admissible pair. For a perturbation direction v € L*(a, b; R™) and a small
parameter &, we denote by y, the state corresponding to the perturbed control

u, = u" + ev.
The following result gives the linearized equation satisfied by the first variation of the state.
Proposition 4.1. Let Assumptions 2.1, 3.1, and 3.2 hold. Then the control-to-state mapping u +— y(u)

is Gateaux differentiable at u* in the direction v € L*(a, b;R™). The sensitivity

d
at) = -y’ + ev)(r)

satisfies the linearized variable-order Caputo equation ~
D7) = Az(t) + Bow(r),  z(a) = 0, .1

where oF 9F
A(t) = 8—y(y*(t),u*(l)), B(r) = a—u(y*(f), u’(1)). (4.2)

Moreover, the mapping v & z is linear and bounded in the sense required for the variational analysis.

Proof. Let y, and y* be the states corresponding to u, = u* + &v and u*, respectively. Define the
difference quotient

Z:(1) =

Subtracting the two state equations and dividing by &, we obtain

F(ys(0), u:(1)) = FGy* (1), u*(1))
8 b
By the mean value formula and Assumption 3.1, the right-hand side can be written as

A(Dze(1) + Bo(1)v(2),

ys(t) - y*(t)
—8 .

CDIVz(t) = ze(a) = 0.

where

Ag(1) = A(), B(1) = B(1),
as € — 0, locally uniformly along the reference trajectory. Passing to the limit in the associated
weakly singular Volterra formulation yields (4.1). The uniqueness of the linearized equation implies
the convergence of z. to z, and the linearity and boundedness of v - z follow from standard estimates
for linear Volterra equations with weakly singular kernels. O

Remark 4.2. Proposition 4.1 justifies the use of state variations in the derivation below. It also shows
that the first variation of the cost functional can be expressed through the solution of the linearized
variable-order Caputo equation.
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4.2. Variational derivation of the optimality system
Define the Hamiltonian
1 1
H(y?p’uat): EyTPy'FEI/lTDM'FpTF(y,L{), (43)

where p(#) € R" is the adjoint variable.
The augmented functional is

b
T u,p) = f [HOO, ), u, 0 = pTOD )0 d (44)

The role of the adjoint variable is to enforce the state equation as a constraint. The following
computation is formal at the level of smooth variations, but it is justified under Assumption 3.2 and the
integration-by-parts identity in Lemma 2.10.

Taking the first variation gives

b T T T
~ oOH OH OH
5J:f —| sy+|=— D"y 6p+|=—]| 6uldr
a« |\ 0y op ou

b 4.5)
- f prOEDLsy)() dt.
Using Lemma 2.10 componentwise, we obtain
’ a(: —al- t=b b o
f PT(I)(CDai)&?)(t) dt = [5yT(l’)(I;_ ()p)(t)]t=a + f 6yT(t)(Rb£)p)(t) dr. (46)

Since y(a) = y, is fixed, we have dy(a) = 0. If the terminal state y(b) is free, the natural transversality
condition is
(Z,""p)(b) = 0. @.7)

In the present formulation, this condition is automatically satisfied for sufficiently regular p because
the integral interval degenerates at b. Nevertheless, we keep (4.7) as the natural boundary condition
associated with the variational derivation.

The condition (4.7) is the variable-order counterpart of the terminal adjoint boundary condition in
classical optimal control. It arises from the boundary term generated by the variable-order
integration-by-parts formula. Since no terminal cost is included in (3.1) and the terminal state is free,
the corresponding boundary contribution must vanish.

Substituting (4.6) into (4.5) yields

b T T
_ oH .. OH . ..
oJ = f [(5 - Rbf)l?) oy + (5 —CDai)y) 6p

SE\T (4.8)
+ || ouldr.
K
Therefore, the necessary optimality conditions are
(- oH
Dy = 500, PO, 1), 1) = FOW,u(0) 4.9)
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. oOH
R p(t) = 6—y<y(r>,p<r>, u(?), 1), (4.10)
oOH
Uu
with
Y@ =y (I Op)b) = 0. (4.12)

Using (4.3), the adjoint equation becomes

o) OF r
R, p(t) = Py(t) + a—y(y(t), u(®)| p@), (4.13)

and the stationarity condition becomes

OF !
Du(r) + (E(y(t), u(t))) p) = 0. (4.14)
Thus, the complete optimality system is

DLy(t) = FOy(D), u(r)),

o) OF g
R, p(t) = Py(1) + o (), u(@®)| p(),
v (4.15)

oF
Du(r) + (E@m, u(r») p(t) =0,
@) =y, I, p)b) =0.

