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Abstract: This article discusses the issue of delay-dependent stability in generalized neural networks
(GNNs). First, a suitable Lyapunov-Krasovskii functional (LKF), including more state information on
time delays, was constructed, effectively reducing the system’s conservatism. Second, a novel stability
condition was established by utilizing the suitable LKF and the matrix-valued cubic polynomials to
determine the negative definite conditions. Finally, the experimental simulation results were validated
using three typical numerical examples. The experimental results demonstrated the efficiency and
merits of our proposed approach compared with the existing methods.
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1. Introduction

In recent years, with the development of artificial intelligence technology and the continuous
update of neural network algorithms, the application of neural networks in signal processing, speech
recognition, image decryption, and other natural sciences fields has gradually emerged [1,2]. As a
computational model simulating the human brain, neural networks can process a large amount of data
quickly by simulating the signal transmission and learning mode between neurons. Recently, data
show that it has surpassed human performance in various fields and will become the focus of scientific
research in the future. Neural networks can be broadly classified into local field networks and static
neural networks. Initially, researchers conducted separate studies on the two types of neural networks.
To analyze the two types of neural networks simultaneously, the generalized neural networks (GNNs)
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model was proposed in [3] by combining the above two types of neural networks. Reference [4]
points out that in the practical application of GNNs, a time-delay phenomenon occurs, primarily
caused by the inherent communication delay of neurons and the limited switching speed of amplifiers.
From this perspective, the time delay phenomenon is inevitable and will affect the stability of the
GNNs. Therefore, analyzing the stability of GNNs with a time delay is of great practical significance.

Recently, there has been significant interest in developing less conservative stability conditions for
GNNs with time-varying delays, which has emerged as a prominent research area [5—11]. In general,
the system has two kinds of delay stability conditions: delay-dependent and delay-independent. The
delay-dependent stability condition is less conservative compared with the delay-independent stability
condition. Up to now, much research has been devoted and some results have been achieved in deriving
less conservative delay-dependent stability conditions for GNNs with a time-varying delay.

Based on the Lyapunov-Krasovskii functional (LKF) analysis method, there are two main ways to
reduce the conservatism of the time-delay system: one is to construct an appropriate LKF [12-16],
and the other is to estimate the integral term in the time derivative of the constructed LKF via efficient
techniques [17-21]. In [22], a stability criterion of GNNs with less conservatism was derived by
constructing an LKF that considers more augmented information. In [23], the authors partitioned
the delay interval into N equal subintervals, resulting in a stability condition for GNNs. In [24], the
LKF with triple integral terms was constructed. Novel LKFs incorporating cross-terms of state and
activation function were developed in [25]. The stability problem of GNNs in [26,27] was discussed
via constructing LKFs with more delay state information. The approaches mentioned above are mainly
meant to make the LKFs include more delay state information to reduce the GNNs’ conservatism.

Estimating the upper bound value of the LKF’s derivative is another essential way to reduce the
conservatism of GNNs. The integral inequality approach, since the proposal of the Wirtinger-based
integral inequality [28], has played a predominant role in estimating integral terms. Inspired by the
Wirtinger-based integral inequality, researchers have done a lot of research work and proposed many
integral inequalities, such as the Bessel-Legendre integral inequality [29, 30], auxiliary
functions-based integral inequality [31], and free-matrix-based integral inequality [32-35]. The extra
reciprocally convex matrix inequalities are less conservative in bounding quadratic integral terms,
except for free-matrix-based integral inequalities. Still, when dealing with time-varying delays,
reciprocally convex problems need to be transformed into linear matrix inequality (LMI)
conditions [36,37]. Considering the superiority of the free-matrix-based integral inequality method,
this paper applies the technique to bound the integral term in the LKF’s derivative.

