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Abstract: This paper studies the optimal portfolio decisions of participants in defined contribution (DC)
pension plans who are able to invest their wealth in transnational securities. More specifically, pension
participants can allocate their investments across cash, bonds, domestic stocks, foreign stocks, inflation-
indexed instruments, and exchange rate futures. Furthermore, we assume that pension managers face
ambiguity regarding the distribution of foreign asset prices. In this context, by employing dynamic
programming and the “relative entropy penalty” method, the paper derives robust optimal portfolio
strategies for DC pension plan participants, accompanied by a verification theorem. Additionally, we
explore two specific scenarios: the optimal investment strategy for pension managers under ambiguity
neutrality, and the utility loss incurred by ambiguity-averse fund managers who misapply the optimal
investment strategy. Our analysis is illustrated through numerical examples.
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1. Introduction

As the global economy and healthcare systems advance, leading to increased life expectancy, consid-
erable attention has been paid to pension portfolio management aimed at improving post-retirement
living standards. Currently, there are two primary types of pension plans worldwide. One is the defined
benefit (DB) pension plan, where participants are not required to bear the investment risk associated with
their pensions. Upon retirement, they receive a fixed income, with both investment risk and longevity
risk borne by the plan sponsor (typically an employer). The other type is the DC pension plan, where
participants contribute a percentage of their pre-retirement salary and generate returns by investing their
pension assets in capital markets. In contrast to DB plans, DC plans effectively alleviate pressure on
social security systems by shifting investment risk from employers to plan members. In recent years,
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a growing number of countries have transitioned from DB to DC pension plans. This paper aims to
explore the asset allocation of DC pension plans.

In recent years, a large body of literature has examined the portfolio decisions of DC pension plans.
Some researchers have approached the issue by focusing on different utility functions and analyzing
the problem of maximizing expected terminal utility. For instance, Gao et al. [1] examined the optimal
investment and benefit adjustment problem within collective DC pension plans integrated with long-term
care insurance. Specifically, their research aimed to maximize the expected utility of total benefits and
terminal wealth under the hyperbolic absolute risk aversion (HARA) utility function. Doreleijers and
Christoph [2] analytically examined the optimal investment problem for a regret-averse investor. By
extending the CRRA utility framework to incorporate regret and rejoicing, they proposed a multiplicative
regret-rejoicing utility function. Li et al. [3] considered an a robust optimal investment problem for
a DC pension plan with uncertainty about jump and diffusion risks in a mean variance framework.
Additionally, some works have studied the complexity and multiple constraint characteristics faced
by pension investment in actual operation. For example, Wang et al. [4] investigated a robust optimal
portfolio choice problem for a DC pension plan member, who worries about model ambiguity and aims
to seek robust optimal investment strategies. Wang and Jia [5] investigated equilibrium investment
strategies for a DC pension plan member who faces random risk preferences. Dong and Zheng [6]
investigated the optimal investment problem for a DC pension fund manager, considering loss aversion
(characterized by an S-shaped utility function) alongside trading constraints and VaR constraints. They
solved the problem by applying the concavification and dual control methods, deriving a closed-form
expression for the optimal terminal wealth in terms of a controlled dual state variable.

According to Markowitz’s portfolio theory, diversification is an effective strategy for mitigating
investment risk in pension funds, and the extent of risk diversification is closely linked to the correlation
among underlying assets. However, the existence of a certain degree of convergence in the price
fluctuations of financial assets within the same economy weakens the effectiveness of pension managers’
attempts to reduce risk through diversification. Levyand Sarnat [7] was the first to theoretically examine
risk reduction through global investment diversification. By analyzing the mean and variance of stock
market returns across 28 countries from 1951 to 1967, an empirical methodology for determining
optimal cross-country portfolios was proposed. Jorion [8] treated foreign investment returns as a
separate asset class in the U.S. market between 1978 and 1988, and investigated how the risk and
return characteristics of foreign stocks and bonds affect the U.S. securities market after accounting for
exchange rate risk. More recently, Guo et al. [9] studied the optimal strategy for proportional reinsurance
companies investing in foreign securities, and found that, under the assumption that insurers’ utility
follows a CRRA utility function, insurers investing in foreign markets achieve higher utility than those
limited to domestic markets.

Investing in foreign securities provides investors with dual benefits: on one hand, they can gain
dividends from foreign financial markets; on the other hand, by investing in markets relatively indepen-
dent of the domestic market, investors can reduce investment risks [7, 8]. However, unlike domestic
market investments, investing in foreign securities involves not only general financial risks but also
risks such as exchange rate risk. Additionally, due to differences in understanding of the political and
economic environments of the invested countries, pension managers face ambiguity regarding the price
distribution of foreign securities. In the presence of ambiguity about the price distribution of securities
in a portfolio, Anderson et al. [10] was the first to incorporate ambiguity in asset price distributions
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within securities markets, having proposed corresponding robust optimization strategies. Uppal and
Wang [11] further extended this by considering model distribution ambiguity in intertemporal portfolio
problems and analyzing the relationship between the joint distribution of security returns and marginal
distribution ambiguity. The classical framework for studying ambiguity in asset price distributions is the
robust control approach based on Girsanov transformation, proposed by Maenhout [12]. This framework
uses a “relative entropy penalty” method to characterize the relationship between investors reference
measures and alternative measures. Subsequent studies, building on the framework of Maenhout [12],
have explored asset price distribution ambiguity in various financial contexts (see [13—18]).

