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1. Introduction

In this paper, we are concerned with the following two-species chemotaxis-Stokes system:

(m);+u-Vny = Anl" — x|V - (nlch)

+ (1 —ny —ayny) + gi(x, 1), in Q,
(ny); +u-Vny = Any — x,V - (nngc)

+ pono(1 — axny — ny) + g2(x, 1), in Q,
¢, +u-Ve =Ac — (ayny + ayny)c + Bny, in Q,

u; = Au—Vu + (yny + 6ny)Ve, in Q,

V-u=0, in Q,
o, =22 =% =0, ulp=0
v 1o — dvilea T avlea T oQ = 1

(1.1)
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where m > & 0 = QxR*, Q c R?is a bounded domain with a smooth boundary, u, uz, a1, B, x1,

X2, 7, 0, m ,sz are positive constants, and a», a;,a, > 0 are constants. n;, n, represent the population
densities of the species, ¢ denotes the concentration of the chemoattractant, u shows the fluid velocity
field, 7 represents the associated pressure, and g(x, 1), g2(x,t) > 0 are source terms. The fluid couples
to ny, ny, ¢ through transport and gravitational forcing modeled by V. Here, ¢(x, 1), g1(x,1), g2(x, 1)
are time periodic functions with period 7.

Problem (1.1) is a generalized system of the chemotaxis-fluid system, and the coupled chemotaxis-
fluid equations have been studied by a number of authors ever since Tuval et al. [1] first introduced
the concept. To elucidate the bio-ecological significance of periodic solutions in dynamical systems,
please refer to [2]. In a two-dimensional bounded domain, Winkler [3] established the global existence
and stability of classical solutions. However, in the three-dimensional case, the result on the global
existence of classical solutions is not perfect. For the existence of weak solutions, eventual smoothness
of solutions, and stability results in both two-dimensional and three-dimensional cases, we can see
[3-5]. Xu et al. [6] studied the following problem:

= A" =V - (i V) = €V - (VW)
+uu(l —u—-—w), xeQ,t>0,
vi—Av+v=u, xeQ,t>0,

W, = —VW, xeQ,tr>0.

It is shown that under zero-flux boundary conditions, for any m > 0, the above problem admits a global
bounded weak solution. What is more, they also discussed the large time behavior of solutions for the
fast diffusion case, and showed that if 0 < m < 1, for appropriately large y, for any initial datum, the
solution (u, v, w) goes to a steady (1, 1,0) as t — oo. See also [7].

Cao et al. [8] considered the two-species chemotaxis-Stokes system with competitive kinetics:

(m);+u-Vn; = An; — 1V -(mVc)

+ wn (1 —ny —any), xe€Q, t>0,
(ny); +u-Vny = Any — x>V - (n,Ve)

+ won(1 —any —mp), xe€Q, t>0,
¢, +u-Ve=Ac—(an; +Pmy)c, xe€Q, >0,

u+k(u-Vyu=Au+VP+ (yn; +6m)Ve, x€Q, >0,

V-u=0, xe€Q, t>0.

They proved the global existence, boundedness, and stabilization of solutions in the 3-dimensional case
when %llcollw(g) is sufficiently small. Han and Liu [9] considered a two-species chemotaxis-
Navier-Stokes system with a p-Laplacian. They proved that for any p > 2, the problem admits a global

weak solution.
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Jin [10, 11] studied the time periodic problem to the coupled chemotaxis-fluid model:

n+u-Vn=An-V-(n-Ve)+yn—un*+g(x,1t), in Q,
¢,+u-Ve=Ac—c+n, in Q,

u; + ku-Vu = Au—Vr+nVe, in Q,

V-u=0, in Q,

on
av

— dc
aQ — v

a0 = 0 ulag = 0.

They proved the existence of a large time periodic solution in spatial dimension N = 3,« = 0, or in
spatial dimension N = 2, k = 1. Recently, Huang and Jin [12] were concerned with the time periodic
problem of a coupled chemotaxis-fluid model with porous medium diffusion An™. They found the
existence of a uniformly bounded time periodic solution for any m > g and any large periodic source
g(x, 1) in dimension 3. Liu and Li [13] proved the existence of time periodic solutions for the two-
species chemotaxis-Navier-Stokes system (1.1) with m = 1. Later, the two-species chemotaxis-Stokes
system with a p-Laplacian equation in two-dimensional smooth bounded domains was investigated in
[14]. By employing methods such as regularization, a priori estimates, energy inequalities, and operator
theories, the existence, uniqueness, and regularity of time periodic solutions for partial differential
equations were proven, please refer to [15-19].

This paper focuses on a two-species chemotaxis-Stokes system with porous medium diffusion, and
discusses the existence and regularity estimates of periodic solutions for this hydrodynamic model.
First, a fourth-order regularization model is defined to approximate the original model. Then, each
individual equation is linearized, and the existence and regularity estimates of periodic solutions for
each linearized equation are obtained by using methods such as upper and lower solutions, induction,
and energy estimates. Finally, the existence of periodic solutions for the fourth-order regularization
model is established by applying the Leray-Schauder fixed point theorem. At this point, by letting
the coefficient ¢ in front of the fourth-order term tend to zero and combining with the Aubin-Lions
lemma, the first-layer approximation is obtained. In addition, in order to eliminate the influence of
the term &l|n, ||} added in the fourth-order regularization model on the proof, it is necessary to obtain
a better estimate of n;. For this purpose, the ||n;|| . estimate is derived by using the standard Stokes
semigroup theory and Moser iteration method. Then, by letting € tend to zero and combining with the
Aubin-Lions lemma, the second-layer approximation is obtained. When both ¢ and C tend to zero, the
existence and regularity estimates of periodic solutions for the original model in a bounded domain of
two-dimensional space are obtained.

Different from the literatures [10, 11], and [20], this paper introduces porous medium diffusion,
breaking through the limitations of single-species and linear diffusion. When proving the existence of
periodic solutions for this model, the porous medium diffusion term brings great difficulties. Therefore,
this paper mainly adopts a two-layer approximation method to overcome this difficulty. To solve this
problem, a fourth-order regularization model is used to approximate the original model. In the process
of energy estimation, the introduced fourth-order term is used to control the porous medium diffusion
term. In addition, this paper skillfully obtains the boundedness of the solution through the upper and
lower solutions method, induction, and Moser iteration method, and then applies the Leray-Schauder
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fixed point theorem to establish the existence of periodic solutions for the fourth-order regularization
model and the corresponding regularity estimates, providing a new method for similar strongly nonlin-
ear diffusion models.

Before giving the main result, let us first give some notations which will be used throughout this

paper.
Notations:

(1) Or = Qx(0,T); HL(Q) = {u € HAQ:;V-u =0 |- llr = I - llr@s - e = 11+ s
-l = 1 ez T llwie = 11 - llwie@; LE(RT, X) denotes the T-time periodic function in LP(R*, X).
For these time periodic solutions, sup|| - || := sup || - || = sup|| - |; g1 = g1(x, 1), g2 = g2(x, 7).

t te(0,T) teR*
(2)Ifg,r > 1, we say that u € L?"(Qr) = L'(0, T; L1(Q)). If u is measurable on Q7, then for almost
all 7 € (0,7), u(-, 1) € L1(Q) and |Ju(-, Hlls) € L'(0, T), that is,

T Y
llullar,o, = [f (f |u|? dx) dt] < 0.
0 Q

Theorem 1.1. Assume Q C R*>, m > g, 0 < g1,8 € L7(Q), Vo € L7(Q). Then problem (1.1)
admits a time periodic solution (ny, n,, c, u, ) such that ny,n,,c > 0, and

2 2
SUP{IIMIIH. + llcllzn}

f (el + Nl + Nelze + Inall7 + e, eoll72)de < C, (1.2)

sup {llullzo + Ml [l + ol + licllwie} < C, (1.3)

T T
sup f \VnPdx + f f n My Pdxdt + f f n'|Vn[*dxdt < C. (1.4)
t Q 0 Q 0 Q

Morever, if g < m < 2, we further have

2 2 2
SUP{IIMIIHI + llcllye + lInallzn

2 2 2 2 2
f (el + Wl + Nelzs + mallZ + lnally, + 1, e)lif)de < C, (1.5)

SUP llullze + [l [l + [Inallze + licllwie} < C, (1.6)

T
sup f IV dx + f f "y, Pdxdt + f f n'|Vn|*dxdt < C, (1.7)
0 Q

where C is only dependent on uy, uz, x1, X2, My, My, ay, az, 1, @, B, Y, 6, Q, g, Vo, and T.
2. Preliminaries

In this section, we list some lemmas which will be used throughout this paper.
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Lemma 2.1. ([21]) Assume that Q is bounded and let w € C*(Q) satisfy Z—‘fl o = 0. Then we have
O|Vw|?

< 2«|Vowl*, on 09,

where k > 0 is an upper bound for the curvatures of €.
By a direct calculation, we have:

Lemma 2.2. If f satisfies
F'®-g®f(0) <h(®), teR,

then for any t > ty, we have

f(@) < f(to)eff; go)ds f h(T)ethg(s)dsdT.

to
Next, we review the relevant knowledge of the heat semigroup. When 0 < py < p < p;, the Lorentz
space L79(€2) can be controlled by the real interpolation spaces L”°(€2) and LP'(L2), that is,

L) = (L7(Q), L’ (Q))oq

WherelSqSooandO<9<lsatisfy£:1p;09

on L' (Q) with D(A) = {u € W>"(Q) | g—zlag = 0}. Then —A generates a bounded analytic Cy-semigroup

on L"(€2). For A* with 0 < a < 1, by standard semigroup theory, we have

A% all, < Cr\all,.

