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Abstract: Riemannian cubics are critical points of the total squared norm of the accelerations of the
curves on Riemannian manifolds with given end-points and end-velocities. Riemannian cubic splines
are C2 track sums of Riemannian cubics. Determining Riemannian cubics with given boundary data
is equivalent to solving fourth-order ordinary differential equations with boundary conditions, while
finding Riemannian cubic splines is tantamount to solving boundary and interior value problems, which
are both hard in practice. The present paper proposes Riemannian gradient-based methods to tackle
the former problem by taking advantage of the variational principle and the shooting method. The
core idea is to add a number of junctions and associated velocities between given boundary points
and to adjust such junctions and associated velocities according to a variational principle. Based on
the obtained Riemannian cubics, Riemannian cubic splines are determined by constructing piecewise
Riemannian cubics of class C2 at interior points. The effectiveness of the proposed method is assessed
by numerical experiments on a unit sphere.
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1. Introduction

Riemannian cubics can be viewed as generalizations of cubic polynomials in Euclidean spaces to
Riemannian manifolds, which were originally contributed by two independent works of Gabriel and
Kajiya [1] and Noakes et al. [2]. In some emerging areas, such as quantum computing and computer
vision, there is a growing need for interpolation on curved non-Euclidean spaces. For instances,
quantum control of qubits gives rise to an interpolation problem in the complex projective space
CPn [3]. In computer science, intrinsic polynomial regression is adopted in the context of shape
analysis in Kendall space and diffeomorphic landmark space [4, 5].
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In Computer Vision, we shall reference to the work of Fletcher [6] that discusses geodesic
regression as an intrinsic generalization of linear regression to Riemannian manifolds, providing a
least-squares framework for modeling trends along geodesics, with theoretical guarantees for
symmetric spaces and applications to rotation data and brain shape analysis. We shall also mention
the work of Aubray and Nicol [7] on polynomial regression in Control Engineering, which presents a
method for estimating the trajectory of a mobile system, such as a drone, from noisy position
measurements by fitting geodesics in the Lie group SE(3) using a Riemannian least-squares approach,
with results demonstrated on simulated data.

The generalization of cubic polynomials to Riemannian manifolds is not straightforward and may
be achieved by several distinct methods. One approach is to minimize the acceleration from the
perspective of geometric properties, which leads to solving a boundary value problem, i.e., a
fourth-order ODE with boundary conditions. Another approach is to approximate Riemannian cubics
by generalizing the classical de Casteljau algorithm to the Riemannian setting, where line segments
are replaced by geodesic arcs [8]. The approximation error was analyzed in [9]. The present paper
aligns with the effort to develop approximate methods for constructing Riemannian cubics and
Riemannian cubic splines with given boundary data.

1.1. Riemannian cubics and cubic splines

Let M be a finite-dimensional path-connected Riemannian manifold endowed with a Riemannian
metric ⟨·, ·⟩, Levi-Civita connection ∇, and a Riemannian curvature tensor R. Given two points x0, xT ∈

M and two tangent vectors v0 ∈ Tx0 M and vT ∈ TxT M, we shall denote by C the space of all smooth
curves x : [0,T ] → M satisfying x(0) = x0, ẋ(0) = v0, x(T ) = xT , ẋ(T ) = vT , where ẋ denotes the
derivative of x with respect to the affine parameter t. Riemannian cubics are defined as the critical
points of the following functional*

F (x) :=
1
2

∫ T

0
⟨∇t ẋ(t),∇t ẋ(t)⟩x(t) dt (1.1)

over the set C. By the variational principle, it can be shown that Riemannian cubics satisfy the
following Euler-Lagrange equation [2]

∇3
t ẋ(t) + R(∇t ẋ(t), ẋ(t))ẋ(t) = 0. (1.2)

When M is a Euclidean space, (1.2) can be reduced to d4 x(t)
dt4 = 0, which means that x is a cubic

polynomial in the variable t. We mention that the notion of polynomial curve on a Riemannian
manifold, that cubic curve is a special case of, is not uniquely accepted, as there exist definitions that
are not tied to a variational principle (see, for instance, the paper [10] on polynomial interpolation).
The definition adopted depends essentially on the applications the theory is oriented to.

Defining cubic curves on a manifold via an action functional offers a variational framework that
naturally incorporates boundary conditions and yields curves as minimizers of an energy-like quantity,
providing geometric and physical interpretability, whereas purely setting covariant derivatives to zero
prescribes local differential constraints without guaranteeing global optimality or boundary control. A

*The symbol ∇t is used as a shortening for the symbol ∇d/dt, which denotes the covariant derivative of a vector field along the curve
x(t) with respect to time t.
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cubic curve based on the criterion (1.1) by definition enjoys a well-understood smoothness property,
namely, minimal covariant acceleration along the cubic. By the same token, a quintic will be endowed
with a minimal-jerk character with clear advantages [11, 12]. We shall also mention that a cubic of
the form (1.2) is a special trajectory of a fourth-order dynamical system defined on the basis of a more
general functional than (1.1) studied in [13]. The existence and uniqueness of Riemannian cubics under
some conditions have been studied in the literature, for example, [14–16].

In very few cases, closed forms of the solution of (1.2) can be given. In practice, solving the
fourth-order ODE (1.2) with given boundary data is not easy. One commonly used way to circumvent
this problem is the shooting method [17], where an unknown initial quantity is guessed and improved
iteratively using the terminal error of a solution to an initial value problem. Note that the performance
of the shooting method is highly dependent on the quality of the initial guess.

Riemannian cubic splines, on the other hand, are C2 track sum of Riemannian cubics. That is, for
a given data list (t0, x0), (t1, x1), . . ., (tl, xl), where 0 = t0 < t1 < · · · < tl = T , x j ∈ M, 0 ≤ j ≤ l,
v0 ∈ Tx0 M, vl ∈ Txl M, a curve x : [0,T ] → M is called a Riemannian cubic spline if and only if
it satisfies 

∇3
t ẋ(t) + R(∇t ẋ(t), ẋ(t))ẋ(t) = 0, 0 ≤ t ≤ T, t , t j, j = 1, 2, . . . , l − 1,

x(t j) = x j, j = 0, 1, . . . , l, ẋ(0) = v0, ẋ(T ) = vl,

ẋ(t+j ) = ẋ(t−j ), ∇t ẋ(t+j ) = ∇t ẋ(t−j ), j = 1, 2, . . . , l − 1,

(1.3)

where t+j (respectively t−j ) denotes the limitation approaches to t j from the right-hand (respectively left-
hand) side. Specifically, a natural Riemannian cubic spline is a C2 track-sum of Riemannian cubics
with vanishing covariant accelerations at t = 0 and t = T , i.e., one obtained by replacing the conditions
ẋ(0) = v0, ẋ(T ) = vl with ∇t ẋ(0) = 0, ∇t ẋ(T ) = 0 in (1.3).