This paper considers the scenario where DC pension managers have the option to invest separately in
domestic and foreign equity markets. Given the typically long-term nature of pension investments, we
assume that interest rates in financial markets are stochastic, enabling managers to hedge against interest
rate risk by holding zero-coupon bonds in those markets. Similarly, we postulate that managers can
mitigate inflation risk by investing in inflation-linked bonds. Additionally, while the contribution process
of pension participants is exposed to market risk, this risk can be hedged using financial market assets.
Moreover, recognizing that managers must exchange local and foreign currencies during the investment
process, this paper incorporates exchange rate risk into the analysis. Under the above assumptions
regarding background risks, pension managers are considered to invest in domestic zero-coupon bonds,
inflation-linked bonds, and stocks, as well as foreign zero-coupon bonds and stocks, while hedging
exchange rate risk through exchange rate futures. Given that pension managers are less familiar with
foreign markets compared to domestic ones, we assume ambiguity in the price distribution of foreign
assets and that managers exhibit ambiguity aversion. Against this backdrop, we derive a robust optimal
control strategy with an entropy penalty, analyzing the optimal strategy under both ambiguity aversion
and ambiguity neutrality. Finally, we also consider the utility loss incurred when an ambiguity-averse
manager adopts a suboptimal strategy.

The innovations of this paper are as follows: First, we formulate a robust optimal investment
problem for DC pension plan participants that incorporates transnational investments. Second, we
comprehensively account for interest rate risk, stock market risk, exchange rate risk, inflation risk, and
ambiguity related to foreign markets in both bond and equity markets. Third, we derive both the optimal
strategy and an explicit solution for the value function. Lastly, through numerical examples, we analyze
the impact of foreign asset ambiguity and utility loss on the investment strategy.

The rest of this paper is organized as follows: Section 2 formulates the optimal investment problem
for the ambiguity aversion DC pension plan for investors who can invest their wealth in domestic and
foreign assets. The explicit solutions for value function and optimal strategy are presented in Section 3.
Section 4 considers two special cases: no model ambiguity and no foreign asset investment. Section 5
investigates the impact of changes in market parameters on optimal strategies and utility levels through
numerical simulation. Section 6 concludes the paper, and Section A gives the proofs of main theorems.

2. Problem formulation

In this section, we model the optimization problem for the DC pension plan investor who can
participate in both domestic and foreign financial markets. Suppose that the stochastic variables involved
in domestic and foreign financial markets are defined in two complete probability spaces, (Q¢, ¢, P%)
and (Q/, ¥/, P7), respectively. Here, T,f and T,f are two right continuous filtrations, represented
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by the standard Brownian motions W, () = (W;’(t), Wy (1), Wi(), Wl(t)) and Wa(1) = (W/ (1), W/ (1)),
respectively, with W(¢) and W,(¢) being assumed as independent. In addition, let

Q,F,P)= QI xQ, F¢xF/ P!x P,

be a new probability space, that satisfies P(A x B) = P%(A)x P/(B) forany A € ¥4, B € /. In addition,
assume that there are no transaction costs and taxes in the financial market.

2.1. The wealth process

The exchange rate is a key factor for investors when they invest their assets in foreign markets.
Therefore, before establishing a cross-border portfolio of assets, we first follow Guoet al. [9] to give the
driving equation of exchange rates:

dH(t)
H(@®)

(rd(t) - rf(t))dt + UH(/lHdt + dWH(t)), 2.1)

where oy, Ay are positive constants, Ay is the corresponding risk premium with Brownian motion
Wx(t), and r!(f) with [ € {d, f} represents the domestic and foreign interest rate process that evolves

according to
dr'(n) = d'(b' - F'(0))dt = \JK (1) + KdW(o),  F(0) = 1), 2.2)

where d', b, k!, k! are positive constants, b' denotes the mean reversion level of 7/(r), and &' denotes the
reversion speed.

Remark 2.1. The model (2.2) reduces the Vasicek interest rate model when ky = 0 and CIR interest rate
model when k, = 0 with the condition 2a' > b’ being satisfied to ensure r(t) > 0 (see [19]).

Assume the DC pension plan investor can invest in the financial market that consists of cash, bond, a
domestic stock, a foreign stock, inflation index, and exchange rate futures.

The price of cash is given by 050

ol? d
m = ri(t)dt. 2.3)

As one of the important tools to hedge interest rates, bonds are characterized by a face value of 1, paid
on the maturity date, and no interest is paid before the maturity date. Under the risk neutral measure, the
price process of a zero-coupon bond with a maturity date s , denoted by B'(z, s) at the time of ¢, satisfies
(see [20])

! S
ABUD) — ()t + (s — 1) \/kl1 ) + k(A \/kl1 Fir) + Kdt + WD), o
Bl(s,s) =1,
!
Irey — 2(e™'-1) . I _ 1312 I l I 1 :
where h'(t) = ATy D with m' = \/(bl — k)2 + 2k, and A, , /klrl(t) + kj is the risk

premium of Brownian motion Wf(t). After some simple calculations, the explicit solution of B'(z, s) can
be obtained as
! ) 1
Bl(t’ 5) = ¢ (s=0r @k 5= 2.5)

where

K K K 2
Loy _ 2, %2y 1, %20
hy(t) = =t —klh(t)+(a +_klb)_log{m’—(b

2mler(m/+b’—k’] /1/,)/2
l 1 :
kl 1 1 kl

L= KAL) + em't(m! + b — ALK
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But a zero-coupon bond with any maturity date can’t be easily obtained in the real financial market, so
we follow Boulier et al. [21] to consider that the pension manager can invest in a rolling bond with
a constant remaining date of K = T or K = T,. The rolling bond satisfies the following stochastic
differential equation (SDE)

dBl (1)
Bl (1)

= (1)t + 0y(K) K r(0) + KX AR P + K+ dWHD) (2.6)

with ([, K) = {(d,T1), (K, T»)}.