+ pil. For 1 < r < oo, let A = —A be the heat semigroup

In addition, the boundary dQ of Q c R" is bounded, and the corresponding heat semigroup has a kernel
2

function (47f)2 exp (—%). Therefore, through Young’s inequality and the definition of the Lorentz

space, we can easily obtain the following L”-L? estimate.

Lemma 2.3. ([22]) Let (¢")50 be the Neumann heat semigroup in Q, and A, > 0 is the first nonzero
eigenvalue of —A in Q under Neumann boundary conditions. Then there exists constant C depending
on Q such that:

(i)If1 < g < p < oo, then

1A L CEE N IV:
lle“wllr) < C +1 2072 )e™ Wl|eq), t >0, 2.1)

holds for all w € L1(Q) satisfying fg w=0.
(i) If 1 < g < p < oo, then

1A —i-rd-dy
Ve Wl < C(1 +1¢ e M wllpaqy, >0, (2.2)

holds for each w € L1(Q).
(iii) If 2 < p < oo, then

Ve Wl < Ce ™ IVWliry, ¢ >0, (2.3)
holds for all w € WP(Q).
(iv)If1 < q < p < oo, then
_l_ncl_1 _
€™V - Wl < C(1+ 172725 )e ™ |lwllpay, 1> 0, (2.4)

holds for all w € (Cg(2))".
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Lemma 2.4. (Leray-Schauder fixed point theorem [23]) Let U be a Banach space, and T (u, o) be
a mapping from U X [0, 1] to U satisfying the following conditions:
(i)T is a compact mapping;
(ii)T (u,0) = 0,Yu € U;
(iii) There exists a constant M > 0 such that for any u € U, if u = T (u, o) for some o € [0, 1], then
lully < M.
Then the mapping T(-, 1) has a fixed point, that is, there exists u € U, such that u = T (u, 1).

Lemma 2.5. (Gagliardo-Nirenberg inequality [24]) Let Q C R be a bounded domain with a smooth
boundary, and u € W™P(Q). Then, we have

. ]_
1D ully < CHID™ ully luell 5 + Collullza,

where

: 1 (1 1
L ca<t, —=1+a(——@) (1 -a).
m p n ron q

Lemma 2.6. ([20]) Let T > 0, a > 0, o > 0, and suppose that f : Rt — [0, o) is absolutely
continuous, f, g, h are time periodic functions with period T, and they satisfy

fm—ﬂm+gfﬂ”®M<fkwﬂQM+fhwm

fo 1o 4]

for any 0 < 1y < t, where g(t), h(t) > 0 with g,h € Lp.(R*) and
T T
f g(s)ds < a, f h(s)ds < .
0 0

T
sup f(f) +a f o de < C,
0

te(0,T)

Then we have

where C is a constant depending only on a, a,B, T. While, if a = 0 in the above inequality, and

T
[ ras<y
0

then we also have

sup f(r) <C,

1€(0.7)
where C is a constant depending only on y,a,,T.

3. A fourth-order regularized problem

In this paper, we use a double-level approximation scheme to show the existence of time periodic
solutions. First, in order to obtain the compactness of the operator, we use a fourth-order regularized
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system as follows to approach the original system:
(1), + u - Vg + 6A%n; — A2 + €)"T ny) + &lny *n,
= -1V - (1 gz V) + (1 = my = ayng) + g1(x, 1), in Q,
(n2); +u-Vny = Any — oV - (nngc)
+ pamy (1 — axnyy — mo) + g2(x, 1), in Q,
(3.1)

¢+ u-Ve =Ac— (aniy + axnay)e + By, in Q,

u; = Au—Vu+ (yny + 6n,)Ve, in Q,

V-u=0,in Q,
Om|  _ 9Am | _ dm| _ de|l _ =
avloa ~ “ov lan T av ag_avag_()’”lm_o'

To prove the existence of time periodic solutions for the problem, we linearize this problem. For u,
consider the following linear problem:

u; — Au+ Vi = p(yiny Vo + 6n,Ve), in Q,

V.u=0,inQ, (32)

ulog = 0,

where p € [0, 1] is a constant. Taking advantage of [10, 11], we have:

Lemma 3.1. Assume that n; € L%(R, L*(Q),i=1,2 Vpe L7(Q). Then problem (3.2) admits a
time periodic solution:

u € L0, T), H.(Q) N L*((0, T), HA(Q)), and u, € L*((0,T), L2(Q)),

where C is a constant depending on p, vy, 6, iy, i, Q, Vo, T.

For the above obtained solution u, let us consider the following linear problem:

¢, —Ac+u-Ve = p(—(aifi, + asrfioy)c + By, in O,

. ‘ (3.3)
Eloa = Lo = 0.

The existence of time periodic solutions can be easily obtained by a fixed point method. That is, define
a Poincaré map ¥ : H'(Q) — H'(Q), that is, ¥(c(x,0)) = c(x,T). The time-periodic solution is
then identified as a fixed point of the Poincaré map. We can further improve the regularity by using the
classical theory of linear parabolic equations for the initial and boundary value problem, and we further
have ¢ € H%’l(Q X R) since c(x,0) € H'(). This means that there exists y such that c(x, ) € H*(Q) by
the mean value theorem of integrals. The regularity can further be improved by using c(x, #y) as initial
datum. In what follows, we omit the proof of the existence, and only give the regularity estimate.
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Lemma 3.2. Assume i, € L2 7(R, H'(Q)), i1, € L2 7(R, H'(Q)). Let u be the time periodic solution of
problem (3.2) and c be the time periodic solution of (3.3). Then ¢ > 0 and

T
2 2 2
sup [lcl2 + f (el + llcdP)dr < €,
t 0

where C is a constant depending on p, ay, as, 3, iy, iy, Q, T.

Proof. We first prove the positivity of c. It is easy to see that and 0 are the upper and lower periodic
solutions of (3.3). Then by the example in [25], problem (3 3) has a time periodic solution ¢, and
0O<cs £,

Multlplylng the first equation of (3.9) by ¢ and integrating it over €2, we get

1d
—— | Pdx+ f |Vc|2dx+pa/1 fﬁ1+czdx+pa/2fﬁ2+czdx
2dt Jg Q Q Q

< pBlIalz2llcll 2.
Similar to the proof of Lemma 3.1, we obtain
T T
sup|lcll?, + f llell?, dt < Cpf 17117, dt. (3.4
' 0 0

Multiplying the first equation of (3.3) by Ac, integrating it over €2, and combining with the Gagliardo-
Nirenberg interpolation inequality, we see that

1d
—— | |VelPd Acld
2dtj§;|c|x+jg;|c|x

:qucAcdx+palfﬁ1+cAcdx+pa/2fﬁ2+cAcdx—pﬁfﬁ1+Acdx
o o) o) o)

< el 2 IVellallAcllz + Cllulzllellz=llAcllz + Clill2llell=l1Acl 2
1 3
< lullsIVell Al + ClillzllAcllzz + Clizll 21 Acll 2

1 2 4 2 A2 A2
< EIIACIILz + Cllull;ulIVell;, + Clilly, + Cliall;,-

Similar to the proof of Lemma 3.1, we have

T
sup [[Vell?, + f IVell7, dt < C. (3.5)
t 0

Multiplying the first equation of (3.3) by ¢,, integrating it over , and combining with the Gagliardo-
Nirenberg interpolation inequality, we get

1d
ST f |VelPdx + f e, /Pdx

=—fchc,dx—pcylfﬁ1+cc,dx—pa2fﬁ2+cctdx+p,8fﬁ1+c,dx
Q Q Q Q

< Clllull 2 IVellpslledlz + alleallellzsllel
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+ Il liclzslledlze + llllzlicl )

< Cllullg IVellglledlzz + Cllalizalledlzz + Cliaallzzllelr

L2 2 2 A2 A2
< Slledlzz + Cllulp 1Vellyr + Clinllz + Clifally-

Integrating the above inequality from O to 7" gives

T
f lleAl7.dt < C.
0

(3.6)

Applying V to the first equation of (3.9), multiplying it by VAc, integrating it over Q X (¢, t) for any

to <t <ty+ T, and using Lemma 2.6 , we see that

1 !
— f (Ac(x, DI? = |Ac(x, to)*)dx + f f IVAc|*dxds
2 Q 1 Q

0

! !
= f fV(u -Ve)VAcdxds +pf f(a/]V(ﬁHc)VAc + a,V(it,,.c)VAc
o Q fo Q
- BV . VAc)dxds

t t
< f IVACll2(llull 2 lAcllps + 1IVull4l[Vell)ds + Cf IVACl|z> (VA cll 2
1) To
t
+ [l IVellps + IVagcllz + 1l Vells) ds + Cf IVl 2IIVACcl|2d s
fo
! 1 1
< Cf IVACll 2 (el e [|ACH LIV AC, + Nl llAcllz2 + [IVullgllAcllz
To

!
+IVullpnlIVell2)ds + Cf IVAcll2(IVAL |2 llelle + 1Al | Acl| 2
fo
+ [[Vall2llellis + Aol lAclizz + 1l Vel + [V ll2)d s