In comparison to Riemannian cubics, it is much more difficult to calculate Riemannian cubic
splines as solutions of boundary and interior point problems. To the authors’ best knowledge, intrinsic
and effective methods are still needed to construct Riemannian cubic splines. In [18], Noakes
proposed a method for finding approximations to natural Riemannian cubic splines in symmetric
spaces based on bi-Jacobi fields along geodesics. Indeed, the proposed method is easy to implement,
but it is restricted to near-geodesic natural Riemannian cubic splines in symmetric spaces. In [4], Kim
et al. developed a smoothing spline fitting technique to Riemannian manifold data by generalizing the
method of unrolling, unwrapping, and wrapping proposed by Jupp and Kent. However, their
definition of smoothing spline is slightly different in the sense that the smoothing spline on
Riemannian manifold is the wrapping of the unrolling cubic smoothing spline fitted to the unwrapped
data on the tangent space. More references on theoretical analyses and computations of splines on
Riemannian manifolds can be found in [19–22].

1.2. Motivation of the present endeavor

Consider first the problem of determining a Riemannian cubic fitting given boundary conditions. If
the boundaries are too far apart, the problem might lead to inconsistent solutions. As a workaround,
let us introduce a number n of segments delimited by junctions z0 := x0, z1, . . . , zn−1, zn := xT at time
0 =: t0 < t1 < · · · < tn−1 < tn := T , where the number of junctions and the values of the parameters
t j are fixed, while the locations of the junctions in M are to be determined. Throughout this paper,
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we assume there is a unique Riemannian cubic joining given boundary conditions. The core idea is
to determine such locations in a way that makes the obtained curve coincide exactly with the sought
cubic. To do so, we shall proceed by expressing the functional F in terms of pieces and by claiming
that the set of junctions that makes such functional stationary builds a cubic spline as a whole.

The first variation of a curve x in the functional (1.1) is calculated by introducing a family of curves
xϵ(t) ∈ C, where ϵ ∈ (−a, a), with a > 0, denotes a continuous index such that ϵ = 0 corresponds to the
actual path. Then, a variation δ is interpreted to act as ∇ϵ |ϵ=0 on vector fields and as ∂ϵ |ϵ=0 on scalars
and on the path. The variation of the functional F is hence given by

δF =
1
2

n−1∑
i=0

∫ ti+1

ti
δ⟨∇t ẋ(t),∇t ẋ(t)⟩x(t) dt

=

n−1∑
i=0

∫ ti+1

ti
⟨∇t ẋ(t),∇2

t (δx(t)) + R(δx(t), ẋ(t))ẋ(t)⟩x(t) dt

=

n−1∑
i=0

[
⟨∇t ẋ(t),∇t(δx(t))⟩x(t)|

ti+1
ti − ⟨∇

2
t ẋ(t), δx(t)⟩x(t)|

ti+1
ti

+

∫ ti+1

ti
⟨∇3

t ẋ(t) + R(∇t ẋ(t), ẋ(t))ẋ(t), δx(t)⟩x(t) dt
]

(1.4)

where x is a piecewise Riemannian cubic on {[ti, ti+1]}n−1
i=0 with given boundary data, hence it

satisfies (1.2). It is the case to recall that, at each ti, for i = 1, 2, . . . , n − 1, two cubics (one from the
‘left-hand side’ and one from the ‘right-hand side’) that meet, share velocity ẋ, but not acceleration
∇t ẋ nor jerk ∇2

t ẋ. In addition, both δx and ∇tδx are arbitrary and can be chosen in such a way that they
join smoothly at each point ti, namely δx(t−i ) ≡ δx(t+i ) and ∇tδx(t−i ) ≡ ∇tδx(t+i ), where t+i (respectively
t−i ) denotes the limitation approaches to ti from the right-hand (respectively left-hand) side. On the
basis of the above observation, the variation of the functional F may be recast as

δF =

n−1∑
i=1

[
⟨∇t ẋ(t+i ) − ∇t ẋ(t−i ),∇tδx(ti)⟩x(ti) − ⟨∇

2
t ẋ(t+i ) − ∇2

t ẋ(t−i ), δx(ti)⟩x(ti)

]
. (1.5)

Then, the variation (1.5) vanishes provided ∇t ẋ(t) and ∇2
t ẋ(t) are continuous across all junctions. This

motivates the core idea of constructing Riemannian cubics in this paper by minimizing the
following function:

f ({(zi, vi)}n−1
i=1 ) :=

1
2

n−1∑
i=1

(
∥∇t ẋ(t+i ) − ∇t ẋ(t−i )∥2 + ∥∇2

t ẋ(t+i ) − ∇2
t ẋ(t−i )∥2

)
(1.6)

over the (n−1)-fold tangent bundle (T M)n−1, where zi = x(t+i ) = x(t−i ), vi = ẋ(t+i ) = ẋ(t−i ), 1 ≤ i ≤ n−1.
Successive boundary conditions are reasonably close so that Riemannian cubics on each time

interval can be easily found using the shooting method. This is because when the boundary conditions
are close enough, the Riemannian cubic curve is not too far from Euclidean cubic polynomial, and
then the projections of the initial values of the cubic polynomial can be used as initial guesses for the
shooting method.
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For solving the Riemannian cubic spline problem (1.3), let x be a piecewise Riemannian cubic in
{[t j, t j+1]}l−1

j=0 satisfying x(t j) = x j, ẋ(t j) = v j, j = 0, 1, . . . , l, which is found by minimizing (1.6) or by
using the shooting method. To make sure x is C2 at x j, j = 1, 2, . . . , l − 1, we intend to minimizing the
following function,

g({v j}
l−1
j=1) :=

1
2

l−1∑
j=1

∥∇t ẋ(t+j ) − ∇t ẋ(t−j )∥2, (1.7)

where v j = ẋ(t+j ) = ẋ(t−j ), j = 1, 2, . . . , l − 1.

This paper is organized as follows. In Section 2, we present some key blocks to build our
algorithms, including how to find local Riemannian cubics that join consecutive boundary conditions
and how to calculate the Riemannian gradient of covariant acceleration and second-order covariant
acceleration with respect to interior points and velocities. By incorporating the building blocks
developed in Section 2, the general framework for determining Riemannian cubics and cubic splines
is summarized in Section 3. Then, in the following section, we demonstrate the feasibility and
efficiency of the proposed methods by implementing numerical experiments about the unit sphere S2,
where the well-known manifold optimization package Manopt is used as the backbone of our
Riemannian gradient-based methods [23]. Section 5 concludes this paper with comments on the
proposed method and outlines possible future endeavors.

2. Building blocks for determining Riemannian cubics and cubic splines

In order to get the minimizer of the function (1.6) and that of (1.7) using Riemannian-gradient-based
methods, such as Riemannian gradient descent [24,25], Riemannian conjugate gradient descent [26,27]
and Riemannian limited-memory BFGS [28,29], we have two key blocks to build: (1) finding the local
Riemannian cubics joining the given boundary conditions (zi, vi) and (zi+1, vi+1) (which is supposed to
work only if they are not too far away), and (2) evaluating the Riemannian gradients of ∇t ẋ(t+i ), ∇2

t ẋ(t+i ),
∇t ẋ(t−i+1), ∇2

t ẋ(t−i+1) with respect to zi, vi, zi+1, vi+1, where i = 0, 1, . . . , n − 1. The first block can be built
by using the single shooting method to solve the Riemannian cubic equation (1.2), provided good
initial guesses are available, which are achieved by the projection of the Euclidean cubic polynomials.
The second block can be built by solving the Jacobi equation along the Riemannian cubics.