Due to the appearance of higher-order polynomials with time-varying delay functions, it is
essential to establish the negative definite conditions for derivatives in the last step of deriving the
stability criterion. References [31,32] point out that convex analysis is the most effective method to
deal with linear polynomials. However, the perfect solution to form negative definite conditions has
yet to be found for processing higher-order polynomials with time-varying delays. In [38], although
the negative definite condition contains only one LMI, it requires the introduction of an additional
high-dimensional matrix, significantly increasing computational complexity. Reference [39] presents
negative definite conditions composed of several LMIs with appropriate parameters; however, the
resulting stability criterion exhibits some degree of conservatism. In [40], the negative definite
conditions of quadratic polynomials were extended to infinite series and included the advantages
mentioned in [38, 39, 41]. Although the negative definite conditions with infinite series do not
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introduce additional matrices, the increased number of LMIs leads to computational complexity.
Recently, a class of negative definite conditions involving higher-order polynomials was proposed
in [42], which can establish LMI conditions. However, the negative definite conditions still require
the introduction of additional matrices. From the above discussion, there is still room for
improvement in reducing the computational complexity.

For GNNs with time-varying delay, many stability criteria have been derived. In [43,44], a less
conservative stability condition was obtained by introducing slack variables and constructing an
augmented LKF with triple integral terms. In [9], an LKF with double integral terms was constructed,
and a greatly improved stability condition for GNNs was presented. Many additional state variables
were introduced into the Lyapunov functional to form quadratic polynomials and linear conditions
concerning time-varying delays. However, our research finds that if no additional state variables were
introduced, a cubic polynomial with a time-varying delay will appear in the derivative of the LKF. At
the same time, we use the free-matrix-based integral inequality to accurately bound the integral term
in the derivative of the LKF and transform the nonlinear term into a polynomial. Thus, to obtain the
negative definite condition of the stability criterion, we apply cubic polynomial inequalities to deal
with the nonlinear problem.

Based on the above discussion, this paper mainly studies the delay-dependent stability of GNNs
with time-varying delay. The main contributions are summarized as follows:

1) An augmented LKF considering more delay state information is constructed, which improves
the direct relationship between each delay state variable and effectively reduces the conservatism of
the system.

2) In deriving the stability criterion of GNNs with time-varying delay, the integral term in the
derivative of the augmented LKF is bounded precisely by the method of the free-matrix-based integral
inequality without introducing additional state variables.

3) The positive definite constraint of the LKF is relaxed appropriately, which reduces the
conservativeness of the system from another aspect.

4) A new negative definite condition is derived using cubic polynomials. This innovative approach
decreases the matrix’s dimension and significantly reduces the computational complexity when
deriving LMIs. This reduction in complexity provides a sense of relief and reassurance about the
practicality of our research.

Through the rigorous examination of three typical numerical examples, we verify the new criterion’s
effectiveness and demonstrate its clear superiority over the existing results. This robust validation
instills confidence and trust in the reliability of our findings.

Notation: Throughout the paper, Z" stands for the n-dimensional Euclidean space, and Z™"" is the
n X m real matrix; P > 0 means P is positive definite and symmetric; the superscripts —1 and T
represent the inverse and transpose of a matrix, respectively; 0 and I are the zero matrix and identity
matrix of appropriate dimensions, respectively; col{- - - } and diag{- - - } stand for a block-column vector
and a block diagonal matrix, respectively; * is the symmetric term in a symmetric matrix, and
Sym{H}=H + H".
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2. Preliminaries

Consider the following GNNs.
x(@) = =Ax() + Wod(Wox (1)) + Wi A(Wox (1 — k(1))), (2.1)

where y(¢) € Z" is the neuron state variable; n is the number of neurons; A = diag{a;,a,, - - ,a,}is a
positive diagonal matrix; and W; € Z™",i = 0, 1, 2, are the real matrices. For the time-delay signal,
k() 1s a continuous function satisfying

0 < k(t) < k, k(t) < , (2.2)

where k and u are constants, k > 0 and u > 0, A(-) = col{A,(-), A2(-), - -+ , A,(-)} € Z" is the activation
function of neurons, and the functions A,(-) are continuous, bounded, and satisfy

@) - 4b) .,
j;sLb()sﬁ,zzl,z,---mVaib’ 2.3)
.

where j7 and I are constant scalars, and we denote J, = diag{j],;,---j,} and
Jo = diag{jy, j3,- - jp )

The focus of this article is to derive delay-dependent stability conditions with less conservatism for
GNNSs (2.1). In order to obtain the main result, Lemmas 1-5 are crucial.