As in Lioui and Poncet [22], it is necessary to convert foreign rolling bonds into the domestic
currency through the exchange rate, that is, the price of foreign rolling bonds denominated in domestic
currency Bj,;(t) = B{((t) - H(t). By Ito formula, we can get the dynamic equation of foreign rolling bonds
priced in domestic currency as

dB(1)
B (1)

= H0)dt + Tl(Ty) \/k{'rf(r) + k(A \/k{ r(t) + kldt
+dW! () + ou(Audt + dWy(D)). 2.7)

In cross-border investment, exchange rate risk is the primary investment risk considered by the
pension manager, and in this paper, they hedge such a risk by purchasing exchange rate futures. Similar
to [23], Fr,(¢) represents the futures price of the exchange rate with the maturity date 73, and Hg (1)
represents the forward price of the exchange rate with the maturity date 75. Then according to [23],

we have
T3

Fr,(t) = H(t)exp | f (T — (K (s) + kdds]. (2.8)

t
Moreover, by
Hy (t)- BYt,T5) = B/(t,T5) - H(1), (2.9)

we can get H£ (¢); from Eq (2.8), we can further obtain the exchange rate futures price F'r,(f). According
to Eqgs (2.2) and (2.6)—(2.9), by Ito formula, the driving equation of exchange rate futures can be obtained
as (for more detailed derivation, see [23])

dFr,(1)
Fr,(0)

= aH(/szt + dWH(t))

—0(T3) k(1) + k(20 \Jkdr(2) + kdde + AW(1))
+a (T3 KL (1) + K (A KL () + K] dr + AW (1)), (2.10)

Moreover, the pension manager invests both in domestic and foreign stock markets, and we assume that
the dynamic process of stocks follows the SDE

ds'()
Sy =" 0di+ O+ (2 i)+ K + awio) @.11)

+ oy (Aldt + dWL(D)),
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where o |, o, are positive constants, which describe the volatility level of the stock market, and A/

is a non-negative constant, which represents the market price of the risk W'(¢). Similar to the case of
bonds, the dynamic process of foreign stock prices after considering exchange rate changes follows (for
symbolic simplicity, we still write as S /(%))
ds’(t .
O _ aiar + ou(Audt + dWy(D) + o, K[ (0) + K5
§7(@0) | (2.12)

(AL K P (1) + Kyt + AW (D) + o (ALdr + dW (1)),

In the long-term investment process of pension, the inflation risk is an important investment risk
that pension managers need to consider. Similar to Guan and Liang [24], consider the continuous time
inflation index model as

U = (1) = r(0))dt + oy \JKrGo) + K440 Jkir o) + K
+dW(0)) + o ldt + dWi(0)), (2.13)
1(0) = Iy,
where, r,() represents the real interest rate of the domestic market, being a deterministic function of
time t, 0, 0 are positive constants, that describe the volatility level of the inflation index, and A; is a
non-negative constant, that represents the market price of the risk W;(7). In order to hedge the inflation

risk in the domestic market, the pension manager considers buying inflation bonds, and its dynamic
process satisfies (for the detailed derivation process, see [24]).

dP(1)
0 " Pt + oy Ak + k(A2 K0 + kdde + aW(o))

+ O'[z(/l]df + dW[(l))

(2.14)

Finally, in the whole accumulation phrase, the participants of the pension plan will pay contributions
to the pension account regularly, and we assume that the contribution process of participants is influenced
by domestic interest rates, inflation risk, and the stock market. Its dynamic process follows

9O = -+ o \JKEr) + KA k) + Kt + aWE)
+0o(Adt + dW(D)) + T3 Aydt + AW (), (2.15)
C(0) = .

where 0.1, 02, 0.3 are positive constants, that describe the volatility level of the contribution process.

After finishing the financial market modeling, consider the pension manager’s strategy as follows:

the amount invested in cash assets is py(f), the amount in rolling bonds is ug(t), the amount in stocks is

u. (), the amount in inflation is u,(), and the amount in exchange rate futures is ux(7). Then the wealth
process of pensions is satisfied as

dX(1) = CO)d1 + po(DB 1 (1 PBED | f () B0

Ho\ 5oy HB\W g0y ™ M\ )

dypdSia frandsia dFry () dP(t
O + i OFE +rrOF G + 05 (2.16)

X(0) = xo.
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After substituting (2.3), (2.6), (2.7), (2.10)—(2.12) and (2.14) into the above equation, the driving
equation of the pension wealth process can be expressed as

dX () = C(tydt + (DX ()dt + JT (o (6)(E()dt + dW (D)), (2.17)
where

IO 0 0 0 0 0

0 Tty oy 0 0 0

~UTHM ) T THA@) o 0O 0 0

o(t) =

os1A1 (D) 0 0 ¢4, 0 0

0 ol M) om0 o, 0

onlA(t) 0 0 0 0 o

(t) = (1 (0). o), ). 0l (0. 1, 0))
£(t) = (XA (1), AL Do), 2, A5, 2, )T,

W(e) = (W), W (o), Wi (o), W), Wi, wio)