2.1. Initial guesses for solving Riemannian cubic equation

It is possible that we may find multiple Riemannian cubics to join the boundary conditions (z0, v0)
and (zn, vn), which may also depend on the initial choice for (z1, v1), . . . , (zn−1, vn−1) ∈ T M. From
now on, we shall assume that consecutive conditions are reasonably close in the sense that (zi, vi) and
(zi+1, vi+1) can be joined by a unique Riemannian cubic curve with fairly easy initial guesses for the
single shooting method.

By the embedding theorem, any Riemannian manifold can be embedded in a higher-dimensional
Euclidean space. Then, the cubic polynomial y(i) in Euclidean space joining the boundary conditions
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(zi, vi) ∈ T M (at t = ti) and (zi+1, vi+1) ∈ T M (at t = ti+1) can be written as

y(i)(t) = zi + vi(t − ti) +
(
3(zi+1 − zi)
(ti+1 − ti)2 −

vi+1 + 2vi

ti+1 − ti

)
(t − ti)2

+

(
vi+1 + vi

(ti+1 − ti)2 −
2(zi+1 − zi)
(ti+1 − ti)3

)
(t − ti)3.

(2.1)

Let P denote the projection from Euclidean space to the tangent space of the Riemannian manifold
M at zi. Then, the tangent vectors

P(ÿ(i)(ti)) = P
(
6(zi+1 − zi)
(ti+1 − ti)2 −

2(vi+1 + 2vi)
ti+1 − ti

)
(2.2)

and

P( ...y (i)(ti)) = P
(
6(vi+1 + vi)
(ti+1 − ti)2 −

12(zi+1 − zi)
(ti+1 − ti)3

)
(2.3)

can serve as the initial guesses of high quality for solving the Riemannian cubic equation (1.2) by the
single shooting method.

Example 1. Suppose M is a m-dimensional Riemannian manifold embedded in a (m+ 1)-dimensional
Euclidean space Em+1 isometrically, then M = l−1(c) for some smooth function l : M ⊂ Em+1 → R and
some constant c ∈ R. Any vector v in Em+1 at x ∈ M can be projected onto the tangent space TxM of
M at x as follows,

P(v) = v − ⟨v,nx⟩nx, (2.4)

where nx =
grad l(x)
∥grad l(x)∥ denotes the unit normal to the manifold M, grad l is the Euclidean gradient of l,

and ∥ · ∥ is the norm induced by the standard Euclidean metric.
In particular, if M is the m-dimensional unit sphere Sm, then l(x) = x⊤x = 1 for any x ∈ Sm,

grad l(x) = 2x, and nx = x, which implies the projection

P(v) = v − ⟨v, x⟩x (2.5)

for any v ∈ Em+1.

2.2. Evaluate Riemannian gradients

For 0 ≤ i ≤ n − 1, let x(i) represent the Riemannian cubic joining the boundary conditions (zi, vi) (at
t = ti) and (zi+1, vi+1) (at t = ti+1) determined by the aforementioned method. The aim of this
subsection is to evaluate the Riemannian gradients of ∇t ẋ(i)(t+i ), ∇2

t ẋ(i)(t+i ), ∇t ẋ(i)(t−i+1), and ∇2
t ẋ(i)(t−i+1)

with respect to the boundary conditions zi, vi, zi+1, vi+1. Such gradients will serve the purpose of
iteratively updating the initial guess of the junctions zi and their associated velocity vectors until a
reasonable approximation of the cubic sought is attained.

To derive the Jacobi equation for Riemannian cubics, we consider a variation x(i)
ϵ : [ti, ti+1] ×

(−a, a) → M of x(i) for some small a > 0. In short notations, we write x for x(i)(t), and xϵ for x(i)
ϵ (t).

Let J(t) := (∂ϵxϵ(t))|ϵ=0, and let us recall the properties (see [30])

∇J ẋ = ∇tJ and ∇J∇tv = ∇t∇Jv + R(J, ẋ)v, (2.6)
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for every smooth vector field v ∈ Γ(T M). The Jacobi equation for Riemannian cubics is an analogous
of the Jacobi equation for geodesics and may be derived from the Riemannian cubic equation (1.2) by
applying the covariant derivative operator ∇J to both sides, which readily gives

∇J∇
3
t ẋ + ∇JR(∇t ẋ, ẋ)ẋ = 0. (2.7)

The two addenda on the left-hand side are calculated as follows:

∇J∇
3
t ẋ = ∇t∇J∇

2
t ẋ + R(J, ẋ)∇2

t ẋ

= ∇t(∇t∇J∇t ẋ + R(J, ẋ)∇t ẋ) + R(J, ẋ)∇2
t ẋ

= ∇t(∇t(∇t∇tJ + R(J, ẋ)ẋ) + R(J, ẋ)∇t ẋ) + R(J, ẋ)∇2
t ẋ

= ∇t(∇3
t J + (∇tR)(J, ẋ)ẋ + R(∇tJ, ẋ)ẋ + R(J,∇t ẋ)ẋ + R(J, ẋ)∇t ẋ)

+ (∇tR)(J, ẋ)∇t ẋ + R(∇tJ, ẋ)∇t ẋ + R(J,∇t ẋ)∇t ẋ + 2R(J, ẋ)∇2
t ẋ

= ∇4
t J + (∇2

t R)(J, ẋ)ẋ + (∇tR)(∇tJ, ẋ)ẋ + (∇tR)(J,∇t ẋ)ẋ + (∇tR)(J, ẋ)∇t ẋ

+ (∇tR)(∇tJ, ẋ)ẋ + R(∇2
t J, ẋ)ẋ + R(∇tJ,∇t ẋ)ẋ + R(∇tJ, ẋ)∇t ẋ

+ (∇tR)(J,∇t ẋ)ẋ + R(∇tJ,∇t ẋ)ẋ + R(J,∇2
t ẋ)ẋ + R(J,∇t ẋ)∇t ẋ

+ (∇tR)(J, ẋ)∇t ẋ + R(∇tJ, ẋ)∇t ẋ + R(J,∇t ẋ)∇t ẋ + R(J, ẋ)∇2
t ẋ

+ (∇tR)(J, ẋ)∇t ẋ + R(∇tJ, ẋ)∇t ẋ + R(J,∇t ẋ)∇t ẋ + 2R(J, ẋ)∇2
t ẋ

= ∇4
t J + (∇2

t R)(J, ẋ)ẋ + 2(∇tR)(∇tJ, ẋ)ẋ + 2(∇tR)(J,∇t ẋ)ẋ + 3(∇tR)(J, ẋ)∇t ẋ

+ R(∇2
t J, ẋ)ẋ + 2R(∇tJ,∇t ẋ)ẋ + 3R(∇tJ, ẋ)∇t ẋ + R(J,∇2

t ẋ)ẋ

+ 3R(J,∇t ẋ)∇t ẋ + 3R(J, ẋ)∇2
t ẋ

and

∇JR(∇t ẋ, ẋ)ẋ = (∇JR)(∇t ẋ, ẋ)ẋ + R(∇J∇t ẋ, ẋ)ẋ + R(∇t ẋ,∇J ẋ)ẋ + R(∇t ẋ, ẋ)∇J ẋ

= (∇JR)(∇t ẋ, ẋ)ẋ + R(∇t∇tJ + R(J, ẋ)ẋ, ẋ)ẋ + R(∇t ẋ,∇tJ)ẋ + R(∇t ẋ, ẋ)∇tJ

= (∇JR)(∇t ẋ, ẋ)ẋ + R(∇2
t J, ẋ)ẋ + R(∇t ẋ,∇tJ)ẋ + R(∇t ẋ, ẋ)∇tJ + R(R(J, ẋ)ẋ, ẋ)ẋ.