Remark 4.3. If pointwise control constraints are imposed, for example u(t) € U for a closed convex
set U C R™, the stationarity condition (4.11) should be replaced by the variational inequality

OH r
a—(y(t), p(),u®), )| (v—u()) >0, veU.
u
In the present paper, we focus on the unconstrained case, for which (4.14) holds.

Remark 4.4. The adjoint equation (4.13) is valid under the regularity assumptions stated in
Assumption 3.2. In particular, the condition

1, “p e W'(a,b;R")

ensures that QZE) p is well defined almost everywhere. For less regular data, the adjoint equation may
be interpreted in a weak or distributional sense.

Theorem 4.5. Let (y*,u*) be a locally optimal pair for (3.1)—(3.3). Suppose Assumptions 2.1, 3.1,
and 3.2 hold and the variations are admissible. Then there exists an adjoint variable p* such that
", p*, u") satisfies the optimality system (4.15).
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Proof. By Proposition 4.1, admissible perturbations of the control induce well-defined first variations
of the state. We introduce the augmented functional (4.4), in which the adjoint variable enforces the
state equation. The first variation is given by (4.5). Applying the variable-order Caputo integration-by-
parts formula in Lemma 2.10 gives (4.8).

Since the variations 6y, 6p, and du are arbitrary in the unconstrained setting, their coefficients must
vanish. This yields the state equation, the adjoint equation, and the stationarity condition. The
boundary term generated by the integration-by-parts formula gives the initial condition and the natural
transversality condition. Hence, (v*, p*, u*) satisfies (4.15). O

4.3. Affine-control systems

A particularly important case is

F(y,u) = f(y) + B))u, (4.16)
where f : R” — R” and B(y) € R, Then

oF
B_(y’ u) = B(y),
u
and the stationarity condition gives

u*(t) = =D 'BT(y* (1) p* (). 4.17)

This explicit representation follows from the positive definiteness of D and is useful for reducing
the optimality system to a coupled forward—backward system in the state and adjoint variables.

Substituting (4.17) into the state and adjoint equations yields a coupled two-point boundary
value system:

DLy(t) = F(y(t)) — Bo())D ™' BT (y(t)p(t),
m T
i 0B
RO p(t) = Py(t) + | HO®) + | ug(t)a—;(y(t)) 2(0), (4.18)
=1
@) =y., (I, p)b) =0.

Here, B, denotes the {th column of B.

Remark 4.6. When B is independent of y, the second term involving dB,/dy vanishes, and the adjoint
equation simplifies accordingly. This includes the scalar linear-quadratic examples considered in
Section 6.

5. Numerical approximation

We now develop a numerical method for solving the optimality system (4.15). The method is based
on a forward—backward sweep iteration. The state equation is solved forward in time, while the adjoint
equation is solved backward in time.

The fractional memory terms make the optimality system globally coupled in time. Therefore, the
numerical method must account for the history dependence in the forward state equation and the
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backward memory effect in the adjoint equation. We employ a predictor—corrector discretization
combined with a relaxation strategy to improve the stability of the iterative process.

Let
b—a

N

a=ty<t <---<ty=>b, th=a+kh, h=
Denote
ap = a(ty).

Let yix, pix, and u;; be approximations of y(#;), p(#), and u(#;) at the ith iteration.

The quadrature rules below are obtained by applying product-integration ideas to the weakly
singular kernels. At each time level, the local value a; of the order function is used in the
corresponding weights.