M) 2 K@)+ K, M) 2 K@) + I

And () is an admissible strategy with the definition given as follows:

Let O :=RXR*XR*XRXR, G :=[0,T] xO. For any fixed ¢ € [0, T'], we call the portfolio strategy
ji(t) an admissible strategy, if it meets the following conditions:

(i) Vt € [0, T], a(¢) is F; progressively measurable;

(if) For any initial value (¢, x, 7%, 7/, 1, ¢) € G, the SDE (2.17) has a unique solution;

i) ELf, (A o (0)o(t) f(0))dr] < oo.

We denote the set of all admissible strategies by ‘A.

2.2. The optimization problem

The aim of the investor is to find the best strategy such that

X(T)
E° U=, 2.18
;l:g t,x,rd,rf,l[ (I(T) )] ( )

where U is the constant relative risk aversion (CRRA) utility function defined as

(2.19)

The parameter y (with y > 0) measures the degree of relative risk aversion that is implicit in the utility
function. The CRRA utility function is a classical utility function used in optimal portfolio strategy
models (see, for instance, [2,24,25]).

Since the DC pension plan will receive contributions from participants regularly during the whole
accumulation phase, it is not a self-financing process. We first convert it into a self-financing process. To
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do this, consider a virtual derivative whose payment at time s is C(s), and the price at time ¢ is D(t, s) (the
maturity of the derivative is s > ¢), then D(¢, s) satisfies the following partial differential equation

D, + D,[a’(b? = )] + DeuC + 1D, (k91 + k%) + 1Dcc[0?, CP(kr + k)

+0'sz2 + 0'33C2] - D,CCO'Cl(k‘llrd + kg) =riD - D,/l‘f(k‘llrd + k‘zl),
D(s, s) = C(s).
Solving the above partial differential equation, it is not difficult to obtain the explicit solution of D(¢, s)
D(t, s) = C(t)efl(S—t)+fz(s—t)rd(t),
where )
Bibsle O 1]

) = 25 :

e @00 _ g,

!
1
fmrif5ﬁm%—w%hw%$wwmﬁm+ﬂ@mrww&
0

a®+kd o kI A4F \f (@l +kd oo —kI A )2 244 . .
where 6, = ! =y T ! ! L. Moreover, D(t,s) satisfies the backward stochastic

differential equation (BSDE)

P = (1)t + (o7e1 = fo(0)) \/k‘frd(t) + kd(ad \/k‘llrd(t) + kddt
+dWA(0)) + oo Addt + AW(D)) + o3 (At + AW (1)),
D(s, s) = C(s).

Let F(t,T) = ﬁ ! D(t, s)ds, then F(t,T) denotes the value at ¢ of all contributions received by the
participants from time ¢ to the end of the accumulation period, and we have

T
dF(t,T) = —C@dt+r'(OF, T)dt + f D(t, 5)(oe1 = fals = )ds

t

JKdr ) + k(¢ \/kfrd(r) + kedt + dWAD) + 2 F (1, T)
(A4dt + W (1) + o F (2, TY(Ardt + dWi (). (2.20)

Apparently, we have

T
dF,T)+Codt [ Dt s)oer = fols — 1)ds
—rn r(0dr + D) \JKIr(t) + k4

(A9 \JKdr0) + Kddt + dWE D) + oo Addr + dWI(0))

+oes(Ardt + dWi(D)). (2.21)

Proposition 2.1. The cash flow C(s) and F(t,T) on [t, T| can be hedged with domestic stock, rolling
bond, inflation bond, and cash account in the financial market, which means

dF@t,T)+ C(ndt

PN AO)
F(.T) = 1o (1)

So(?)

dBi.(1)
BY(1)

ds(r)
S4(n)

dP(t)
P’

+ (1)

+ 1y (1) + 1, (1)

Electronic Research Archive Volume 33, Issue 10, 6445-6475.



6453

where
pl @ =1 —pl (1) - uf @) — b @),
F([) _ f’TD(t,s)(O',l—fz(s—t))ds _ O'f"l(rL.z _ _onoas
Hp (D) = F(t.T)o%(Ty) ahos(T)  opog(Ti)’ (2.22)

(1) = 22,

TORS -2
Proof. According to Eq (2.21) and the driving equations for domestic cash account, rolling bond, stock,
and inflation bond (2.3), (2.6), (2.11), and (2.14), it is not difficult to draw these conclusions. O

Let Y(r) = X(¢t) + F(¢t,T) (clearly there is Y(T') = X(T)), then from the above proposition, we have

dY(t) = dX(t) + dF(t, T)

= r(O(X(0) + F(t, T))dt + (uh(r) + up (O F (2 T))dBilg(f)
’ R B
ds () P(t)
+ (0 + il OF @))% ot (up OF @, T) + y,,(;))%
dBJ(1) dF (1) ds /(1)
f K f
+ﬂBO)B£U) +#FU)F(0 +”‘U)Sf0)'
If we let ]
p(t) = fi(e) + (up F(2.T),0,0, 4l F(t, T), 0,45 F(1. T)) (2.23)
then
dY(®) = FOY()dt + pT (O (OIEDdt + dAW(D)]. (2.24)
Thus, the optimization problem (2.18) is equivalent to
Y(T)
sup EC U(_)] , (2.25)
u(t)zﬂ Sl B (C))

whose wealth state variable is in the self-financing market. Furthermore, we call the new strategy u(#)
an admissible strategy if and only if the corresponding strategy ji(¢) is an admissible strategy in Eq
(2.17); for ease of expression, when p(¢) is an admissible strategy, we still write as u(¢) € A.

