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Abstract: This study addressed the theoretical challenges faced by rank-dependence structures
in Spearman’s footrule correlation coefficient. Two asymptotic representations were proposed to
approximate its null distribution. The first approach simplifies dependencies by substituting empirical
distribution functions with their population counterparts. The second employs Héjek projection
technique to decompose the initial form into a sum of independent components, establishing rigorous
asymptotic normality. Simulation experiments combined with real-world data analyses validated both
representations, demonstrating their excellent approximation to the limiting normal distribution under
the independence hypothesis.
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1. Introduction

Nonparametric measures of association are pivotal in statistical inference, particularly when data
violate parametric assumptions or exhibit complex dependencies. The distribution-free nature of
rank-based methods provides robustness against outliers, while the broader nonparametric approach
circumvents model misspecification issues. These techniques deliver reliable inference across diverse
data structures where parametric methods falter, proving indispensable in genomics, econometrics,
and climate science. Such fields routinely feature heavy-tailed distributions, nonlinear associations,
and censored observations where conventional parametric approaches fail.
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1.1. Spearman’s footrule rank correlation coefficient and its advantages

Among these measures, Spearman’s footrule rank correlation coefficient [1] has attracted renewed
attention as a robust and interpretable rank-based correlation measure [2—4]. By summing the absolute
differences between paired ranks, this metric quantifies permutation disarray and provides an intuitive
alternative to Euclidean-based measures such as Spearman’s rho. Notably, it also admits a tractable
population formulation. For continuous variables X and Y with copula C, the population version is
defined as:

pc=1 —3f lu —v|dC(u,v), (1.1)
[0,1]?

where u and v represent the marginal distribution functions of X and Y, respectively. Under

independence, ¢ = 0, while perfect agreement or disagreement yields ¢c = 1 or ¢ = ) [5].

While historically underappreciated due to a limited recognition of its statistical properties,
Spearman’s footrule has recently gained traction as a versatile rank correlation measure. Its practical
advantages can be organized into four key dimensions:

1) Computational efficiency. By aggregating absolute rank differences, Spearman’s footrule
achieves linear time complexity (O(n)), enabling efficient processing of large datasets. This
contrasts sharply with Kendall’s tau (O(n?) for concordance calculations), making the footrule
particularly advantageous for high-dimensional applications.

2) Positional sensitivity. The metric directly quantifies the magnitude of rank shifts, offering
superior resolution for applications where positional precision matters. For instance, in search
engine evaluation, discrepancies in top-ranked results disproportionately impact user
experience—a nuance effectively captured by the footrule’s displacement-focused design. In
contrast, Kendall’s tau emphasizes order consistency (pairwise inversions), while Spearman’s
rho measures linear rank associations, both of which place less weight on specific positional
changes.

3) Interpretability. The metric reflects the total displacement of ranks, and its normalized form
(see Eq (2.1) in Section 2) provides a clear measure of alignment between rankings, making it
accessible to non-expert users.

4) Robustness to outliers. Rooted in rank-based differences (L; norm), the footrule demonstrates
greater robustness to extreme rank perturbations compared to Spearman’s rho (L, norm).
Although both methods mitigate outlier effects through ranking, the squared differences in rho’s
formulation amplify noise impacts, making footrule preferable in noise-prone environments.

These advantages have enabled Spearman’s footrule to gain widespread adoption across diverse
disciplines. In genomics, Kim et al. [6] developed a normalized footrule variant to evaluate
microarray reproducibility, addressing challenges posed by low signal-to-noise ratios that often
introduce outliers. The metric has also been applied in information retrieval to quantify discrepancies
between ranked lists [7, 8], while Iorio et al. [9] and Lin and Ding [10] extended its use to gene
expression profiling and bioinformatics analyses. Furthermore, preference learning frameworks have
integrated footrule distance into Bayesian Mallows models, enabling aggregation of incomplete
rankings and quantification of uncertainties in consensus rankings [11].
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In empirical studies, understanding associations between variables often relies on non-parametric
measures like Spearman’s footrule and Spearman’s rho rank correlation coefficient. Both coeflicients
operate on ranked data, avoiding distributional assumptions, but their objectives diverge. Spearman’s
footrule quantifies the absolute disparity in rankings, aggregating differences in positional order to
assess ranking fidelity. For instance, Spearman’s footrule is ideal for evaluating how closely one
variable’s ranks mirror another’s. Conversely, tho measures the strength of monotonic trends by
correlating ranked data, effectively serving as a rank-based alternative to Pearson’s coefficient. While
footrule prioritizes precise alignment in ordinal positions, rho targets broader associative patterns,
such as consistent increases or decreases across variables. These distinctions make footrule more
suitable for analyzing ranking accuracy, whereas rho is preferred for detecting systematic
dependencies. Our study focuses on footrule, leveraging its sensitivity to positional shifts to explore
asymptotic properties in ranking data.

1.2. Asymptotic representations in rank-based inference
1.2.1. Theoretical foundations of rank statistics

The inherent dependence structure of ranks has historically complicated theoretical advancements
in rank-based statistics. Asymptotic representations serve as crucial technical tools for simplifying
inference, exemplified by linear rank statistics (Section 13.1 of the classic monograph in statistics [12]).
This class includes pivotal tests like Wilcoxon, van der Waerden, median, and log rank statistics.
Theorem 13.5 of van der Vaart [12] establishes an asymptotic representation for linear rank statistics
through independent uniformly distributed variables, proved via martingale convergence and Héjek
projection. Corollary 13.8 of van der Vaart [12] leverages this representation to demonstrate asymptotic
normality and subsequent efficiency proofs.

Beyond linear statistics, Angus [13] used coupling techniques to obtain the asymptotic
representation of the rank statistic B, = ZZZ]I |7y — mreq], where (mry,7m,,...,7m,) is a random
permutation of the integers 1,2, ...,n. This asymptotic representation also includes independent and
uniformly distributed random variables and was used to prove its asymptotic normality. Later, this
rank statistic was used by Chatterjee [14] to construct the recently popular Chatterjee’s rank
correlation coeflicient. In Shi et al. [15], this asymptotic representation was further used to study the
power analysis of Chatterjee’s rank correlation coefficient. In addition, Lin and Han [16] and Xia et
al. [17] have recently improved this correlation coefficient using asymptotic representations (see their
Remark 10 and Section 3, respectively) to establish the relevant asymptotic theory of the statistics and
perform hypothesis testing.