5.1. Integral form of the state equation

The variable-order Caputo state equation can be written in the Volterra-type form

1 ' _ ja-1
F(oz(t))fa(t s) F(y(s), u(s))ds. (5.1

Equation (5.1) provides the basis for the forward predictor—corrector approximation of the state
variable. At t = f, the predictor formula is

y(t) =Yat

V=Yt T Zﬂ(““nyi,j, i) (5.2)
where
BEY = (= 1) = (e — i)™, (5.3)
The corrector formula is
k-1
Yik =Ya + T D Z,B(“”F(yu, Ui ;) +,3(ak)F(Yfk, ul)|, (5.4)
Jj=0
where .
(k) . _
5 0,/§ 5 _] - O»
Sl 1 a, a .
IBE‘,kk) — E (lgl(j—kl)k +ﬁ( k)), 1<j<k-1, (5.5)
1
Ehak, _] = k

5.2. Backward approximation of the adjoint equation

The adjoint equation is expressed in terms of the right-sided adjoint operator
R p(0) = GO(1), p(n), u(0), 1),
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where

OF r
GO, p,u,t) = Py + (E(y, u)) D (5.6)

In the variable-order case, the operator RZE) is defined through the dual kernel in Definition 2.8. Its
exact inverse is generally not identical to the standard right-sided variable-order fractional integral. For
numerical purposes, we employ a backward Volterra-type predictor—corrector approximation motivated
by the constant-order case and by the local value of the order function. This provides a practical
discretization of the backward memory effect in the adjoint equation.

Accordingly, we use the following backward Volterra-type approximation:

b
p(0) ~ f (5 = D" G (), pls), u(s), 5) s, 5.7)

['(a(1))
with the terminal behavior induced by the transversality condition.
The approximation (5.7) should be understood as the numerical basis of the backward sweep rather
than as a closed-form analytical inverse of RZS’).
At t = 1, the predictor formula is

1 Q,
pzk F(a n 1) Z ’)’( k)G(y,-,jJr],p,-,jH, Ui j+1, tj+1), (5.8)
where
Vi = (e = 0% = (1 = )™, (5.9)

The corrector formula is

N
Pix = F(ak T ; FDG, j. P tijo 1) + 7L G Pl a1 | (5.10)
where
%7§3k)1 K J=N,
Y = %@&g+y%§,k+1sjsN—L (5.11)
%wm j=k.

A fully discrete method based directly on the dual kernel in Definition 2.6 is also possible. Such a
discretization would more closely follow the continuous adjoint operator, but it leads to a more
involved implementation. The present backward Volterra-type approximation offers a simple and
efficient numerical realization of the forward—backward sweep strategy.

5.3. Forward—backward sweep method

The forward—backward sweep method is described in Algorithm 1.
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Algorithm 1 Forward-backward sweep method for the variable-order Caputo optimality system

Require: Time grid {f;}" 1=0» Order function a(t), tolerance &, relaxation parameter ¢, and initial adjoint
guess {posl,-
Ensure: Approximate optimal state {y;}, adjoint {p;}, and control {u}.
1: Seti=1and Jy = +oo.
2: repeat
3: Update the control using the stationarity condition:

OF T
Du™ +( OVi-14> Uiy ) pi-1x = 0.
4: Apply relaxation:
Ui = Hu“ew +(1 - Q)I/t,'_l,k.

: Solve the state equation forward in time by (5.2)—(5.4).
6: Solve the adjoint equation backward in time by (5.8)—(5.10).
Update the control again:

T
Dﬁi,k+( (yzkauzk)) pix =0

8: Apply relaxation:
i = Ouig + (1 = O

9: Compute
| &
52 ylkulk+ulkDulk]
k=0
where wy, are quadrature weights.
10: Set
Wiz dul
Rl
11: i—i+1.

12: until ¢; < €

In the implementation, after each update of the control, a relaxation step is used:
Uik < gunew + (1 Q)M,'_]’k, 0<6<1.

The relaxation parameter 6 helps stabilize the iteration, especially for nonlinear problems or rapidly
varying order functions.

Remark 5.1. The computational cost of the direct implementation is O(N*) because of the history
terms in both the state and adjoint equations. Fast convolution methods or sum-of-exponentials
approximations can be incorporated to reduce the cost for long-time simulations.

