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Abstract: By employing trigonometric sums and solving congruence equations, this paper explores
the power mean of a specific class of high—order three—term exponential sums, and derives intriguing
identities in the process. The findings presented in this paper offer insights into establishing the lower
bound for these sums.
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1. Introduction

Let p be an odd prime. Then rational exponential sum modulo p is defined by

p-1
S(f(x);p) = e(%), (1.1)

x=0

where f(x) = ajx" + a,x*? + - - + a,x*, where the a; are integers satisfy (a;, p) = 1, k; # k; mod p — 1,
i, j € 1,2,...,r and e(x) = e***. This type of sum plays a crucial role in the Waring type problem
[1-3]. Obviously, due to |e(x)| = 1 for every real number x. Thus, the trivial bound of S (f(x); p) is
IS (f(x); p)l < p. Over time, many outstanding mathematicians such as Weyl [4], Hua [5], and Weil [6]
strove to obtain a stronger upper bound estimate with order less than p for this sum. Perhaps the most
beautiful result about (1.1) is Weil’s [6] result, i.e.,

S(f(x);p) < (t—1)-p?,

where p is a prime, deg f(x) = ¢ and f(x) is not a constant polynomial.
The exponential sum S (f(x); p) is classified as a k—term exponential sum when the polynomial
f(x) contains exactly £k monomial terms. Furthermore, when the exponential function in Eq (1.1) is
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weighted by a Dirichlet character, the resulting sum is referred to as a mixed rational exponential sum,
which is

f(X))’ (1.2)

p—1
S (f(x),x:p) = ZX(X)e(T
x=1

where y is a Dirichlet character modulo p. Weil [6] demonstrated that

IS (). x: )l < d(f) - p2,
where p is a prime and (assuming that k; <k, < --- < k)

k, if all k; are positive;
d(f) =3 |kil if all k; are negative;
k. —k;  otherwise.

The above is nontrivial only if d(f) < +/p. In addition, some insights into Eq (1.2) are provided
in [7-9].
In this paper, we focus on two types of three—term exponential sums which are E(m, n, r, u, v, w; p) =

-1 -1
£ mx* + nx' + rx" £ mx* + nx' + rx" .
Z e and E(m,n,r,u,v,w, x; p) = Z x(x)e . Moreover, we will
x=0 p x=1 p

study the bound of E(m, n,r,u,v,w; p) and E(m,n,r,u,v,w, x; p) from the perspective of power mean.
Let p > 3 be an odd prime with primitive root g. For arbitrary integers a,my € Z , the Dirichlet
character y modulo p is defined as:

@ 0 if (a, p) > 1;
a) = moind,(a .
VT () if@p =1,

where ind,(a) is the index satisfying g"%“ = a mod p. When w = 1, Liu and Li [10] obtained that for
any integers m, n with (mn, p) = 1,
p—1
> 1EGmn, v, 1,y pl* = 2p* = Tp* + 8p® = 3p.

r=0 y mod p

Besides, if r is an integer with (r, p) = 1. They [10] got

p—1 p-1 2p* = 11p3 + 16p*  if ¥ = xo;
D IEOmn 14,2, Ly p)lt =4 2p* =Tp* + 12> if x # xo and 2 | m;
m=0 n=0 2p* - 3p? if y # yo and 2 1 my,
and
p—1 p-1

\E(m,n,1,6,2,1,x; p)I*
0

3
I
S
I
(=]
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2p* —15p° +36p* if y = ypand p = 1 mod 4;

2p* —11p3 + 16p*  if y = yp and p = 3 mod 4;

2p* —Tp* +28p*  if y # xo,p =1 mod 4, and 4 | my;

2p* =T1p* +12p*  if x # xo, p = 1 mod 4, 2 | mg, and 4 £ my;
2p* —Tp* + 12p*  if xy # xo, p = 3 mod 4 and 2 | my;
2p*-3p° if y # xo and 2 1 my.