! 1 1
< Cf IVAcllz2(lulln [IAC LIV AC, + Hlull g [|Aclizz + IVullg Il Acl|z2
To

!
+IVullpnIVell2)ds + Cf IVACl2(IVA |2 [|Acllzz + (7]l [Ac]] 2
to

+ il Vel + 1Azl l|Acllzz + [Vl + [[Viull2)ds

1 [ f
=5 f f IVAc|?dxds + C f (ACl?, + IVull? IACl, + [IVull?,
to Q f0

A2 2 A2 A 112 2 A 112
+ Al IAClz, + Al + Azl 1Al + lInzlly)ds,

which means

!
f (Ac(x, ) — |Ac(x, to)|P)dx + f f IVAc|*dxds
Q Iy Q

t
2 2 2 2
< Cf(”ACHLz + [Vl llAclly, + [ Vullz,
)
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1A llF AN, + 1AllF + WAaliZ AT + Aol )ds.
Using Lemma 2.6 yields
T
sup [|Acl?, + f IVACl[7.dt < C. 3.7
t 0

By combining (3.5)—(3.7) with the definition of the norm in Sobolev spaces, we derive Lemma 3.2.
The proof is complete. m|

For the above obtained solutions u, ¢, we consider the following linear problem:
(n2); — Any + u - Vny + ny + priiy ny

= -px2V- (nszc) + p(ua + Ditay — apptofiyyny + pga, in Q, (3.8)

ﬁﬂl _ 6An2| =0
oy o — Oy o — 9

where p € [0, 1]. Similar to the above two problems, the existence of time periodic solutions can be
easily obtained. We only give the regularity estimate.

Lemma 3.3. Assume that
(1) n € L%(R,HI(Q)), = L%(R,Hl(Q));
(2) u, c, ny are the periodic solutions of (3.2), (3.3), and (3.8), respectively;
(3)0 < g2(x,1) € LY(Q).
Then the following results hold:
(1)ny >0;
(2) ny € L*((0,T), H'(Q)) N L*((0,T), H*(Q));
(3) (m2); € L*((0, T), L*(Y)).

Proof. We first prove the positivity of n,. We examine the set A(t) = {x;n,(x,t) < 0}, and from (3.8),

we have
d on
— nadx — f “2ds +f nadx
dt Jaq oAw OV A1)

= p(ua + 1)f iy dx —ﬂzf Ry nodx —ﬂzazf iy nadx +,0f g2dx.
AQ) A(D) AY) A()

Note that % > 0 on 0A(t), and the right-hand side is nonnegative. Then integrating the above equality

from O to T gives
T
f f nydxdt > 0.
0 Jaw

T
f f nydxdt < 0.
0 JA®
T
f f nadxdt = 0,
0 JA®
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which means that n, > 0. Next, integrating the first equation of (3.8) over Q, we get

d
—fnzdx+fnzdx+,uzfﬁ2+n2dx+a2,u2fﬁl+n2dx
dt Jg Q Q Q

= plus + l)fﬁ2+dx+pfg2dx.
0 0

Hence, we have

T
supfnzdx < Cp(f |7zl idt + 1). 3.9
t Jo 0

Multiplying the first equation of (3.8) by n,, integrating it over €2, and combining with the fact that ¢
is bounded, we get

1d
—— f ndx + f (Inaf* + |V )dx + uo f fonsdx + aopty f iy msdx
2dt Jg Q Q Q

1
= —x20 f V. (ny———=Vo)ndx + p(u, + 1) f mnydx + p f gonpdx
Q (1+c)m Q Q

_ Xop 2 1 R
=-= QnZV-(ch)dx+p(,uz+1)Ln2n2dx +pLg2n2dx

< Cplinalifs(IAcllz +11Vell7) + Collaallzllnall 2
< Cplln2l2lIVrall2(1Acllr2 + [IVellr2llAcllz2) + Cpllallalinllr2 + €

1 2 2 2 2 2 2 A2
< 5linally + €A+ llAclinall + IVl RNAclzL Il + [ifall.).

and we further obtain

T
SWWM§+IHM%MSC. (3.10)
t 0

Multiplying the first equation of (3.8) by An,, and integrating it over €, we get

1d
—— f Vi, 2 dx + f |An,|*dx + f |V, 2 dx
2dt le) Q Q

1
= f uVn,An,dx + f(p)(zv - (ny————=V)An, — p(1 + uy)iny An,
Q Q (I+c)ym

+ Mofty Ny Any + aspir ity noAny — goAny)dx
< C(llell 241 Vnallal|Ana|l 2 + lInallze[|Acl|a[|Ana |2 + IVl 4 Vell 4[| Ana|| 2

2 - .
+ o[l VelljsllAnallzz + Iall2lAnallze + linoll il s | Anal |2

8
+Inalls i |+ 1Al + gallzlAnall) = > 1
i=1

For 1;, by the Gagliardo-Nirenberg interpolation inequality, we get
1 3
Iy < Cllullps Vol LNl Anallf, + Cllull I Vnall 2| Any |l 2
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1 3
< CIIVall L IAnsl7, + ClIVaallp2l|Any|l 2.
For I,, we have

L < Clnallzz + IVa2ll2) |Acll g | Anal |2
< CllAcllgillAnallzz + ClIVall2l|Acllp | Ana|l 2.

For I5, by the Gagliardo-Nirenberg interpolation inequality, we have

Iy < ClIVelln (19l 18na] + [Vnallaliam )
< C(IVnallpliamll, + 19nlalAm: ).
For 1,, we obtain
I < CIVElR IVl allAnsll> < CllVAslllAms I 2.

Further, for Is, Is, 17, we see that

Is+1Ig+ I;
< Clinall2llAnallr2 + CIVnallzz + lnallz2) (172l lAnallz2 + 117 ]2+l Anall2).

Substitute the estimates for /;(i = 1, 2..., 8) into the above inequality and we obtain

1d
S L Vi, |2dx + j; (A, + |Vno[Hdx

1 2 2 2 2 2 A2
< SlAnll, + CAIVmall + IVl Al + [1Aclly + NIl

A2 2 114112 2 14112 A2 A2 2
+ a2l + [IVralllIallys + [IVrall 1Al + 172]7. + Al + 1182117).

By Lemma 2.2 and combining with Lemma 3.1, we further have

T
sup||Vny|[7, + f f (IAny|* + |V, |*)dxdt < C.
t 0 Q

Multiplying the first equation of (3.8) by (n,),, and integrating it over Q, we get

1d
Ed_tfg(lvn2|2+”%)dx+fgl(m)’|2dx

1
=- f u - Vny(ny)dx + f(ﬂ(,uz + Dia(n2): — pxV - (no————Ve)(mo),
Q Q (1+cym
— Mafiany(n); — aspiainy(ny), — g2(n2),)dx

1 2 2 2 2 2 2 2
< Sl + CllullzlVaally, + il Al + 1Vl VellL

2 2 2 A 112 2 015 112 2 9145112 2
+ 2l [IVellLNACE, + aall7 + lnalla i Iz + linall A2l + 11g2117)-

(3.11)
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Integrating the above inequality from O to 7', we get

T
f ()l %t
0

T
2 2 A2 A2 A2 2
< Cf (IVaall + Acllz + lIally, + Al + 172l + [lg2ll7.)de. (3.12)
0

The proof is complete. O
For the above obtained solutions u, ¢, n,, we consider the following linear problem.
(ny); — A((ﬁ% + s)%nl) + gl |*ny + 0A’ny + u - Vo, + ajunon,
= —px1V - (i g VO) + ps + A)liun| = Any = plinlny + pg, (3.13)

ony _ 0An _ O
oy 10Q — 5, |5Q - Y.

For the above linear parabolic problem, when A is sufficiently large, the existence of time periodic
solutions can be easily obtained by a fixed point method. That is, defining a Poincaré map from
ni(x,0) to ny(x, T), the time periodic solution is then identified as a fixed point of this Poincaré map.
We only give the regularity estimates.

Lemma 3.4. Assume that ft; € L™ N LY(R, H'(Q)) N L2(R, H*(Q)), 0 < g1 € L(Q), %Im =0, and
A is a sufficiently large constant. Let u, c, ny, ny be the time periodic solutions of problems (3.2), (3.3),
(3.8), and (3.13), respectively, and then

ny € L0, T), H*(Q)) N L*((0, T), HY(Q)), and (n,), € L*((0, T), L*(Q)).

Proof. First, similar to the proof of Lemmas 3.2 and 3.3, multiplying the first equation of (3.13) by n,
and integrating it over X (t,?) for any #) < t < #o + T, when A is sufficiently large, we see that

1 ! e .
Ef(lnl(x, t)lz—lnl(x,to)lz)dx+f f(5IAn1|2+8ln1| nt + iy n3
Q To Q

+ An% + al,ulnzn%)dxds

t !
m— 1
:f fAnl((ﬁ%+8)21n1)dxds+f fp)(lﬁl—Vcana’xds
) Q 1) Q (1+c)ml

!
+f f(P(Hl + A)llng + pginy)dxds
Io Q

6 t t R
< Zf flAn1|2dde + Cf (I3 + IRl IV ell 211V nall2 + Il )d's
0] Q fo

<= |An;|“dxds + — nydxds + C,
2 to Q 2 fo Q

t
L(VM(% HI? = n(x, to)[Hdx + f f(5|An1 >+ 2&ly *n] + 2|y

Io Q

which means
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+ An% + 2a1,u]n2n%)dxdt <C.