Therefore, we get the Jacobi equation of Riemannian cubics as follows:

∇4
t J + (∇2

t R)(J, ẋ)ẋ + (∇JR)(∇t ẋ, ẋ)ẋ + R(R(J, ẋ)ẋ, ẋ)ẋ

+ R(J,∇2
t ẋ)ẋ + 2

(
(∇tR)(∇tJ, ẋ)ẋ + (∇tR)(J,∇t ẋ)ẋ + R(∇2

t J, ẋ)ẋ
)

+ 3
(
(∇tR)(J, ẋ)∇t ẋ + R(J, ẋ)∇2

t ẋ + R(J,∇t ẋ)∇t ẋ
)
+ 4R(∇tJ, ẋ)∇t ẋ = 0,

(2.8)

where we have used the algebraic Bianchi identity together with the skew-symmetry property of the
curvature tensor to get

R(∇tJ,∇t ẋ)ẋ + R(∇t ẋ, ẋ)∇tJ = −R(ẋ,∇tJ)∇t ẋ = R(∇tJ, ẋ)∇t ẋ.

The Jacobi equation (2.8) appears as a fourth-order differential equation in the Jacobi field J. Notice
that a similar equation can be found in the work of Crouch and Leite [31] (see relation (14) therein)
but with a different notation. Solving the differential equation (2.8) on M is hard in practice, however,
upon resorting to an embedding into a larger Euclidean space, it can be tackled by one of the tools
available such as the ode45 method in MATLAB®.
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Next, we investigate the Riemannian gradients of ∇t ẋ(i)(t+i ), ∇2
t ẋ(i)(t+i ), ∇t ẋ(i)(t−i+1), and ∇2

t ẋ(i)(t−i+1)
with respect to zi, vi, zi+1, vi+1. In order to perform the following calculations, we found it convenient to
resort again to an appropriate embedding of the base manifold M. Let Γ denote the Christoffel symbol
associated with the Levi-Civita connection ∇. Then†∇t ẋ = ẍ + Γx(ẋ, ẋ),

∇2
t ẋ = ...x + 3Γx(ẋ, ẍ) + dΓx(ẋ)(ẋ, ẋ) + Γx(ẋ,Γx(ẋ, ẋ))

(for reference, one might consult, e.g., the tutorial papers [32, 33]). Thus, we first consider the
(Euclidean) derivatives of ẍ(i)(t+i ), ...x (i)(t+i ), ẍ(i)(t−i+1), and ...x (i)(t−i+1) with respect to zi, vi, zi+1, and vi+1.
In short, we write ui, wi, ui+1, and wi+1 for ẍ(i)(t+i ), ...x (i)(t+i ), ẍ(i)(t−i+1), and ...x (i)(t−i+1), respectively.

Suppose E : [ti, ti+1] → M is the Riemannian cubic joining the boundary points of data (zi, vi) and
(zi+1, vi+1), denoted by‡

E(t) := E
(
zi,

t − ti

ti+1 − ti
vi,

t − ti

ti+1 − ti
ui,

t − ti

ti+1 − ti
wi

)
,

where E(tk) = zk, Ė(tk) = vk, Ë(tk) = uk, and
...
E (tk) = wk, if k = i, i + 1. Differentiating both sides of

the relation§ E(zi, vi, ui,wi) = zi+1 with respect to zi+1 and vi+1, respectively, we get

∂ui E
∂ui

∂zi+1
+ ∂wi E

∂wi

∂zi+1
= I, ∂ui E

∂ui

∂vi+1
+ ∂wi E

∂wi

∂vi+1
= 0. (2.9)

Differentiating¶ Ė(zi, vi, ui,wi) = vi+1 with respect to zi+1 and vi+1, respectively, we get

∂ui Ė
∂ui

∂zi+1
+ ∂wi Ė

∂wi

∂zi+1
= 0, ∂ui Ė

∂ui

∂vi+1
+ ∂wi Ė

∂wi

∂vi+1
= I. (2.10)

Combining (2.9) and (2.10), we find[
∂ui E ∂wi E
∂ui Ė ∂wi Ė

]
·

 ∂ui
∂zi+1

∂ui
∂vi+1

∂wi
∂zi+1

∂wi
∂vi+1

 = I =⇒
 ∂ui
∂zi+1

∂ui
∂vi+1

∂wi
∂zi+1

∂wi
∂vi+1

 = [
∂ui E ∂wi E
∂ui Ė ∂wi Ė

]−1

. (2.11)

Similarly, straightforward calculations yield

∂zi E + ∂ui E
∂ui

∂zi
+ ∂wi E

∂wi

∂zi
= 0, ∂vi E + ∂ui E

∂ui

∂vi
+ ∂wi E

∂wi

∂vi
= 0,

∂zi Ė + ∂ui Ė
∂ui

∂zi
+ ∂wi Ė

∂wi

∂zi
= 0, ∂vi Ė + ∂ui Ė

∂ui

∂vi
+ ∂wi Ė

∂wi

∂vi
= 0,

=⇒

 ∂ui
∂zi

∂ui
∂vi

∂wi
∂zi

∂wi
∂vi

 = − [
∂ui E ∂wi E
∂ui Ė ∂wi Ė

]−1

·

[
∂zi E ∂vi E
∂zi Ė ∂vi Ė

]
.

(2.12)

†The second identity holds because ∇2
t ẋ = d

dt (∇t ẋ)+Γx(ẋ,∇t ẋ) = d
dt (ẍ+Γx(ẋ, ẋ))+Γx(ẋ, ẍ+Γx(ẋ, ẋ)) =

...
x + 3Γx(ẋ, ẍ)+ dΓx(ẋ)(ẋ, ẋ)+

Γx(ẋ,Γx(ẋ, ẋ)).
‡We use this notation simply because E is a solution of the fourth-order ODE (1.2), which can be determined by four initial conditions.