When w = 2, the power mean of this type of sum becomes very complex, and it’s difficult to obtain
some identities about it. Zhang [11] primary considered the case of w = 2. Let p be an odd prime.
Then he got

p-1 p-1

D IEGm,n,1,6,3,2; p)l*

m=0 n=

2p* = 5p* +34p> + p* - (8p—36-2(2)) ifp=1modI12and3+ e

2p* - 5p* +34p> - p? - (8p—28-2(2)) ifp=1mod12and3|e;
=3 2pt-p? if p=5mod 12;

2p* —13p° + 34p? if p =7 mod 12;

2p* - p? if p=11 mod 12,

p-1

5 -
where a = Z (x i x) and (i) denotes the Legendre’s symbol modulo p.
x=1 p !

In addition, relevant articles on rational exponential sum can be found in [12-17]. In fact, when
the degree of f(x) increases and w = 2, these problems become more complicated. Can we still ob-
tain some identities about it? Thus, we consider three—term exponential sums E(m,n,r, 8,4,2; p) and
E(m,n,r,8,4,2, y; p) in what follows. The principal challenge in analyzing mean value problems fun-
damentally resides in solving systems of congruence equations. Our investigation focuses on exponents
of specific orders (particularly 8—th, 4-th, and 2-nd) because lower—order congruence equations (4—th
and 2-nd) provide a systematic mechanism for resolving higher—order (8—th) congruence equations
through reduction techniques.

Theorem 1.1. Let p be an odd prime. Then

p—1 p-1

<

|E(m,n,1,8,4,2; p)|*

1l
(=]

m=0 n
8p* + 16p? — 40p® — 64p3 + 81p* if p =1 mod 8;
=1 8p* — 16p7 —40p® +48p3 +81p* if p=5mod 8;
8p* — 16p° + 9p? if p =3 mod 4.

Theorem 1.2. Let p be an odd prime and m, n be arbitrary integers. Then
p—1
D Em,n,1,8,4,2,x: p)I* = 4p(p - D*(p - 2).

r=0 y mod p
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Theorem 1.3. Let p be an odd prime and m, r be arbitrary integers with (r, p) = 1. Then

p-1

>0 > IE(mn,18,4,2,x: p)t

n=0 y mod p
p(p = D(@p* = 16p = 12(£)- pt +24)  if p= 1 mod 8;
=1 pp— D@p* = 16p +4(%)-p? +24)  if p=5mod8;
4p(p - 1)*(p-2) if p =3 mod 4.

Corollary 1.1. From our theorems, we can obtain that if p is an odd prime, then there exist Dirichlet
characters y modulo p and mg, ny, m;,ny,r; € 0,1,..., p — 1 satisfying

E(mo,no, 1,8,4,2; p) > p?,
E(my,ny,r,8,4,2,x;p) > p%,

where f(x) > g(x) denotes that there exists constant c satisfies | f(x)| > ¢ - g(x).
2. Formulas that satisfy the congruence equation

In this section, we will use some concepts from elementary number theory and analytic number
theory, specifically focusing on the properties of trigonometric sums and residue systems modulo p.
For a more comprehensive understanding, please refer to the books [18-20].

Lemma 2.1. Let p be an odd prime. Then

pz—ip—l p-1 . { 84p—-11) if p=1mod4;

a=0 b=0 c¢=0 8p—12 if p =3 mod 4,
a*+b4=c*+1 mod p

a*-b*=c* mod p

and

p—-1 p—-1 p-1
1 =8p—12.
a=0 b=0 ¢=0
a*+b*=c*+1 mod p
a*-b*=c* mod p
a?+b*=c?+1 mod p

Proof. Firstly, let’s prove the first identities.

p=l p=1 p-1 p=l p-1 p-1 p=l p-1 p-1
L= 202, 1= 200, !
a=0 b=0 =0 a=0 b=0 =0 a=0 b=0 c¢=0
a*+b*=c*+1 mod p a*+b*=a*-b*+1 mod p (@*~1)(»*-1)=0 mod p
a*-b*=c* mod p a*-b*=c* mod p a*-b*=c* mod p
p-1 p—1 p-1 p—1 p—1 p-1
D IPIDINEIDIDIP IS
a=0 b=0 =0 a=0 b=0 c=0
a*=b*=c*=1 mod p a*=1 mod p,b*#1 mod p
b*=c* mod p
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If p = 1 mod 4, we know that if a runs through a complete residue system of modulo p, then the
congruence equation a* = 1 mod p has four solutions, which are +1 and +w satisfy (+1)> = 1 mod p
and (#w)> = —1 mod p. And if p = 3 mod 4, then congruence equation a* = 1 mod p has two
solutions, which are +1. Thus, if p = 1 mod 4, then

