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Abstract: In this work, an efficient scheme is proposed for the 2D damped sine-Gordon equation.
The new scheme utilizes the unified weak Galerkin finite element method with or without stabilizer
(UWG) in the spatial direction and the second-order explicit differentiation formula in the temporal
direction. Both semi discrete schemes and fully discrete schemes are analyzed. First, we demonstrate
the stability of the schemes. Subsequently, optimal error estimates are derived in the energy norm
and the L2 norm. Furthermore, by combining the proper orthogonal decomposition (POD) technique
with the WG method, we develop a reduced-order algorithm, significantly improving computational
efficiency. Finally, the theoretical results are validated by numerical experiments.
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1. Introduction

The sine-Gordon equation (SG), a classical model in nonlinear science, not only plays a crucial role
in fields such as soliton theory [1], superconducting Josephson junctions [2], crystal dislocations [3],
and topological solutions [4] in quantum field theory but also can be used to simulate different wave
phenomena in areas like fluid mechanics [5] and optical fiber communications [6]. Thus, research on
this equation has long been a focus of attention in the academic community. In this work, we consider
the following 2D damped SG equation

utt + βut − ∆u = Ψ(x, y) sin(u) + f , in Ω × (0,T ], (1.1)

with Dirichlet boundary
u(x, y, t) = 0, on ∂Ω × (0,T ], (1.2)
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and initial condition
u(x, y, 0) = g0(x, y), in Ω, (1.3)

ut(x, y, 0) = g1(x, y), in Ω, (1.4)

where Ω is a bounded domain in R2 with Lipschitz-continuous boundary ∂Ω. The nonnegative and
bounded function Ψ(x) = Ψ(x, y) represents the Josephson current density, and the nonnegative real
parameter β ≥ 0 is referred to as the dissipative term. When β = 0, the equation is the undamped
sine-Gordon equation. When β > 0, it reduces to the damped sine-Gordon equation. For simplicity,
we denote g0(x, y) as g0(x) and g1(x, y) as g1(x) throughout this article.

Analytical solutions of the SG equation are often challenging to obtain due to complex boundary
conditions, high-dimensional extensions, and strong nonlinear perturbations. Several numerical
methods have been utilized to address the SG equation; for example Duan et al. [7] obtained
key estimates via conformal symmetry for the wave–Klein–Gordon model. Farshid et al. [8]
addressed 2D stochastic time-fractional cases on non-rectangular domains via finite difference and
mesh–free methods, leveraging the flexibility of meshless techniques in complex geometries, and [9]
proposed an algorithm for a nonlinear fractional hyperbolic wave model. Jiwari [10] further
extended to multidimensional problems with barycentric rational interpolation and local radial basis
functions, enhancing interpolation accuracy for high-dimensional systems. Beyond these, Ratas et
al. [11] demonstrated the applicability of higher-order Haar wavelets on adaptive grids, Zhang et
al. [12] constructed high-order Runge-Kutta schemes for parabolic types with maximum-principle
preservation, and Wang and Huang [13] developed energy-conserving schemes for undamped systems,
each targeting unique properties like adaptivity, stability, or structure preservation. Ahmed et al. [14]
combined the WG method and the CN and Euler schemes to solve the SG equation and obtained the
theoretical convergence orders.

The finite element method (FEM), widely used in engineering and physics, retains distinct
advantages in local approximation and error analysis for the equation. Traditional FEM’s limitations
in addressing complex problems have spurred advanced extensions, notably the weak Galerkin (WG)
method proposed by Wang and Ye for elliptic PDEs [15, 16]. Unlike classical FEM, WG replaces the
gradient (∇) with a weak gradient (∇w), enabling discontinuous basis functions within elements and
across boundaries. This flexibility has driven its application to diverse PDEs, including the Brinkman
equation [17], incompressible Navier-Stokes equations [18], biharmonic equations [19], linear
elasticity problems [20], etc. And time-dependent systems like convection-diffusion equations [21,22]
and Klein-Gordon equations [23], etc. To simplify formulations and reduce complexity, stabilizer-free
WG (SFWG) methods were developed [24–26] by enhancing polynomial degrees of weak gradient
spaces, with successful applications to Stokes equations [27], time-fractional diffusion equations [28],
and more. Recently, Wang and Ye [29] proposed a UWG framework for second-order elliptic problems,
using a coefficient α to control the stabilizer.

Additionally, efficient computation of the WG method is a new direction in the research of the WG
method. Proper orthogonal decomposition (POD) [30–32], a widely used model reduction technique,
improves computational efficiency by extracting dominant features to build low-dimensional models
while preserving key system characteristics. It has been combined with hybridized discontinuous
Galerkin (HDG) [33], discontinuous Galerkin (DG) [34], DG–time stepping space–time finite element
(TDG–STFE) [35], simplified weak Galerkin (SWG) [36], etc.
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The goal of this work is to continue the investigation of UWG finite element methods for the damped
SG equations (1.1)–(1.4). We use the UWG in the spatial direction and the central differences formula
in the temporal direction. The stability and convergence analysis of the schemes are provided. We
obtain the optimal error estimates in the energy norm and the L2 norm. To improve the computational
efficiency of the proposed schemes, we develop a fast and effective reduced-order algorithm by
combining it with the POD method. These theoretical findings are verified through two numerical
examples. There are two key differences between the current methods used by us and the method
proposed in [14]. One is that the author proposed a WG method with a stabilizer in [14]. The other
is that we employ an explicit scheme similar to the one used in [37] that achieves the same efficient
convergence rate as the CN scheme.

The structure of this article is as follows. Section 2 introduces basic notation and relevant lemmas
for the WG method. Section 3 presents the semi-discrete form of the damped sine-Gordon equation,
along with error estimates in semi-norm and L2 norm. Section 4 develops and analyzes the fully
discrete scheme. Section 5 integrates the POD method with the UWG to form a reduced-order model.
Finally, Section 6 provides numerical examples to verify the model’s effectiveness. And Appendix A
lists the abbreviations.

2. Preliminary

2.1. Notations and definitions

We use H s(D) to denote the standard Sobolev space of order s, where s ≥ 0 and D ∈ R2. Use
(·, ·)s,D, ‖ · ‖s,D and | · |s,D denote the inner product, norm and seminorm. Particularly, when s = 0, we
denote H s(D) as L2(D), use (·, ·)D, ‖ · ‖D and | · |D in place of (·, ·)s,D, ‖ · ‖s,D and | · |s,D. For simplicity,
we omit the subscript D when D = Ω. Besides, the constant C may take different values.

Now, define the space Hl(0,T ; H s(Ω)) by

Hl(0,T ; H sΩ) = {ω ∈ H s(Ω);
∑
0≤i≤l

∫ T

0
‖
∂iω(t)
∂ti ‖

2
s,Ωdt < ∞},

with norm

‖ω‖2Hl(Hs(Ω)) =
∑
0≤i≤l

∫ T

0
‖
∂iω(t)
∂ti ‖

2
s,Ωdt,

if 0 ≤ l ≤ ∞ and

‖ω‖2Hl(Hs(Ω)) =

∫ T

0
‖ω(t)‖2s,Ωdt,

if l = 0.
Let Th = ∪{T } be a shape-regular simplicial partition of the domain Ω, and Eh = ∪{∂T } be the set

of all edges of T ∈ Th, E0
h = Eh \ ∂Ω be the set of all interior edge. Denote the diameter of the each

element T ∈ Th by hT , and h = max
T∈Th

hT for Th.