Lemma 1. [32] For a differentiable and integrable function y : [d e] — Z", matrix H > 0, and

M;, j=1,2,3, the inequality (2.4) holds:
3
e o —d 1 _
- [ V@ <Y =6 I Wil + SymisTH G, 4
d i=1 -

where .
61 = —x(d) + x(e). 6, = x(d) + x(e) — 2 [, x(0)db,
&3 = x(e) = x(d) + ;% [, x(0)d0 — 15 [ [ x(wdud.

Lemma 2. [28] We are given a symmetric and positive definite matrix H. Then, for all integrable
functions y : [d e] — Z", inequality (2.5) holds:

4 _ 1 4 _ 4 3 o
f Y (O)Hy(0)do > —— f ¥ (0)doH f x(0)do + ——6"Ho, (2.5)
d e — d d d e — d

where ,
5= [ x®do— = [ [ x(wduds.

Lemma 3. [45] For any given matrix M > 0, a scalar € in the interval (0, 1), two matrices N, and N,
in Z™™", we define, for all vectors ¢ in Z", the function 9(£, M) given by:

o | R 1 oo
9, M) = EgTNlTMng + mgTNzT MN?Z.
> 0, then the following inequality holds:

_ T _ _ _
. Frp Ni¢ M X Ny ¢
fréééf?)ﬂ(f’M)?[Nzg] l " H y ]

Then, if there exists a matrix X in Z™" such that [
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To obtain a negative definite condition for the stability criterion, the following inequalities
are necessary.

Lemma 4. For the polynomial function g(h) = ah® + bh*> +ch + d with h € [0 k), and @, b,¢,d € 7",
g(h) < 0 if there exists matrix N € Z*™>", such that inequalities (2.6) hold:

o(h) + Sym{NB(h)} = [ @li(h) SZEZ; ] <0; h=0,k, (2.6)
where
.
ot =| 131 20 | g =, -1,

Proof: Given y'(h) = [I, hl,], we can get B(h)y(h) = 0 and g(h) = y*(h)(h)y(h). Then, for any
matrix N € Z>>", define

g(h) =y (W@(h) + Sym(NB()} Ty (h).

Performing the calculation for (k) yields g(h) = g(h) +y (R)NB(h)y(h) + [B(h)y(h)]  NTy(h), while
B(h)y(h) = 0. Thus, for h € [0 k], g(h) <0 can be guaranteed by y(h) < 0 (h = 0,k), This ends
the proof.

Remark 1. Since a cubic polynomial with a time-varying delay appears in the LKF’s derivative, it is
necessary to form the negative definite condition of the cubic polynomial when establishing the stability
criterion. The cubic polynomials in Lemma 4 can not only deal with the nonlinear term in the integral
quadratic term effectively, but also reduce the dimension of LMIs.

Lemma 5. [31] For an integrable function y : |d e] — Z", given a symmetric and positive definite
matrix H, inequalities (2.7) hold:

Sy J X" @Axdudd > 201 Hp, + 4p; Hp, 07
g .

I X @A Gdude > e (7 [ T (odud6 [} [ x(u)dude,

where

p1=x(e) = 25 [ xwdu, pr=x(e)+ 25 [ xwdu— 25 [7 [T x(dude.
3. Main results

In this part, some new stability conditions with less conservatism are provided for GNNs (2.1) based
on a suitable augmented LKF, an integral inequality proposed in Lemmas 1 and 2, and negative definite
conditions obtained in Lemma 4. To simplify the description, the mathematical notations we need are
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introduced as follows:

m =[O [ wde [ wdn [ [ wdude [ [y Godude |
10 =[ X0 'O [x@da [ wde [, x"0)d0 ]
0 = x"0 'O [ ¥ @de [ x"(@da ]T, na() = | X" AW ") |
10 = [ 70 O | no =] [, mwde [ wdu |

2 ! ! !
w(t) = —f f ns(u)dud — f ns(u)du,
? k(®) Ji—kry Jo : 1—k(t) ’

2 t—k(t) 1—k(t) 1—k(t)
(1) = f f (u)dudf — f (w)du,
O To e S " -“
1—k(?)