By Lemma 2.6, it follows that

T T
supfnfdﬂf ||n1||f12dt+Af lInill2dt < C. (3.14)
t Q 0 0

Next, we multiply the first equation of (3.13) by An;, and integrate it over Q X (¢, ) for any #H < t <
to + T, and we see that

1 !
3 f (IVn,(x, D> = |Vny(x, to)[P)dx + f f (SIVAn > + A|Vn|*)dxds
Q to Q

! t
. 1
:f fVAnIV((ﬁ§+e)z‘n1)dxds+f f(u-Vn1+pV-(ﬁ1—Vc)
o Q to Q (1 + C)ml

— p(A + p)liy| + pilig|ny + aypnony + el l’ng — pg1)Anidxds

!
:f fVAnl((ﬁf +£)"T Vi, + (m— 1)@ + €)™ ayny Vi )dxds

1
ff(u Vn, +pV - (nl( g Vo) — p(A + pp)lin| + iy |ng

+ ajpmong + gl ’ny — pgi)Anidxds

5 ! ! ) el
< Ef IIVAnlllizds+Cf IVl + &) lp=ds
I{ I{
’ ! ’ t
+C f f (75 + )" |V Pdxds + f lall s 1V |l Am, |2l s
1o

f”(PV (nl ) —————Vc) — p(A + pp)lig| + il |ng + ajpnan,

+ &l |'ny —Pgl)||L2||An1||L2dS
fIIVAnllledS+Cf VRl 1A + )7 || ~ds

g 1 3
-2 A 12 2 2
+ Cf InilZ11AT + &)™ 2|l IV A |I7.d s + f el |z IV [1 7, | Ana |, d s
]

f oV - (7 1 ) Vo) — p(A + ppli| + i |ng + aypinon,

+éelul’ng - pglllLZIIAnllleds

t s ;
< gf IVAR|2.ds + Cf IVnill2, ds + Cf(”m”iw + [lull} V|2, d s
fo fo fo
!
+ Cf(”ﬁlH%MHAC”iz + VAL IVellZs + 2 IVl IACHZ s
tol
+ Cf(llﬁlllimllmlliz +mallye + allys + A5 7, + 1gill2>)d s
o (! ' 1 1
< ifto VAR |I7.ds + szo Iyl ds + szo (IVAll7s +1IVelljs + Ddss
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t
2 2 2 2
+f(””lllellV’ll”Lz+||n2||L2||Vn2||L2)dS
fo

5 ! ! ! R R
< Ef IVAR|2.ds + Cf I ll7 . ds + Cf (A lIZ AR, + liclly + Dds,
to to fo
which means

1 ! 0
—f(IVm(x,t)lz—anl(x, t0)|2)dx+f f(—IVAn1|2+A|Vn1|2)dde
2 Q Iy Q 2

t
2 4 A 112
< Cf(llnllle +llellze + AR [, + 1)ds.
fo

Combining with Lemma 3.2, and using Lemma 2.6, we get that

T
2 2
sup |2, + f Il < C.
t 0

Next, multiplying the first equation of (3.13) by A’ny, integrating it over Q X (to,1) for any #y < t <
to + T, and using Lemmas 3.1-3.3 and (3.14), we get

1 !
Ef(lAnl(x, HI* = |Any(x, to)lz)dx+f f(5IA2n1|2+AIAn1I2)dxds
Q Io Q

! !
:ffAznlA((ﬁ%+s)mz_ln1)dxds—f f(u-an)Aznldxds
to Q

f f( —pV - (nl ) -Vo) + p(A + )il = il — aipanamn

— &l ’m +pg1)A nldxds

IA

f”Aan”Lz”A(( +8)'T nl)lledS+f||u||L4||Vn1||L4||A2n1||deS

fll -pV- (’ll ) -Ve) + p(A + p)lin| = wilinlny + ajpanan

— &l 'ny "‘,05’1||L2||A ni|l2ds

< f 1A% || 2122 + &) T AR, +2V(@ + )T "Vn,

t 1 1
A2 m-1 2 2 2
+mA@y + ) 7 ||2ds + f eal e IV |1, IV R L 1A Ry [l 2d s
Iy

t

+C | (mllz=llAcllzz + lAdll=NVell2llAcllzz + 1]z + VALl Vell s
fo

2 2 - 2
+ Il + lnallze + 1Al llmallze + 1181 ll)IA Ry |l 2d s

t
< Cf 1A |2 (AR N2 + 1120m — D@2 + &) 71 Vit Vil 2)ds
1
+ Cf 1A%y |2l = AGS + £)°7 [l 2dls + Cf IV nll}, 1A%ny | 2d s
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t
A 2 2 2
+ Cf(l + IVl + llnallz + a2l )NA || 2d s
fo

!
< Cf 1212 (1AR |2 + 120m — D@ + )T Vi Vil 2

to

+ (m = Dllnll=llom = 3)@ + )" [PV + (32 + &) VA

!
+ (7 + )T A ll2)ds + C f V12, 1A%, | 2ds
f 0
e f (1 + VAl + Il + Il 01A%m | 2ds
¢ o
<C f Al (AR L2 + 19A 194
to t |
+ lmlle= VAR, + 1A l2)ds + C f IV 1A%y 2ds
f 0
e f (1 + VAl + By + ol ) 1A%m ] ds
! 0
<C f (1 + B + VAL + IV + I BV AL + B AR 12,
to 5 ;
+ VI + il + linally s + 3 f 1A%, %, ds
0

t
2 A 112 A 12 3 2 4 4
< Cf(l + Il + 1z AR [ + IVl LA 2 + il + inall,
4]

A 112 A 112 A 112 A 112
+ Il A |2 1P 7 AR + Nl lAR || 2 |AR [ + (VA l50)d s

R TR
1 l1A“n]|7.d s
To

6 t ! R R
Sif IIAznlllizdS+Cf(1+||Vn1||i,1+||n1||i,z+||An1||L2|IAn1IIiz)ds,
I40) fo

f !
f (AR (x, D = |Any(x, 1) )dx + 6 f f |A%n,dxds + A f f |An, [*dxds
Q o Q I Q

t
< Cf(l + IV, + Il + 1A |2l AR5, + Dds.
]

T
sup f |An [Pdx + f f |A’n,|*dxdt < C.
t Q 0 Q

Combining everything above, we finally get

which means

Using Lemma 2.6 yields

T
sup f (n} + Vi l* + [Any P)dx + f lInill7,.dr < C.
t Q 0

(3.15)

(3.16)
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Multiplying the first equation of (3.13) by (n;), and integrating it over €2, similar to the proof of the
above lemma, we can easily get

T
fHMM@msC (3.17)
0

The proof is complete. O

Now, we consider the existence of time periodic solutions to problem (3.1). Denote
X, = L N LR, H' (Q) N L3(R, H*(Q)), X, = L3(R, H'(Q)) N L1(R, LY(Q)).
Define a map

40/\1)(1 XXZX[O,I] - X X X,
ng(ﬁl’fbap) = (nla n2)5

where n;, n, are the solutions of problems (3.8), (3.13), respectively. Then, we use the Leray-Schauder
fixed point theorem to prove the existence of time periodic solutions to problem (3.1). Therefore, we
first give the following lemma.

Lemma 3.5. Assume that s > max{2(m — 1),10}, 0 < g1,8, € L7(Q), Vo € L7(Q), and let
F(ny,ny,p) = (ny,ny). Then there exists C > 0, such that

2 2
sup(|l(ue, ny, m)ll + llellz2)
t

T
+ f (lells + 11, ny, m)ll + (et g, (m1)s (m))I72)de < C,
0

where C depends on &€, § and is independent of A.

Proof. The nonnegativity of c, n, are direct results of Lemmas 3.2 and 3.3. Therefore, taking 71, = n;
in (3.13), multiplying the first equation of (3.13) by n;, and integrating it over Q X (fy, t) for any
to <t<ty+ T, we see that

1 t
2 f(lnl(x, HiF = lni(x, r0)|2)dx+f f(élAmP + Ani + glm [ +
Q

1o Q

(m=1)
+(n?+&) T VP + ayynand)dxds

o , | px 1M 1 2
= —A P P—| v
TN f (1 o cdxds + > ff (1+ e +1| cl*dxds
+ p(A +,u1)f fnfdxds +pf fglnldxds
p)(lff 2Acdxds+p(A+,u1)ff 2a’xa’s+p‘ff nydxds

fpm PX1 pxim wl
1o

(Zlmllys + — llac clliz. + Vel N2,

il +
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M1
+ pAllm |2, + 7””1”23 + pCds,

which implies that

1 t
5 f(lm(x, DI = Iy (x, 1o)P)dx + f f(5lAn1|2 + sl + By P
2 Q Iy Q 2

+ (2 + )T |V P)dxds

t
< PCf(||n1||i4 +[lAcll;, + Vel IACl, + 1ds. (3.18)
Iy
Taking i1, = ny, i, = n, in (3.8) and integrating the first equation of (3.8) over €2, we see that
d 2
— | mdx+ | (ny+ pon; + axponiiny)dx = p(ua + 1) | nadx
dt Jq Q Q
< H2 f n%dx + pC,
2 Ja

which implies that

T
sup f nodx + f f (ny + n3)dxdt < C. (3.19)
te(0,7) JQ 0 Q

Taking i1, = ny, i, = n, in (3.2), multiplying the corresponding equation by 2u, 2Au, respectively, and
then combining the two inequalities, it is easy to see that

f(lu(x, DF + [Vu(x, 0 )dx - f(lu(x, 1) + [Vu(x, 19)*)dx
Q Q

t t
+ f f (IVul* + |Aul*)dxds < C f f (n} + n3)dxds.
ty JQ fh JQ

Combining with (3.19), this implies that

T T
sup f (U + |Vul*)dx + f f (IVul* + |Au*)dxdt < C f f nidxdt. (3.20)
1€(0,7) JQ 0 Q 0 Q