Remark 5.2. More specifically, the O(N?) complexity comes from the summations over all previous
time levels in the state equation and over all subsequent time levels in the adjoint equation. Possible
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acceleration techniques include fast convolution, sum-of-exponentials kernel approximation, short-
memory principles, and adaptive memory truncation. These techniques can reduce the computational
cost to nearly O(Nlog N) or O(N) in suitable settings, at the expense of additional approximation
errors or storage requirements.

5.4. Remarks on convergence

The predictor—corrector formulas used above are consistent with standard product-integration
methods for weakly singular Volterra equations. Under sufficient smoothness assumptions, such
schemes are expected to exhibit first-order convergence with respect to the time step. In the
variable-order setting, the local order a(f) changes with time, and therefore the error behavior may
depend on the regularity of both the solution and the order function.

For the coupled forward—-backward sweep iteration, convergence also depends on the Lipschitz
constants of the state and adjoint equations, the length of the time interval, and the relaxation parameter
6. In our computations, a suitable relaxation parameter leads to stable convergence of the iteration.
The numerical examples below provide mesh-refinement evidence for the convergence of the cost
functional, state, and control.

A complete rigorous convergence analysis of the fully discrete nonlinear variable-order optimality
system is beyond the scope of the present work and will be considered in future research.

6. Numerical examples

In this section, we present numerical examples to illustrate the proposed variable-order Caputo
fractional optimal control method. Unless otherwise stated, the stopping tolerance is &£ = 1075,

The purpose of the numerical experiments is threefold. First, we verify the feasibility of the
proposed predictor—corrector forward—backward sweep method. Second, we investigate how the
variable fractional order affects the optimal state, control, adjoint variable, and cost functional. Third,
we examine the numerical convergence behavior under mesh refinement.

For mesh-refinement tests, the numerical solution computed on the finest grid is used as the
reference solution. Let yy and uy denote the numerical state and control obtained with N time
subintervals, and let y.s and u,s denote the reference solutions. The relative errors of the state and
control are defined by
maxo<k<n [YN(tx) = Veer (1)l

1 + maxocken [[Yrer (7l

E,(N) = (6.1)

and

E(N) = maxo<ken |lun(t;) — uref(tk)”‘ 6.2)

1 + maxo<i<n |[trer ()]

The experimental order of convergence is computed by

(6.3)

EOC = logz( EW) ),

E(2N)

where E(N) denotes either E(N) or E,(N). CPU times are also reported to illustrate the computational
cost of the direct implementation.
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All computations were carried out using MATLAB on a uniform temporal grid. The relaxation
parameter in the forward-backward sweep method was chosen empirically to ensure stable
convergence. In all examples, the cost functional was evaluated by a composite trapezoidal rule.
Since the state and adjoint equations contain history-dependent fractional terms, the direct
implementation has O(N?) computational cost.

6.1. Example 1: A linear-quadratic variable-order Caputo optimal control problem

We first consider a scalar linear-quadratic variable-order Caputo fractional optimal control problem.
The objective functional is

1 1
ﬂ@:—fﬂf@+ﬁmpa (6.4)
2 Jo
subject to the variable-order Caputo fractional state equation
DIyt = —y(t) +u(t), O<t<l, (6.5)
with the initial condition
y(0) = 1. (6.6)

The variable fractional order is chosen as
a(t) = 0.65 + 0.20¢, 0<t<1. (6.7)

Thus, the order increases linearly from 0.65 to 0.85 over the computational interval.

This example serves as a benchmark test because the state equation is linear and the stationarity
condition gives an explicit relation between the control and the adjoint variable. It is therefore suitable
for verifying the implementation of the forward—backward sweep algorithm.

The Hamiltonian associated with (6.4) and (6.5) is

1 1
H(, p,us1) = 33° + U’ + p(=y + ). (6.8)
By the stationarity condition,
oOH
—=u+p=0, (6.9)
ou

we obtain the feedback representation
u'(t) = —p(0). (6.10)

Therefore, the optimality system becomes

CDyVy(t) = —y(1) = p(1),

RV p(t) = y(1) - p(D),
u(t) = —p(1),

Yo=1, (5,2p)m=o.