2.3. The asset price distribution ambiguity in the foreign market

Compared with the domestic market, pension managers are not familiar with foreign markets, which
is mainly reflected in the lag of information acquisition and the differences in social and cultural
environment and ideology. Therefore, even in the face of the same information, the feedback from
domestic and foreign markets will be different, so only limited information can be used to analyze the
distribution of foreign asset prices. The true distribution of security prices cannot be fully understood. In
order to understand the portfolio decisions of pension managers under limited information, it is assumed
that the probability distribution of prices obtained by pension managers in the domestic financial market
is deterministic, while the probability measure of foreign financial markets is uncertain. As mentioned
above, pension managers are fuzzy-averse. Based on the above assumptions, this paper discusses the
optimal portfolio strategy of DC pension managers according to the robust optimal control method
including entropy penalty strategy from [12].
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In robust optimization theory, the measure of asset price distribution obtained in advance based on
limited information is generally called a reference measure. In the actual investment process, on the
other hand, the pension manager realises that the reference measure they receive is not necessarily the
true market measure, and therefore considers a set of probability measures Q that are equivalent to the
reference measure P, and bounds the “distance” between the reference measure P and the equivalent
measure Q by establishing an entropy penalty. This section investigates the DC pension portfolio
strategy while the pension manager is ambiguity-averse by introducing a probability measure Q that is
equivalent to P. Since the pension manager is familiar with the domestic market, we assume that the
manager knows the distribution of domestic financial securities prices, thus the probability measure Q
is equivalent to the reference measure P and does not change the probability measure of the domestic
market, i.e.,

Q:={0|Q0~ P}, (2.26)

where Q will not change the distribution of domestic asset prices*.
Because Q € Q is equivalent to P, and Q will not change the distribution of W;(¢), then we can write
as Q = P x Q7. According to Girsanov theorem, Q and Q satisfy

dQo dQs

d—P(Wz[O, 1) = d—Pf(Wz[O, 1) = AQ@), t>0, (2.27)

where
! ) 1 !
A(t) = exp| f ¢1(s)dW/ (s) — 3 f ¢1(s)ds
0 0

+ f ¢2(s)dW{'(s)—l f $5(s)ds). (2.28)
0 2 0

If A(r) satisfies the conditions: 1) A(¢) is progressively measurable w.r.t.  {Filcor;; 2)
E”[exp(3 fOT(d)%(s) + ¢3(5))ds)] < oo, then A(t) is a P — martingale w.rt. {F}eor). Thus, we can
rewrite Q as

Q:={Q10=P'xQ),

and Q/ follows (2.27).
According to the Gosanov theorem, the Brownian motion of foreign financial assets can be rewritten
as W,f (1), Wg (¢) under the measure Q; then we have

dW/(t) = ¢\ (H)dt + dW2/ (1),

dW/(t) = gr(H)dt + dW2/ (1),

where W2/ (1), Wf’f () represents Brownian motion under probability measure Q. Therefore, the driving
equation of foreign rolling bond and stock market can be rewritten as

dBl (1)
Bl

= rl(r)dt + o(T>) \/k{ P (t) + k(] \/k{ rf () + kL dt + ¢1(7)

*Similarly to [26,27], here we assume that Q is non-empty.
In [26,27], the author discussed the life cycle problem with individual mortality rate (which is without ambiguity) and asset price
process (which has ambiguity).
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+dW2/ () + o Andt + dWy (1)), (2.29)

ds’(t)

Sf(t) =r (t)dt + O'H(/lHdt + dWH(t)) +0, (ﬂfdt + ¢2(t)dWQ f(t))

+o/) \/k{ r(0) + kg (A \/k{ P (0) + kjdt + ¢ (1) + dWE/ (1)), (2.30)
Thus, the wealth process of the DC pension can be rewritten as
dy(t) = r'(OY()dt + u" (Do (O[E(E)dt + $()dt + dWE(2)], (2.31)

where ¢(£) = (0, ¢1(), 0,0, $2(1),0)".

Considering that the reference measure P is the most reasonable estimate of the probability measure
made by the pension manager based on the limited information they observed, and also that it has
some reference value, in order to measure the degree of deviation of the probability measure Q from
the reference measure P, similarly to Maenhout [12], this section considers using the relative entropy
penalty method to describe the degree of deviation of the probability measure Q from the reference
measure P. The relative entropy between probability measures Q and P is defined as follows

d
Ho»(QIIP) = [Ot][log d%]

= E9[ f ¢1(s)dW/ — f P1(s)ds + f q>2(s)c1v[/{—l f $5(s)ds]
0 2 0 0 2 0

= E9[ f ¢1(s)dW,Q’f+l f P1(s)ds + f ¢2(s)dWsQ’f+l f $5(s)ds].
0 2 0 0 2 0

- 90 [ G+ 5 [ st

Therefore, we consider using %ﬁ(s) + %gb%(s) to describe the relative entropy between the probability
measure Q and P. The higher the value is, the greater the degree of deviation of the probability measure
Q from the reference measure P, and the more cautious the pension manager is about the reliability of
the reference measure.