Besides, the notation mimics the standard exponential map expzi

(
t−ti

ti+1−ti
vi

)
, which is a geodesic starting from zi and along the direction vi

(determined by two initial conditions).
§Note that E(ti+1) = E(zi, vi, ui,wi) = zi+1 by the definition of E.
¶Note that Ė(ti+1) = Ė(zi, vi, ui,wi) = vi+1 by the definition of E, which is the velocity of the Riemannian cubic curve E at t = ti+1.
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∂zi Ë + ∂ui Ë
∂ui

∂zi
+ ∂wi Ë

∂wi

∂zi
=
∂ui+1

∂zi
, ∂vi Ë + ∂ui Ë

∂ui

∂vi
+ ∂wi Ë

∂wi

∂vi
=
∂ui+1

∂vi
,

∂zi

...
E + ∂ui

...
E
∂ui

∂zi
+ ∂wi

...
E
∂wi

∂zi
=
∂wi+1

∂zi
, ∂vi

...
E + ∂ui

...
E
∂ui

∂vi
+ ∂wi

...
E
∂wi

∂vi
=
∂wi+1

∂vi
,

=⇒

 ∂ui+1
∂zi

∂ui+1
∂vi

∂wi+1
∂zi

∂wi+1
∂vi

 = [
∂zi Ë ∂vi Ë
∂zi

...
E ∂vi

...
E

]
+

[
∂ui Ë ∂wi Ë
∂ui

...
E ∂wi

...
E

]
·

 ∂ui
∂zi

∂ui
∂vi

∂wi
∂zi

∂wi
∂vi

 .
(2.13)

∂ui Ë
∂ui

∂zi+1
+ ∂wi Ë

∂wi

∂zi+1
=
∂ui+1

∂zi+1
, ∂ui Ë

∂ui

∂vi+1
+ ∂wi Ë

∂wi

∂vi+1
=
∂ui+1

∂vi+1
,

∂ui

...
E
∂ui

∂zi+1
+ ∂wi

...
E
∂wi

∂zi+1
=
∂wi+1

∂zi+1
, ∂ui

...
E
∂ui

∂vi+1
+ ∂wi

...
E
∂wi

∂vi+1
=
∂wi+1

∂vi+1
,

=⇒

 ∂ui+1
∂zi+1

∂ui+1
∂vi+1

∂wi+1
∂zi+1

∂wi+1
∂vi+1

 = [
∂ui Ë ∂wi Ë
∂ui

...
E ∂wi

...
E

]
·

 ∂ui
∂zi+1

∂ui
∂vi+1

∂wi
∂zi+1

∂wi
∂vi+1

 .
(2.14)

Now, let Eϵ represent a variation of the curve E defined by

Eϵ(t) = E
(
exp(zi, ϵα),

t − ti

ti+1 − ti
vi(ϵ),

t − ti

ti+1 − ti
ui(ϵ),

t − ti

ti+1 − ti
wi(ϵ)

)
,

where α ∈ Tzi M defines a variation of the point zi along the geodesic exp(zi, ϵα). Vectors vi, ui, and
wi have been extended as vector fields vi(ϵ), ui(ϵ), and wi(ϵ) along exp(zi, ϵα) via parallel translations.
This variation determines a Jacobi field via the relation (2.7), which is a solution J of the fourth-order
linear dynamical system (2.8). Then,∥

∂zi E = J(ti+1), ∂zi Ė = J̇(ti+1), ∂zi Ë = J̈(ti+1), ∂zi

...
E =

...
J (ti+1), (2.15)

where the Jacobi field J is obtained by numerically solving (2.8) with the initial conditions J(ti) = α,
J̇(ti) = J̈(ti) =

...
J (ti) = 0.

Let e denote the basis of the tangent space Tzi M. In abstract notation, if we iteratively choose
(J(ti), J̇(ti), J̈(ti),

...
J (ti))⊤ as (e, 0, 0, 0)⊤, (0, e, 0, 0)⊤, (0, 0, e, 0)⊤, and (0, 0, 0, e)⊤, then we get the

following derivatives,
J(ti)
J̇(ti)
J̈(ti)...
J (ti)

 =

e 0 0 0
0 e 0 0
0 0 e 0
0 0 0 e


Solve (2.8)
−−−−−−−−−−→


J(ti+1)
J̇(ti+1)
J̈(ti+1)...
J (ti+1)

 =

∂zi E ∂vi E ∂ui E ∂wi E
∂zi Ė ∂vi Ė ∂ui Ė ∂wi Ė
∂zi Ë ∂vi Ë ∂ui Ë ∂wi Ë
∂zi

...
E ∂vi

...
E ∂ui

...
E ∂wi

...
E

 .
Let us define, for notational convenience, the following matrices:

A :=
[
∂zi E ∂vi E
∂zi Ė ∂vi Ė

]
, B :=

[
∂ui E ∂wi E
∂ui Ė ∂wi Ė

]
,

C :=
[
∂zi Ë ∂vi Ë
∂zi

...
E ∂vi

...
E

]
, D :=

[
∂ui Ë ∂wi Ë
∂ui

...
E ∂wi

...
E

]
.

∥Note that ∂ϵE(ti+1)|ϵ=0 = ∂zi E(ti+1).
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Then, combining the above with (2.11)–(2.14), we readily obtain ∂ui
∂zi

∂ui
∂vi

∂wi
∂zi

∂wi
∂vi

 = −B−1A,
 ∂ui
∂zi+1

∂ui
∂vi+1

∂wi
∂zi+1

∂wi
∂vi+1

 = B−1, ∂ui+1
∂zi

∂ui+1
∂vi

∂wi+1
∂zi

∂wi+1
∂vi

 = C − DB−1A,
 ∂ui+1
∂zi+1

∂ui+1
∂vi+1

∂wi+1
∂zi+1

∂wi+1
∂vi+1

 = DB−1

(2.16)

To convert the derivatives above as Riemannian gradients of ∇t ẋ and ∇2
t ẋ, we can use the Christoffel

symbol and the projection of vectors to the tangent space of the manifold. For example, the Riemannian
gradient of ∇t ẋ(t+i ) with respect to zi is given by

P

(
∂

∂zi
∇t ẋ(t+i )

)
= P

(
∂

∂zi

(
ui + Γzi(vi, vi)

))
= P

(
∂ui

∂zi
+ dΓzi(e)(vi, vi)

)
.

The Riemannian gradient of ∇2
t ẋ(t+i ) with respect to zi is given by

P

(
∂

∂zi
∇2

t ẋ(t+i )
)
=P

(
∂

∂zi

(
wi + 3Γzi(vi, ui) + dΓzi(vi)(vi, vi) + Γzi(vi,Γzi(vi, vi))

))
=P

(
∂wi

∂zi
+ 3dΓzi(e)(vi, ẍi) + 3Γzi

(
vi,
∂ui

∂zi

)
+ d2Γzi(vi, e)(vi, vi)

+dΓzi(e)(vi,Γzi(vi, vi)) + Γzi(vi, dΓzi(e)(vi, vi))
)
,

where P is the projection of vectors to the tangent space of the manifold. See Appendix 5 for a full
list of the Riemannian gradients of ∇t ẋ(i)(t+i ), ∇2

t ẋ(i)(t+i ), ∇t ẋ(i)(t−i+1), and ∇2
t ẋ(i)(t−i+1) with respect to zi, vi,

zi+1, and vi+1.
This section has built the two key blocks for the proposed method, i.e., finding the good initial

guesses for solving the Riemannian cubic equation (1.2) by the single shooting method, and deriving
the derivatives of covariant accelerations and jerks. In what follows, we will put all “ingredients”
together to show the general framework for finding Riemannian cubics and cubic splines.