LO = X0 XTe-k0) Xk &5 [ " @de = [ X (@da I

T
’

T
- —k(1) t—k(t)
60 = | 25 [ [ wduds i [15 [0 )T Godude awx" @) | |

Lo = [ AWk A=k [ 20 = [ Zw Zo Zo ]
€ = [ OnX(i—l)n In OnX(IO—i)n ],i =1,2,---,10.

Theorem 1. For given constants k > 0 and u > 0, if there exist symmetric and positive definite
matrices P € ZSnxSn’ Ql c ZSnXSn, Q2 c Z4n><4n’ Z1 € ZZnXZn, Z2 c Zan2n’ Rl c ann, R2 c ZZnXZn’
symmetric matrices P, € Z™", P, € Z™", any matrices N € 7Z*>", §, € 7> S, € 7*™?" and
Y, € Z7\0w3n i = 1,2, diagonal matrices D; € Z™",G, € 7"". T, € Z"", U, € 7"l = 1,2,3,
and \; € Z™",i = 1,2, the following inequalities (3.1) and (3.2) hold with positive definite matrices
Ry) € 7221 Ry, € 722" Then GNNs (2.1) are asymptotically stable.

[ ©,,(0) ©12(0) VY, |
£ On0) 0 <0, (3.1)
* * _Rl
[ @1(k) Ok VY, |
x  Opk) 0 |[<0, (3.2)
* * —Rl
where
d+tc b | Bu(® On®) _
- Sym{Na(t)} = [ . O |’ a(t) = [tl, —1,],
_ . 0 P 0O P
R, = dlag{Rl, 3R1,5R1},R21 =R, + P, 01 ], Ry =R, + P, 02 ],
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d = Sym{A],PAs, + (H{ Ay + Hy A)WoT + kZ1} + A3 Qo100 + ViE| + V2B + 43,0143, + 43,00 Asa

— (1 = @)A5,01 25, -

+ K2 A Rydis — E3 Ry Esy —
¢ = Sym{A], Py, + A}, PAoy + 43,01 A3y + Ay, Qadap, — (1 —
+ /16 O Agp + /1 Oodipp — 21 + 2 —
b = Sym{A],PAse + A1, Py + A3, Q1 Azp + Ay, Qa gy, —

+ 4700 15¢} — E3 Ro1 Ep — 3E4bR22E4b,
[FT e — eg e? e; + l%(t)eg 0 k(e? — eg)]T,

a= Sym{/lTbP/lZC}, Aia =

Lp=[0 0 0 el —(1-kanel el —el | Ao =] el kel

Aoy = [ 0 e} - eg e}
Az = [ e; el 0 kej
Aga = [ el el 0 ke
Asp = [ 00 e4T —eg

ﬂl()b:[o 0 e}—eg

0 k(el - 2eT)],12c:[o 00 e el+el—el

E3bR21E3a -

A0a02d10a + A5(Z1 + Z) 13 — (1 = WA, Z1 Ay —
3E}aR22E4d + k(eTP1€1

WAL 01 s —

3E4aR22E4b}

— WAL 015, —

0 an=[00 0 e o,

0] 4=[1" 0 e

T_,T ,T_ T
s~ € € 66] /lloa—[el

0 ]T,/llza = [ kelT keg kze$

' Aw=[0 00 ef—el | asu=]el e 0 ke 0],

(kty— 1yet |

]T,/lgb:[ef e, 0 kel O]T,
eg keg O]T,

kz(e'5 - e7) ]

T
/112'3:[0 ey —e5 kley —2e7) k(2e7—es)] /113:[4 eg],

/llzcz[O 0 e6+e7—ez ez—eg—e7] /114—[
Aig = [ It el ] T = —Ae; + Woeg + Wieo, Ey = [e] —

Ey=ley—e; ey +e; —2es e';—e§+6.e§—IZey]T,Eg,a:[e?—erzr 0 e

E3b:[0 62 0

ZZ—ZH GH21+ZA UAy, Hy; =

Ay = LhWse — JLWaeis + eiss

T
€

T

T
T S T T, T T 57,7 T{T
e ] JEq = e +eZ—Ze4 0 e, +e; —265 2ke; — kes]",

0 2T+l |5 = ZH DH21+ZA TiAsi,

—ei7 + LWae, Hy = e — J1Wae;,

—eiv7,1= 1,2, Ay = eir7 — eig — 1 Waei + J1Waeiy,1= 1,2,

Az = hWaep — Jo,Whes — eg + €10, Apz = eg — e19 — J1Waey + Ji Waes.
Proof: Construct the following augmented LKF candidate:

Electronic Research Archive

3
90 = ) B,
i=1

/11522/115 + kF R,T
- €§P1€2 + engez - €§P2€3),
A0, 02100

Aoy Q2100 + A5 Q15

00 K|,

eg ]T,/ll5 = [

e, e| +ey—2e, el —e, +6e, —12¢;]",

(3.3)
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!