Under the ambiguity theory, problem (2.25) becomes

Y(T) ¢1(s)
JHa,y, ol = E° f :
D = EL VG | e v, oy o o)
¢3(s)
ds 2.32
2‘P2(S Y(s), ri(s), 7 (s), I(S))] } (232
where 5

Wit,y, D) = : . (i=1,2). 2.33
D= T sy ey 702 239

And the value function of the pension manager with ambiguity aversion is
V(t,y, oD = sup 1nf JHC(, y, oD, (2.34)

p(t)en?

that is, the pension manager considers the optimal portfolio strategy under the worst case scenario.

Electronic Research Archive Volume 33, Issue 10, 6445-6475.



6456

Remark 2.2. Since the pension manager usually has different degrees of ambiguity about foreign bond
and stock prices (generally, pension managers are more confident about the distribution of bond prices
than stock, mainly because the conditional variance of bond market returns is generally lower than that
of the stock market, see [28]), this paper uses V1, Y, to depict the different levels of ambiguity aversion
of the pension manager. When the ambiguity aversion of the pension manager is stronger (i.e., ¥1, ¥
is larger), it indicates that the pension manager has less confidence in the reference measure, which
allows the probability measure Q to deviate from the reference measure P with less penalty. Conversely,
when the penalty item Yy, Y, is smaller, for example, ¥, =¥, = 0, the pension manager has greater
confidence in the reference measure, and any deviation from the reference measure will be severely
punished, at which point the objective function will degenerate into a ambiguity-neutral case.

3. Closed-form solutions

This section derives the closed-form solutions of optimal strategies and value function. To this end,
we first denote the Hamiltonian as

ALy, L' /') = fi+ £y + W o @E®) + O] + Ifi[r" + on A (@)
=+ oAl + fula® O = O] + fuld (0 ~ 1)

1 1
—ATOHO] + 5 frut O (Op + 5 ful (0] AT

1 1
+07,) + Efr"r"A%(t) + Ef;frfA%(t) — fyaAi (D" o (t)eq
+fap (O (O] = f, M (Op o (ter — fraAionl, (3.1)
where e;(i = 1,2) denotes a 6 X 1 column vector, where the i-th element is 1, and the remaining elements

are 0, A(?) = (0, A5(1),0,0,0,0)", oy(¢) = (611A1(2),0,0,0,0,0,)". The corresponding HIB equation
(see [29] for the exact derivation process) is

- 1 (1)
su 1nf{ﬂ'u’¢V(t, L) +
H(t)]zﬂ oeQ g 29, (t,y, rd, 1!, 1)

.\ $5(1)
295(t, y, e, 1!, 1)

(3.2)

}=0,

with the boundary condition satisfying V(T,y, I, 74, ) = U(y/D).
For (3.2), applying the first-order condition to ¢(#) gives

5t = — A - — 2 BoT(Bu(t) (33)
-V 1=V HEE: '

where B = diag(0,,0,0,5,,0)". Substitute ¢*(¢) into the HIB equation (2.33), then we have

V. y

sup {Vy[ry + uTE@)o(t) + w1 o(t)BA() -

p(t)en (1-yV T pyH TOT (Du]

+ Vi + V[ = 1+ o AN + opdg] + Viala (0 = )] + Vi la! (0 = )]
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- )VAT(t),BA(t) + %AT(t)ﬂaT(t)u + %VyyuTa(t)aT(t)u
+ ;V”Iz(o'llAz(t) o)+ 1v,d,dA2(r) + lv,f,ng(t) VyaAi (" o (t)ey

+ V" (D0 (D] = Vi MO o (Bes = ViAo I + 5[v,fﬂt)

- Vo]l ,BA( ) -

V}
- d=-yV

Using the first-order condition to the above equation with respect to u(¢), then

BoT(Hul = 0. G4

. VipoT()
w = (F—— T~ ) V€0 + ,BA(t)
=VyaAi(t)ey — V1 Ay (D)ey + VyIIO'I(t)]- (3.5)
To solve (3.4), we guess that the form of V satisfies
v,y I, ) = ( IV, 4, (3.6)
with
h(t, 1, 1) = exp{riqi(t) + ' ga(0) + g3(1)).
By taking (3.6) into (3.5), then we can rewrite g*(#) into
u@) = yo 1(Deq
—q2(DA2(D)ez — (1 = y)orql, 3.7

then substituting the value function (3.6) into (3.4) gives

C]z( )

Fai(0) + g5 (1) + g5(0) + (1 = y)(*) o) + =) o (OBAE) +2(1 = y)r,

- %(H*)TO'(t)ﬁa'T(t)ﬂ* — (1 =Y)on 2720 — (1 = p)opd; + i(Da B! = r)]

q5(1)
2(1 -

+ qz(t)[af(bf — - QZ( )

y(1 =2 -7)

AT(t)BA(t) S—AT(OBoT (" + ql(t)Az(t)

(o ,1A2<r>+<r,2><u> o(t)o (O + qzmA (t)

2
(= DaOAOWE) T Der — (@) o OB — (1 - y)qz(zmz(r)w*fa(t)ez
£ (=@ OA Do + [;”(t) NG )Ty"(’) 421 A0 - b "Ty(’)”*] _ 0.