1.2.2. Gaps and motivations for Spearman’s footrule

Theoretical investigations of Spearman’s footrule correlation coefficient have been conducted in
several studies. Diaconis and Graham [18] established its asymptotic normality under independence
using combinatorial arguments, while Sen and Salama [19] leveraged Markov chain properties and
martingale theory to derive similar results, emphasizing significance in permutation-based
frameworks. Despite these advances, critical rank-based gaps persist. To address this, we derive two
distinct asymptotic representations under independence, composed of independent and identically
uniformly distributed random variables independent of the original data distribution. These

Electronic Research Archive Volume 33, Issue 8, 4893-4916.



4896

representations preserve the distribution-free property of Spearman’s footrule-based tests. Our
motivations for developing these asymptotic representations align with previous analyses: First, to
simplify proofs for the limiting null distribution (Theorem 2.3) using novel approaches distinct from
prior literature; second, to enable extension to multivariate Spearman’s footrule and establish
asymptotic theory (developed separately); third, to facilitate future power analysis and nonparametric
confidence interval construction.

1.2.3. Proof strategies

The proof strategies for our two asymptotic representations fundamentally differ from prior
methodologies. Specifically, we establish an initial asymptotic representation by replacing empirical
distribution functions with their population counterparts, leveraging empirical process theory. This
approach circumvents complexities from rank dependencies while directly linking the statistic to its
limiting behavior. Building on this foundation, we employ the Héjek projection technique to
decompose Spearman’s footrule into a linear combination of independent components. This
decomposition not only rigorously establishes asymptotic normality but also elucidates rank
transformations’ structural role in the statistical framework.

2. Asymptotic representations and the limiting null distribution

At the outset, we provide a notation table for clarity and streamlined exposition. This table details
Spearman’s footrule correlation coefficient along with its first and second representations under the
independence assumption of X and Y. It systematically documents their textual locations, theoretical
expectations, and variances under independence.

2.1. Asymptotic representations

Consider a bivariate continuous random variable (X, Y) with joint distribution function P(x,y) and
marginal distribution functions F(x) and G(y). A size-n sample {(X1, Y1), ..., (X,, ¥,)} is independently
and identically distributed (i.i.d.) from (X, Y). The rank of X; is defined as R; = };_, I(X; < X;), where
I(-) denotes the indicator function, for i = 1,...,n. Similarly, the rank of Y;is §; = X,_, I(Y; < Y)).
Spearman’s footrule rank correlation coefficient is then given by

. 3 &
n = Xl',Yi ) =1- Ri—S,'. 2.1
o = o (106, YY) n2_1;| | 2.1)
Under the assumption of independence between X and Y, its expectation and variance are as follows:

2n% +7
5n+ D(n-1)?%

Ep, =0, Var(g,) =

which can be directly calculated using the results from Kleinecke et al. [20].

Although the rank-based nature of ¢, renders the associated tests fully distribution-free (i.e.,
independent of the underlying data distribution), the inherent dependence among ranks in practical
applications complicates the derivation of certain asymptotic theories under the independence
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assumption between X and Y. To address this challenge, we introduce two asymptotic representations
of ¢, that preserve its theoretical integrity while simplifying the analysis.

Recall the empirical distribution functions F,(x) = % Yot IX, < x) and G,(y) = ﬁ i I < y)
of X and Y for any x € R and y € R. Through intuitive and straightforward calculation, ¢, can be
rewritten as

o, = 1- & 1zn:|Ri_Si|

2 _
n i=1

3 n®—1 -
|- Sll)

i=1

3 1 n n n
= 5| |R,~—S,-|—Z|Rl-—s,-|]
i=1 j=1 i=1
3n? I & v 1 +
= |5 IFo(X5) = Gu(YD] = = > IFu(X) = Gu(Y)l .
nt = 1{n* =1 =

A natural inclination is to replace these two empirical functions with their population counterparts
F and G, but there are still remaining terms that need to be addressed. Notably, F(X) and G(Y)
follow a uniform distribution over the interval [0, 1]. This ultimately leads to the following asymptotic
representations and theorems. Appendix A.1 presents all proof details. It should first be clarified that
although the proposed asymptotic representations could, in some sense, also be viewed as stochastic
representations, the subsequent theorems primarily treat them within an asymptotic framework.

Theorem 2.1 (The first asymptotic representation). Under the assumption of independence between
X and'Y, ¢, is asymptotically identically distributed with the following form,

3 [1 & < 1 ©
'o= — U-Vi|-- U,-Vil, 2.2
¢ = o ”221? fl "Z" | (22)
where, Uy, ...,U, and Vi, ..., V, are i.i.d. random variables from uniform distribution U(0, 1), and U;
and V; are also independent fori = 1,--- ,n. Additionally,
2n?

B, = 0. Varen) = g0y

To further simplify the expression (2.2), we now apply Hdjek projection to ¢, leading to the
following theorem.

Theorem 2.2 (The second asymptotic representation). Under the assumption of independence
between X and Y, ¢’s Hdjek asymptotic representation is as follows:

3 (2
_— ——U,'—Vi—Uil—Ui—Vil—Vi N 23
Pn ”+11§:1(3 | | = Ui )= Vil ) (2.3)
with expectation and variance,
2n
E 7 — 0’ V 7 =
#n W) = 5 1

Electronic Research Archive Volume 33, Issue 8, 4893-4916.



4898

2.2. The limiting null distribution and Berry-Essen bound

Based on the proofs of Theorems 2.1 and 2.2, it can be readily derived that the difference between
Spearman’s footrule correlation coeflicient and ¢; is O,(1/ V), ie., ¢, — ¢/ = 0,(1/ \/n). This
represents a relatively fast convergence rate. One significant application of the asymptotic
representations developed in this study is to establish the asymptotic normality of ¢, under the
independence condition between X and Y. By utilizing Theorem 2.2 in conjunction with
Theorem 2.1, the limiting null distribution of ¢, can be readily obtained.

Theorem 2.3 (The limiting null distribution). Under the assumption of independence between X
and Y, \ng,, \ng,, and \ng,' converge weakly to the same normal distribution with mean 0 and
variance 2/5.