1(t) = 01 (P (D) + f 1, (2, 0)Qima(t, 0)d6 + f 1 (1, 0)Qam3(t, )d6
t—k

t—k(t)

+ f 1, (W Zin4(u)du + f 1 WZona(u)du,

t—k(1) t—k

n Waix (1) n Waix ()
D=2 f i) = jrudu+2 ) f Yol = Ai(w)du,

i=1
! ! ! t

00 = [ [ worodude k[ [ twrnsodud.
t—k Jo 1=k J6

Then, differentiating #(¢) along with the trajectory of system (2.1) yields

D1(1) = " O2K(DAT, + AT )P (1) doe + k(1) Az, + Azy) + (kDAL + A3 ) O1(k()A3p + A3,)
+ A5(Z1 + Z5) A5 + (k(D) A, + A5) 02 (k() Ay + Agp) — (1 — )/1142 Aia = A2 Ay5

—ROAT, + AT )05kt + Aiow) — (1 — DAL, + ATI0 (KD Asp + As) G4
+ 243 Qa (K2 (1) A1 + k(D A1 + A12a) + MTkaz(mgc + KOAIZ0).
Similarly, we get ¥, (¢) and 9¥5(7):
(1) =2 z Wk Oy i(i(Wax (1)) — j; Wax (1) + 2 2 W (Oy2i(jf Wax (1) = 4(Waix (1)) 35)
_ 70 [2(HT Ay + HEA)WT| 2(2),
93() = KT OR (@) — [ "R )du + Rnl(ORms(0) — k [ b Rans(u)du. (3.6)

Applying Lemma 1 to the first integral term of J5(¢), we get
- tthT(u)Rl)((u)du C'(OISym(Y\Ey + Y2E) + k(OY\RT'Y] + (k= k(D))Y2R[' Y, 1(n).  (3.7)

Inspired by reference [46], for symmetric matrices P, € Z™", P, € Z™", the zero equalities (3.8)
and (3.9) are established.

K TOP (D) = xT( = KOt = kD) =2 [, X" @)Pyi(w)du} = 0, (3.8)
k(= K@O)Pox (1 = k(D) = X"t = DPox(t = k) =2 [ X" @ Poi(u)du) = (3.9)
Let
Ry =R, + }())1 [())1],R22:R2+ }())2 [())2]

Then, applying Lemma 2 to the second integral term of ¥3(¢) and to the integral term in the zero
equations (3.8) and (3.9), we have

k
—k ttk 75 ()Rans (u)du — ,t k(t)/\/T(u)P x(u)du — 2k f T x (W) Py (u)du
1—k(1)
=k s (R 1ms(u)du — k ft s (u)Ryns(u)du

kRy1 0 kRy1 0 y (t)
T (1) _ T k(1) 2
<o § g |ro-aldo do ]| || V0]
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Next, applying Lemma 3, we get

w Ry (1)
— k(1) - ) 3 0 :
U}“(t)l 0 kk_R—kz(zt) lvl(l) 3 [ UZ(I) U3 (t) ] l 0 kk_liz(z[) l l U3(t) ] (3 10)
Ry S, Ra 32 Va0 |
< _v{(t)[ . R ]vl(t) -3l wo o |- H[ vs(1) ”

= —(k(NE3, + E3 )Ry (k(1)E3y + E3,) — 3(k(DE}, + E} )Ry (k(t)Eyp, + Egy).

a a

Combined with (3.4)—(3.10), inequality (3.11) can be obtained.