Taking 71, = ny, 1, = ny in (3.3), multiplying this equation by ¢, Ac, integrating them over Q X (%, t)
for any ¢ > 1y, and combining with the fact that ¢ is bounded, we have

1 !
— f (e(x, O = |e(x, to)*)dx + f f |Veldxds
2 Q 1) Q

1 ! !
S—f fIVclzdxds+Cf fn%dxds,
2 1o Q 1o Q
T T
sup f c*dx + f f \Vcl*dxdt < C f f nidxdt, (3.21)
1€(0,T) JQ 0 JO 0 JQ
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and

1 !
— f (IVe(x, D)? = |Velx, t)[P)dx + f f |Acl*dxds
2 Q o Q

! ! !
< f f u - VeAcdxds +pf f(a/lnl + apny)cAcdxds —pﬁf f mAcdxds
o JQ tg JQ to JQ

< Cft||M||L4||VC||L4||AC||L2ds + Cft”nl”LZ”C”L"“”AC”LZdS
+ Cf lInall2llellllAcllz2ds + Cf il 2 Al 2ds

< Cf(llullHIHVCllZzllAC”zz + lullm [[Vell 21l Acll2)d s
+ Cf lInll2llAcllr2ds + CftllnzllLZIIACIIdes

<Cf(||”||H1”VC”L2+||”||H1||VC”L2)dS+ ffIACIdedS+Cflln1lleds

Combining with (3.20), (3.21), and using Lemma 2.6, we can see that

T
sup fIVc|2dx+f fIAclzdxdt
t€(0,T) JQ 0 Q
T T
sc( f f n3dxdt + ( f f n%dxdtf). (3.22)
0 Q 0 Q

Recalling (3.18), using (3.22), and noticing that s > 10, we get that

!
sup f ndx + f f (5|An,[* + elny | + %Ian + (12 + &) [V Pdxds
t Q 1) Q

T T T
<C f f Ini|*dxdt + C f f |Acl*dxdt + sup f \Vel*dx f f |Acldxdt + C
Q t Q 0 Q
<C(1+f f n +nj? dxdt)
f f IniPdxdt + = f f Ini[**2dxdt + C,,

which implies
T s T
sup f nidx +6 f f |An, [Pdxdt + = f f |ny |2 dxdt
1€(0,T) 2
f f Iy Pdxdt + f f (n? +&)"7 |VnyPdxdt < C,, (3.23)

where C, is independent of 6 and A, but depends on £. Because s is appropriately large, we get
ny € L* N LA(R, H'(Q)). Therefore, according to (3.20)—(3.22), we can get that

T
sup{llull7, + llcllz,} + f (2, + licll?2)dt < Cs. (3.24)
t 0
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Then we give the estimate about ||n;|[;~. Taking 77y = ny, i, = ny in (3.14), multiplying the first

equation of (3.8) by n/, and integrating it over Q, for any r > 1, we see that

"ldx + Vn,? |°dx + ldx + ™d
r+ 1dt 9”2 o (r + 1) Q| n, dx Q"Z T Q”Z o

r r+l 1 r r+1 1 2
— — py—— Acdx+ pom—— . \VePd
pX2r+1fQ”2 (L + oyt pX2m2r+1j;n2 (s oy v erdx

+p(1+,u2)fn£+ldx—a2u2fn]+n§+ldx+fgzngdx
Q Q Q

r+l r+l
72 Z 2 2 1 1
< Cliny lIllAcllzz + Cling NINIVells + p(1 + po)linall; i + Clinally

r+l r+l
v =z 1 1
< Cliny N2lIVny? llzllAcllzz + Clinall 7 lAcllzz + (1 + pa)linally

r+l r+l
= 5 1
+ Cllny” 1121IVny” N2 IVellzllAcllz + Clinall7 11Vell 2 llAcll
B M2 2 r+l
Vi I, + 3||n2||Lr+2 + C(1 + |Acll}2) + Clinz||

< m 2 L+

r+l

+ Cllny” I IACHZ (1 + [1Vell7),

which means that

d

2 el +1 +1
— | n5ldx+ i fIVnzz *dx + L fnﬁ“dx + angﬂdx
dt Q (r+ 1) Q 2 O 2 O
= 2 5o 2 2 2
< Cllny* [ Acll72 + Cliny® [I71IVell[Aclly, + C(1 + ||Aclly,).

Then integrating (3.25) from ¢, to t and combining with Lemma 2.6, we can see that if

ny € L7 (R, L1 (Q)),

T il T
sup |Inall7 7, + f f \Vn,” Pdxdt + f f n5dxdr < C.
t 0 Q 0 Q

Taking r = 1 and combining with (3.19), we can get

T T
sup [Ima|[2, + f f \Vn,|*dxdt + f f nydxdt < C.
t 0 Q 0 Q

By the recursion method, we further have

then we have

lInall~ < C.

Recalling Lemmas 3.2 and 3.3, we also have

T
sup f (Icl* + Ve + |Acl)dx + f f IVAcldxdt < C,,
Q 0 Q

te(0,T)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)
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and

T
sup f (na)? + |VnoH)dx + f f |An,*dxdt < C,. (3.30)
Q 0 Q

1€(0,T)

Here C, is independent of ¢ and A, but depends on €. Taking 71; = n; in (3.13), testing the first equation
of (3.13) by —An,, integrating it over Q X (#y, t) for any 7y < t < ty + T, using (3.20), (3.24), (3.26), and
combining with s > 2(m — 1), then we get

1 !
3 f(Ian(x, DI = [Vni(x, 1) )dx + f f(élVAnlI2 + (s + Delny |’V
Q to Q
+ AV + 2u1|n ||V ) dxdss
!
m— 1
:f f(VAan((n% + 8)71111) +u-VniAn; + p(ny—=Vc)VAn,
Q (1 +c¢)ym

= p(A + upni|Any + aypuininyAny — pgiAny)dxds

1 - 5 ("
< 55 f f V(% + £)"7 n))Pdxds + = f f \VAn, dxds

f||u||L4||Vn1||L4||An1IIdeS+Cf(||VCII + [|Any [| 2l nollr2)d s

+p(A +,u1)ffglen1|2dde+fIIgllleIIAnllleds
to

< —f f |(m — 1)(n% + s)%n%an + (n% + s)% - Vn,*dxds
20 Jyy Ja

6 t ! t
+§f fIVAn1|2dde+f ”u”H]||Vn1||L4||An1||L2dS+Cf(”VC”iz
o Q To to

+Amllpllmnallzz + p(A + u)lIVaZ, + gl Anll2)ds

< 25f f(n1+g)m \Vn, Pdxds + = fflVAnlldxds+C

+CfIIAnlllellnlnzlledHCfIIMIIHIIIVmIIZzIIAmIIZds
+Cf lleell 1| IleledHCf(p(A + )V l7, + llgillzllAny |l 2)ds
<= f f 201V, Pdxds + Ci f f Vi PPdxds + = f f \VAn, *dxds
+ Cf(llvnl||iz + A2, + Inili7lnall?, + Dds
!

t
+fP(A + u)lIVal, + gl llAn | 2ds

fo

1 o
< (” ) f f I IV Pdxds + Cos f f [V Pdxds + 5 f f VAR Pdxds
1o Q
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t
+ f (AlIVn 17, + CllAn|2, + Ces)ds.
1o

Summing up the above inequality, we get

1 5 (!
3 f (|Vn1(x,t)|2—|Vn1(x,t0)|2)dx+5 f f IVAn,*dxds
Q

1o Q

s+1 ! ) 5 ! 5
+ & |n11* |V |“dxds + 2 |1V |“dxds
2 to Q 1) Q

!
2
< Cus f IV |2, ds + Cos.
o

Therefore, combining with Lemma 2.6, (3.23), and (3.24), we can see that

T T
sup f Vi, [Pdx + 6 f f \VAn, [*dxdt + & f f I ¥V, |*dxdt
t Q 0 Q 0 Q

T
+ﬂ1f f|n1||Vn1|2dxdt§C85. (3.31)
0 Q

By (3.29)-(3.31), we complete the proof. O

By Lemmas 3.2-3.4, we see that .% is a compact operator by the embedding theorem. Furthermore,
by (3.18) and (3.19), it is easy to see that .% (i, fi;, 0) = 0. By Lemma 3.5, we see that if % (n;, n,, p) =
(n1,ny), then there exists a constant M > 0, such that

||n1||X| + ||n2||X2 < M7

where M depends on ¢, 6. Then by Leray-Schauder’s fixed point theorem, the mapping .# (-, 1) has a
fixed point, that is, there exists n € X such that .# (n, n,, 1) = (ny,ny), that is, problem (3.1) admits a
solution (11, ny, ¢, u).