Remark 1. Existing literature presents multiple approaches for deriving the limiting null distribution
of \ng,. Diaconis and Graham [18] established normality using Hoeffding’s combinatorial central
limit theorem [21]. Sen and Salama [19] incorporated martingale techniques to study asymptotic
normality. Shi et al. [22] derived convergence rates using combinatorial central limit theorem and
Cramér-type moderate deviations [23]. Shi et al. [24] obtained alternative convergence rates via
Edgeworth expansion [25]. Both approaches naturally yield the limiting distribution.  Our
methodology demonstrably differs from these techniques. It provides a foundation for further
theoretical investigations of Spearman’s footrule.

Although existing literature in Remark 1 employs various methods to establish the convergence of
the standardized Spearman’s footrule to the standard normal distribution, the approach proposed in this
paper also arrives at the same conclusion. The following theorem utilizes the form of the Berry-Esseen
bound to demonstrate this convergence.

Theorem 2.4 (Berry-Essen bound). Under the assumption of independence between X and Y, for
any x € R,

C
sup | P(gn/ Var(e,) < x) - (0| < —,
X€ER \/ﬁ

where C is a constant independent of n, and @ is the cumulative distribution function of the standard
normal distribution.

3. Simulation studies

This section evaluates the performance of our two asymptotic representations using Monte Carlo
simulations. The assessment focuses on two aspects. First, Section 3.1 examines estimated means
and variances. These are calculated for Spearman’s footrule (¢,) and its two representations (¢, ¢.,).
Second, Section 3.2 investigates approximation quality. This includes pairwise comparisons between
©n, ¢y, and ¢ . It also assesses their approximation to the normal limit distribution.

For the calculation of ¢,, let X and Y be drawn from the standard normal distribution and the
standard uniform distribution, respectively. For ¢/, and ¢!/, their calculations are performed by
generating random numbers from the standard uniform distribution according to Eqs (2.2) and (2.3).
Appendix A.2 additionally provides supplementary simulations under different data distributions and
in terms of testing performance.
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3.1. Simulation of estimated mean, variance, bias, and root mean square error

For the proposed asymptotic representations, which act as estimators for the population parameter
¢c (introduced in the first paragraph of Section 1.1), it is natural to evaluate their performance in
simulation studies by examining metrics such as estimated mean (EM), estimated variance (EV),
bias(Bias), and root mean square error (RMSE). The definitions of bias and RMSE are given by

10000 R 10000 ) 5
Bias =~ ; (B-6) and RMSE= 5000 (6 -6).

respectively, where § takes one from {¢,, ¢, ¢”}. Additionally, according to the consistency of ¢,
(Nelsen [5]), ¢, converges to population ¢¢ in probability, and under the assumption that X and Y are
independent, ¢ = 0. Further, since both ¢/, and ¢, are asymptotically equivalent to ¢, (as established
in Theorems 2.2 and 2.3), ¢/, and ¢, also converge to 0 in probability. Consequently, the true values
of ¢,, ¢, and ¢/ in the definitions of Bias and RMSE are all 0, meaning # = 0. The sample sizes
throughout this subsection are set to n = 10, 20, 30, - - - , 100, with 10,000 simulation repetitions.

The quantitative results are summarized in Table 1. Analysis of these results reveals that the EM and
EV closely approximate their true counterparts (true variances are detailed in Table 2). With respect to
RMSE, all methods exhibit a decreasing trend in RMSE as sample size increases. Notably, the RMSE
values of the two proposed asymptotic representations are consistently smaller than those of ¢,. This
indicates that both our asymptotic representations and the original Spearman’s footrule (¢,) serve as
valid estimators, with our proposed methods demonstrating superior performance compared to ¢,,.

Table 1. The EM, EV, Bias, and RMSE of ¢,, ¢/, and ¢], .

n=10 n=20 n=30 n=40 n=>50 n==60 n="170 n=2_80 n=90 n =100
EM —-0.00038 0.00051 -0.00013 -0.00170 0.00019 -0.00144 -0.00094 -0.00014 -0.00008 0.00066
EV 0.04652 0.02079 0.01389 0.01018 0.00804 0.00673 0.00589 0.00504 0.00449 0.00394
#n Bias —-0.00038 0.00051 -0.00013 -0.00170 0.00019 -0.00144 -0.00094 -0.00014 -0.00008 0.00066
RMSE 0.21568 0.14418 0.11783 0.10088 0.08966 0.08202 0.07673 0.07102 0.06701 0.06280
EM 0.00225 0.00213 -0.00020 0.00001 -0.00098 0.00074 -0.00045 -0.00040 0.00052 -0.00033
, EV 0.03677 0.01965 0.01290 0.00984 0.00779 0.00657 0.00572 0.00497 0.00448 0.00402
“n Bias 0.00225 0.00213 -0.00020 0.00001 -0.00098 0.00074 -0.00045 -0.00040 0.00052 -0.00033
RMSE 0.19177 0.14017 0.11357 0.09921 0.08824 0.08106 0.07561 0.07049 0.06693 0.06340
EM 0.00122 0.00083 -0.00014 0.00204 0.00083 —0.00030 0.00032 0.00032 0.00083 0.00047
, EV 0.03237 0.01781 0.01252 0.00971 0.00786 0.00645 0.00552 0.00497 0.00428 0.00389
#n  Bias 0.00122  0.00083 -0.00014 0.00204 0.00083 —0.00030 0.00032 0.00032 0.00083 0.00047
RMSE 0.17991 0.13346 0.11190 0.09858 0.08865 0.08030 0.07426 0.07048 0.06542 0.06238

Regarding bias evaluation, although the bias values remain relatively close to the theoretical zero
value, a more detailed visualization of their trends is necessary. To achieve this, we conducted
additional simulations with an increased sample size of n» = 1000 while maintaining other
experimental parameters. The resulting bias and RMSE trends are presented in Figure 1. Analysis of
the figure reveals that the biases of ¢,, ¢/, and ¢, all approach zero as the sample size grows, though
with some fluctuations. For RMSE visualization, ¢, exhibits marginally higher values only at small
sample sizes. As n increases, all three methods demonstrate nearly identical convergence patterns
toward zero, indicating comparable asymptotic performance when sample sizes are sufficiently large.
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Table 2. Notation summary table for Spearman’s footrule correlation coefficient and its first
and second asymptotic representations.