3. General framework for determining Riemannian cubics and cubic splines

In this section, we present the general framework for determining Riemannian cubics and cubic
splines using Riemannian-gradient-based methods, such as Riemannian gradient descent, Riemannian
conjugate gradient descent [26, 27], and Riemannian limited-memory BFGS [28, 29].

Given boundary conditions (x0, v0) (at t = 0) and (xT , vT ) (at t = T ), let (zi, vi) ∈ T M be the
junction and its associated velocity at time ti, i = 1, 2, . . . , n − 1. We set z0 := x0, zn := xT , vn := vT ,
z := (z1, z2, . . . , zn−1), v := (v1, v2, . . . , vn−1), and ∇ j

t ẋ(t+0 ) = ∇ j
t ẋ(t−n ) = 0, j = 1, 2. For simplicity, we

may divide the total time interval [0,T ] equally, that is, ti =
i
nT , i = 0, 1, . . . , n. Then, the Euclidean

gradients of the function (1.6) with respect to z and v are given as follows:

∂z f = (∂z1 f , ∂z2 f , . . . , ∂zn−1 f ), ∂v f = (∂v1 f , ∂v2 f , . . . , ∂vn−1 f ), (3.1)
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where

∂zi f =
(
∂αi

∂zi

)†
(αi) +

(
∂

∂zi
(∇t ẋ(t+i−1))

)†
(αi−1) −

(
∂

∂zi
(∇t ẋ(t−i+1))

)†
(αi+1)

+

(
∂βi

∂zi

)†
(βi) +

(
∂

∂zi
(∇2

t ẋ(t+i−1))
)†

(βi−1) −
(
∂

∂zi
(∇2

t ẋ(t−i+1))
)†

(βi+1),

(3.2)

and

∂vi f =
(
∂αi

∂vi

)†
(αi) +

(
∂

∂vi
(∇t ẋ(t+i−1))

)†
(αi−1) −

(
∂

∂vi
(∇t ẋ(t−i+1))

)†
(αi+1)

+

(
∂βi

∂vi

)†
(βi) +

(
∂

∂vi
(∇2

t ẋ(t+i−1))
)†

(βi−1) −
(
∂

∂vi
(∇2

t ẋ(t−i+1))
)†

(βi+1),

(3.3)

with αi := ∇t ẋ(t+i ) − ∇t ẋ(t−i ), βi := ∇2
t ẋ(t+i ) − ∇2

t ẋ(t−i ), and the symbol † denotes the adjoint operator
defined by

〈
µ,
∂ω

∂ν
(δ)

〉
=

〈(
∂ω

∂ν

)†
(µ), δ

〉
.

Since the change of zi affects the values of ∇k
t ẋ(t+i ), ∇k

t ẋ(t−i ), ∇k
t ẋ(t+i−1), and ∇k

t ẋ(t−i+1), k = 1, 2, (3.2)
follows from the following fact:

⟨∂zi f ,w⟩ =
〈
αi,
∂αi

∂zi
(w)

〉
+

〈
αi−1,

∂αi−1

∂zi
(w)

〉
+

〈
αi+1,

∂αi+1

∂zi
(w)

〉
+〈

βi,
∂βi

∂zi
(w)

〉
+

〈
βi−1,

∂βi−1

∂zi
(w)

〉
+

〈
βi+1,

∂βi+1

∂zi
(w)

〉
=

〈(
∂αi

∂zi

)†
(αi) +

(
∂

∂zi
(∇t ẋ(t+i−1))

)†
(αi−1) −

(
∂

∂zi
(∇t ẋ(t−i+1))

)†
(αi+1)+(

∂βi

∂zi

)†
(βi) +

(
∂

∂zi
(∇2

t ẋ(t+i−1))
)†

(βi−1) −
(
∂

∂zi
(∇2

t ẋ(t−i+1))
)†

(βi+1),w
〉
.

Likewise, ∂vi f is similar to calculate. Then, we convert the Euclidean gradients ∂z f and ∂v f to the
Riemannian gradients ∂R

z f and ∂R
v f by the projection P to the tangent bundle of M, namely,

∂R
z f := (P(∂z1 f ),P(∂z2 f ), . . . ,P(∂zn−1 f )), ∂R

v f := (P(∂v1 f ),P(∂v2 f ), . . . ,P(∂vn−1 f )). (3.4)

Now we have all the “ingredients” needed to perform optimization with the Riemannian
gradient-based algorithms; our proposed method for approximating a Riemannian cubic joining
(x0, v0) (at t = 0) and (xT , vT ) (at t = T ) is summarized as Algorithm 1.
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Algorithm 1: Riemannian-gradient-based method for determining Riemannian cubics
Input: Boundary conditions (x0, v0), (xT , vT ) ∈ T M, number of sub-intervals n, maximum

number of iterations N, stop error ϵ > 0.
Output: Riemannian cubic γ : [0,T ]→ M with γ(0) = x0, γ̇(0) = v0, γ(T ) = xT and

γ̇(T ) = vT .
1 Choose an arbitrary curve γ̃ : [0,T ]→ M joining (x0, v0) and (xT , vT ), and zi := γ̃(iT/n),

vi := γ̃(iT/n), i = 1, 2, · · · , n − 1.
2 Replace γ̃ by a piecewise Riemannian cubic γ joining all (zi, vi)’s via the single shooting

method.
3 for k ← 1 to N do
4 for i← 1 to n − 1 do
5 Calculate the Euclidean gradient of (1.6) via (3.1).
6 Calculate the Riemannian gradient of (1.6) via (3.4).
7 Update zi, vi via Riemannian gradient based method with the cost function (1.6) and

Riemannian gradients (3.4). //Manifold optimization package Manopt can be used as
the backbone.

8 end for
9 if ∥∂R

z f ∥ ⩽ ϵ and ∥∂R
v f ∥ ⩽ ϵ or f ⩽ ϵ then

10 Update the piecewise Riemannian cubic γ based on new (zi, vi)’s.
11 Stop.
12 end if
13 end for
14 return γ

Now we turn to the general framework for finding Riemannian cubic splines. The input data are
boundary data (x0, v0) (at t = 0) and (xT , vT ) (at t = T ), and interior data x1, x2, . . . , xl−1 (at t =
t1, t2, . . . , tl−1, respectively). Let vi ∈ Txi M denote the tangent vector at xi, i = 1, 2, . . . , l − 1. We set
t0 := 0, tl := T , xl := xT , vl := vT , v := (v1, v2, . . . , vl−1), ∇t ẋ(t+0 ) := 0, and ∇t ẋ(t−l ) = 0.

For 0 ≤ i ≤ l−1, suppose the Riemannian cubic joining (xi, vi) and (xi+1, vi+1) has been approximated
by Algorithm 1 or other methods. Similarly as before, the Riemannian gradient of the cost function
(1.7) with respect to v is given as follows:

∂R
v g = (P(∂v1g),P(∂v2g), . . . ,P(∂vl−1g)), (3.5)

where

∂vig =
(
∂αi

∂vi

)†
(αi) +

(
∂

∂vi
(∇t ẋ(t+i−1))

)†
(αi−1) −

(
∂

∂vi
(∇t ẋ(t−i+1))

)†
(αi+1), (3.6)

with αi := ∇t ẋ(t+i ) − ∇t ẋ(t−i ).