For any element T ∈ Th, the space of weak function W(T ) is defined on T as:

W(T ) = {v = {v0, vb} : v0 ∈ L2(T ), vb ∈ L2(∂T )}, (2.1)

if v ∈ H1(Ω), then v = {v, v}.
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On each element T , for any integer k ≥ 0, let Pk(T ) be the space of all polynomials of degree no
more than k. Then the weak Galerkin finite element space Vh is defined as

Vh = {v = {v0, vb} : v0 ∈ Pk(T ), vb ∈ Pk(E),∀T ∈ Th,∀E ∈ Eh}, (2.2)

and its subspace V0
h is defined as

V0
h = {v : v ∈ Vh, vb = 0 on ∂Ω}. (2.3)

Definition 2.1. [29] For v = {v0, vb} ∈ Vh, its weak gradient ∇wv ∈ [P j(T )]2 in element T is the unique
solution satisfying

(∇wv, q)T = −(v0,∇ · q)T + 〈vb, q · n〉∂T , ∀q ∈ [P j(T )]2, (2.4)

where n is unit external normal vector on ∂T, and j ≥ k + n − 1, n represents the number of
element edges.

Next, we introduce three L2 projection operators. Let Q0 from L2(T ) onto Pk(T ) for all T ∈ Th and
Qb from L2(E) to Pk(E) for all E ∈ Eh, respectively. Combined projection operator Qhv = {Q0v,Qbv} ∈
Vh, and Qh from [L2(T )]2 onto [P j(T )]2 for each T ∈ Th.

Lemma 2.1. [16] Let u ∈ Hk+1(Ω), k ≥ 0; there is a constant C > 0 such that Qhu satisfies the
following properties:

‖u − Q0u‖2T + h2‖∇(u − Q0u)‖2T ≤ Ch2(k+1)‖u‖2k+1, (2.5)
‖∇u − Qh∇u‖2T + h2|∇u − Qh∇u|21,T ≤ Ch2k‖u‖2k+1. (2.6)

Lemma 2.2. [38] For u ∈ H1(Ω), and q ∈ [P j(T )]2, then for any T ∈ Th

(∇w(Qhu), q)T =(Qh∇u, q)T + (u − Q0u,∇ · q)T − 〈u − Qbu, q · n〉∂T , (2.7)
∇wu =Qh∇u. (2.8)

2.2. The UWG scheme

The variational formulation of the SG equations (1.1)–(1.4) is to seek u ∈ L2(0,T ; H1
0(Ω))

(utt, v) + β(ut, v) + (∇u,∇v) = (Ψ(x) sin(u), v) + ( f , v), ∀v ∈ H1
0(Ω), t ∈ (0,T ]. (2.9)

Define the semi-discrete UWG scheme of SG equations (1.1)–(1.4) as follow:
Find U = {U0,Ub} ∈ L2(0,T ; V0

h ) satisfying((U0)tt, v0) + β((U0)t, v0) + Aαw(U, v) = (Ψ(x) sin(U0), v0) + ( f , v0), ∀v ∈ V0
h ,

U(0) = Qhg0,Ut(0) = Qhg1,
(2.10)

here
Aαw(U, v) = (∇wU,∇wv) + αS (U, v),

S (u, v) =
∑
T∈Th

h−1
T 〈u0 − ub, v0 − vb〉∂T ,

where α = 0 or 1. For any vh = {v0, vb} ∈ Vh, we define a semi-norm

9 vh92 = Aαw(vh, vh) = (∇wvh,∇wvh)Th + αS (vh, vh), (2.11)

we known that 9 · 9 is a norm in V0
h . For detailed proof, please refer to Lemma 3 of [29].
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Lemma 2.3. [29] When j ≥ k + n − 1, for any vh = {v0, vb} ∈ Vh, we have∑
T∈Th

h−1‖v0 − vb‖
2
∂T ≤ C

∑
T∈Th

‖∇wv‖2T . (2.12)

where C is a positive constant independent of h.

Lemma 2.4. For any v ∈ V0
h , we have

9 v9 ≤ C‖v‖1,h, (2.13)

where C is a positive constant independent of h.

Proof. According to [24], when α = 0, there exist two constants, C1 and C2 such that

C1‖v‖1,h ≤ 9v9 ≤ C2‖v‖1,h,

where ‖v‖1,h = (
∑

T∈Th

(‖∇v0‖
2
T + h−1‖v0 − vb‖

2
∂T ))

1
2 . Combined with Lemma 2.3, we get 9v9 ≤ C‖v‖1,h

whether α = 0 or 1.

3. Semi-discrete scheme

3.1. Stability of semi-discrete scheme

In this section, we will give a stability analysis of semi-discrete scheme (2.10).

Theorem 3.1. Let U ∈ L2(0,T ; V0
h ) be the solution of problem (2.10) and f ∈ L2(Ω × (0,T ]). Then

‖(U0)t‖
2 + 9U92 ≤ ‖(U0)t(0)‖2 + 9U(0) 92 +C

∫ T

0
‖ f ‖2dt, (3.1)

where C is a positive constant independent of h.

Proof. Taking v = Ut in the first equation of (2.10), we have

((U0)tt, (U0)t) + β((U0)t, (U0)t) + Aαw(U,Ut) = (Ψ(x) sin(U0), (U0)t) + ( f , (U0)t).

By Cauchy–Schwarz, Young’s inequalities, and ‖ sin(u)‖ ≤ ‖u‖, we have

1
2

d
dt
‖(U0)t‖

2 + β‖(U0)t‖
2 +

1
2

d
dt

9 U92 ≤C‖U0‖
2 +

β

2
‖(U0)t‖

2 + C‖ f ‖2 +
β

2
‖(U0)t‖

2.

Integrating with respect to time and using extended Gronwall’s inequality, we get

1
2
‖(U0)t‖

2 +
1
2

9 U92 ≤
1
2
‖(U0)t(0)‖2 +

1
2

9 U(0) 92 +C
∫ T

0
‖ f ‖2dt.

The conclusion readily follows from the above inequality.
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3.2. Error estimates in the energy norm

In this section, we will give an error estimate of semi-discrete scheme (2.10) with 9 · 9. Before
analysis, let u − U = u − Qhu + Qhu − U := ηh + eh, where eh = {Q0u − U0,Qbu − Ub} = {e0, eb}.

Lemma 3.2. [29] For v = {v0, vb} ∈ V0
h , let u ∈ H1(0,T ; Hk+1) be the solution of problems (1.1)–(1.4),

then
(Q0utt, v0) + β(Q0ut, v0) + (∇wQhu,∇wv)

=(Ψ(x) sin(u), v0) + ( f , v0) + l1(u, v) + l2(u, v) + l3(u, v).
(3.2)

Where
l1(u, v) =

∑
T∈Th

〈(∇u − Qh∇u) · n, v0 − vb〉∂Th ,

l2(u, v) =
∑
T∈Th

〈Qbu − u,∇wv · n〉∂Th ,

l3(u, v) =
∑
T∈Th

((u − Q0u),∇ · ∇wv)Th .