Notation Location Expectation Variance
Spearman’s footrule correlation coefficient ©n Eq (2.1) 0 %
The first asymptotic representation ©, Eq (2.2) 0 W’fm_l)
The second asymptotic representation ) Eq (2.3) 0 5<n2+1)2
Bias Curves RMSE Curves
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Figure 1. The bias and root mean square error (RMSE) curves of ¢,, ¢/, and ¢

3.2. Simulation of the normal limiting distribution

In this subsection, we simulate the asymptotic behaviors of Vng,, Vng,, and ng! through three
approaches. For the first two methods, we estimate their empirical density functions and cumulative
distribution functions (CDFs) via simulations. Specifically, we use four sample sizes: n = 10, 20, 30,
and 100, with 100,000 simulation repetitions each. For the third approach, we apply the
Kolmogorov-Smirnov (KS) two-sample test to assess the distributional identity between pairs of the
proposed methods and between each method and the normal distribution [26]. A total of six pairwise
comparisons are conducted: ¢, — N(0,0.4), ¢, — N(0,0.4), and ¢, — N(0,0.4), as well as ¢, — ¢/,
on — ¢, and ¢, — ¢!/, where N(0,0.4) denotes the limiting null distribution shared by ng,, Vng,
and +/ng//. The sample sizes for this analysis range from n = 10 to n = 100 in increments of 10, with
1000 simulation repetitions per setting. The KS test is implemented using the “ks.test” function from
R’s base library. Empirical density function and CDF curves are displayed in Figures 2 and 3,
respectively, while all KS test p-values are reported in Table 3.

Figures 2 and 3 demonstrate that even at n = 30, the distributions of vng/,, Vng!’, and Vne, closely
approximate the theoretical limiting distribution (normal with mean O and variance 2/5). Among these,
\/ng!, provides the best approximation, followed by +/ng!/, with y/ng, being the worst. This ordering
reflects their respective convergence rates to the limiting distribution. Notably, at extremely small
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sample sizes (n = 10), v/ng, performs poorly as shown in the first subfigures. This occurs due to
rank permutations inherent in ¢,,’s structure. Despite numerous distinct permutations (10!), ¢, exhibits
significant value repetitions. Even with 100,000 simulation repetitions, relatively few distinct values
emerge (dozens). This sparsity causes the non-smooth kernel density curve for ¢, in Figure 2 and the
stepwise empirical CDF in Figure 3 at n = 10. As sample size increases, this phenomenon diminishes.
All methods exhibit similar asymptotic behavior converging to the theoretical normal distribution.

Table 3. The p-values of KS test for six combinations.

n=10 n=20 n=30 n=40 n=50 n=60 n=70 n=80 n=90 n=100
©n — N(0,0.4) 0.00003 0.03328 0.08691 0.18112 0.18112 0.34100 0.10828 0.50036 0.36998 0.02246
¢, —N(0,0.4) 031358 0.31358 0.14834 0.93558 0.79439 0.31358 0.60992 0.31358 0.64756 0.26338
¢, —N(0,0.4) 0.26338 0.68523 0.75910 0.40047 0.46577 0.85929 0.64756 0.09710 0.95406 0.43243

A 0.00103 0.04282 0.43243 0.24060 0.21933 0.46577 0.75910 0.98826 0.85929 0.31358

On— ¢ 0.00000 0.09710 0.07762 0.21933 0.03328 0.53605 0.43243 0.40047 0.34100 0.53605

@, =@ 0.31358 0.72255 0.72255 0.82796 0.34100 0.13383 0.53605 0.36998 0.72255 0.68523
Empirical Density Curves(n=10) Empirical Density Curves(n=20)

AR —— N(0,0.4)

R

00 01 02 03 04 05 06 07
00 01 02 03 04 05 06 07

2y Ce @

00 01 02 03 04 05 06 07
00 01 02 03 04 05 06 07

Figure 2. Empirical density curves of vng,, Vng,, and Vny!', estimated using kernel
density estimation with a Gaussian kernel, where the solid line represents a normal curve
with a mean of 0 and a variance of 0.4.

The p-values reported in Table 3 reveal that, with the exception of the small-sample case (n = 10),
all pairwise comparisons between the methods demonstrate approximate distributional equivalence.
Furthermore, the two proposed asymptotic representations and the original Spearman’s footrule
correlation coefficient all exhibit close approximation to normal distributions. For the n = 10
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scenario, the aforementioned conclusions hold, provided that ¢, is excluded from the comparison.
However, the KS test for ¢, yields statistically significant p-values approaching zero, indicating
strong evidence that the distribution of ¢, differs from both the other methods and the normal
distribution. This observation aligns consistently with prior analyses.

Empirical CDF Curves(n=10) Empirical CDF Curves(n=20)

Empirical CDF Curves(n=30) Empirical CDF Curves(n=100)

Figure 3. Empirical CDF curves of Vng,, Vng,, and yng!. The solid line represents a
normal cumulative distribution function curve with a mean of 0 and a variance of 0.4.

4. Application to a real dataset

The Boston dataset, first introduced by Harrison Jr and Rubinfeld [27], contains 506 observations
of 1970s Boston suburbs. Originally developed to analyze air pollution’s impact on housing values
through hedonic pricing models, it became a landmark study linking environmental economics to
property valuation. Available in MASS package of R software (via data(Boston)), this dataset remains
a standard reference in urban economics for studying environmental factors while controlling housing
price determinants.

In this dataset, the relationship between median home value (medv) and average room count (rm)
represents a fundamental economic hypothesis in real estate: physical attributes intrinsically
determine property valuation. Harrison Jr and Rubinfeld [27] prioritized rm as a control variable
because room quantity directly proxies living space—a primary driver of housing demand. Testing this
pairing validates core microeconomic theory that housing characteristics command market premiumes.
Practically, quantifying this correlation helps appraisers establish baseline valuations, informs
homebuyer decisions, and reveals suburbanization patterns where larger homes command
disproportionate value premiums. The analysis also contextualizes the original study’s core finding:

Electronic Research Archive Volume 33, Issue 8, 4893-4916.



4903

after controlling for environmental disamenities, structural features dominate price determination.