He) < TP (D), (3.11)
where

Uk(t)) = 2(k(DA, + AP (O)dge + k(1) Az + A2a) + k(D) A3, + A3) 01 (k(D A3y + Azq)
+ A5(Zy + Zo) sz + (k) Ay, + A3,) Q2 (k) Aapy + Aga) — (1 — )AL, Z1 A1s — AjsZaAss
— (k(t)Ajgp, + A1) Qa(k(t)Aigp + A10a) — (1 — p)(k(D)A3y + A3) Q1 (k()Asp, + Asy)
+ 245 Q2 (K (D) A12 + k(D) A1 + A120) + 24¢ Q1 (K () Ase + k(D) Agy) + 2(H] Ay + Hy Ay)Wol'
+kTTR\T + P A Rydi6 + Sym{Y\E| + Y2Ep} + k(DY 1R Y| + (k — k() V2R, 'Y,
+ k(e[ Pie) — e; Piey + e; Pyey — e3 Pyes) — (k(t)E3, + E3 )Ry (k(t)Esy + Es,)
— 3(k(1)Egy, + E3 )R (k(DEg, + Eya).

Given the diagonal matrices G;, D;, U;, and Tj, 1 = 1,2, 3, inequalities (3.12) and (3.13) hold.

3
0<2£7(n) [Z H(k()Gi + (k - k(t))Di)HZi] (), (3.12)
i=1

3
0<27"(n [Z AL (k(OU; + (k = k(D) T3 Az | Z(0). (3.13)
i=1

Finally, by integrating the inequalities (3.11)—(3.13), inequality (3.14) is established.
3(1) < ZTOER@)L@), (3.14)

E(k(t)) = ak’(t) + bk*(t) + ck(t) + d + k()Y \R;' Y] + (k — k())Y,R;'Y, .

Then, according to the Schur complement and Lemma 4, Z(k(¢)) < O if and only if inequalities (3.1)
and (3.2) hold, which means GNNs (2.1) are asymptotically stable. This ends the proof.

Remark 2. From the derivation process of Theorem 1, it can be seen that 3(t) is a cubic polynomial
Jfunction of the time-delay signal k(t). If we directly apply the polynomial inequalities method in [47]
to deal with the nonlinear terms in the derivation, it is very difficult. Therefore, Lemma 4 easily solves
this problem by changing the positions of a—d. At the same time, the application of Lemma 4 has
decreased the LMIs dimension of Theorem 1 effectively.
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Corollary 1. For given constants k > 0 and u > 0, if there exist symmetric and positive definite
matrices P € 7", Q, € 7" Z, € 72" Z, € 7*P?" symmetric matrices Q, € Z"¥" R, €
7™ R, € 72 Py € 7™M P, € 7", any matrices N € Z*™", S, € 7§, € 7°™" and
Y; € Z\03n i = 1,2, positive diagonal matrices D; € Z™", G, € Z™", T) € Z"", U, € Z"", 1 = 1,2,3,
and A; € Z"",i = 1,2, inequalities (3.1), (3.2), and (3.15) holds with positive definite matrices
Ry € 72" Ry, € Z?™?". Then GNNs (2.1) are asymptotically stable.

2AgR Ajg + 4A[oR Ajg + 23Ry Ay + %/l; 0:15 > 0, (3.15)
where
Dig =212, dig =2 +28,— 685, Ay = | kel kel K& K@l - |,
Do=[ & =& kel |, & =] Ouicim I Ouxom |2i= 12,3,

Proof: First, by utilizing Lemma 5, the following two inequalities are obtained.

f f)( (R (w)dudf > E'(1)2A15R i + 4214R1 210)E(D),

f f N3 RN (W)dud6 > E'(1)(2A50R2A20)E(1),

where .
= t t t

En=|x"0 L[ x"wdu L[ [x"wduds | .
Next, according to Lemma 2, the following inequality holds.

t _ 1 _
fk 13(1,0)Qam3(1, 0)d6 > é“T(l)(z/l;l Q2 1)&(1). (3.16)

Finally, through the above treatment, the constraint conditions of positive definiteness are relaxed
effectively by (3.15), while the positive definiteness of augmented LKF (3.3) still satisfies; this ends
the proof.