6.11)

The coupled optimality system (6.11) is solved by the proposed predictor—corrector
forward—backward sweep method. The time interval [0, 1] is divided into N uniform subintervals. In
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the forward sweep, the state equation is solved from # = O to = 1. In the backward sweep, the adjoint
equation is solved from ¢ = 1 to t = 0. The control is updated by the relation u = —p at each iteration.

More precisely, at each iteration, the state equation is advanced by the forward predictor—corrector
formula, while the adjoint equation is updated backward using the Volterra-type approximation
described in Section 5. The control is then relaxed according to the stationarity condition. This
procedure is repeated until the stopping criterion is satisfied.

The stopping criterion is defined by

|Ji = Jizl
=T |J~|1 : (6.12)

and the iteration is terminated when

e; < 10719, (6.13)

A relaxation parameter equal to 0.65 is used to improve the stability of the forward-backward
sweep iteration.

The convergence of the cost functional under mesh refinement is reported in Table 1. The table is
generated automatically by the MATLAB program and imported into the manuscript.

In the revised table, besides the cost functional and the difference |Jy — Jon|, we also report the
relative errors of the state and control, the corresponding experimental orders of convergence, and the
CPU time. These additional quantities provide a more complete assessment of the numerical behavior
of the method.

Table 1. Cost functional values for Example 1.

N h Iy |Jn — Janl Iterations
40 2.5000e-02 0.15679379 2.612e-04 23
80 1.2500e-02 0.15653260 8.017e-05 23
160 6.2500e-03 0.15645243 2.474e-05 23
320 3.1250e-03 0.15642769 - 23

Figure 1 shows the variable fractional order a(f) used in this example. Since a(%) is increasing, the
strength of the memory effect changes continuously during the evolution.

Figure 2 displays the computed optimal state and optimal control obtained with N = 320. The
state decreases from its initial value and evolves smoothly under the action of the optimal control. The
control is also smooth and reflects the backward memory effect through the adjoint variable.

The smoothness of the computed profiles indicates that the predictor—corrector discretization is
stable for this variable-order linear-quadratic problem. The decreasing state trajectory also shows that
the optimal control effectively suppresses the state magnitude while balancing the control cost.
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Variable fractional order

0.85
0.8
= 0.75

0.7 r

0.65

0 0.2 0.4 0.6 0.8 1
t

Figure 1. Variable fractional order a(t) = 0.65 + 0.207 in Example 1.

Optimal state Optimal control

0 02 04 06 08 1 0 02 04 06 08 1
t t

Figure 2. Optimal state and optimal control for Example 1 computed with N = 320.

The convergence behavior of the cost functional is shown in Figure 3. As the number of time
intervals increases, the numerical cost approaches a limiting value, which indicates the consistency of
the proposed discretization.

Together with the error indicators in Table 1, this convergence trend provides numerical evidence
that the method is reliable under mesh refinement.
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Cost functional convergence
0.1568 ‘ ‘ ; ;
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Figure 3. Convergence of the cost functional for Example 1.

Figure 4 presents the state, adjoint, and control in the same plot. Since the stationarity condition
gives u = —p, the control curve is the opposite of the adjoint curve. This verifies that the numerical
solution satisfies the optimality relation.

State, adjoint, and control
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Figure 4. State, adjoint, and control profiles for Example 1 computed with N = 320.

The numerical results demonstrate that the proposed forward—backward sweep method is effective
for solving variable-order Caputo fractional optimal control problems. The convergence of the cost
functional and the mesh-independent profiles of the state and control support the reliability of the
proposed numerical scheme. Moreover, the example shows that a time-dependent fractional order can
be incorporated naturally into the optimality system and its numerical approximation.

This benchmark example also confirms the consistency between the stationarity condition and the
computed control, since the numerical curves satisfy u(f) = —p(¢) up to the discretization error.
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6.2. Example 2: Influence of the variable fractional order

In this example, we investigate the influence of different fractional order functions on the optimal
state, control, adjoint variable, and cost functional. We use the same linear-quadratic optimal control
problem as in Example 1:

1
J(u) = ! f [y’ +w’0)| at, (6.14)
2 Jo
subject to
DIyt = —y(t) +u(t), O0<t<l, (6.15)
with
y(0) = 1. (6.16)

The following three choices of the fractional order are compared:
a,(t) = 0.65, a(1) = 0.85, as(t) = 0.65 + 0.20r. (6.17)

The first two cases correspond to constant-order Caputo fractional optimal control problems, while the
third one is a genuinely variable-order case.