4. Existence of time periodic solutions

In this section, we use a double-level approximation scheme to prove the existence of time periodic
solutions of problem (1.1). We consider the first level approximation by letting 6 — 0. For this
purpose, we first give some energy inequalities. Taking advantage of the former proof, we have:

Lemma 4.1. Assume that s > max{2(m — 1),10}, 0 < g1, € L7(Q), Vo € L7(Q), and let
(M1g5> N2ss» Cesy Uss, Tes) be the periodic solution of problem (3.1). We see that

T
2 2 2 2 2 2
sup{llusslly + llcesllza + lIn2eslln} + f (sl + llesllzn + llcesllys
t 0

+ lInesll7 + 1, ¢)j2)de < C, (4.1)

T T
sup f 2 dx + 6 f f |An ool dxds + f f Elniesl™? + ElnisP)dxdt
te(0,7) JQ 0 Q 0 Q 2 4
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5006

T
+ f f (35 + &)™ [VnyeslP)dxdt < C, (4.2)
0 Q

where C is a constant depending on a4, a3, B, 7Y, 0, x1, X2, a1, Gz, 11, Mo, My, Mo, Q, T, g1, g2, Vo, and
&, but not depending on 6.

Lemma 4.2. Assume that s > max{2(m — 1),10}, 0 < g1,8, € L7(Q), Vo € L7(Q), and let
(165, Mg, Cess Uss, Tes) be the periodic solution of problem (3.1). We see that

T
sup f OIViial + (125 + )" )dx + f f (16VARLs — V(P 5 + )T il
t Q 0 Q
+ (15 + €)' (&l + plnyesl)dxdt < C, (4.3)

where C is a constant depending on Q, T, g1, g, Vg, and &, but not depending on é.

Proof. Multiplying the first equation of (3.1) by —0An, s + (n%&s + s)m74n185, and using (4.1) and (4.2),
we obtain

P
> f (IVRs(x, O = [Viys(x, o)]P)dx
Q
1 m+ m+
+— f (150, D + )™ = (In1es(x, 1) + €)™ dx
m+1 Jg
s
+ f f(|5VAnlsé — V(nj,s + 8)m7_1n185|2 +80(s + Dnygs| |Vniesl*)dxds
Q

!
2 ml 2 3 2
+f f((nlg(;‘“?) 2 (elmesl™ + pilniesl” + arpin snoes)
o Q

+ 2#15|n185||vn185|2)d?€d5

1
—5f fusévnlséAnlsédde +)(f f(nlsé(l y Vees(6V AR g
Ces

- V(nfgé + S)MT_n]€5))dXdS + f f 0a U1 NpesM 5N csd Xd S
Q
! m—1
+ f f(:ulnlsé + 81)(=0An 5 + (n] 5+ €)'T nygs)dxds
/7 Q
. .
< 5f sl VRigsll | Any sl 2d s + f f 1105V el dxds
fo 1o Q

1 ! m—1 !
+ = f f I0VAR 5 — V(ni,s + €)' 7 nygl*dxds + & f f |An,q5|*dxds
4 1o Q 1o Q

t t
+ daip f f||n255||L°°||n]z-:6||L2”AnlséllLZd-XdS + 5f f(,ullnmsl + g1)’dxds
fo Q o Q

!
+ K f f (2,5 + &) s dxds + C
2 1o Q

4 1
3 2 2
< f(5||uga||H1||n155||£2||An155|| + CllniesllFallVessllys + Clinigslly.)ds

fo
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1 t m—
+— f f 6V AR5 — V(25 + )T nigs2dxds

4 fo Q

! !
+6 f f |AnyPdxds + 2 f f (2,5 + )" s dxds + C
o Q 2 I Q

! !
2 Hi 3 6 6
< 25f lAR5ll7.ds + f(zllnlmllp + Cl|Vegslly + Inesll; 2 ds
1) o

!
oyl f f (12,5 + )" s dxds + C
2 o Q

1 t m—
+— f f 6V AR5 — V(25 + )T nis2dxds
4 to Q

! 1 ! el
< f(25||A”135||iz + [In16ll}s + Zf f|5VA”156 — V(s + 8)"T igo)dxds
o Iy Q

!
+ % f (1,5 + €)% [ny,5/3dxds + C.
Q

fo

Thus

0 1 mt
5 f (IVres(x, DFF = [Vies(x, 10)P)dx + f (AniesCr. 0P +2)%
2 Q m+1 O

!
m+1 3 m—
— (n1ss(x 1) + ) ) dx + f f (Zwmm ~ V(it1es + 8)T sl
Iy Q

1 [ mol ,
+ &d(s + 1)|n185|s|vn155|2) dxds + 3 f f((nis& +8) 7 (elnigsl*? + uilnesl’
1) Q
+ Q1N s + 240011651V o5 )dxd s

! !
M
<26 f AR 12 2ds + = f 17166113 5ls + Co.
o 4 fo

Then combining with (4.2) and using Lemma 2.6, this lemma is complete.

By (4.2), we can get that

20 = Co — 0.

Combined with the above three lemmas, and letting 6 — 0, then we have that

2
l6An 61l

Ugs = Ug, 1N L4(QT)7
Ues — Ug, in W' (Or),
Ces = Ce, in C(Qr),
Cos — Ce, in W2 (Qr),
Nass — Mag, in LY(Q7),

. 2,1
Nyes — Noe, I W3 (Qr),
Nigs — Nig, In LP(Q7), forany p < s+m+ 1,
.72
ansé - ansa inL (QT)a
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5An s — 0, in L*(Q7).
Then we can easily get that (n,, ns, ug, ce, ) is the solution of the following problem:

() +u-Vny — A((n7 + £)"7 ny) + lny|'n,y

=—x1V- (nlmvc) + | |(1 = ny —ayny) + g1(x, 1), in Q,

(ny);+u-Vny

= Any = oV - (Mo g VO) + pama(1 = aany = mo) + ga(x, 1), in Q,
) 4.4)

¢, +u-Ve =Ac— (any + axny)c + By, in Q,

u; = Au—Vu+ (yn; + 6n,)Vo, in Q,

V.u=0,in0,

5 2
Slaa = 5olaa = 0,ulaq = 0,

and (ny., Ny, Cg, Ug, ) satisfies (4.1)—(4.3). Next, we consider the second level approximation. First,
we make some energy estimates independent of &.

Proposition 4.1. Assume that m > g 81,82 2 0with g1, g2,V € L7(Q). Then problem (4.4) admits
a time periodic solution (N, Nog, Cg, Ug, Tg), SUch that nyg, ny,, c. > 0, and

2 2
sup{lluzlly; + licelly }
t

T
2 2 2 2 2
+f (leeellye + el + licelly + lnaelly + (e, callp)de < C,
0

sup{lluzllc= + llniellee + lInzellee + llegllwi} < C,
t

t

T
sup f IV((n2, + £)"7 n1.)Pdx + f f 2, + )7
t Q 0 Q

where C is independent of €. For simplicity, we still denote the solution of (4.4) by (ny,n,, c, u, m).

T
sup f nieInny.dx + f f (%, + £)"7 |V Vny.2dxdt < C,
Q 0 Q

07[18 2

ot

dxdt < C, 4.5)

Lemma 4.3. Assume g1,g, > 0 with g1, 82, Vo € L7(Q), and let (ny,ny, c, u, ) be a time periodic
solution of (4.4). Then we have ny,n,,c > 0 and

2 2
sup{liniller + [lnalle + llelly + licllz + llellze}
t

T
2 2 2 2 2 2
+ f (|l + linallzp + Ml + el + ol + 11Ger, eoll2)de < C. (4.6)
0

Proof. By Lemmas 3.2-3.4, we can get ¢, nj, ny > 0. Then integrating the first and second equation of
(4.4) over Q, and combining with (3.19)—(3.22) and (3.28), the proof is complete. m|

Lemma 4.4. Assume m > 1, g; > 0 with g,,Vo € L7(Q). Let (ny,n,,c,u,n) be a time periodic
solution of (4.4). Then there exists p € (0, 1) such that

T T
sup f W dx + f f "7V Pdxdt + f f 2 dxdt < C, (4.7)
t Q 0 Q 0 Q

where C is independent of €.
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Proof. Testing the first equation of (4.4) by n{ with 0 < ¢ < 1 and integrating it over Q X (1, 1) for any
fo<t<ty+T, weget

f
q? q+1(x t)dx+qf f(nl +e) 7T B ni” "\Vn,Pdxds

+sff S+1+quds+q(m l)f f(nl +8)'T nin _IIanlzdxds
+a1,ulff qulnzdxds +,ulf fn?quds
ty JQ
< ! fn‘f“(x,to)dx+qftfn?;Vchdxds
g+1Jg 0w Ja A +oym
!
+f f(yln‘f“+g1n‘f)dxds
fo
1
f qul(x to)dx+f f(,uln'frl + ginl)dxds
q+1
qniy ! 1
n$+1—|Vc|2dxds

g+1
— — Acdxd
q+1ff (1+c)’”1 s KE cym

+
q+1 q+2 qq+2 +2
o (x, to)dx + — dxds + IAclq dxds

q+2 ) )
f IVl ds + C

<

<

q+1 JR)

1 q+1 q+2 qq+2 +2
< ? (x, to)dx + 3 dxds + |Ac|‘1 dxds
q

q+2
Ca f lle ||q*2||Ac||<‘“”ds+c

e L@+

q+2
f n?* (x, to)dx + = f f q+2dxds+ f f |Acl*2dxds + C.
g+1 Q
1 g+1 ' 2 m_l  g-1 2 Hi ' 2+q
— | n] (x,Ddx+q (n1 +e) 7 n] |Vn|"dxds + — ny “dxds
qg+1Ja fo 2 fh JQ