Lemma 3.3. For any u ∈ Hk+1(Ω) and v = {v0, vb} ∈ V0
h , we have

|l1(u, v)| ≤ Chk‖u‖k+1 9 v9, (3.3)
|l2(u, v)| ≤ Chk‖u‖k+1 9 v9, (3.4)
|l3(u, v)| ≤ Chk‖u‖k+1 9 v9, (3.5)

|S (Qhu, v)| ≤ Chk‖u‖k+1 9 v9, (3.6)
|(Ψ(x)(sin(u) − sin(U)), v0)| ≤ Chk+1‖u‖k+1‖v0‖ + ‖e0‖‖v0‖. (3.7)

Proof. Equations (3.3)–(3.6) can be obtained by referring to the proof in [29].
By Cauchy–Schwarz, the Lipschitz continuity of sin(u), and Lemma 2.1, we have

|(Ψ(x)(sin(u) − sin(U)), v0)| ≤ C‖U − u‖‖v0‖

≤ ‖Q0u − u‖‖v0‖ + ‖U − Q0u‖‖v0‖

≤ Chk+1‖u‖k+1‖v0‖ + ‖e0‖‖v0‖.

The proof is completed.

Lemma 3.4. Assume u ∈ H1(0,T ; Hk+1) and v ∈ L2(0,T,Vh); then for any t ∈ (0,T ] we have

|

∫ t

0
l1(u,

∂v
∂t

)dt| ≤Ch2k(‖u‖2k+1 + ‖u(0)‖2k+1 +

∫ t

0
‖
∂u
∂t
‖2k+1dt)

+ C(9v 92 + 9 v(0)92) + C
∫ t

0
9v 92 dt,

(3.8)

|

∫ t

0
l2(u,

∂v
∂t

)dt| ≤Ch2k(‖u‖2k+1 + ‖u(0)‖2k+1 +

∫ t

0
‖
∂u
∂t
‖2k+1dt)

+ C(9v 92 + 9 v(0)92) + C
∫ t

0
9v 92 dt,

(3.9)
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|

∫ t

0
l3(u,

∂v
∂t

)dt| ≤Ch2k(‖u‖2k+1 + ‖u(0)‖2k+1 +

∫ t

0
‖
∂u
∂t
‖2k+1dt)

+ C(9v 92 + 9 v(0)92) + C
∫ t

0
9v 92 dt,

(3.10)

|

∫ t

0
S (Qhu,

∂v
∂t

)dt| ≤Ch2k(‖u‖2k+1 + ‖u(0)‖2k+1 +

∫ t

0
‖
∂u
∂t
‖2k+1dt)

+ C(9v 92 + 9 v(0)92) + C
∫ t

0
9v 92 dt,

(3.11)

|

∫ t

0
(Ψ(x)(sin(U) − sin(u)),

∂v0

∂t
)dt|

≤Ch2(k+1)(‖u‖2k+1 + ‖u(0)‖2k+1 +

∫ t

0
‖
∂u
∂t
‖2k+1dt) + C(‖e0‖

2 + ‖v0‖
2)

+ C(
∫ t

0
‖v0‖

2dt +

∫ t

0
‖
∂e0

∂t
‖2dt).

(3.12)

Proof. By Lemma 3.3, we use integration by parts to get

|

∫ t

0
l1(u,

∂v
∂t

)dt|

=|l1(u, v)(t) − l1(u, v)(0) −
∫ t

0
l1(
∂u
∂t
, v)dt|

≤Chk‖u‖k+1 9 v 9 +Chk‖u(0)‖k+1 9 v(0) 9 +

∫ t

0
Chk‖

∂u
∂t
‖k+1 9 v 9 dt

≤Ch2k(‖u‖2k+1 + ‖u(0)‖2k+1 +

∫ t

0
‖
∂u
∂t
‖2k+1dt) + C(9v 92 + 9 v(0)92) + C

∫ t

0
9v 92 dt.

Then we can prove (3.8)–(3.11) by the same approach. The proof for (3.12) is more involved but
follows the same approach. The details are as follows.

|

∫ t

0
(Ψ(x)(sin(U) − sin(u)),

∂v0

∂t
)dt|

≤|(Ψ(x)(sin(U) − sin(u)), v0)(t) − (Ψ(x)(sin(U) − sin(u)), v0)(0)

−

∫ t

0
(Ψ(x)(

∂ sin(U) − sin(u))
∂t

, v0)dt|

≤Chk+1‖u‖k+1‖v0‖(t) + ‖e0‖‖v0‖(t) + Chk+1‖u‖k+1‖v0‖(0) + ‖e0‖‖v0‖(0)

+

∫ t

0
Chk+1‖

∂u
∂t
‖k+1‖v0‖ + ‖

∂e0

∂t
‖‖v0‖dt

≤Ch2(k+1)(‖u‖2k+1 + ‖u(0)‖2k+1 +

∫ t

0
‖
∂u
∂t
‖2k+1dt) + C(‖e0‖

2 + ‖v0‖
2)

+ C(
∫ t

0
‖v0‖

2dt +

∫ t

0
‖
∂e0

∂t
‖2dt).

(3.13)

The proof is completed.
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Theorem 3.5. Assume u and U ∈ V0
h are the solutions of (1.1)–(1.4) and (2.10), respectively. Moreover,

for a fixed time t ∈ (0,T ], if u ∈ L2(0,T ; Hk+1(Ω)) and ut ∈ L2(0,T ; Hk+1(Ω)), then we have

9 eh92 ≤ Ch2k(‖U‖2k+1 + ‖U(0)‖2k+1 +

∫ t

0
‖
∂U
∂t
‖2k+1dt), (3.14)

where C is a positive constant independent of h.

Proof. Subtracting the first equation of (2.10) from (3.2) add stabilizer at both sides, we get the
following error equation:

((e0)tt, v0) + β((e0)t, v0) + (∇weh,∇wv) + αS (eh, v)
=(Ψ(x)(sin(u) − sin(U)), v0) + l1(u, v) + l2(u, v) + l3(u, v) + αS (Qhu, v).

(3.15)

Taking v = (eh)t in (3.15), we have

1
2

d
dt
‖(e0)t‖

2 + β‖(e0)t‖
2 +

1
2

d
dt

9 eh92

=(Ψ(x)(sin(u) − sin(U)), (e0)t) + l1(u, (eh)t) + l2(u, (eh)t) + l3(u, (eh)t) + αS (Qhu, (eh)t).

Integrating both sides over time t and combining eh(0) = (eh)t(0) = 0, we have

1
2
‖(e0)t‖

2 + β

∫ t

0
‖(e0)t‖

2dt +
1
2

9 eh92

=

∫ t

0
((Ψ(x)(sin(u) − sin(U)), (e0)t) + l1(u, (eh)t) + l2(u, (eh)t) + l3(u, (eh)t) + αS (Qhu, (eh)t))dt.

Applying Lemma 3.4, there exists a constant C, such that

1
2
‖(e0)t‖

2 + β

∫ t

0
‖(e0)t‖

2dt +
1
2

9 eh92

≤Ch2k(‖U‖2k+1 + ‖U(0)‖2k+1 +

∫ t

0
‖
∂U
∂t
‖2k+1dt) +

1
4

9 eh 92 +C
∫ t

0
9eh 92 dt

+
1
2
‖(e0)t‖

2 + β

∫ t

0
‖(e0)t‖

2dt.

Finally, using Gronwall’s inequality, we get

9eh92 ≤ Ch2k(‖U‖2k+1 + ‖U(0)‖2k+1 +

∫ t

0
‖
∂U
∂t
‖2k+1dt).

We get the conclusion.

3.3. Error estimates in the L2 norm

In this section, we will give an error estimate of semi-discrete scheme (2.10) with ‖ · ‖. Before
analysis, let us introduce the elliptic projection and its properties.
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Definition 3.1. The elliptic projection Rh : H2(Ω) ∩ H1
0 → V0

h as

Aαw(Rhu, vh) = (−∇ · (∇u), vh), ∀vh ∈ Vh, (3.16)

with Rhu(0) = Qhu(0), Rhut(0) = Qhut(0).