To examine the dependency between the two variables, we employed Spearman’s footrule
correlation coefficient (¢,), yielding a value of 0.484, which indicates a statistically strong
relationship between them. This empirically demonstrates that structural characteristics dominate
housing valuation even after controlling for environmental factors. To further validate our proposed
approaches, we implemented hypothesis testing using the ¢, statistic and evaluated its test
performance approximation through two asymptotic representations. Critical values for all three
methods were established via permutation approach with 1000 replicates at significance levels of
a = 0.01 and @ = 0.001. Additionally, to generate independent random datasets, we performed 1000
random samples at varying sample sizes (n = 10, 15,20, 25, 30, 35,40,45,50) from the Boston
dataset’s 506 observations. All rejection rates are presented in Table 4, demonstrating that for sample
sizes exceeding 30, our test achieves statistical power equivalent to the original ¢, method at both
significance levels.

Table 4. The rejection rates of ¢, ¢/, and ¢, at significance levels of @ = 0.01 and & = 0.001.

n=10 n=15 n=20 n=25 n =230 n=35 n=40 n=45 n=>50

©n 0.370 0.598 0.782 0.883 0.937 0.966 0.986 0.993 0.998
a =001 ©n, 0.530 0.674 0.822 0.903 0.942 0.975 0.986 0.996 0.998
@) 0.561 0.703 0.839 0.904 0.951 0.974 0.987 0.997 0.998

©n 0.169 0.388 0.566 0.732 0.827 0.889 0.933 0.972 0.986
a = 0.001 ©n, 0.293 0.473 0.623 0.760 0.850 0.898 0.933 0.969 0.990
) 0.329 0.500 0.635 0.767 0.862 0.917 0.941 0.975 0.989

5. Conclusions

Spearman’s footrule, while robust to distributional assumptions, encounters theoretical challenges
due to rank dependencies. Two asymptotic representations have been developed to address this issue
under independence assumptions. The first representation simplifies the statistic by incorporating
population distribution functions, reducing structural complexity. The second approach employs
Héjek projection to decompose the footrule into independent components, thereby reinforcing
asymptotic normality and enhancing theoretical tractability. These methodologies collectively
improve the analytical framework for Spearman’s footrule while preserving its
distributional robustness.

Our proposed asymptotic representations for Spearman’s footrule share a fundamental objective
with Diaconis and Graham [18] and Sen and Salama [19]: establishing the asymptotic normality of
the sum of absolute rank differences ), |[R; — S;| under the assumption of independence between X
and Y. The key distinction lies in the technical strategies employed. While Diaconis and Graham [18]
directly invoked the combinatorial central limit theorem (arguably the most direct proof), and Sen
and Salama [19] utilized a Markov chain construction followed by a martingale approach (a more
intricate technique), our methodology indirectly achieves this via asymptotic representations derived
using empirical process theory and Hajek projection. Crucially, the second representation manifests as
a sum of i.i.d. random variables. This representation-based foundation facilitates extensions beyond
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asymptotic normality—such as deriving the Berry-Esseen bound (Theorem 2.4), enabling multivariate
generalizations, power analysis for tests, and confidence interval construction, which are not readily
attainable via the combinatorial or martingale approaches of the prior works.

A. Appendix

A.l. Appendix 1

Lemma A.l1. Given that Uy, V\, and V, are independently and identically distributed from the uniform
distribution U(0, 1), through simple integral calculation, the following facts can be easily deduced:

1 1 1 1
ElU, - Vi| = 5, E(U, - VillUy) = E - U(1 -U,). EU((1-U)) = 6’ Var(|U;, — Vi) = E’

1 1 1
Var(U,(1 - Uy)) = 130’ , Cov(|lU; = Vi, Ui (1 = Uy)) = ~ 130’ Cov(|U, = Vi|,|U, = V3]) = 130"

Lemma A.2 (Lemma 19.24 in van der Vaart [12]). Suppose that F is a P-Donsker class of
measurable functions, and f, is a sequence of random functions that take their values in ¥ such that

f(fn(x) - f(x))2 dP(x) converges in probability to 0 for some f € L,(P). Then G, (f, — f) i) 0 and
hence G, f,, ~ Gpf.

Proof of Theorem 2.1. Let (X,,Y)),...,(X,,Y,) € Z =R XR be arandom sample from a probability
distribution P defined on a measurable space (Z,A). We denote two empirical distributions as
P, = n' 3L Sy and P, = n7? 3L, 3 8x,.v,), Where 6., represents the probability distribution
degenerate at the point (x,y). For a given measurable function f : Z — R, we use P,f and P/ f to
denote the expectations of f under the empirical measures P, and P), respectively. Similarly, Pf
represents the expectation of f under P(x,y) = F(x)G(y). Thus, the expressions are given by:

Zf(X,,Y) ZZ]‘ X..Y)) Pf:ffdP. (A.1)

i=1 j=1

We choose

Jxy) =F(x) -Gl and  fu(x,y) = [F,(x) = Ga(y)l, (A.2)

where F,(x) = 1 Y- I(X, < x) and G,(y) = £ 30 1Y, < y).

Let F be the collection of cumulative dlstribution functions for all univariate continuous variables
and ¥ = {|[F(x) - G(y)l e R: F,G € Fyand x,y € R}. Example 19.6 of van der Vaart [12] illustrates
that F; is a P-Donsker class. Thus, for all (x,y) € R?> and F,G € ¥y, according to the information
provided on page 19 of Kosorok [28], along with the fact that |a — b| = max{a, b} — min{a, b}, ¥ is also
a P-Donsker class.

By the law of large numbers, for every x and y, it is apparent that Sup | F,(x) — F(x)| 2% 0and

SupyeRlGn(y) - G®)| 50 hold, thus resulting in SupxeR,yeRl [, y) — f(x, )] SN 0, hence for some
f e Ly(P), f(f,,(x) - f)*dP 2, 0 follows. Then, define

G, = \/’;(Pn - P), G;,q = \/E(P;; - P).
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The empirical process evaluated at f is

G.f = Vn(®.f = Pf), G,f = Vn(®,f - Pf).

Thus, based on previous analysis, by directly applying Lemma A.2 (see also Lemma 19.24 in van
der Vaart [12]), one has

i.e.,

G, (fu = ) = 0p(1), Gy (fu = f) = 0p(1),

(P, = P)(f, = ) = 0,(n”"%), (B, = P)(f,— f) = 0,(n”"7).