Remark 3.1. Here, we do not substitute p*(t) directly into the HIB equation, because in the actual
derivation, it is easier to deal with (u*(t)) "o (t) or o™ (t)(u*(¢))".

By separating the variables, we can get the following three ordinary differential equations:

M_O,

{ q1<t>+2yq1(r> [a = (1 = onkylg @) + (3.8)

q(T) =
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’ ( )
G0 + 2P0 G2y 1 B AR — afYga() + 2RI

A-p ) (3.9)
2B1+y)

7:(T) =0

1+y)k,
g5 + 5 ql(t)+(adbd 1 kA = o)) (1) — W}?y) 2(0)

+[a’b’ +kJ2(/lf—

q3(T) =0
where G = SX[) + ()] + 55k () + (D + (1 =yt = (1= plon Ak + opdi] +

B0k + o) + 127yk§l[/lf — (1 =y)onl®+ 2—;[/11 - (1 =yonl.
Note that the above ordinary differential equations are Riccati equations, which can be solved as
(see [15] for more detail)
Ay (e VEaT=0 _ 1)

= A1
0= T (3.11)

A (e VR0 g
OE LZ(e — ), (3.12)
LieVaed=n _7

(3.10)

4 kg 2 drd V=Y, 44
q3(t) = {2—611(S) +|a’b" — ——k5(A; — o) |qi(s)
t Y Y
B — 1+ Yk} kAL

- 242 Fif oo faf _ 2t
2(y+l81)(1_7)Q2(S)+[a b+ kA ﬁl+y]q2(s)+(;}ds

yla’ = (1 = y)opk + \/_]
kd

(3.13)

where

Adip =

Ay = [ = y)onk] - a]* - N - o),

~ (1 —Ya’ @) +7y) -kl Af (Bl+7—1)+(31+7)\/?

12 =

K (1= -7)
1 -1 — kAL
A, = f kf/lfﬁl'i"y 12_( 1 '
? - By | B1 +7)

Remark 3.2. Since we assume that the risk-aversion coefficient of the pension manager isy > 1, it is
obvious that Ay > 0, Ay > 0.

Summarizing the above, we draw the main conclusions of this paper, which give the optimal strategy
and the explicit solution of the value function, as follows:

Theorem 3.1. For the robust optimization problem (3.2) under CRRA utility function, the explicit
solution of V satisfies

Vit y, 1 ) = % (};,)1_7 DO (0420 (3.14)
-7
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and the optimal strategy is given by

HO = T OEO) B+ o0 160 + 2 pAw)
—q1(DA(Der — q2(DAx(Dex — (1 — y)or(B)], (3.15)

with the corresponding worst case scenario probability measure being described by
q2

0 = LB ~ BB+ Yl 1600 + 2
-y -y

—q1(OA(Ner — g2(D A (Dez — (1 =)o (B)], (3.16)

here q(t), q2(¢), q3(t) as in (3.11)—(3.13).

A(2)

Remark 3.3. The candidate optimal strategy here consists of two parts: one consists of (o~ (£))T (B +
YIsxe) ' E(E), which is similar to the Sharp ratio in the classic Merton strategy, while the remaining
part can be considered as a hedging item, indicating a hedge against risks arising from interest rates,
inflation, and exchange rates during the investment process.

After the above derivation, we have obtained the candidate optimal value function and candidate
optimal strategy for the pension manager with ambiguity aversion characteristics when their objective
function is like (3.2). In order to show that the solution of the HIB equation and the candidate optimal
strategy given by Theorem 3.1 are indeed the optimal solution to the problem, we need to verify them
by a verification theorem. Before such verification theorem, we first need to show that the definition
of the worst case equivalent probability measure given by the theorem is well defined, that is, to show
that the Radon-Nikodym derivative AP (#) of the equivalent probability measure Q with respect to the
reference measure P is a P martingale, under ¢*(¢) given in Eq (3.16). Obviously, AP () 1s progressively
measurable with 7, so in order to prove that A¢* (1) is a P martingale, it is sufficient to show that it
satisfies the Novikov condition.

Lemma 3.1. [fthe condition

Y 0) + B - y)? .

< , (3.17)
2081 +y)*(1 —y)? 2kl 2
is satisfied, then ¢*(t) given by Eq (3.16) satisfies the Novikov condition
1 T
E”[exp (5 fo (¢7(s) + ¢§(s))ds)] < co.
Proof. See the proof of Lemma 3.1 in the Appendix of this paper. O

Now, we can give the corresponding verification theorem for Theorem 3.1.

Theorem 3.2. (Verification theorem) For problem (2.34), if there exists a solution that satisfies the
corresponding HIB equation (3.2) and the boundary condition V(T,y,I,r¢, 1) = U(y/I), satisfies the
conditions (3.17), and

(i) 16N/ (5) + 128M3(s) < 54 when k{ # 0,
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(if) 16N(s) + 128M3(s) < 3 when k| #0,
then the solution of the HIB eqitation given by (3.2) is the optimal solution of problem (2.34), and
the corresponding candidate strategy is the optimal strategy. Here, M (s), M,(s), N1(s), No(s) as in

(A.5)—(A.7).
Proof. See the proof of Theorem 3.2 in the Appendix of this paper. m|

Finally, using the conclusion of Proposition 2.1, Theorems 3.1 and 3.2, we can obtain the optimal
strategy of the initial problem.