Remark 3. In Corollary 1, the terms associated with Ry, R, and Q, are integrated into the
augmented LKF, resulting in a relaxed positive definite constraint (inequality (3.15)), which
effectively reduces conservatism in the LKF construction. However, integrating related terms becomes
increasingly complex with the inclusion of additional augmented state vectors, making it challenging
to determine positive conditions.

4. Numerical examples

In this part, the MAUBs are used as an important evaluation index to measure the system’s
conservatism. To further demonstrate the validity and superiority of the proposed criteria, we carry
out experimental simulations with the help of three numerical examples. Example 1: Consider
GNNs (2.1) with the following parameters:

A= 1.50 0 W = 0.0503 0.0454 W, = 0.2381 0.9320
| 0 07 71 0.0987 0.2075 ! 0.0388 0.5062

10 00
Wz‘[o 1]’J1‘lo 0]’J2‘[ 0 08]
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In this example, the comparison results on MAUBs k for various p are shown in Table 1. It is
obvious to find that for all various p, the calculated results obtained by Theorem 1 and Corollary 1
are better than the results in [5, 8,44, 48-51]. From Table 1, 28.5178, 19.6106, 16.2501, and 14.3872
obtained by Corollary 1 in this paper are bigger than 24.803, 17.342, 14.446, and 12.670 in [S0] when u
= 0.4, 0.45, 0.5, and 0.55, respectively. Moreover, the number of decision variables (NDVs) indicates
the computational complexity involved in the stability analysis. To further verify the effectiveness
of the calculated results for 4 = 0.4 and k = 28.5178 in Table 1, the real-time state trajectory of
GNNs (2.1) with initial state y(0) = [-3 2]T, time-delay signal k(f) = 26.9178 + 1.6¢'/(e' + 1), and
neuron activation function A(y(¢)) = [0.3 tanh(y;(¢)) 0.8 tanh(y»())]" are exhibited in Figure 1 below.
It can be seen from Figure 1 that the real-time state trajectory of GNNs (2.1) is convergent, which fully
demonstrates that our proposed method is less conservative.

Table 1. The MAUBEs £ for given y in Example 1.

Methods u=04 u =045 u=0.5 u=0.55 NDVs
[44] 10.4371 9.1910 8.6957 8.3806 1281 + 20n
[5] 16.8020 11.6745 9.9098 9.0662 170.51% + 20n
[48] 17.2697 12.0698 10.2903 9.3879 319.5n% + 35.5n
[49] 18.8262 12.8039 10.6230 9.5038 371n* + 26n
Theorem 2 [8] 21.0344 14.4707 11.9667 10.6439 158n% + 17n
Proposition 3 [50] 24.803 17.342 14.446 12.670 10471 + 40n
Theorem 1 [51] - 17.1680 13.5523 11.7396 2851 + 29n
Theorem 1 27.5544 18.9676 15.7880 14.0071 84.5n> + 18.5n
Corollary1 28.5178 19.6106 16.2501 14.3872 76.5n% + 16.5n
2f —-—-x1(t)]]
—-—-Xxa(t)
1}
> |
S | NNt
J(GJ—; 0 L et e LT e p——
I3
g1
n
2t
3t

0 50 100 150 200 250 300 350
Time(s)

Figure 1. State trajectory of GNNs (2.1) of Example 1.
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Example 2: Consider GNNs (2.1) with

2 0 1 1 0.88 1 1 0 00 04 O
A‘[o 2]’W°‘[—1 “1 ]’Wl‘[ 1 1]’W2‘[0 1]’J1‘[0 O]JZ_[ 0 0.8]'
For this example, the MAUBs k for given u is calculated by the stability conditions of
Theorem 1 and Corollary 1 as well as some recently reported approaches as shown in Table 2. From
Table 2, 8.0549 and 7.8986 obtained by Corollary 1 in this article are bigger than 7.9142, 7.6562,
and 7.2033 in [52], [51], [8] when u = 0.8. When u = 0.9, we get a similar conclusion. Through the

comparison of the above results, it fully illustrates that our proposed conditions are less conservative
than in other works.

Table 2. The MAUBs k for given y in Example 2.