Further expanding these two expressions leads to the following forms:

P)’lﬁl _P,,lf_Pﬁ +Pf = Op(n—l/Z)’ Pnﬁl _]P;nf_Pﬁ1 +Pf — 017(71_1/2).

Note that the combination of Eqs (A.1) and (A.2) can yield the following forms:

Thus,

Bufi= 5 05 0,

1 n n
w22
L

1 n
FaX) = GVl Bufy =~ 3 1Fu(X) = Gy
i=1

i=1 j=1

P,f = %Z STIFCt) - 61y - %ZZ Ui - vil.

i=1 j=1 i=1 j=1

1 ¢ 1 ¢
P.f=—- ) |[FX)-GX)l == |U;-Vi.
f n21| (X) ~ G(Y)) n;| |

Pf. = E|F,(Xy) = G,(Y)l, Pf=E|F(X) -Gyl =E|U;-Vi.

1 n n
FAX) =G| = 25 3 D U= V| + P = Pf + 07,

i=1 j=I

1)’[ 1}’[
- F(Xi) = G.(Y)| = = Uu,-V)|+Pf,— Pf+ _1/2_
”Zl (X)) = Gu(Y))| ”Zl |+ Pf,— Pf + 0,0

Combining the above equations, we obtain

1 1 ¢
= Fu(Xi) = Gu(Yi)| = — ; |Fa(Xi) = Gu(Y))|

3 n
= 1-—— > k-5

i=1

3 (iP-1 <
— R . —S.
| le S,|]

3 1 n n n
= —S SR =S - |R,-—5,-|]
2 _ J
n*=1{n i=1 j=1 i=1

3n?

nz—1|n? &4
i=1 j=1
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i=1 j=1
1/2
= gon+0p(n /).

- Z Z U - V)| -~ Z U = Vil + 0,0 | + 0,07

Next, relying on the facts stated in Lemma A.1, we deal with the expectation and variance of ¢,.

1
LCtCl = )
n

Furthermore, routine calculation yields

1
(= |Ul- — Vj| and C, = - > [U; = Vi, itis easy to calculate that E¢/ = 0.

1
p {n*Var(Uy = Vi) + 2 x n* x (n = D)Cov(IU; = Vi, |U = Va)}

Var(C)) =
1 1 1
= n4{l’l XE+2n (Vl—l)X@}
_ n+4
©90n?’
1 1
Var(C,) = —2 x nVar(|U, = Vy|) = 1
CoV(C1,C) = — [ZZ
i=1 j=1

1
= = {nVar(|U,;
n

- Vi) +2(n - 1)Cov(|U, -

Vil, Uy = Vi) X n}

1 1 1
= E{HX18+271(H—1)X@}

n+4
90n? "
Ultimately, it is derived that

Var(¢;)

3n?
n? -1

2
) [Var(C,) + Var(C,) — 2Cov(Cy, Cy)]

B 32\ n+4+
S o\n2-1 90n?

2n?

S+ 1)2(n—1)

1 « n+4
18n 90n?

The proof of Theorem 2.1 is now complete. O
Proof of Theorem 2.2. Rewrite ¢/, as
= ,Z;,Z;W V|—nZ|U vi
=n23_1 ;w VI—(n—I)ZIU Vi (A.3)
] L= 1>T2),
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2
here T) = — >.|U; = V;|,and T, = X, |U; = V}I.
w 1 n(n— 1) Z[;&Jl j| 2 Zl—ll |
Since T, is already a sum of independent and identically distributed terms, its Hajek projection
remains itself. Thus, we only need to calculate the Hajek representation for 7'.

In fact, T, is a U-statistic that can be expressed as

2 - 2 z T
T, = U,'—V': h(Ui,ViT,U',V' ),
1 n(n—l)%' i n(n—l); VT (U V)
where the symmetric kernel function is taken as

h((ul,vl)T ) (Mz,Vz)T) = |uy — va| + |uz — vyl

It is evident that the variance of T exists. Let 8 = E [h ((Ui, V)T, (Uj, Vj)T)], and h; ((u,v)")
E[h((u,v)", (U, V52)")] — 6. According to Lemma A.1 and through simple derivation, we have 6 =
E(U,=Vo|+|U, = V,|) = % and hy (u,v)") = % —u(1 —u) —v(1 —v). The projection of T} — % is then
given by

T, := zz [% — U1 =U) - Vil - Vi)].
i=1

Then, by applying Lemma 12.3 from van der Vaart [12], we obtain

2 = 1
T, - 3 =T+ Op(;),

i.e.,
21 2 1
T =- U1 -U)=-Vi(1=-V)|+=+0,(-).
1= gl [3 ( ) ( ) 3 p(n)
Substituting this result into Eq (A.3), we get

3 /(2 1
! = —— U, =-Vi|-U(1-U)-V;(1=V)|+O0,(—
¢, n+1;(3 | |- U1 - Uy - Vi( )) o)

" 1
=@, + OP(;).
Additionally, utilizing the results from Lemma A.1, it is easy to derive that

E¢! =0,

3\ 2
( ) Xnvar(g_lUi_Vil_Ui(l_Ui)_Vi(l_Vi))

Var(g;)) 7

2
l’l(ni 1) X [Var(|U1 — V1|) +Var(U1(1 - U])) X2+ 2COV(|U1 - V]l, U1(1 - U]))]
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3V (1 1 1
n(n+1)x(l—8+ﬁx2+2x(—ﬁ)x2)
2n

5(n+ 1)

Thus, this proof is complete. m|

Proof of Theorem 2.3. ¢,/ can be expressed as the sum of independently and identically distributed
random variables with existing second moment, so its asymptotic normality can be easily obtained
through the ordinary central limit theorem. By further utilizing the asymptotic representations of
Theorems 2.1 and 2.2, the asymptotic normality of ¢/, and ¢, is also apparent. O

2
Proof of Theorem 2.4. Within equation ¢/, it is evident tha 3" \U;i=V,|-U;(1-U)-V;(1-V)),i=
1---,n are 1.i.d. random variables with finite second moments. Applying the classical Berry-Esseen
theorem [29] to ¢; yields

sup
XER

C
P(¢)) | A/ Var(¢!) < x) — (D(x)‘ < —.
\n

for any x € R, and C is a constant independent of n, and ® is the cumulative distribution function of
the standard normal distribution. Furthermore, by the lemma on page 228 of Serfling [30], for any
sequence of positive constants {a,}, one has

P(g,/ \Var(g,) < x) - O()
P(p,/ \Var(e,) < x) = @) [ y/Var(g)) + @), | 4/ Var(g}) — <D(x)' (A.4)
@nl N Var(e,) — ¢/ «/Var(g)))

sup
X€ER

= Sup
X€ER

= P(

> a,) + 0(a,) + 0(%).