Lemma 3.6. [39] If u ∈ Hk+1(Th), then it holds

‖Qhu(t) − Rhu(t)‖2 ≤ Ch2(k+1)‖u(t)‖2k+1,

with the help of elliptical projection, the error eh = Qhu − U can be further divided into

eh(t) = Qhu(t) − U(t) = Qhu(t) − Rhu − (U(t) − Rhu) := ρ(t) − ξ(t).

Theorem 3.7. Assume u and U ∈ V0
h are the solutions of (1.1) and (2.10), respectively. Moreover, for

a fixed time t ∈ (0,T ] if u ∈ L2(0,T ; Hk+1(Ω)) and ut ∈ L2(0,T ; Hk+1(Ω)), then we have

‖ξ0(t)‖2 ≤ Ch2(k+1)(‖(u0)t‖
2
k+1 + ‖u0‖

2
k+1 + ‖u‖2k+1 + ‖u(0)‖2k+1). (3.17)

where C is a positive constant independent of h.

Proof. Multiplying the test function v0 ∈ V0
h in (1.1), from (3.16) and Green’s formula, we have

(Q0utt, v0) + β(Q0ut, v0) + Aαw(Rhu, vh) = (Ψ(x) sin(u), v0) + ( f , v0). (3.18)

Subtracting (2.10) from (3.18), we have the following error equation:

((ξ0)tt, v0) + β((ξ0)t, v0) + Aαw(ξ, vh) =((ρ0)tt, v0) + β((ρ0)t, v0) −
d
dt

(G, v0) + (G, (v0)t), (3.19)

where G(t) = Ψ(x)
∫ t

0
(sin(u) − sin(U))(s)ds, 0 ≤ t ≤ T .

For θ ∈ (0,T ] define ξ as:

ξ(·, t) =

∫ θ

t
ξ(·, s)ds 0 ≤ t ≤ T. (3.20)

It is easy to see that ξ(θ) = 0, ξt = −ξ(·, t), 0 ≤ t ≤ T .
Taking vh = ξ in (3.19), we have

((ξ0)tt, ξ0) + β((ξ0)t, ξ0) + Aαw(ξ, ξ) =((ρ0)tt, ξ0) + β((ρ0)t, ξ0) −
d
dt

(G, ξ0) + (G, (ξ0)t).

Integrating with respect to t from 0 to θ , we have∫ θ

0
((ξ0)tt, ξ0)dt +

∫ θ

0
β((ξ0)t, ξ0)dt +

∫ θ

0
Aαw(ξ, ξ)dt

=

∫ θ

0
((ρ0)tt, ξ0)dt +

∫ θ

0
β((ρ0)t, ξ0)dt −

∫ θ

0

d
dt

(G, ξ0)dt +

∫ θ

0
(G, (ξ0)t)dt.
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Then integrate by parts over t, and notice ξ(0) = ρ(0) = 0, ξt(0) = ρt(0) = 0, we have

−

∫ θ

0
((ξ0)t, (ξ0)t)dt − β

∫ θ

0
(ξ0, (ξ0)t)dt +

∫ θ

0
Aαw(ξ, ξ)dt

= −

∫ θ

0
((ρ0)t, (ξ0)t)dt − β

∫ θ

0
(ρ0, (ξ0)t)dt −

∫ θ

0
(G, ξ0)dt.

Applying the properties of ξ, we have∫ θ

0

1
2

d
dt
‖ξ0‖

2dt + β

∫ θ

0
‖ξ0‖dt −

∫ θ

0

1
2

d
dt

Aαw(ξ, ξ)dt

=

∫ θ

0
((ρ0)t, ξ0)dt + β

∫ θ

0
(ρ0, ξ0)dt −

∫ θ

0
(G, ξ0)dt.

(3.21)

By Lemma 2.1 and the boundedness of Ψ(x) and Lipschitz continuity of sin(u), we derive

‖Ψ(x) sin(u) − Ψ(x) sin(U)‖2 ≤C‖u − U‖2

≤C(‖u − Q0u‖ + ‖Q0u − U‖)
≤C‖ξ0‖

2 + C‖ρ0‖
2 + ‖Q0u − u‖

≤C‖ξ0‖
2 + Ch2(k+1)‖u‖k+1,

deduce that ∫ θ

0
(G, ξ0)dt ≤ Ch2(k+1)

∫ θ

0
‖u‖k+1dt +

β

3

∫ θ

0
‖ξ0‖

2dt.

Now, we consider θ ∈ (0,T ] satisfies ‖ξ(θ)‖ = max
0≤t≤T
‖ξ(t)‖, according to (3.21), we have

1
2
‖ξ0(θ)‖2 + β

∫ θ

0
‖ξ0‖

2 +
1
2

Aαw(ξ(0), ξ(0))

≤
1
2
‖ξ0(0)‖2 +

∫ θ

0
((ρ0)t, ξ0)dt + β

∫ θ

0
(ρ0, ξ0)dt + β

∫ θ

0
‖ξ0‖

2dt + Ch2(k+1)
∫ θ

0
‖u‖k+1dt.

By applying 2.1 and Lemma 3.6 holds

‖ξ0(0)‖2 = ‖U(0) − Qhu(0)‖2 + ‖Qhu(0) − Rhu(0)‖2 ≤ Ch2(k+1)‖u(0)‖2k+1,

and ∫ θ

0
((ρ0)t, ξ0)dt ≤C

∫ θ

0
‖(ρ0)t‖

2dt +
β

3

∫ θ

0
‖ξ0‖

2dt

≤Ch2(k+1)
∫ θ

0
‖(u0)t‖

2dt +
β

3

∫ θ

0
‖ξ0‖

2dt.∫ θ

0
(ρ0, ξ0)dt ≤C

∫ θ

0
‖ρ0‖

2dt +
β

3

∫ θ

0
‖ξ0‖

2dt

≤Ch2(k+1)
∫ θ

0
‖u0‖

2dt +
β

3

∫ θ

0
‖ξ0‖

2dt.

Thus, we have
‖ξ0(θ)‖2 ≤ Ch2(k+1)(‖(u0)t‖

2
k+1 + ‖u0‖

2
k+1 + ‖u‖2k+1 + ‖u(0)‖2k+1).

The conclusion is obtained.
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4. Full–discrete scheme

In this section, we shall establish and analyze the fully–discrete SG equations (1.1)–(1.4). At first,
introduce some notations and operators that will be used in this section.

For a given integer N > 0, let τ = T/N be the time step, tn = nτ, n = 1, 2, · · · ,N. For any function
φ(x, y, t), set φn = φ(x, y, tn). For simplicity, define the following operators:

δtφ
n =

1
2τ

(φn+1 − φn−1), δ2
t φ

n =
1
τ2 (φn+1 − 2φn + φn−1),

φn =
1
2

(φn+1 + φn−1), φn+ 1
2 =

1
2

(φn+1 + φn), ∂tφ
n =

1
τ

(φn+1 − φn).

Using the above notations, the fully discrete formulation of SG equation (1.1)–(1.4) is given as follows:
Find Un+1 ∈ Vh, 1 ≤ n ≤ N − 1, such that

(δ2
t Un

0 , v0) + β(δtUn
0 , v0) + Aαw(Un, vh) = (Ψ(x) sin(Un

0), v0) + ( f n, v0), ∀vh ∈ Vh,

U0 = Qhg0,U1 = Qhg0 + τQhg1 +
1
2
τ2Qhutt(0),

(4.1)

where Qhutt(0) satisfy

(Qhutt(0), v0) = −β(Qhut(0), v0) − Aαw(u(0), vh) + (Ψ(x, 0), v0) + ( f 0, v0).