p—1 p-1 p-1 p-1 p-1
Z 1:444+2-4-221
a=0 b=0 c=0 b=0 c=0
a*+b*=c*+1 mod p b*#1 mod p
a*-b*=c* mod p b*=c* mod p
p-1 p-1 -1 -1
=64 +8 Z 1+1{=64+8 Z 1- Z 1+1
b=1 ¢=0 b=1 =0
b*#1 mod p b*#1 mod p c¢*=1 mod p
b*=c* mod p
=8@p—11).

If p = 3 mod 4, then

p—1 p-1 p-1 p-1 p-1
1=2-2:.242:2- 3 > 1
a=0 b=0 c¢=0 b=0 c=0
a*+b*=c*+1 mod p b*#1 mod p
a*-b*=c* mod p b*=c* mod p
p-l p-1 p-l p-l
= DY 1+1]=8+4 YRS
b=1 c=0 b=1 c=0
b*#1 mod p b*#1 mod p c*=1 mod p
b*=c* mod p
=8p—12.

Having proved the first identity, we now prove the second.

p=l p=1 p-1 p=l p-1 p-1 p=l p=1 p-1
1= 1= Y>> 1
a=0 b=0 ¢=0 a=0 b=0 =0 a=0 b=0 =0
a*+b*=c*+1 mod p a?-b?=c? mod p a%-b*=c? mod p
a*-b*=c* mod p a*-b*=c* mod p a?+b%=c2+1 mod p
a?+b*=c2+1 mod p a?+b*=c2+1 mod p
p-1 p—-1 p-1 p-1 p—-1 p-1 p-1 p-1
DM MEED I WL !
a=0 b=0 c=0 a=0 b=0 =0 b=0 c¢=0
(@®=1)-(b*~1)=0 mod p a’=b?=c?=1 mod p b2%1 mod p
a?+b?=c?+1 mod p b?=c? mod p

=8+4-2p-5)=8p-12.
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The proof of lemma 2.1 is completed.
Lemma 2.2. Let p be an odd prime. Then

”Z‘i’””‘e(a +b2—c) {4p+4()\/]_)—7 if p = 1 mod 4;
~0 50 =0 4p -3 if p = 3 mod 4.
a*+b*=c* mod p
ab=0 mod p

Proof. By utilizing the properties of the reduced residue system of modulo p, we can obtain

-1 p-1 p-1 2 p—-1 p-1 2
e(a+b c) 1+2zze(b c)

B

a=0 b=0 b=1 c=0
a*+b*=ct Inodp b*=c* mod p
ab=0 mod p
55 (Pa-A)
eSS
b=1 c=0 p
c¢*=1 mod p

a=0 b=0 c=0 b=0 c=0 c=0
a*+b*=c* mod p c¢*=1 mod p c*=1 mod p
ab=0 mod p
p-l 2 2
0-b 2
:1+2Z(26( )+2€( ))—8:4p+4(—)T(X2)—7,
b=0 p p
p-1 a
where y2(a) = (%) and 7(y2) = Z Ya(ae (—) We know that if p = 1 mod 4, then 7(x) = /p. Thus,
p
a=1

a*+b*=c* mod p
ab=0 mod p

If p = 3 mod 4, then

a=0 b=0 ¢=0 b=0 ¢=0 c=0
a*+b*=c* mod p c¢*=1 mod p c*=1 mod p
ab=0 mod p
[)—1 b2
:1+222e( )—4=4p—3
b=0
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The proof of lemma 2.2 is completed.
Lemma 2.3. Let p be an odd prime. Then

pileZ (a + 1 -c—1)_{(16p—60)-(§)—8 if p = 1 mod 4;
L L L 0 if p =3 mod 4.
a*+b*=c*+1 mod p

a*-b*=c* mod p

Proof.