Additional analysis from the proofs of Theorems 2.1 and 2.2 establishes that ¢, — ¢/ = O,(1/ Vn).
Combining this with the variances of ¢, and ¢/, in Eq (A.4), we only need to select a, = O(\/iﬁ)
to ensure

r’
n?°

sup
x€R

C
P(gul Var(g,) < ) - D) < —.
\n
This completes the proof. O

A.2. Appendix 2

This appendix provides additional simulations for Section 3 of the main paper. Specifically,
Section A.2.1 investigates the proposed asymptotic representations for mean and variance simulations
under heavy-tailed and skewed data; Section A.2.2 further supplements the simulations in Section 3.2
of the main paper under heavy-tailed and skewed data; and Section A.2.3 examines simulations
related to testing performance.
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A.2.1. Additional simulation of estimated mean, variance, bias, and root mean square error

For the simulations in this subsection, we similarly employ EM, EV, Bias, and RMSE. Data
generation follows two scenarios: 1) Heavy-tailed distribution: X ~ N(0,1),Y ~ #3), where #(3)
denotes a r-distribution with 3 degrees of freedom; and 2) skewed distribution: X ~ N(O,1),
Y ~ x*(3), where x*(3) represents a chi-square distribution with 3 degrees of freedom. All other
settings remain identical to Section 3.1. All quantitative results are presented in Table A1, with bias
and RMSE visualizations shown in Figures A1 and A2.

Bias Curves RMSE Curves

0.20
1

0.000 0.001 0.002
Il

0.15
Il

-0.002
0.10
Il

0.05
|

-0.004
|

0 200 400 600 800 1000 0 200 400 600 800 1000

Figure Al. The bias and root mean square error (RMSE) curves of ¢,, ¢, and ¢, under
heavy-tailed distribution.
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Figure A2. The bias and root mean square error (RMSE) curves of ¢,, ¢/, and ¢, under
skewed distribution.
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Table Al. The EM, EV, Bias, and RMSE of ¢,, ¢/, and ¢ under heavy-tailed and skewed
distribution.
n=10 n=20 n =30 n=40 n=>50 n=:60 n=170 n =280 n=90 n =100

Heavy-tailed distribution
EM 0.00028 -0.00134 -0.00317 -0.00147 0.00137 0.00177 0.00076  -0.00002 -0.00017 0.00139
EV 0.04646  0.02114 0.01407 0.01032 0.00836 0.00674 0.00572 0.00506 0.00442  0.00403
¥n Bias  0.00028 -0.00134 -0.00317 -0.00147 0.00137 0.00177 0.00076 —0.00002 —-0.00017 0.00139
RMSE 0.21554 0.14540 0.11865 0.10159 0.09143 0.08209 0.07562 0.07111 0.06646 0.06351
EM 0.00200 —0.00019 0.00063 0.00062 —0.00019 0.00080 0.00026 0.00058 —0.00009 0.00010
, EV 0.03628 0.01881 0.01329 0.00986 0.00781 0.00671 0.00567 0.00495 0.00442 0.00389
¥n Bias  0.00200 -0.00019 0.00063 0.00062 -0.00019 0.00080 0.00026 0.00058 -0.00009 0.00010
RMSE 0.19047 0.13716  0.11526  0.09929 0.08835 0.08193 0.07530 0.07035 0.06651 0.06235
EM 0.00103  0.00052 —-0.00046 -0.00076 0.00039 —0.00087 0.00035 0.00002 —0.00010 0.00021
EV 0.03340 0.01791 0.01250 0.00971 0.00767 0.00644 0.00558 0.00489 0.00445 0.00386
Bias  0.00103 0.00052 —0.00046 -0.00076 0.00039 —-0.00087 0.00035 0.00002 -0.00010 0.00021
RMSE 0.18274 0.13383 0.11181 0.09855 0.08756 0.08023 0.07473 0.06994 0.06672 0.06216
Skewed distribution
EM —0.00030 -0.00031 -0.00045 -0.00010 0.00115 -0.00072 0.00248 -0.00111 0.00014 —-0.00139
EV 0.04708 0.02099 0.01391 0.01027 0.00817 0.00675 0.00596 0.00512 0.00454 0.00401
#n Bias  -0.00030 -0.00031 -0.00045 —0.00010 0.00115 -0.00072 0.00248 —-0.00111 0.00014 —0.00139
RMSE 0.21698 0.14488 0.11794 0.10135 0.09037 0.08213 0.07721 0.07158 0.06739  0.06331
EM —-0.00131 0.00198 —0.00138 -0.00084 0.00313 0.00036 —0.00008 -0.00068 0.00120 0.00005
, EV 0.03660 0.01889 0.01295 0.00971 0.00786 0.00653 0.00576 0.00489 0.00445 0.00398
¥n Bias  -0.00131 0.00198 -0.00138 -0.00084 0.00313 0.00036 —0.00008 -0.00068 0.00120 0.00005
RMSE 0.19131 0.13746  0.11379  0.09854 0.08869 0.08083 0.07588 0.06990 0.06670 0.06312
EM —0.00007 0.00096 0.00115 0.00000 0.00133  0.00099 —0.00005 0.00036 —0.00012 0.00054
, EV 0.03331 0.01839 0.01249 0.00966 0.00777 0.00636  0.00550 0.00485 0.00439 0.00394
%n Bias  —0.00007 0.00096 0.00115 0.00000 0.00133 0.00099 -0.00005 0.00036 -0.00012 0.00054
RMSE 0.18250 0.13560 0.11176 0.09829 0.08817 0.07974 0.07417 0.06963 0.06628 0.06276

7"
‘pn

The data in the table demonstrate that, under both heavy-tailed and skewed data, the estimated
means and variances approach their true values significantly as sample size increases. Together, the
quantitative and visual results indicate that bias decreases with growing sample size, albeit in a
fluctuating manner, while all RMSEs gradually diminish. Notably, the RMSEs of our proposed
asymptotic representations are smaller than those of the original ¢,, eventually converging to similar
levels. These findings align with previous analyses and demonstrate the robustness of our method
across different data distributions.