The Riemannian-gradient-based method for approximating a Riemannian cubic spline joining
(x0, v0) (at t = 0), x1, x2, . . . , xk−1 (at t = t1, t2, . . . , tk−1), and (xT , vT ) (at t = T ) is summarized in
Algorithm 2.
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Algorithm 2: Riemannian-gradient-based method for determining Riemannian cubic splines
Input: Boundary conditions (x0, v0), (xT , vT ) ∈ T M, interior conditions

(t1, x1), (t2, x2), . . . , (tl−1, xl−1), maximum number of iterations N, stop error ϵ > 0.
Output: Riemannian cubic spline γ : [0,T ]→ M with γ(0) = x0, γ̇(0) = v0, γ(T ) = xT ,

γ̇(T ) = vT , γ(ti) = xi, i = 1, 2, . . . , l − 1.
1 Choose initial velocities vi ∈ Txi M and find the Riemannian cubic curve joining (xi, vi) and

(xi+1, vi+1).
2 for k ← 1 to N do
3 for i← 1 to n − 1 do
4 Calculate the Riemannian gradient of (1.7) via (3.5).
5 Update vi via Riemannian gradient based method with the cost function (1.7) and

Riemannian gradients (3.5). //Manifold optimization package Manopt can be used as
the backbone.

6 end for
7 if ∥∂R

v g∥ ⩽ ϵ or g ⩽ ϵ then
8 Calculate the piecewise Riemannian cubic spline γ based on new (xi, vi)’s.
9 Stop.

10 end if
11 end for
12 return γ

4. Numerical experiments on the unit sphere

To test the feasibility and efficiency of our proposed methods, this section focuses on determining
Riemannian cubics and cubic splines on the unit sphere. We implemented all experiments in
MATLAB® 2023a on a computer with an AMD 3600 6-core processor, 8GB RAM, and Windows 10
Enterprise. We adopt Riemannian gradient descent (RGD), Riemannian conjugate gradient
descent (RGD), and Riemannian limited-memory BFGS (RLBFGS) in the well known manifold
optimization package Manopt as the backbone of our methods [23]. MATLAB® codes are available
on request for reasonable purposes.

Let Sm ⊂ Em+1 denote the unit sphere endowed with the induced standard Euclidean metric. For
p ∈ Sm, u1, u2, u3 ∈ TpS

m, the Levi-Civita connection is given by

∇u1u2 = ∂u1u2 + ⟨u1, u2⟩p,

and the Riemannian curvature is written as

R(u1, u2)u3 = ⟨u2, u3⟩u1 − ⟨u1, u3⟩u2.

Then, the Riemannian cubic equation (1.2) on the sphere can be reduced to (see also Eq (51) in [31])

x(4)(t) + 4⟨ẋ(t), ...x (t)⟩x(t) + 3⟨ẍ(t), ẍ(t)⟩x(t) + 4⟨ẋ(t), ẍ(t)⟩ẋ(t)
+ 2⟨ẋ(t), ẋ(t)⟩ẍ(t) + 2⟨ẋ(t), ẋ(t)⟩2x(t) = 0.

(4.1)
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The Jacobi equation (2.8) on the sphere takes the form

J(4)(t) + 4⟨
...
J (t), ẋ(t)⟩x(t) + 6⟨J̈(t), ẍ(t)⟩x(t) + 4⟨J̈(t), ẋ(t)⟩ẋ(t)

+ 2⟨ẋ(t), ẋ(t)⟩J̈(t) + 4⟨J̇(t), ...x (t)⟩x(t) + 4⟨J̇(t), ẍ(t)⟩ẋ(t)
+ 4⟨ẍ(t), ẋ(t)⟩J̇(t) + 4⟨J̇(t), ẋ(t)⟩ẍ(t) + 8⟨J̇(t), ẋ(t)⟩⟨ẋ(t), ẋ(t)⟩x(t)
+ 4⟨ ...x (t), ẋ(t)⟩J(t) + 3⟨ẍ(t), ẍ(t)⟩J(t) + 2⟨ẋ(t), ẋ(t)⟩2J(t) = 0.

(4.2)

Example 2. To generate a reference Riemannian cubic on the sphere S2, we choose initial conditions
x(0) = (1, 0, 0)⊤, ẋ(0) = (0, 0.2,−0.2)⊤, ẍ(0) = (−0.0800, 0.1180, 0.0429)⊤,
...x (0) = (−0.0451,−0.0572, 0.0300)⊤, time T = 7, and solve the equation (4.1) by the MATLAB®

method ode45. Then, we read the endpoint x(T ) = (0.0023, 1.0000,−9.2229 × 10−4)⊤ and
end-velocity ẋ(T ) = (0.1675,−3.9341 × 10−4,−3.1805 × 10−4)⊤ from the numerically solved
Riemannian cubic.

Now we turn to approximating the Riemannian cubic joining the boundary conditions (x(0), ẋ(0))
and (x(T ), ẋ(T )) on [0,T ] by the proposed methods. To attain such an approximation, we set the
number of segments n = 3. We first join (x(0), ẋ(0)) and (x(T ), ẋ(T )) by the Euclidean cubic polynomial
γ̃, then choose (zi, vi) as the initial interior conditions, where

zi =
γ̃(iT/n)
∥γ̃(iT/n)∥

, vi = ˙̃γ(iT/n) − ⟨ ˙̃γ(iT/n), zi⟩zi, i = 1, 2. (4.3)

Instead of minimizing the cost function (1.6) on the 2-fold tangent bundle**, we set out to alternatively
minimize (1.6) over the 2-fold manifold S2 × S2 and 2-fold tangent space Tv1S

2 × Tv2S
2, where the

manifold factories in the Manopt package are directly applicable [23]. Figure 1 shows some iteration
statistics including the cost function value, the norm of the gradient of the cost function, and the running
time for RGD, RCG, and RLBFGS.

We observe that RCG stops after 40 iterations while RGD and RLBFGS stop after 156 iterations
though the stopping tolerances on the cost function value (10−8) and on the gradient norm (10−8),
and the minimal stepsize (10−10) are set to be the same for all of them. Roughly speaking, RLBFGS
generates the Riemannian cubic with the smallest error but RCG runs faster. Besides, the process of
minimizing over Tv1S

2×Tv2S
2 is generally faster than that of minimizing over S2×S2 as can be readily

inferred from the bottom panel†† in Figure 1.

**The cost function (1.6) is defined on the (n − 1)-fold tangent bundle T M. Since all the manifold factories in the Manopt package
are implemented on the manifolds, not on the tangent bundles, we minimize the cost function on the (n − 1)-fold manifolds and the
(n − 1)-fold tangent spaces separately and alternatively. Mathematically, the optimization problem min{(zi ,vi)}n−1

i=1 ∈(T M)n−1 f ({(zi, vi)}n−1
i=1 ) is

reformulated as min{(zi)}n−1
i=1 ∈Mn−1 f ({(zi, vi)}n−1

i=1 ) with vi fixed and min{(vi)}n−1
i=1 ∈(Tzi M)n−1 f ({(zi, vi)}n−1

i=1 ) with zi fixed.
††Note the tangent space Tv1S

2 × Tv2S
2 is flat, which might make numerical optimization easier.
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Figure 1. An example of determining Riemannian cubics on the sphere S2 using Algorithm 1
with RGD, RCG, and RLBFGS as backbones: (a) Convergence behavior of the cost function
value; (b) Convergence behavior of the norm of the gradient of the cost function; (c) Running
time in each iteration.