This example is designed to isolate the effect of the fractional order function. Since the cost
functional, initial condition, and controlled dynamics are the same for all three cases, the observed
differences in the numerical solutions are mainly caused by the change in the memory kernel.

For all three choices of a(?), the Hamiltonian is

1 1
H(y,p,u,t) = 5y2 + zuz + p(=y + u). (6.18)

The stationarity condition gives
u(t) = —p(1). (6.19)

Hence, the optimality system is given by

CDGy(0) = —y(0) = p(),

R p(1) = y(0) = p(),

u(t) = —p(e),

Yo=1, (5;p)m=o.

(6.20)

The computations are performed with N = 320, the stopping tolerance 107!°, and the relaxation
parameter 0.65. Table 2 reports the cost functional values for the three order functions. The table is
generated automatically by the MATLAB program.

Table 2. Comparison of different order functions in Example 2 with N = 320.

Case Order function Cost value Iterations
1 a(t) = 0.65 0.28764300 15
2 a(t) = 0.85 0.31492100 18
3 a(t) = 0.65 + 0.20¢ 0.29853400 17
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Figure 5 displays the three fractional order functions used in this example. The first and second
order functions are constant, while the third order function increases linearly from 0.65 to 0.85.

09 Fractional order functions

R e :

5 0.75F 1

.65 + 0.20f

0.65

06 Il Il Il Il
0 0.2 0.4 0.6 0.8 1

t

Figure 5. Fractional order functions used in Example 2.

Figure 6 compares the optimal states corresponding to the three choices of a(#). The fractional order
has a visible influence on the decay and memory behavior of the state trajectory.

For the lower constant order () = 0.65, the memory effect is stronger, and the state trajectory
exhibits a slower memory-dependent evolution. For the higher constant order a,(f) = 0.85, the system
behaves closer to an integer-order dynamical system. The variable-order case a3(r) = 0.65 + 0.20¢
produces an intermediate but nontrivial response.

Optimal states for different orders

1¢ :

a(t) = 0.65
A = = =a(t) =0.85
09" a(t) =0.65+0.20f

y(t)

0.3 1 1 1 1 i
0 0.2 0.4 0.6 0.8 1

Figure 6. Optimal states for different fractional orders in Example 2.
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The corresponding optimal controls are shown in Figure 7. Since the control satisfies u = —p, the
control profiles reflect the changes in the backward adjoint dynamics induced by different
memory kernels.

0 Optimal controls for different orders

-0.05

-0.1

-0.15

T 02

025 ——a(t) = 0.65 7
= = =a(t) =0.85
-0.3 a(t) = 0.65 + 0.20f 4
-0.35 J
.04 l I I L I
0 0.2 0.4 0.6 0.8 1

t
Figure 7. Optimal controls for different fractional orders in Example 2.

Figure 8 presents the adjoint variables. The differences among the adjoint curves indicate that the
right-sided memory effect is sensitive to the fractional order function.

This sensitivity is consistent with the theoretical adjoint formulation: The right-sided adjoint
operator is determined by the dual kernel of the variable-order Caputo derivative, and therefore
changes in «a(¢) affect both the forward dynamics and the backward adjoint dynamics.

Adjoint variables for different orders
04 T T T

0.35

0.05

0 Il Il
0 0.2 0.4 0.6 0.8 1
t

Figure 8. Adjoint variables for different fractional orders in Example 2.

The comparison of the cost functional values is visualized in Figure 9. The variable-order case gives
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a cost value between the two constant-order cases. However, it is not simply an arithmetic average of
the two constant-order results because the memory kernel depends nonlinearly on the order function.

Cost functional comparison
0.17319 I

0.18 T

0.16 - 0.15643

0.15018

0.14

0.12

0.1

0.08

0.06

0.04

0.02

0
o =0.65 a=0.85 o = 0.65+ 0.20¢

Figure 9. Cost functional comparison for different fractional orders in Example 2.