pziplpzi (a +b2—c—1) pziplpzi (a +b2—c—1)

a=0 b=0 c=0 a=0 b=0 c
a*+b*=c*+1 mod p (@*-1)(b*-1)= modp
a*-b*=c* mod p a*-b*=c* mod p
p—1 p-1 p-1 p=1 p-1 p-1 2 2 2
a*+b*-c* -1 a+b"—c" -1
- > | Jr2 X33 (),
a=0 b=0 c=0 a=0 b=0 c=0
a*=b*=c*=1 mod p a*=1 mod p,b*#1 mod p
b*=c* mod p
@.1)
If p = 1 mod 4, then
pZipZipl (a +b2—c—1)
a=0 b=0 ¢=0
a*=b*=c*=1 mod p
p=1 p-1 p-1 p-1 2
a+b-1-1 a+b*+1-1
=2 30 | Jo2 25 ()
a=0 b=0 a=0 b=0
a*=b*=1 mod p a*=b*=1 mod p
1+1-1-1 1-1-1-1 -1+1-1-1
SR
p p p
-1-1-1-1 1+1+1-1 1-1+1-1
-8 —)+s(—)+s(—)
p p p
-1+1+1-1 -1-1+1-1
.8 —)+s(—)
p p
2
- 32(—) + 8. 2.2)
p

a=0 b=0 ¢=0 p
a*=1 mod p,b*#1 mod p
b*=c* mod p
p—-1 p-1 p—1 p-1
b? — c? b*—c*-2
=2 .2, +2
b=0 c=0 p b=0 =0 p
b*#1 mod p b*#1 mod p
b*=c* mod p b*=c* mod p
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p—1 p—1 2 p—1 p-1 2 2
- -2
22 (b c)+2 (b c )

b=1 c=0 b=0 c=0 p
b*#1 mod p b*#1 mod p
b*=c* mod p (b2+c2)(b%—-c?)=0 mod p
p-l p-l p-l p-1
1-¢2 0-2
=2 ), 2 2 ) |5
b=1 b=0 c=0 p
b*#1 mod p ct= 1 mod p b*#1 mod p

b2+c?=b?~c?=0 mod p

p—1 p-1 p—-1 p-1 2 2
0-2 b*—c -2
+2 ——“l+2 > - -
( p ) ( )

b=0 c=0 b=0 c¢=0 p
b*#1 mod p b*#1 mod p
b2—c2=0 mod p, b2+c2£0 mod p b2—c2#£0 mod p, b2+c2=0 mod p

_ _ p-l 2 _
=2(p—5)-2(2)+2(—2)+2-2(p—5)(—2)+2-2 > (Zb 2)
p p p

b=0 p
:(gp_gg)(z)+4(z)(
P P)\%

b#0,+1,+w
-1
b -1 -1 -2
[5G0
p p p
2
= (8p —46) - (—) -8, (2.3)
p
where we use the identity

"d

Il
[«

E(a® +n p—1 if(p,n)=p;
-1 if (p,n) = 1.

a=0

So, if p = 1 mod 4, combining (2.1)-(2.3) we get

p-1 p-1 p-1

Z (a +b* - ¢? —1)

a=0 b=0 =0
a*+b*=c*+1 mod p
a*-b*=c* mod p

= 32(%)+8+2((8p—46)-(2)—8) = (16p—60)(%)—
P p P

If p = 3 mod 4, then congruence equation a* = 1 mod p has two solutions, which are +1. Besides,
we have (+1)? = 1 mod p. Thus,

P o1
Z (“+ ¢ ) 0. 2.4)
a=0 b=0 c=0
a*=b*=c*=1 mod p
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p=1 p-1 p-1
Z a” + b2 —-Cc” - 1)
a=0 b=0 c=0 p
a*=1 mod p, b*#1 mod p
b*=c* mod p
p—1 p—1 p—1 p-1
b - ¢? b* - c?
=222, =2 ),
b=0 c=0 b=1 c=0 p
b*#1 mod p b*#1 mod p
b*=c* mod p b*=c* mod p
p-1 2 p-1 2
b 1-c¢
=2 > (— > = 0. (2.5)
= VPSS p
b*#1 mod p c¢*=1 mod p

So, if p = 3 mod 4, combining (2.1), (2.4) and (2.5) we get

p-1 p-1 p-1

2.2,

a=0 b=0 c¢=0
a*+b*=c*+1 mod p
a*-b*=c* mod p

r-c2-1
(a+ c ) 0.

The proof of lemma 2.3 is completed.
3. Proofs of the Theorems
In this section, we will complete the proof of our theorems. Firstly, we will prove theorem 1.1.