4.1. Stability of full-discrete scheme

Theorem 4.1. Assume Un ∈ V0
h is the solution of the problem of the fully discrete scheme (4.1), then

it holds
9 Un92 ≤ C, (4.2)

where C is a constant independent of τ and h.

Proof. Notice Un+1−2Un +Un−1 = (Un+1−Un)− (Un−Un−1), taking vh = (Un+1−Un)+ (Un−Un−1) =

Un+1 − Un−1 in the first equation of (4.1) we have

(δ2
t Un

0 ,U
n+1
0 − Un−1

0 ) + β(δtUn
0 ,U

n+1
0 − Un−1

0 ) + Aαw(Un,Un+1 − Un−1)
=(Ψ(x) sin(Un

0),Un+1
0 − Un−1

0 ) + ( f n,Un+1
0 − Un−1

0 ).

By Cauchy–Schwarz and Young’s inequalities, we have
1
τ2 ‖U

n+1
0 − Un

0‖
2 −

1
τ2 ‖U

n
0 − Un−1

0 ‖
2 +

β

2τ
‖Un+1

0 − Un−1
0 ‖

2 + 9Un+1 92 − 9 Un−192

=(Ψ(x) sin(Un
0),Un+1

0 − Un−1
0 ) + ( f n,Un+1

0 − Un−1
0 ) ≤ Cτ(‖Un

0‖
2 + ‖ f n‖2) +

β

2τ
‖Un+1

0 − Un−1
0 ‖

2.

Summing up the inequality, and combined with the initial condition, we have
1
τ2 ‖U

n+1
0 − Un

0‖
2 + 9Un+1 92 + 9 Un92 ≤ ‖g1‖

2 + 9U1 92 + 9 U0 92 +Cτ
∑

1≤i≤n

(‖U i
0‖

2 + ‖ f i‖2).

Finally, applying the discrete Gronwall’s inequality, we have

9Un92 ≤ ‖g1‖
2 + 9U1 92 + 9 U0 92 +Cτ

∑
1≤i≤n

‖ f i‖2.

Through this derivation, the result is established.
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4.2. Error estimates in the energy norm

Before analysis, we set un − Un = un − Qhun + Qhun − Un := ηn
h + en

h, the main result in this section
presented in the following theorem.

Theorem 4.2. Let un and Un ∈ V0
h be the solutions of (1.1)–(1.4) and (4.1) in t = nτ, respectively.

If u ∈ L2(0,T ; Hk+1(Ω)), ut ∈ L2(0,T ; Hk+1(Ω)), utt ∈ L2(0,T ; Hk+1(Ω)), uttt ∈ L2(0,T ; L2(Ω)), utttt ∈

L2(0,T ; L2(Ω)), then there exists a constant C > 0 that is independent of h and τ and satisfies

9 en
h9 ≤ C(hk + τ2), (4.3)

where C is independent of τ and h.

Proof. Add αS (Qhu, v) to both sides of (3.2), then subtract the first equation of (4.1) from its average
at tn−1 and tn+1, and we get the error equation

(un
tt − δ

2
t Un

0 , v0) + β(un
t − δtUn

0 , v0) + Aαw(Qhun − Un, vh)

=l1(un, v) + l2(un, v) + l3(un, v) + αS (Qhun, v)

+ ( f n − f n, v0) + (Ψ(x)(
1
2

(sin(un+1) + sin(un−1)) − sin(Un
0)), v0).

Since Qh is a L2 projection, we have

(δ2
t Q0un − δ2

t Un
0 , v0) + β(δtQ0un − δtUn

0 , v0) + Aαw(Qhun − Un, vh)

=l1(un, v) + l2(un, v) + l3(un, v) + αS (Qhun, v)

+ ( f n − f n, v0) + (Ψ(x)(
1
2

(sin(un+1) + sin(un−1)) − sin(Un
0)), v0)

+ (δ2
t un − un

tt, v0) + (δtun − un
t , v0) + (un

tt −
1
2

un
tt, v0) + (un

t −
1
2

un
t , v0).

Taking vh = δten
h, we get

1
2τ3 (‖en+1

0 − en
0‖

2 − ‖en
0 − en−1

0 ‖
2) + β‖δten

0‖
2 +

1
2τ

(9en+1
h 92 − 9 en−1

h 92)

=l1(un, δten) + l2(un, δten) + l3(un, δten) + αS (Qhun, δten)

+ ( f n − f n, δten
0) + (Ψ(x)(

1
2

(sin(un+1) + sin(un−1)) − sin(Un
0)), δten

0)

+ (δ2
t un − un

tt, δten
0) + (δtun − un

t , δten
0) + (un

tt −
1
2

un
tt, δten

0) + (un
t −

1
2

un
t , δten

0)

:=
10∑
i=1

Hi.

By using Lemma 3.3, Lemma 2.4, and equivalence of norms, we derive

|H1| ≤Chk(‖un+1‖k+1 + ‖un−1‖k+1) 9 δten9

≤Ch2k(‖un+1‖2k+1 + ‖un−1‖2k+1) +
1

16τ
(9en+1 92 + 9 en−192).
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Then we can make a similar estimate for
4∑

i=2
Hi.

Next, we will estimate H5 ∼ H10 one by one. By Cauchy–Schwarz inequality, Young’s inequality,
and Taylor expansion, we get

|H5| = |( f n − f n, δten
0)| ≤ ‖ f n − f n‖‖δten

0‖ ≤ Cτ3
∫ tn+1

tn−1
‖ ftt‖

2dt +
β

6
‖δten

0‖
2,

|H6| =|(Ψ(x)(
1
2

(sin(un+1) + sin(un−1)) − sin(Un
0)), δten

0)|

≤C|(
1
2

(sin(un+1) + sin(un−1)) − sin(un), δten
0)| + C|(sin(un) − sin(Un

0), δten
0)|

≤Cτ2‖(sin(un))tt‖‖δten
0‖ + C‖un − Un‖‖δten

0‖

≤Cτ2‖(sin(un))tt‖‖δten
0‖ + C(‖un − Q0un‖ + ‖Q0un − Un

0‖)‖δten
0‖

≤Cτ3
∫ tn+1

tn−1
‖(sin(u))tt‖

2dt + Ch2(k+1)‖un‖k+1 + C‖en
h‖

2 +
β

6
‖δten

0‖
2,

|H7| = |(δ2
t un − un

tt, δten
0)| ≤ Cτ3

∫ tn+1

tn−1
‖utttt‖

2dt +
β

6
‖δten

0‖
2,

|H8| = |(δtun − un
t , δten

0)| ≤ Cτ3
∫ tn+1

tn−1
‖uttt‖

2dt +
β

6
‖δten

0‖
2,

|H9| = |(un
tt −

1
2

un
tt, δten

0)| ≤ Cτ2‖un
tttt‖‖δten

0‖ ≤ Cτ3
∫ tn+1

tn−1
‖utttt‖

2dt +
β

6
‖δten

0‖
2,

|H10| = |(un
t −

1
2

un
t , δten

0)| ≤ Cτ2‖un
ttt‖‖δten

0‖ ≤ Cτ3
∫ tn+1

tn−1
‖uttt‖

2dt +
β

6
‖δten

0‖
2.