For a compact comparison, Figure 10 shows the optimal states and controls in one combined figure.

Optimal state Optimal control

a(t) = 0.65
0.9 i = = =at) =085 1 -0.05¢
T a(t) = 0.65 + 0.20¢

y(t)

a(t) = 0.65
- = =a(t) =085
a(t) = 0.65 + 0.20¢

/
: : : : : -0.41 : : : :
0 02 04 06 08 1 0 02 04 06 08 1
t t
Figure 10. Comparison of optimal states and controls for different fractional orders in

Example 2.

The numerical results show that the fractional order function significantly affects the optimal state,
adjoint variable, and control. Compared with constant-order models, the variable-order formulation
provides a more flexible mechanism for describing time-dependent memory intensity in controlled
dynamical systems.

Overall, this example confirms that the fractional order should not be viewed as a merely technical
parameter. It directly influences the memory kernel and therefore changes the computed optimal
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control strategy.

6.3. Example 3: A nonlinear variable-order Caputo optimal control problem

We now consider a nonlinear variable-order Caputo fractional optimal control problem. The
objective functional is

1 1
Jw) = = f @) + @) at. 6.21)
2 Jo
The state equation is given by
1
“DIOy(t) = —y(1) + 5yZ(z) + u(d), 0<r<l1, (6.22)
with the initial condition
y(0) =0.5. (6.23)

The variable fractional order is chosen as
a(t) = 0.7 + 0.1 sin(nt), 0<t<1. (6.24)

Thus, a(¢) varies smoothly between 0.7 and 0.8.

This example is used to test the proposed method for nonlinear dynamics. The quadratic term
%yz(t) introduces a state-dependent nonlinear effect and changes the coupling between the state and
adjoint equations.

The Hamiltonian is

1 1 1
Hy,p,u,t) = =y* + —u> + p|-y + =y* + ul. (6.25)
2 2 2
The stationarity condition gives
oOH
—=u+p=0, (6.26)
ou
and therefore
u(t) = —p(1). (6.27)

Substituting the control expression into the optimality system yields

1
DEIY(E) = —y(0) + 5370 = pl@),
RIVp(1) = y(0) + (=1 + yO)p(1), 6.28)
u(t) = —p(t),
Y0) =05, (1,"p))=0.

The nonlinear coupled system (6.28) is solved by the predictor—corrector forward—backward sweep
method. In the numerical implementation, a relaxation parameter equal to 0.55 is used to enhance
convergence. The stopping tolerance is set to 10710

The convergence of the cost functional under mesh refinement is reported in Table 3. The table is
generated automatically by the MATLAB code.
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As in Example 1, the table reports mesh-refinement information for the cost functional and the
computed state and control. The results show that the numerical quantities stabilize as the grid is
refined, even in the presence of the nonlinear term.

Table 3. Cost functional values for Example 3.

N h Iy |Jn — Janl Iterations
40 2.5000e-02 0.04564681 5.452e-05 29
80 1.2500e-02 0.04559229 1.628e-05 29
160 6.2500e-03 0.04557601 4.879¢e-06 29
320 3.1250e-03 0.04557113 - 29

Figure 11 shows the variable fractional order used in this example. The order increases from 0.7
to 0.8 and then decreases back to 0.7, which introduces a time-varying memory effect into the

controlled nonlinear system.

0.82

Variable fractional order

0.68

0.2 0.4
t

0.6 0.8

Figure 11. Variable fractional order a(f) = 0.7 + 0.1 sin(s¢) in Example 3.

The computed optimal state and optimal control for N = 320 are shown in Figure 12. The state
remains positive and decreases smoothly, while the control acts to reduce the cost functional under the

nonlinear state dynamics.

Compared with the linear case, the nonlinear term modifies the decay behavior of the state.
Nevertheless, the computed profiles remain smooth, indicating that the forward—backward sweep
iteration is stable for this nonlinear variable-order example under the chosen relaxation parameter.