Combining lemma 2.1-2.3, the properties of residue systems modulo p and |z]> = z - Z, where z is a
complex number, we can get

=
|
3

|E(m,n, 1,8,4,2; p)I*

”BN| —
3
1
(=)
3
11

ki
L
~ @
L

I
"BN| —_
[

= =
Il |
=] —_
—_— —

3

=

)

+

S

R#

+

)
)
~——

I
'.BN| (S
Q
—_—

3
~
)
<]
+
Sy
oo

Il
- o
I
- o

< 3
I
.‘T S

S —d®) + n(a* + b* - ¢*

4

—_ d4))

[\
3
I
[«
S
I
(=]
IS}
I
(=)
S
I
(=)
S
Ii
(=]
N
I
(=)

Q
—_
Q
+
[\S]
|
a
S}
I
U
[\>)

p
p-1 p—1 p-1

a+b* - -d?
2,2,¢
a=0 b=0 c=0 d=0
ab+b8=c8+d8 mod p

a*+b*=c*+d* mod p

<
|
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p—1 p—1 p-1 p-1

Ze(a +b* = ¢? —d2)

a=0 b=0 ¢=0 d=0
a*+bi=ct+adt mod
a*-b*=c*-d* mod p

p-1 p-1 p-1 p-1 p-1 p-1 p-1
a+b*-ct-d a+b2—c
DIIPIPN: PN
a=0 b=0 c¢=0 d=1 a=0 b=0 c=
a*+b*=c*+d* mod p a*+b*=c* mod

a*-b*=c*-d* mod p a*b*=0 mod p
-1 p—-1 p-1 p-1

D393 W CAGELATEII I 3 ) o

a=0 b=0 c=0 d=0 a=0 b=0 ¢=0
a*+b*=c*+1 mod p a*+b*=c*+1 mod p
a*-b*=c* mod p a*-b*=c* mod p

a=0 b c=0 p
a*+b*=c* mod p
ab=0 mod p
p=1 p-1 p-1 p=1 p-1 p-1
a?+b>-c*-1
AP IINELOEDIDIPY
a=0 b=0 c¢=0 a=0 b=0 c=0 p
a*+b*=c*+1 mod p a*+b*=c*+1 mod p
a*-b*=c* mod p a*-b*=c* mod p

a?+b?=c2+1 mod p

p—lpz—ipz—il p—lpz—iﬁz—i (a2+b2—c2)
— + e .

p

a=0 b=0 c=0 a=0 b=0 c=
a*+b*=c*+1 mod p a*+b*=c* mod p
a*-b*=c* mod p ab=0 mod p

Combining lemma 2.1-2.3, we can obtain that if p = 3 mod 4,

p—1 p—1

iz Z D IE(m,n,1,8,4,2; p)I*
n=0

= (8p—12)+T(X2)'0—(8p—12)+(4p—3)

S

= 8p2 —16p +9.
Similarly, if p = 1 mod 4,
1 p-1 p-1
— |E(m,n,1,8,4,2; p)[*
p m=0 n=0

=p@Bp—12)+ \p- ((1@—60)(%)— 8)— 8(4p — 11)
+4p+4( )\/_ 7

» 2\ 2
=8p” + 16(;)1)2 —40p—(56(;)+8) \p +81.
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p2—
Combining (%) = (—1)%, we can derive theorem 1.1.
Secondly, we will prove theorem 1.2. Using the same methods, we can obtain

1 p-1
p(p - 1) Z Z |E(m,n, r, 8’4’2’X’p)|4

r=0 y mod p

4
1 mx® + nx* + rx?
‘p<p_1>Z 2 X(x)e( P )