A.2.2. Additional simulations of asymptotic behavior for the proposed methods

For this subsection, we adopt three methods to simulate the asymptotic behavior of ¢,, ¢;, and
¢,/. The first two approaches estimate their empirical density functions and cumulative distribution
functions (CDFs), utilizing the heavy-tailed and skewed data generation methods from Section A.2.1.
Simulation results under these two distributions are presented in Figures A3—A6. The third method
involves conducting 1000 repetitions of the two-sample Kolmogorov-Smirnov (KS) test, calculating
the proportion of rejecting the null hypothesis for six combinations under two significance levels (« =
0.01 and @ = 0.05). The simulation results are summarized in Table A2. All other settings remain
consistent with Section 3.2 of the main paper.
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Figure A3. Empirical density curves of +ng,, Vng,, and +/ng! under heavy-tailed

distribution.

01 02 03 04 05 06 07

0.0

01 02 03 04 05 06 07

0.0

Empirical Density Curves(n=10)

Empirical Density Curves(n=20)

Empirical Density Curves(n=10)

Empirical Density Curves(n=20)

01 02 03 04 05 06 07

0.0

- —N(0,0.4)
<o On)

- )

c=fn

Empirical Density Curves(n=30)

Empirical Density Curves(n=100)

—N(0,0.4)
s

A -
-

01 02 03 04 05 06 07

0.0

N —N(0,0.4)
- o
A

Figure A4. Empirical density curves of ne,,
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Figure A5. Empirical CDF curves of +ng,,

distribution.
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Figure A6. Empirical CDF curves of vng,, Vny!, and vng!’ under skewed distribution.
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The simulation figures demonstrate that results under heavy-tailed and skewed data distributions
largely align with those from standard distributions. Once the sample size exceeds n = 30, all
methods approach the normal distribution N(0, 0.4), though the proposed asymptotic representations
exhibit better approximation, with ¢/ performing optimally. For the KS test rejection rates in
Table A2, combinations involving ¢, show significant rejection at very small sample sizes (n = 10).
For our proposed methods, only the ¢, — N(0,0.4) combination exhibits slight rejection. This
phenomenon diminishes as sample sizes increase (n > 20). Combinations involving ¢, retain some
rejection capability at n = 20 and n = 30, but all combinations show no rejection once n exceeds 40.
This indicates that, with increasing sample size, the distributions of our proposed asymptotic
representations converge to the same normal distribution as the original Spearman’s footrule
correlation coefficient.

Table A2. Rejection rates of KS test at various significance levels for six combinations.

n=10 n=20 n=30 n=40 n=50 n=60 n=70 n=80 n=90 n=100
a =0.01
¢, —N(0,04) 0923 0.107 0.035 0.018 0.016 0.012 0.016 0.014 0.014 0.007
¢, —N(0,04) 0.024 0.018 0.012 0.006 0.010 0.012 0.012 0.005 0.012 0.010
¢’ —N(0,0.4) 0.038 0.014 0.017 0.016 0.005 0.010 0.011 0.009 0.013 0.005

A 0.981 0.133 0.042 0.021 0.023 0.020 0.010 0.009 0.009 0.008

On — @y 1.000 0.175 0.041 0.022 0.016 0.016 0.021 0.011 0.009 0.011

w,— ¢ 0.017 0.013 0.012 0.008 0.005 0.007 0.008 0.007 0.010 0.009
a =0.05

¢n —N(0,0.4)  1.000 0.308 0.132 0.092 0.076 0.059 0.063 0.058 0.054 0.048
¢, —N(,04) 0.078 0.070 0.070 0.051 0.051 0.053 0.061 0.054 0.055 0.052
¢, —N(0,04) 0.162 0.078 0.069 0.068 0.059 0.050 0.058 0.060 0.061 0.033

A 1.000 0.377 0.146 0.093 0.075 0.074 0.058 0.060 0.070 0.049
On — @y 1.000 0.489 0.162 0.127 0.098 0.064 0.065 0.063 0.065 0.053
w,— ¢ 0.075 0.061 0.057 0.063 0.058 0.043 0.049 0.054 0.050 0.057

A.2.3. Simulated test size and power

To evaluate the performance of the two proposed methods in terms of test power, this subsection
uses their determined critical values to simulate how closely they approximate the performance of
the original test statistic. The critical values are determined using the permutation method with 1000
permutations. Four distinct models are simulated: the first model generates independent X and Y data
to compute the empirical size under the null hypothesis, and the remaining three models generate data
under normal distribution, heavy-tailed distribution, and mixture distribution to compute the empirical
power. The sample size ranges from n = 10 to 100, with 1000 simulation replicates and a significance
level of @ = 0.05. The models are specified as follows:

(a) (Independent) X ~ N(0,1), Y ~ U(0, 1), and X is independent of Y.

(b) (Linear) X ~ N(0,1), Y = 0.5X + 0.9¢, € ~ N(0, 1), and € is independent of X.

(c) (Heavy-tailed) Z ~ N(0, 1), ¢, ~ Cauchy(0, 1), & ~ Cauchy(0,1), X = Z + 0.6, Y = Z + 0.66,
with €, &, and Z mutually independent.
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(d) (Mixture) X ~ N(0,2), E ~ Ber(0.25), Z ~ N(0,2), Y = (1-E)Z+EX, with X, E, and Z mutually
independent.

All simulation results are presented in Figure A7. As shown in Figure A7(a), the empirical size
of our two proposed asymptotic representations approaches the significance level of 0.05 for sample
sizes n > 30, and their performance converges to that of the original Spearman’s footrule correlation
coefficient. Similarly, Figure A7(b)—(d) demonstrate that regardless of whether X and Y exhibit a
linear relationship or follow a heavy-tailed distribution or a mixture distribution, their empirical power
increasingly aligns with that of the footrule ¢, as n increases.

(a) Independent (b) Linear
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Figure A7. The empirical size and power of tests for ¢,, ¢,, and ¢, under various
distributions.
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