From all the inequalities above, we get

1
2τ3 (‖en+1

0 − en
0‖

2 − ‖en
0 − en−1

0 ‖
2) +

1
2τ

(9en+1
h 92 − 9 en−1

h 92)

≤Cτ3(
∫ tn+1

tn−1
‖ ftt‖

2dt +

∫ tn+1

tn−1
‖utttt‖

2dt +

∫ tn+1

tn−1
‖uttt‖

2dt)

+ Ch2k(‖un+1‖2k+1 + ‖un−1‖2k+1) + C‖en
h‖

2 +
1
4τ

(9en+1 92 + 9 en−192).

Summing up the inequality and multiplying by 2τ to get

1
τ2 ‖e

n+1
0 − en

0‖
2 + 9en+1

h 92 + 9 en
h9

2

≤Cτ4
n∑

i=1

(
∫ tn+1

tn−1
‖ ftt‖

2dt +

∫ tn+1

tn−1
‖utttt‖

2dt +

∫ tn+1

tn−1
‖uttt‖

2dt)

+ Ch2kτ(‖un+1‖2k+1 + ‖un−1‖2k+1) + Cτ
n∑

i=1

‖en
h‖

2 + C
n∑

i=1

9ei 92 .
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Finally, according to discrete Gromwall’s inequality, we have

1
τ2 ‖e

n+1
0 − en

0‖
2 + 9en+1

h 92 + 9 en
h9

2

≤Cτ4
n∑

i=1

(
∫ tn+1

tn−1
‖ ftt‖

2dt +

∫ tn+1

tn−1
‖utttt‖

2dt +

∫ tn+1

tn−1
‖uttt‖

2dt)

+Ch2kτ(‖un+1‖2k+1 + ‖un−1‖2k+1).

Therefore, we conclude that
9 en

h9 ≤ C(hk + τ2). (4.4)

The proof is concluded here.

4.3. Error estimates in the L2 norm of full-discrete scheme

Set
en

h = Qhun − Un = Qhun − Rhun − (Un − Rhun) := ρn
h − ξ

n
h,

we will prove the following theorem.

Theorem 4.3. Let un and Un ∈ V0
h be the solutions of (1.1)–(1.4) and (4.1) at t = nτ, respectively.

If u ∈ L2(0,T ; Hk+1(Ω)), ut ∈ L2(0,T ; Hk+1(Ω)), utt ∈ L2(0,T ; Hk+1(Ω)), uttt ∈ L2(0,T ; L2(Ω)), and
utttt ∈ L2(0,T ; L2(Ω)), then there exists a constant C > 0, which is independent of h and τ, and satisfies

‖ξn+1
0 ‖ ≤ C(hk+1 + τ2), (4.5)

where C is independent of τ and h.

Proof. For vh = {v0, vb} ∈ V0
h , we have

(δ2
t ξ

n
0, v0) + β(δtξ

n
0, v0) + Aαw(ξn

h, vh)

=(δ2
t Un

0 , v0) + β(δtUn
0 , v0) + Aαw(Un

h , vh) − (δ2
t Rhun, v0) − (δtRhun, v0) − Aαw(Rhun

h, vh)
=( f n, v0) + (Ψ(x) sin(Un

0), v0) − (δ2
t Rhun, v0) − (δtRhun, v0) − Aαw(Rhun, vh)

=( f n, v0) + (Ψ(x) sin(Un
0), v0) − (δ2

t Rhun, v0) − (δtRhun, v0) + Aαw(∇ · ∇un, vh)
=( f n, v0) + (Ψ(x) sin(Un

0), v0) − (δ2
t Rhun, v0) − (δtRhun, v0)

+ ((utt + βut − Ψ(x)sin(un) − f n), v0)

=( f n − f n, v0) + (Ψ(x) sin(Un
0) − Ψ(x)sin(un), v0) + (δ2

t ρ
n, v0) + (δtρ

n, v0)

− (δ2
t (Qhun − un), v0) − (δt(Qhun − un), v0) + (un

tt − δ
2
t un, v0) + β(un

t − δtun, v0)

:=
5∑

i=1

Ti.

Where

T1 =( f n − f n, v0), (4.6)

T2 =(Ψ(x) sin(Un) − Ψ(x)sin(un), v0), (4.7)
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T3 =(δ2
t ρ

n, v0) + (δtρ
n, v0), (4.8)

T4 = − (δ2
t (Qhun − un), v0) − (δt(Qhun − un), v0), (4.9)

T5 =(un
tt − δ

2
t un, v0) + β(un

t − δtun, v0). (4.10)

Now, we will estimate T1 ∼ T5 one by one.
By Cauchy–Schwarz inequality, Young’s inequality, and Taylor’s formula, we can bound T1 ∼ T2

as follows:

|T1| =|( f n − f n, v0)| ≤ Cτ3
∫ tn+1

tn−1
‖ ftt‖

2dt +
2β
9
‖v0‖

2.

|T2| =|(Ψ(x) sin(Un
0) − Ψ(x)sin(un), v0)|

≤C|(sin(Un
0) − sin(un) + τ2 sin(u)tt, v0)|

≤C‖Un − Q0un‖‖v0‖ + Chk+1‖u‖k+1‖v0‖ + Cτ2‖ sin(u)tt‖v0‖

≤Chk+1‖u‖k+1‖v0‖ + Cτ3
∫ tn+1

tn−1
‖ sin(u)tt‖

2dt +
2β
9
‖v0‖

2 + ‖ξn
0‖‖v0‖.

Then, applying Lemma 3.6, we have

|T3| = |(δ2
t ρ

n, v0) + (δtρ
n, v0)| ≤ Chk+1‖δ2

t un‖k+1‖v0‖ + Chk+1‖δtun‖k+1‖v0‖.

Next, from Lemma 2.1 that

|T4| = |(δ2
t (Qhun − un), v0) + (δt(Qhun − un), v0)| ≤ Chk+1‖δ2

t un‖k+1‖v0‖ + Chk+1‖δtun‖k+1‖v0‖.

Finally, similar to the proof of T1 ∼ T2, we get

|T5| = |(un
tt − δ

2
t un, v0) + β(un

t − δtun, v0)| ≤ Cτ3
∫ tn+1

tn−1
‖utttt‖

2dt + Cτ3
∫ tn+1

tn−1
‖uttt‖

2dt +
2β
9
‖v0‖

2.

Hence, combining the above estimates T1 ∼ T5, we have

(δ2
t ξ

n
0, v0) + β(δtξ

n
0, v0) + Aαw(ξn, vh)

≤Cτ3
∫ tn+1

tn−1
‖ ftt‖

2dt + Cτ3
∫ tn+1

tn−1
‖ sin(u)tt‖

2dt + Cτ3
∫ tn+1

tn−1
‖utttt‖

2dt + Cτ3
∫ tn+1

tn−1
‖uttt‖

2dt

+ Chk+1(‖δ2
t un‖k+1 + ‖u‖k+1 + ‖δtun‖k+1)‖v0‖ + ‖ξn

0‖‖v0‖ +
2β
3
‖v0‖

2.