C q+2
q“(x to)dx + -1 f f |Ac""2dxds + C.
/11

<

Therefore

S—
q+1

Because of Lemma 2.6, we get

T
sup f 'dx +q f f e 2|Vn1|2dxdz+% f f ! dxdt
0 Q

C q+2
<=4 f f IAc|™?dxds + C. (4.8)
1o Q

- q+1
1
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We choose a proper small ¢, and use ¢ € L*(Q), H((Q) — L1(Q)forany g > 1. By Lemma 2.3
in [20], we arrive that

C q+2 C q+2 T
9 f f |Acl™?dxdt < ql f f (% + Vel + (ny0)")dxdt
0

q+1
1

- q+ 1 La+2 12(q+2) 12(a+2)

C q+2
<1 f W2 + Nl 32 IV el 932, )t

qq+2 2 2
+ +
< f (I, + IIMII"l IVell s )dt

q+1
qu+2 q+2 q+2
< g+1 0 (||n1||Lq+2 + ||VC||L2(q+2))dt- (49)
1
Thus, invoking the Gagliardo-Nirenberg inequality, we have
IVell?iz.,, < Vel U IAcOG? < pllAcl?? + C,, (4.10)

where 7 is sufficiently small. Putting (4.10) into (4.9), we can see

C q+2 C q+2
T f f IAcldxdt < =L f f |2 dxdr + C. (4.11)
M T

1

Recalling (4.8), we get
T T
sup f ndx +q f f 929, Pdxdr + 2 f ndxdt
2 0 Ja
qq+2
f f Iny |72 dxdt + C, (4.12)
q+l
where C is independent of u; and ¢. So there exists p > 0 such that ppf < ’%, and this proof is
complete. O

Lemma4.5. Letm > 1, 0 < g, Vp € LY(Q). Assume that (ny, ny, ¢, u, ) is a time periodic solution
of (4.4) with periodic T. If there exists q > 2, such that

f lInillf,dt < C,

(5)’

T
sup [|Vell, + f f IV|Vel? Pdxdr < C, (4.13)
t 0 Q
and
f IVell®, dt < C, (4.14)
Q L3

where C is independent of €.
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Proof. Applying V to the third equation of (4.4), multiplying the equation by |Vc|"2Vcyy,.q for any
r>2,ty<t<ty+T,and combining with Lemma 2.1, Lemma 4.3, ||c||;~ < C, and ||n,||;~ < C, we get

I/\

I/\

1 !
- f IVe(x, )| dx + f f (Ve 2 Ac)? + (r = 2)|Ve|"2(V|Ve))?)dxds
rJo o JQ

% f [Ve(x, to)| dx — f f(u V)V - (Ve 2Ve)dxds

ff(aln1c+a2nzc Bn)V - (IVe|2Ve)dxds

f f v CllV 2|V eldS

- f [Ve(x, to)| dx + f f(a/ln]c + anoc — By + u - V)| Ve > Acdxds
rJa 1 JQ

!
+ f f(a/]n]c + axnpc — Bny +u - Ve)(r — 2)|Ve| VeV |Veldxds
Q

!
Kf ds [Ve|'dS
0 0Q

1 1 [
fch(x to)"dx + 4f f(chl’ 2| Ac? + (r = 2)|Ve| 2(V|Ve|)H)dxds

+cf fwcr2 2dxds+f fu |Vc|’dxds+Cf f|vc|’ 2n2cdxds + C

f Ve(x, o)l dx + — f f (VeI 2IAcl + (r = 2)IVe 2(VIVe])?)dadss
t

L C f f Vel 2n2dxds + C f lliFIIVell” ds + C. (4.15)
1 JO fo :

Using the Gagliardo-Nirenberg interpolation inequality and Lemma 4.3, we arrive at

2(3r-4)

IVell 5 = [IIVel?l7; < CllIVel? ||3 IIV(IVCI DIl,." + Clivelly,

4

< C|IV(|Vc|2 )|| + C.

Noting that % < 2, we further have

r—2
Cllull; 6||VC||’» < Cllull; .IIVCIIZ% < f Ve 2(V|Vel)?dx + C. (4.16)
Q

Putting (4.16) into (4.15), we have

1 1 [
f \Ve(x, O dx + = 5 f f (Ve Al + (r — 2)|Ve| 2(V|Ve])?)dxd s
1o Q

f f Vel dxds
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1 !
< - f IVe(x, to)l"dx + C f f Ve *nidxds + C
rJa 1 JQ
1 r 1 R(r-2) ' =
< - | Vel o)ldx+ 5 | Vel ds+C [ llmll* ds+C. (4.17)
Q 1) to LR-T

. _ 4q _
First, we let R = =4

1 !
- f [Ve(x, t)lqu+2 f f (Vel?2|Ac)? + (r — 2)IVe|?2(V|Ve))?)dxds
Q

ffchlquds<—f|Vc(x to)lqu+Cf ||n1||q ds + C.

Using Lemma 2.6, we can easily get

T
sup [|Vell?, + f f (V(I\Vel?))2dxdt < C. (4.18)
t 0 Q

Next, we will use a recurrence method to solve this lemma. If

T
suplchllUk f f(V(chlg))zdxdt <C, (4.19)
0 Ja
then
T Tk+1
sup Vel + f f (V(|Vel 2))*dxdt < C, (4.20)
t 0 Q
where ., = (q 2)r + 2. By the Gagliardo-Nirenberg interpolation inequality, we get

2 2
1IVel ) :’4 < Vel * 2NV (Ve * )II +IVel? I, &
< C(1+ VAV DI,

which implies that

T

IIVCIISrkdf fIIIVCPII ’dt<C(1+f IV(Vel®)I.d). (4.21)
0

Taking R = -5, 7 = 1y = 34— 2>rk +2in (4.17), we get

2
) ¢
\Y) X, t +2 *‘f rkdx+ \Y "7 rkA ded
6q+5(q 2)rkf| C( )l 2ff| C| | Cl *

2
S(q )f fchl 3 ’k(VIVcl)deds+f fchIzJr % ”‘dxds

Srk
f Ve(x, )5 ’kdx+ 1 ||Vc||5,kds
3

1o

6q + S(q 2)ry
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+ Cf a2, ds + C. (4.22)
So (4.20) holds. Next we consider the sequence 7y = (‘é 2 re + 2, with r; = g > 2. First, we can
see r, > ry, and then r; is a monotonically increasing sequence. What is more, if 2 < g < 5, we have

0 < 5(3—;2) < land r < ;qu, and it is easy to show that r; increases to ;’qu- While if g > 5, then

5(§—;2) > 1, and it implies that r, — +oco. Therefore, (4.13) is correct. What is more, because of (4.21),
it is easy to see that (4.14) is correct. O

Lemma 4.6. Assume m > g, 81,8 = 0 with g1,8,,Vo € LY(Q). Let (ny,ny,c,u,m) be a time
periodic solution of (4.4). If for q; > 2, we have

T
f anfdxdsSCi,
0 Ja

5
L _ 2 we can get

2(5 qi)+

SUPf quldx+f f "2V, |2dxds+f f q+2ddeSCi+1(Q), (4.23)
!

where Ci11(q) is independent of €.

then for any q <

Proof. First, by Lemma 4.5, we have

T
f Vel ds < Ci(r), (4.24)
0

for any r < (ngf)+. Testing the first equation of (4.4) by n{ and integrating it over Q X (fy, 1) for

th <t<ty+ T, wehave

1 !
o f qul()c t)dx+f f(qnm+q 2|Vl’l1|2+81’l1 1+q+u1n 4
0]

+ alylnzniﬁl)dxds

!
1
qul(x to)dx + f f(qn'meCan +/,tni+q + ginl)dxds
o Q

S—
q+1

1
< q+1f n?*! (x, t)dx

f f (172 P+ n TV )+ Entdxds + C

!
f ! (x, to)dx + % f f 421G Pdxds + C f f Ve """ dxds
q+1 o
ff q+2dxds+C,
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which implies

! !
f q+1(x,t)dx+qff - 2Ian|2dxds+ ffn?quds
Q 2 Q 2 Ji Ja
K

e ' 2422
1,uln2n1 "dxds < e (x,t)dx+ C [Ve| ™= dxds + C.
fo Q

)

Because 2(‘“2) < (55‘;') , using Lemma 2.6, it is easy to get (4.23). i
Lemma 4.7. Assume m > g, 81,8 = 0 with 81,8, Ve € LY(Q), and (ny,ny,u,c,m) is a time

periodic solution of (4.4). We have

supfllullze + llnillzs + llcllwre} < C, (4.25)
t

where C is independent of ¢.