Methods u=0.8 u=0.9 NDVs
[5] 6.7001 4.0747 170.5n% + 20n
[48] 6.7186 3.9623 319.51 + 35.5n
Theorem 2 [8] 7.2033 4.0663 158n% + 17n
Theorem 1 [52] 7.9142 4.4615 974.51n* + 21.5n
Corollary 1 [51] 7.6562 4.4816 277n* +27n
Theorem 1 7.8986 4.4415 84.5n% + 18.5n
Corollary1 8.0549 4.5250 76.5n% + 16.5n
3k —===x1(t)|
—10),
2t 1
> |
s |
3 1p 1
s |\ ~
E 0 _!" ——————— L‘:L—.L—.;':.-_-.mm...
8 I
“ oy
-1¢ .
2F -
0 10 20 30 40
Time(s)

Figure 2. State trajectory of GNNs (2.1) of Example 2.

In this example, we choose the initial conditions y(0) = [-2 3]T and neuron activation
function A(y(r)) = [0.4tanh(y;(¢)) 0.8 tanh(y,(¢))]", Then, by setting the time-delay signal
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k() = 3.2¢"/(e" + 1) + 4.8549 when u = 0.8, k = 8.0549, the real-time state trajectories of GNNs (2.1)
are exhibited in Figure 2 below. From Figure 2, we can see that the real-time state trajectory of
GNNs (2.1) are convergent, which proves that our approach is better than the others.

Example 3: Consider GNNs (2.1) with the parameters as follows:

7.3458 0 0 000 1 00 000
A= 0 6.9987 0 },WO:[OOO},le[O 10 ,le[OOO},
0 0 5.5949 00O 0 01 00O
0.3680 0 0 13.6014 -2.9616 —0.6936
Jr = 0 0.1795 0 ,Wo=| 7.4736 21.6810 3.2100 ‘
0 0 0.2876 0.7920 -2.6334 -20.1300

The MAUBEs k for given u calculated by our proposed conditions of Theorem 1 and Corollary 1 are
shown in Table 3. Obviously, 1.1819 and 1.2225 obtained by Theorem 1 and Corollary 1 are much
larger than 1.1205 in [53], 1.1365 in [48], 1.1366 in [8], 1.1402 in [51], and 1.1641 in [50], when
u = 0.1. It is obvious that the results obtained by our proposed approach are larger than some existing
ones, when u = 0.5, 0.9. This fully demonstrates that our proposed approach can obtain less
conservative results than the others. In this example, by selecting the initial conditions
x(0) = [2 -3 5]T, time-delay signal k(t) = 0.4¢'/(e’ + 1) + 0.8225, and neuron activation function
A(x(1)) = [0.368 tanh(y()) 0.1795 tanh(y»()) 0.2876 tanh(y3(¢))]?, the real-time state trajectory of
GNNs (2.1) is displayed in Figure 3 below. It clearly shows that GNNs (2.1) with a time-varying
delay are asymptotically stable at their equilibrium point, which has been shifted to the origin, which
fully demonstrates the effectiveness and superiority of our proposed approach.

Table 3. The MAUBs k for given u in Example 3.

Methods u=0.1 u=0.5 u=0.9 NDVs

[53] 1.1205 0.4614 0.3963 122.5n% + 22.5n
[48] 1.1365 0.4678 - 319.5n% + 35.5n
Theorem 2 [8] 1.1366 0.4887 0.4324 158n* + 17n
Proposition 3 [50] 1.1641 0.6396 0.5361 1047n + 40n
Theorem 1 [51] 1.1402 0.5848 0.4946 2851 + 29n
Theorem 1 1.1819 0.7035 0.5802 84.5n* + 18.5n
Corollary1 1.2225 0.7301 0.5951 76.5n% + 16.5n
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Figure 3. State trajectory of GNNs (2.1) of Example 3.

5. Conclusions

This article investigated the issue of delay-dependent stability in GNNs with a time-varying delay.
With a new cubic polynomial and a suitable augmented LKF, some stability conditions emerge as
linear matrix inequalities. At the same time, less conservative stability conditions have been obtained
via relaxing the augmented LKF’s positive definite condition. Finally, three classical numerical
examples are devoted to validating the superiority of our proposed method compared to recently
reported approaches. Based on the aforementioned research, it is evident that our future research will
focus on obtaining stability conditions with less conservatism.
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