(4.11)

Taking v = δtξ
n
0 in equation (4.11) to obtain

1
2τ

(
‖ξn+1

0 − ξn
0‖

2

τ2 −
‖ξn

0 − ξ
n−1
0 ‖

2

τ2 ) + β‖δtξ
n
0‖

2 +
1
2τ

(9ξn+1 92 − 9 ξn−192)

≤Cτ3
∫ tn+1

tn−1
‖ ftt‖

2dt + Cτ3
∫ tn+1

tn−1
‖ sin(u)tt‖

2dt + Cτ3
∫ tn+1

tn−1
‖utttt‖

2dt + Cτ3
∫ tn+1

tn−1
‖uttt‖

2dt

+ Chk+1(‖δ2
t un‖k+1 + ‖u‖k+1 + ‖δtun‖k+1)‖δtξ

n
0‖ + ‖ξn

0‖‖δtξ
n
0‖ +

2β
3
‖δtξ

n
0‖

2.
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Therefore, multiplying τ on both sides of the above and applying Young’s inequality, we get

(
‖ξn+1

0 − ξn
0‖

2

τ2 −
‖ξn

0 − ξ
n−1
0 ‖

2

τ2 ) + 2βτ‖δtξ
n
0‖

2 + (9ξn+1 92 − 9 ξn−192)

≤Cτ4
∫ tn+1

tn−1
‖ ftt‖

2dt + Cτ4
∫ tn+1

tn−1
‖ sin(u)tt‖

2dt + Cτ4
∫ tn+1

tn−1
‖utttt‖

2dt + Cτ4
∫ tn+1

tn−1
‖uttt‖

2dt

+ Ch2(k+1)(‖δ2
t un‖2k+1 + ‖u‖2k+1 + ‖δtun‖2k+1) + Cτ‖ξn

0‖
2 + 2βτ‖δtξ

n
0‖

2.

Now, applying discrete Gronwall’s inequality and summing over 1 to n, we arrive at

(‖∂ξn
0‖

2 − ‖∂ξ0
0‖

2) + (9ξn+1 92 + 9 ξn 92 − 9 ξ1 92 − 9 ξ092)
≤Cτ4(‖ ftt‖

2
L2(L2(Ω)) + ‖ sin(u)tt‖

2
L2(L2(Ω)) + ‖utttt‖

2
L2(L2(Ω)) + ‖utttt‖

2
L2(L2(Ω)))

+ Ch2(k+1)(‖u‖2L∞(Hk+1(Ω)) + ‖ut‖
2
L∞(Hk+1(Ω)) + ‖utt‖

2
L∞(Hk+1(Ω))) + Cτ

n−1∑
i=1

‖ξi
0‖

2.

(4.12)

Since, ξn = ξn− 1
2 + τ

2∂tξ
n−1

‖ξn‖2 ≤ ‖ξn− 1
2 ‖2 +

τ2

4
‖∂tξ

n− 1
2 ‖2 ≤ ‖ξn− 1

2 ‖2 + ‖∂tξ
n−1‖2. (4.13)

By Eq (4.13) and adding ‖ξn− 1
2

0 ‖2 to both sides of (4.12), we have

‖ξn
0‖

2 + 9ξn 92 + 9 ξn−192 ≤2‖∂tξ
0
0‖

2 + 9ξ1 92 + 9 ξ0 92 +‖ξn−1
0 ‖

2 + Cτ
n−1∑
i=1

‖ξi
0‖

2

+ Cτ4(‖ ftt‖
2
L2(L2(Ω)) + ‖ sin(u)tt‖

2
L2(L2(Ω)) + ‖utttt‖

2
L2(L2(Ω)) + ‖utttt‖

2
L2(L2(Ω)))

+ Ch2(k+1)(‖u‖2L∞(Hk+1(Ω)) + ‖ut‖
2
L∞(Hk+1(Ω)) + ‖utt‖

2
L∞(Hk+1(Ω))).

Again, applying discrete Gronwall’s inequality and notice ξ0 = 0, ξ1 = o(τ2), it yields

‖ξn
0‖

2 ≤Cτ4(‖ ftt‖
2
L2(L2(Ω)) + ‖ sin(u)tt‖

2
L2(L2(Ω)) + ‖utttt‖

2
L2(L2(Ω)) + ‖utttt‖

2
L2(L2(Ω))) + o(τ4)

+ Ch2(k+1)(‖u‖2L∞(Hk+1(Ω)) + ‖ut‖
2
L∞(Hk+1(Ω)) + ‖utt‖

2
L∞(Hk+1(Ω))).

We have thus proved the result.

5. UWG-POD scheme

First, calculate the previous L numerical solutions U i = {U i
0,U

i
b} of problem (1.1) by the SFWG

method.Then constructed snapshot matrix A.The matrix A = (Ai j)L×L is positive semi-definite and is
defined as:

Ai j =
1
L

∑
T∈Th

(U i
0,U

j
0) (5.1)

where i, j = 1, 2, · · ·, L. Snapshot matrix A implies the characteristic information of previous L
numerical solutions. POD bases can be constructed as follow.
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Let λ1 ≥ λ2 ≥ ··· ≥ λl denote the eigenvalues of A, v1, v2, · · ·, vl represent the corresponding standard
orthogonal eigenvectors. Then the POD bases with rank d ≤ l are generated by:

ψi0 =
1
√

Lλi

L∑
j=1

((vi) jU i
0), ψib =

1
√

Lλi

L∑
j=1

((vi) jU i
b). (5.2)

Where i = 1, 2, · · ·, d, and (vi) j denotes the j th component of the standard orthogonal eigenvector vi.
Then we can span the reduced-order space Vd by POD basis. The UWG-POD scheme of problem (1.1)
is as follows.

Find Un
d = {Un

d0,U
n
db}, n = L + 1, L + 2, · · ·,N, for all vd ∈ Vd such that

(δ2
t Un

d0, vd0) + β(δtUn
d0, vd0) + Aαw(Un

d , vd) = (Ψ(x) sin(Un
d0), vd0) + ( f n, vd0). (5.3)

Algorithm 5.1 UWG-POD algorithm
Step 1: Use the UWG to obtain the snapshot matrix un

h = {un
0, u

n
b}, n = 1, 2, . . . , L.

Step 2: Assemble the snapshot matrix A = (Ai j)L×L by (5.1).
Step 3: Calculate the eigenvalues λ1, λ2, . . . , λL of A and their corresponding orthonormal eigenvectors

vi = (vi1, vi2, . . . , viL)′, 1 ≤ i ≤ l.
Step 4: Establish criteria to determine the quantity of POD basis d.
Step 5: Calculate the POD basis ψi = {ψi0, ψib} by (5.2) and denote the POD space by Vd =

span{ψ1, ψ2, . . . , ψd}.
Step 6: Solve the reduced-order model (5.3) and obtain the reduced-order solution un

d ∈ Vd.
Step 7: If ‖un+1,0

d − un,0
d ‖ ≤ ‖u

n,0
d − un−1,0

d ‖, n = 1, 2, . . . ,N − 1, then the reduced-order model solutions
satisfy the desirable accuracy.

Else extract the new snapshots un
j+L, j = 1, 2, . . . , L, and return to Step 2.

6. Numerical examples

In this section, we present two numerical experiments to confirm the convergence rates and
efficiency of our proposed methods. The WG component is based on the open-source program
developed by Qilong Zhai’s team [40] from Jilin University. We have implemented these numerical
tests on a system running Windows 11, with an Intel(R) Core(TM) i7-8565U CPU @ 1.80GHz.

6.1. Example 1

In this example, we perform calculations under the domain Ω = [0, 1] × [0, 1] and T = 1. For
simplicity, take Ψ(x, y) = 1 and β = 1. The analytical solution of (1.1)–(1.4) is given by:

u =
1

sin(1/(t + 1))
x2(x − 1) sin(πy)(1 + 3t2).