Proof. Let Py =p+2, Piy1 = % (55?)+ , where p > 0 is defined in Lemma 4.4. We have

> — = — > > 1.
P, T 25-(p+2) 23-p 6-2p

T
+2
[ [
0 JQ

Thus there must exist a unique K > 0 such that Px_; < 5 and P¢ > 5. Using Lemma 4.6 repeatedly
from P; = 2 + p, we have
T
f f nidxds < C.
0 Ja
By Lemma 4.6 again, we have
T T
sup f n'dx + f f "2\, Pdxds + f f n"dxds < C(q). (4.26)
r Ja 0 Ja 0 Ja

Using the standard smoothing properties of the Stokes semigroup, and combining Lemmas 2.3 and 4.3,
there exists A4 > 0 such that

By Lemma 4.4, we have

llulle = f lle™ = P((yni(s) + Ona () Vep(s)ll=dls

< f e (1 = $) 3 ([I(yny(s) + Ona(s))Vepll 2l

(%Y

!
< Cf et — )73 (I (92 + () Vegllds

<C. (4.27)

In the same way, combining Lemmas 2.3 and 4.3, (4.26), and (4.27), we have

!
3_1
IVe(, |l < f eIt —5) 52 |c + Bn; — uVc — ainic — anyc||pads

o0
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!
(- _1
< f et = ) (llmlls + NuVells + llniclls + llnacll)ds

o0

!
(s _1
Sf et = )5 (Clinllgs + Nlulls11Vellz)ds

1 1 C
< sup(lmllzs + IIMIILwIIVCIIZZIIVCHim)f e s 8ds
K 0
1
< C( + sup[|Vcllf).
S
Therefore, we get

sup [[Ve(, Dl < C.
t

(4.28)

(4.29)

For n;, we use the Morse iterative method to complete the proof. Multiplying the first equation of (4.4)

by n{, and integrating it over Q x (fo, 1), for any ty <t <ty + T, we get

1 ! mel
. fnf+l(x,t)dx+f f(q(n%+e)21nf "V, [?

+ ,uln] 2y al,ulnznl 'y n‘f“)dxds
1 q+1 d ' qntl] VeV 1 l+q q dxd
Sm (x, tg)dx + mcn1+(p¢1+ o, + giny |dxds
< ? qul(x to)dx + = f f "2, Pdxds + qu f T d s
q
+(1 +,u1)f fni+quds+Cf fn’fdxds
fh JQ f JQ
1 q+1 q ' m+q 2 2 t 51+2 m
< — (x,t)dx + = |Vn|°dxds + Cq dxds
q + 1 2 to to Q

! !
+'l£f fn?+quds+Cf fn‘fdxds,
2 ty JQ ty JQ

4g(g + 1 !
f n?* (x, 1)dx + (q(q q); f Vn,® Pxds + f f 0t dxds
f (x, to)dx + Cq* ff g+2- mdxds+quf nidxds

=L+0L+1.

which means

For I,, we have

5 q+2 " m+q 2(g+2-m)
m+q
Cq dx = Cq|ln,* || JEten
Q

mEq

m+q 66(q 25m+?) m+q (4(q+;zéq+25m ll)) g+2-m
1+, +m)(bm+>q—
< C@IVr 2 |15 In T 190 + CgPliny| s
LmFq

(4.30)

Electronic Research Archive Volume 33, Issue 8, 4984-5021.



5016

(g+D)(g+2m—-1)

mtq
<allVa* |}, + Cq° ||n1|| 16 o+ Cq ||n1||q

+2—m
l+q 2

where o > 0 is small. For I3, we have

mtq
CCIfn(fdx= Cqlln* 1l 2
o L+ g

m+q 56({16 1)1 m+q (52(1121)(2;1)?3"1)> q
+6m +6m +m
< CqliVn? 115" iy et vanes +C61||n1|| 1
m+q (g+1)(2g+3m)

< oV, ” % + Cdllmll o +Cq||n1||q

l+q l+q

Putting I», I5 in (4.30), and letting o be appropriately small, we can get

2 m+
f Al x, )+ R4 2 Q(q e f f Vi, Pdxds + f f 7l dxds
Q t4q

1 (g+D)(g+2m-1) 9o
< f T (x, t)dx + Cq il o *+Cq IImII"+ .
Q

1+q

(1142r 1 )(Zq+ ?Zm)
+Cq3 | .3; " +CQ||n1||q1+,,
Because of %,q +2—m, % < g+ 1, we have
2 m+q !
f n* ! (x, dx + LT Q(q . f f Vi, Pdxds + f f 7t dxds
Q +q) 1 JQ
f (x, to)dx + Cq° f ||n1||q g ds +C. 4.31)
Q

Using Lemma 2.6, we have

q+1

1
SuP||Vll||L,,+1 <Cq SuP”anq

Then let py = 2, p; = 2pi_1 = 2! py, M; = max{1, sup ||n||z»}. We have
t

1 2 1
M; < Crip/" M +CPi.
Using the Morse iterative method, we have M; < C*. Then, let i — oo, and we get that
Inill~ < C7,

where C* is independent of €. So the proof is complete. O

Proof of Proposition 4.1. Testing the first equation of (4.4) by 1 + Inn;, and integrating it over Q X
(to, 1) forany ty < t <ty + T, we have

" (nf+ 8" 5
fnl(x, t)Inn(x, t)dx+f f—Ianl dxds
Q tn JQ ny
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! n min
= L 1)1 , to)dx — Ac - Vel |dxd
f”l(x 0) Inny(x, 10)dx let;fg((l+c)’"' 9 (1+c)”’1+‘| C|) Xas

Q
!
+ f f[g1 + () — nj — aynyny) — eniH (1 + Inny )dxds. (4.32)
1) Q

Next we talk about x*In x, for x > Oand @ > 1. If x < 1, we have

x1Inx < x*,

If 0 < x < 1, we have

1
—— <x"Inx<0.
e

Therefore, |x* In x| < max{é, x**1}. Recalling (4.32) and combining with ||n;||;~ < C*, we have

" (nf+ &)z 5
fnl(x, HInn(x, t)dx+f f—IVmI dxds
Q 1p JQ n

A !
< f n1(x, 1) In ny (x, to)dx + f f |Acldxds + C f f |Veldxds + C.
Q o Q o Q

By Lemma 2.6, we derive

m—1

T (nf+e)= s
supfnl lnnldx+f f—|Vn1| dxdt < C. (4.33)
t Ja 0o Jo

ny

m—1
N(@n2+e) 2 n)
————X1o.1» We have

1 m— t m— a
- f V(2 + &) n)P(x, Ddx + f f 2 + &) | 22 Pdxd s
2 Q fo Q (9t

Multiplying the first equation of (4.4) by

A(n? + £)" T ny)

1 m=1 !
<= f IV((n} + &) 7 n)l(x, to)dx — f f (uVn, + eny) dxds
2 Ja 0 Jo ot

f 1 a((n} + &) ny)
- »[() L(V . (I’ll (1 n C)ml VC) Ey

A((n? + &)™ ny)
ot

1 m— 1 t m— 0
<= f IV((nf + 6)Tln1)|2(x, to)dx + —f f(n% + 8)Tllﬂ|2dxds +C
2 Jo 2J, Jo ot

1 1 1
+C( f f (3 + &) [Vny Pdxds + f f |AclPdxds + f IVellZNACl? ds).
o Q fo Q 1)

Using Lemma 2.6, we finally have

— (ny — g — ajuning + g1) ]dXdS

T
sup f V(% + &)"T ny)Pdx + f f (n%+g)’"7’l|%|2dxdtgc (4.34)
Q 0 Jo ot

t
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Then we talk about n,. Multiplying the second equation of (4.4) by n,, we have

1d
——fn%dx+f|Vn2|2dx+,u2 f(a2n1n2+n§)dx

:XzfnZVnZVcdx+,u2fn§dx+fgznzdx
Q Q Q

1
2 2 2
< Clinall2IVrallz2IVellzs + Clinally, + € < SHIVaally. + Clinallz + €,

so we can easily obtain

T
sup [Imal[2, + f Inall7, dt < C. (4.35)
t 0

Summing up, the proof of Proposition 4.1 is complete. O

Proof of Theorem 1.1. Letting € — 0 (if necessary, we can choose a subsequence) and combining with
Proposition 4.1, we get

U, — u, in LP(Qr), forany p > 1, u, — u, in W, (Qr),

ce = ¢, in LYQy), forany p > 1, ¢, — ¢, in W,'(Qr),

Ny — Ny, in LP(Q7), forany p > 1, ny, — n,, in WZZ’O(QT),
e — 7, in W,*(Qr),

nye — ny, in LP(Qr), forany p > 1,

en’*! — 0, in L™(Qy),

(%, + &) my, — ' in LP(Qp), forany p > 1.

So from (4.5), we can easily get that (1.2)—(1.4) hold. Furthermore, if ¢ < m < 2 and combining with

(1.2)—(1.4), we have
T T
f f \Vn,[*dxdt = f f |V *n 2 n " dxdt
0 Q 0 Q

T
< f f n 2|V, Pdxdt < C,
0 Q
T
f f |Vn, [2dxdt < C.
0 Q

Recalling Lemmas 3.2 and 3.3, and taking 71, = ny, 71, = n,, we have

which means

T
sup{licliz + Il ) +f (lellz + Inall3)dr < C.
t 0
So the proof of Theorem 1.1 holds. O
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5. Results

This paper investigates the two-species chemotaxis-Stokes system with porous medium diffusion in
two-dimensional smooth bounded domains. Under certain approximate conditions, the authors estab-
lish the existence of time periodic solutions.

Notable are the key differences between two-dimensional and three-dimensional cases. In two
dimensions, the complete chemotaxis-Navier-Stokes system with diffusion terms is tractable, allowing
the derivation of classical solutions without strict parameter constraints. Conversely, the complexity of
three-dimensional Navier-Stokes equations precludes general results for strong solutions.

Regarding solution regularity, two-dimensional solutions inherently attain higher regularity due to
favorable Sobolev embeddings, which simplify the estimation of nonlinear terms. In contrast, three-
dimensional solutions are constrained by stricter embeddings and require more rigorous conditions
to ensure boundedness. The challenges in three dimensions are more pronounced, and whether the
results for three-dimensional bounded domains and the restrictions on m (in Lemma 4.7) can be relaxed
remains a direction for future research by the authors.
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