_ Z )((a)e(mbg(ag — 1) +nb*a* - 1)+ rb*(a® - 1))
p

2

_ 1 p2 Z pZ—l p—-1 p-1 pZ—IX(aE)e(m(bg(ag —1)- d8(68 _ 1)))
p(p-1)

r=0 y mod p a=1 b=1 c=1 d=1 p

, (n(b4(a4 — 1) = dh(c* = 1)) + r(BA(a® — 1) — d(c? — 1)))
p
1 p-1 p—1 p—1 p=1 p-1 mdg(bs(as —1)- (c8 - 1)
= X(aE)e( )
plp—1) ;X%p a=1 b=1 c=1 d=1 p
. (nd4(b4(a4 — 1) = (¢ = D) + rd® (B2 — 1) - (¢ - 1)))
p
BS ”Z‘l‘ SRS e(mdg(bg(ag — 1) = (B = 1) + nd*B*(a* - 1) - (¢* - 1)))
a=1 b=1 c=1 d=1 p

a=c mod p

RIS I’ZI e(mdS(bS_1>(a8-1>+nd4(b4_1>(a4_1))

a=1 b=1 d=1 p
(b2-1)(a*~1)=0 mod p
p-1 p-1 p-1 p-1 p-1
=2-2- 1- 1
b=1 d=1 a=1 b=1 d=1
a?=b*=1 mod p
=4(p-D(p-2).

Finally, using similar arguments as in proving theorem 1.2, we will now complete the proof of
theorem 1.3.

! I’Z‘i Z \E(m,n,1,8,4,2, x: p)I*

P(p— 1) n=0 y mod p
4
1 2! s mx® + nx* + rx?
= X(X)e( )
pip—1) ;szw Z::‘ P
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S5S (md8(b8 — (@ = 1) + rd®(0? - 1)(d® — 1))

a=1 b=1 d=1 p
(b*~1)(a*-1)=0 mod p
p—-1 p—-1 p-1 2,12 p=l p-1 p-1 2072 2
3 rd-(b” — 1)(a -1 rd (b= — 1)(a~-1)
-2 224 Yy S _ |
a=1 b=1 d=1 a=1 b=1 d=1
a*=1 mod p a*=b*=1 mod p
(3.1
If p = 3 mod 4, then
1 &
|[E(m, n,r,8,4,2, x; p)l
pp—1) n_OXmZW
p-l p-1 p-l
=2.2. Z 1-4)'1
b=1 d=1 d=1
=4(p-D(p-2). (3.2)
If p = 1 mod 4, combining 7(y>) = +/p and ( ) = 1. When (r, p) = 1, we can get
”Z‘i f’i & e(rdz(bz ~ 1)@ - 1))
a=1 b=1 d=1 p
a*=1 mod
p-1 p-1 p-1 p-1 )
=2rd*(b- -1
=2 1+2- e(L)
b=1 d=1 b=1 d=1 p
p-1 p-1 2 p-1 p-1 2
=2rd(b” -1 2rd(b” — 1
:2(p—1)2+2 e(¥)+2 ( ) (M)
b=1 d=1 p b=1 d=1 p
p-1 p-l 2 p-1 2
=2rd(b- -1 =2r(b- -1
=2p- 1Y +4(p-D+2 Y Ze(L)'FZT(X) ( ( ))
b=1  d=1 p b=1
b?#1 mod p
Sp2-1) (-1
=2(p-1’+4(p-D-2p- 3)+2rcm( ) ( )—(—)
b=0 p
) 2r
=2p*=p+2)=4vp| ). (3.3)
-1 p=1 p-1
”Z ”Z S e(rdz(az - )(b* - 1))
a=1 b=1 d=1 p
a*=b*=1 mod p
p=1 p=1 p-1 ) 2 p=l p=l p-l 2( 2 2
d - D -1 d - (-1
-5 Ze(r (@ = 1)( ))+2 5 e(’ (@ = 1)( ))
a=1 b=1 d=1 p —1 b=l d=1 p
a’=b*=1 mod p a’= lmod ,b?=—1 mod p
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p=1 p-1 p-1 e(rd2(a2 - D(* - 1))

d=1

p-1 p-
:12(p—1)+4[ e(4rd)+ (
1
4]’ r
—12(p-1) + 4(—1 + (?)rm)) —12(p 1)+ 4(—1 + (1—?) \/ﬁ)
SERNER

Combining (3.1), (3.3) and (3.4) we can get if p = 1 mod 4,

1 p-1
p(p—1) Z Z |E(m,n,1,8,4,2, x; p)|4

n=0 y mod p
2
= 4p* — 16p—4 \/79((5) 2 (l)) +24. (3.5)
p p
2_
The proof of theorem 1.3 can be completed by combining (3.2), (3.5), and (1%) = (—1)%.
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