Figure 13 presents the state, adjoint, and control in the same plot. As expected from the stationarity
condition, the control is the negative of the adjoint variable.
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Optimal state Optimal control
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Figure 12. Optimal state and optimal control for Example 3 computed with N = 320.
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Figure 13. State, adjoint, and control profiles for Example 3 computed with N = 320.

The convergence of the cost functional is displayed in Figure 14. As the grid is refined, the cost
functional approaches a stable limiting value.

This convergence trend provides numerical evidence that the proposed Volterra-type approximation
remains effective for nonlinear variable-order Caputo dynamics.

The results of this example indicate that the proposed method can handle nonlinear state equations
efficiently. The nonlinear term %yz(t) changes the state and adjoint dynamics, but the
forward—backward sweep method still converges robustly when an appropriate relaxation strategy
is used.

This example also confirms that the proposed method is not restricted to linear-quadratic dynamics
and can be applied to nonlinear variable-order Caputo fractional optimal control problems.
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Cost functional convergence
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Figure 14. Convergence of the cost functional for Example 3.

7. Conclusions

In this paper, we studied a class of optimal control problems governed by variable-order Caputo
fractional differential equations. The main objective was to derive a consistent adjoint-based
necessary optimality system and to develop a practical numerical method for solving the resulting
coupled system.

The first contribution of this work is the construction of the appropriate right-sided adjoint operator
associated with the type-I variable-order Caputo derivative. Because the fractional order depends on
the observation time, the dual kernel differs from the standard right-sided variable-order fractional
integral. This distinction is essential for obtaining a mathematically consistent integration-by-parts
formula and, consequently, a consistent adjoint equation.

The second contribution is the derivation of first-order necessary optimality conditions for the
considered variable-order fractional optimal control problem. Under suitable regularity assumptions,
the optimality system consists of the forward variable-order Caputo state equation, the backward
right-sided adjoint equation, the stationarity condition, and the natural transversality condition. The
derivation clarifies the role of the variable-order memory kernel in the adjoint dynamics.

The third contribution is the development of a predictor—corrector forward-backward sweep
method for the numerical solution of the optimality system. The state equation is discretized by a
forward Volterra-type product-integration scheme, while the adjoint equation is approximated by a
backward Volterra-type discretization motivated by the fractional memory structure. Numerical
examples, including linear-quadratic, nonlinear scalar, and coupled nonlinear systems, demonstrate
the feasibility of the proposed computational approach.

The numerical experiments show that the proposed method produces stable state, adjoint, and
control profiles under mesh refinement. The cost functional converges as the temporal grid is refined,
and the stationarity relations are satisfied by the computed solutions. These observations provide
numerical evidence for the effectiveness of the proposed method.

There are several limitations of the present work. First, the optimality conditions derived here
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are necessary conditions only. Sufficient optimality conditions would require additional convexity
or generalized convexity assumptions on the cost functional, the admissible set, and the dynamics.
Second, the numerical approximation of the adjoint equation is based on a backward Volterra-type
scheme rather than a fully discrete inversion of the exact dual-kernel adjoint operator. Third, a rigorous
convergence analysis of the fully discrete nonlinear forward—backward sweep method has not been
established in this paper.

Future research may proceed in several directions. One direction is to develop sufficient optimality
conditions under convexity, invexity, pseudo-convexity, quasi-convexity, or other generalized
convexity assumptions. Another direction is to design discretizations based directly on the dual kernel
of the variable-order adjoint operator. Such methods may provide a closer correspondence between
the continuous and discrete optimality systems. It is also important to investigate rigorous
convergence and stability estimates for fully discrete schemes, especially for nonlinear systems and
rapidly varying order functions.

Further extensions include optimal control problems with pointwise control constraints, state
constraints, terminal costs, free terminal time, distributed-parameter systems, and inverse problems
governed by variable-order fractional dynamics. From the computational perspective, fast convolution
algorithms, sum-of-exponentials approximations, adaptive memory truncation, and parallel
implementations are promising tools for reducing the cost of long-time simulations.

Overall, the results of this paper provide a theoretical and computational framework for studying
variable-order Caputo fractional optimal control problems and highlight the importance of using the
correct adjoint structure induced by the variable-order memory kernel.
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