Then the source term f and initial value g0(x, y), g1(x, y) can be directly obtained.
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Table 6.1. Error profiles and convergence order of scheme (4.1) with k = 1 and τ = 1
20h.

α = 0, j = 3 α = 1, j = 0

h 9eh9 Order ‖eh‖ Order 9eh9 Order ‖eh‖ Order
1/16 3.0583E-01 – 3.0638E-03 – 3.7842E-01 – 1.3459E-02 –
1/32 1.5233E-01 1.0055 7.6550E-04 2.0008 1.8764E-01 1.0120 3.3662E-03 1.9994
1/64 7.7287E-02 0.9789 1.9200E-04 1.9953 9.3374E-02 1.0069 8.3957E-04 2.0034
1/128 3.7605E-02 1.0393 4.7604E-05 2.0120 4.6717E-02 0.9991 2.0985E-04 2.0003

As shown in Table 6.1, the proposed method can achieve ideal approximation accuracy and expected
convergence orders both with and without stabilizers.

Table 6.2. Error profiles and convergence order of scheme (5.3) with k = 1 and τ = 1
20h.

α = 0, j = 3, L = 20, d = 5 α = 1, j = 0, L = 20, d = 5

h 9eh9 Order ‖eh‖ Order 9eh9 Order ‖eh‖ Order
1/16 3.4303E-01 - 3.0747E-03 - 4.4490E-01 - 1.3794E-02 -
1/32 1.7622E-01 0.9609 7.7341E-04 1.9911 2.1106E-01 0.9663 3.5949E-03 1.9400
1/64 8.3366E-02 1.0798 1.9127E-04 2.0155 1.0374E-01 1.0247 9.2909E-04 1.9521
1/128 4.2213E-02 0.9817 4.7847E-05 1.9991 5.2493E-02 0.9828 2.3592E-04 1.9775

By comparing Table 6.1 with Table 6.2, it can be seen that we performed reduced-order
computations on the model, the algorithm still maintained the original accuracy and convergence order,
which strongly demonstrates the effectiveness of the reduced-order algorithm.

Table 6.3. Comparison of computation time.

h
α = 0, j = 3, k = 1, τ = 1

20h α = 1, j = 0, k = 1, τ = 1
20h

WG WG-POD WG WG-POD
1/16 6.4s 1.8s 4.4s 0.6s
1/32 47.9s 10.7s 33.1s 5.0s
1/64 720.8s 45.9s 699.0s 36.1s
1/128 5954.6s 284.8s 4229.1s 267.4s

The computational efficiency of the reduced-order model is clearly demonstrated in Table 6.3. For
instance, when the mesh size parameter h = 1/128, the full-order model requires more than ten times
the computational time of the reduced-order model. This clearly indicates that the advantages of the
reduced-order algorithm become increasingly prominent as the problem scale expands.

Figure 6.1 intuitively shows the convergence of computational formats (4.1) and (5.3) and the
advantage of format (5.3) in efficiency. Though the time bar chart’s height is less obvious due to
the log-scale y-axis, the actual values differ by about tenfold.
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Figure 6.1. The log-log convergence plots and bar charts for CPU time vs. mesh size of WG
and WG-POD (left), SFWG and SFWG-POD (right).

Figure 6.2. The relationship between the error and the number of POD basis function d
(left), and number of sampling L (right) with h = 1/32, τ = 1/3200.

Figure 6.2 illustrates the effects of two key parameters in the WG-POD method on error behavior.
The left sub-figure demonstrates that the error decreases as the number of POD basis functions
increases, yet only a small number of basis functions are necessary to achieve sufficient accuracy.
The right sub-figure reveals that the error decreases suddenly as L increases and then becomes stable.

6.2. Example 2: Superposition of two line solitons

In this example, we consider the problem of superposition of two line solitons.
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(a) t = 0 (b) t = 4 (c) t = 8

(d) t = 12 (e) t = 16 (f) t = 20

Figure 6.3. Snapshots at different time steps (β = 0).

(a) t = 0 (b) t = 4 (c) t = 8

(d) t = 12 (e) t = 16 (f) t = 20

Figure 6.4. Snapshots at different time steps (β = 0.5).
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Figure 6.5. Energy decay curves for the superposition of two line solitons example.

In applied physics, phenomena such as the propagation of magnetic flux quanta in long Josephson
junctions and the dynamics of crystal dislocations are effectively described by the sine-Gordon
equation. Of particular theoretical and practical significance is the superposition of two line solitons,
which characterizes the nonlinear interaction of extended solitary waves. This process highlights the
intrinsic stability and particle-like behavior of solitons, offering valuable insights into complex wave
dynamics observed in real-world systems.

This problem does not have a smooth solution, and we only know f = 0 and Ψ(x, y) = 1, along with
the following initial conditions:

u(x, y, 0) =4 tan−1(exp(x)
)

+ 4 tan−1(exp(y)
)
,

ut(x, y, 0) =0, −6 ≤ x, y ≤ 6.

We will examine the cases β = 0 and β = 0.5 separately to intuitively observe the role of the
damping term when two orthogonal line solitons intersect.

The numerical results are given at t = 0, 4, · · · , 20. We computed this example with h = 1/64,
τ = 0.01, and k = 1.

At t = 0, both solitons share the same initial state, and as time progresses, the two line solitons
propagate toward each other. By comparing Figures 6.3 and 6.4, the delaying effect of the damping
term on the propagation of the line solitons becomes evident, along with observable energy dissipation.
Moreover, these effects grow increasingly pronounced over time; this conclusion agrees with [41]
and [42]. Figure 6.5 allows us to more intuitively see the curve of the energy E(u) changing with
time. Here, we define E(u) = 1

2

∫
Ω

u0
2
t + ∇wu2 + 2(1 − cos(u0))dxdy. Due to parameter selection and

discrete computation reasons, there are some slight fluctuations in the energy curve. However, it can
be clearly seen that the energy change curve when β = 0.5, compared with the case when β = 0, shows
a downward trend.

7. Conclusions and remark

This work presents and analyzes an effective fully discrete explicit scheme for the damped sine-
Gordon equation. The scheme is based on the WG method in spatial direction, where α = 0 is for
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SFWG and α = 1 is for the classical WG method. In the temporal direction, we use the second-order
explicit differentiation formula. The optimal order of convergence in the energy norm and the L2 norm
are derived. Furthermore, in order to improve the computational efficiency, we develop a reduced-order
algorithm by combining the POD technique with the UWG method. The experimental results verify
the correctness of our theory. Especially when the mesh size parameter h = 1/128, the full-order model
requires more than 10 times the computational time of the reduced-order model in Example 1. In the
future, we will discuss the superconvergence of the UWG method for the SG equation (1.1)–(1.4) by
decomposing the error via temporal, spatial, and space–time hybrid projections, deriving the leading
error terms and higher–order terms, and thereby identifying natural space–time superconvergent points.
Then we approximate the leading error terms and construct space–time postprocessed WG solutions
and corresponding a posteriori error estimators and the theoretical analysis of the time complexity of
the proposed scheme.
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Appendix

Appendix A: abbreviation list

Abbreviation Full name
WG Weak Galerkin
SFWG Stabilizer Free Weak Galerkin
UWG Unified Weak Galerkin with or without stabilizer
SWG simplified weak Galerkin
POD Proper Orthogonal Decomposition
SG sine-Gordon
CN Crank–Nicolson
DG discontinuous Galerkin
HDG hybridized discontinuous Galerkin
TDG-STFE DG time stepping space–time finite element
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