The qualitative performance of RLBFGS for finding Riemannian cubics is shown in Figure 2, where
the blue, red, and green curves represent the projection of Euclidean cubic polynomial, the piecewise
Riemannian cubic generated by Algorithm 1 with RLBFGS, and the reference Riemannian cubic,
respectively. The red curve almost coincides with the green curve, which demonstrates the performance
of our proposed methods.

Figure 2. Qualitative result of our methods for determining Riemannian cubics, blue, red,
and green curves represent the projection of Euclidean cubic polynomial, the piecewise
Riemannian cubic generated by Algorithm 1 with RLBFGS, and the reference Riemannian
cubic, respectively.
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Example 3. In this example, we consider determining a Riemannian cubic spline joining

(x0, v0) = ((1, 0, 0)⊤, (0, 0.2,−0.2)⊤) (at t = 0)

and
(xT , vT ) = ((0, 1, 0)⊤, (0.1675, 0, 0)⊤) (at t = 7),

and passing through
x1 = (0.2598, 0.9496,−0.1753)⊤ at t = 2.3333,
x2 = (0.7081, 0.6588,−0.2541)⊤ at t = 4.6667.

The computer code is initialized by selecting the tentative initial velocities

v1 = (−0.0584,−0.0137,−0.1605)⊤ ∈ Tx1S
2,

v2 = (0.0835,−0.0781, 0.0301)⊤ ∈ Tx2S
2.

Then, the code proceeds to minimize the cost function (1.7) using Algorithm 2, whose results are
shown in Figure 3. Under the same stopping tolerances on the cost value (10−8) and on the gradient
norm (10−8), and minimal stepsize (10−10), the RGD takes 13 iterations while the RLBFGS only
needs 6 iterations. The running time of RGD, RCG, and RLBFGS are 23.0278 seconds, 13.2719
seconds, 6.9692 seconds, respectively.
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Figure 3. An example of determining a Riemannian cubic spline on the unit sphere S2

using Algorithm 2 with RGD, RCG and RLBFGS as backbones: (a) Convergence behavior
of the cost function value; (b) Convergence behavior of the norm of the gradient of the
cost function; (c) Blue and red curves represent initial piecewise Riemannian cubic spline,
and final piecewise Riemannian cubic spline generated by Algorithm 2 with RLBFGS as
the backbone.
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5. Conclusions

As generalizations of cubic polynomials in Euclidean spaces, Riemannian cubics and their variants
Riemannian cubic splines have been widely used in engineering, computer science and applied
mathematics. However, effectively constructing Riemannian cubics and cubic splines is a
long-standing and hard problem. This paper proposes new frameworks for constructing Riemannian
cubics, based on the variational principle and the shooting method. By adding some interior
conditions, piecewise Riemannian cubics joining consecutive conditions can be found by shooting
method. Then, we minimize the difference of covariant accelerations, second-order covariant
accelerations at junctions by Riemannian-gradient-based methods such as Riemannian gradient
descent, Riemannian conjugate gradient descent, and Riemannian limited-memory BFGS. Based on
the obtained Riemannian cubics, Riemannian cubic splines can similarly be approximated by
minimizing the difference of covariant accelerations at interior points by gradient methods. Numerical
experiments on the unit sphere S2 test the effectiveness and efficiency of the proposed methods.

The main novelty of the proposed methods is that we take advantage of the variational principle
and geometric properties of cubic polynomial (for finding local Riemannian cubics). Although
numerical experiments show our methods are efficient for determining Riemannian cubics and cubic
splines, the efficiency could be further improved if more efficient Riemannian gradient-based methods
could be used, which could be our future work. We underline that alternatively minimizing the cost
function (1.6) on manifolds and tangent spaces may reduce the efficiency of the proposed methods.
Future work may include developing the tangent bundle factory in the Manopt package for such kind
of optimization problems. Further, the convergence analysis of Riemannian gradient descent,
Riemannian conjugate gradient method and Riemannian BFGS for general or specific tasks has been
studied in the literature, such as [24, 26–28]. Motivated by the existing theoretical analysis, we may
consider the convergence of our proposed algorithms in the future work.
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Appendix

Calculations of Riemannian gradients

For 0 ≤ i ≤ n − 1, let x(i) be the Riemannian cubic joining the boundary conditions (zi, vi) (at t = ti)
and (zi+1, vi+1) (at t = ti+1). This appendix presents a full list of the Riemannian gradients of ∇t ẋ(i)(t+i ),
∇2

t ẋ(i)(t+i ), ∇t ẋ(i)(t−i+1) and ∇2
t ẋ(i)(t−i+1) with respect to boundary values zi, vi, zi+1, vi+1.

Let Γ be the Christoffel symbol associated with the Levi-Civita connection ∇, P the projection of
vectors to the tangent space of the Riemannian manifold M. We write ui, wi, ui+1, wi+1 for ẍ(i)(t+i ),
...x (i)(t+i ), ẍ(i)(t−i+1), ...x (i)(t−i+1), respectively. Then, we have

P

(
∂

∂zi
∇t ẋ(t+i )

)
= P

(
∂ui

∂zi
+ dΓzi(e)(vi, vi)

)
,

P

(
∂

∂vi
∇t ẋ(t+i )

)
= P

(
∂ui

∂vi
+ 2Γzi(vi, e)

)
,

P

(
∂

∂zi+1
∇t ẋ(t+i )

)
= P

(
∂ui

∂zi+1

)
,

P

(
∂

∂vi+1
∇t ẋ(t+i )

)
= P

(
∂ui

∂vi+1

)
,

P

(
∂

∂zi
∇2

t ẋ(t+i )
)
= P

(
∂wi

∂zi
+ 3dΓzi(e)(vi, ui) + 3Γzi

(
vi,
∂ui

∂zi

)
+ d2Γzi(vi, e)(vi, vi)

+ dΓzi(e)(vi,Γzi(vi, vi)) + Γzi(vi, dΓzi(e)(vi, vi))
)
,

P

(
∂

∂vi
∇2

t ẋ(t+i )
)
= P

(
∂wi

∂vi
+ 3Γzi(e, ui) + 3Γzi

(
vi,
∂ui

∂vi

)
+ dΓzi(e)(vi, vi)

+ 2dΓzi(vi)(vi, e) + Γzi(e,Γzi(vi, vi)) + 2Γzi(vi,Γzi(vi, e))
)
,

P

(
∂

∂zi+1
∇2

t ẋ(t+i )
)
= P
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∂wi

∂zi+1
+ 3Γzi

(
vi,
∂ui

∂zi+1
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P

(
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∂wi

∂vi+1
+ 3Γzi

(
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P
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,
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P
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∂
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)
= P

(
∂ui+1

∂zi+1
+ dΓzi+1(e)(vi+1, vi+1)

)
,

P

(
∂

∂vi+1
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