Corollary 3.1. While the wealth process of pension fund follows (2.16), according to the Proposition
2.1, Theorem 3.1 and Eq (2.23), the optimal strategy of the initial problem is

B (8) = p*(0) = (i, OF (1, T),0,0, i (OF (1, T), 0, i, (D F (1, T)) ", (3.18)

where p*(t) is according to (3.15), and u, (0), p; (1), ph (t) are as in (2.22).
4. Two special cases

4.1. The case in which the pension manager is ambiguity neutral

In order to further compare the impact of ambiguity in the distribution of foreign asset prices and the
impact of pension managers’ ambiguity aversion characteristics on the optimal strategies, this subsection
considers the ambiguity-neutral pension manager’s portfolio decisions. Under this circumstance, the
ambiguity-neutral pension manager no longer considers the ambiguity of the distribution of foreign
asset prices, and believes that the reference probability measure P can truly reflect the trajectory of
asset prices. In this case, the optimization problem (2.32) degenerates into a general optimal portfolio
problem. While the financial market is as in (2.1)—(2.14), and the wealth process of the pension is as in
Eq (2.24), the objective function of the ambiguity-neutral pension manager is

Y(T)

TGy, D) = Et,y,ﬂ’,rf,l[U(ﬁ)],
and the corresponding value function is
V(t,y, ', r! 1) = sup (1, y, .1l D). 4.1)

HeA

Similar to the previous section, we can obtain the optimal strategy fi(¢) and the corresponding value
function for ambiguity-neutral pension manager.

Theorem 4.1. When the pension manager is ambiguity neutral, and the wealth process of the pension
follows (2.24), the utility of the pension manager is characterized by the CRRA utility function, and the
corresponding value function is

—_ X 1
v, ¥, I, ,,d’ rf) — m(%)l—yerdm(t)wfpz(t), 4.2)
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and the optimal strategy is

() = YH (1) (07 () T[E(E) — pr(DA(Dey — pr(t)As(B)es — (1 — y)ai(D)], (4.3)
where
() = q1(0), (4.4)
mma(e Van(T=n _
p2(t) = , (4.5)
nle\/A_Pz(T_t) _ 77
Wyt A (1) o
here Mo = )’+k1/lr(1kf7) 7\/A_p2, ApZ = (af + l%k{/l{)Z _ (1 ’V);];]/l,-)z.

1

Proof. The proof is similar to that of pension managers with ambiguity aversion characteristics, so we
omit it here. o

Remark 4.1. The optimal strategy for the ambiguity-neutral pension manager is actually the optimal
strategy for the ambiguity-aversion pension manager when the ambiguity aversion coefficient is 31 = 0,

B=0

Remark 4.2. If foreign securities markets are not considered here, then the model degenerates into the
case in [20].

Similarly, the optimal strategy for the ambiguity-neutral pension manager for the initial problem is

Corollary 4.1. While the wealth process of the pension manager as in (2.16), according to Proposition
2.1, Theorem 4.1, and Eq (2.23), the optimal strategy for the initial problem is

B (8) = f*(8) = (i, OF (1, T), 0,0, (OF (1, T), 0, i, (D F (1, T)) ", (4.6)

where [i*(t) as in (4.3), and (1), ui (2), (1) as in (2.22).

Consider a special case where the pension manager with ambiguity aversion does not adopt the
optimal strategy p*(¢) given in Theorem 3.1, but instead incorrectly adopts the ambiguity-neutral pension
manager’s optimal strategy fi*(¢) (which is also known as the suboptimal strategy), i.e., utility loss
occurs. While the pension manager with ambiguity aversion adopts the suboptimal strategy, then the
corresponding value function is

— Y" (T) $3(s)
d _.f Y 1
V3.1 D) = 0 Byt U ey f 3,5, Y50, M), P (), 105))

$3(s)
2‘1’2(s Y(s), ri(s), r/(s), I(s))

lds}, 4.7)

where, W,(t,y, 4, 1/, 1) = b , (i = 1,2). Similarly, we can derive the optimal strategy and
A=V yot ey’
value function for the pension manager in this scenario as follows:
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Theorem 4.2. When a ambiguity aversion pension manager adopts the optimal strategy of a ambiguity
neutral pension manager, then the corresponding value function is

Vi, y1r ) = ( )1 Yo" g1(t)+rfgz(t)+g3(t)’ 4.8)
here
LoV
g1t = , 4.9)
Le VT _ g
_ 4N -
g(t) = : (4.10)
T )( —/ld kd kf
23(0) =f (i + 2LV =)o IOy
1 ; y 4.11)
(G2 * 5= ) + /b T —L1ea() + Galds
in = ya' — ki’(l —y)on - /151) * Ag
1,2 k‘ll ’
1- 4G
Ag = (o = A—2 —ap - L
Y -y
7, = Y=V + (=P + Akl + VAo
’ kK (y(1=y) = B)
A (ol + 220 +ﬁ1k{ﬂf]2 KA1 =y = yB)(1 =y +2B)
g2 17%r 2(1 - ’
Y Y Y (I =)
—)(02 (k)2 402
Gy = 20 — )AL = (A = (1 =)o) +70%2 =) =21 =P = (| =), Gy = LT T0)
fy\2 faf\2 2 d\2 f\2 dY2_(1—)2 02 N
0'11/1‘fk§ — oy — Ba(As) +<§; Ik (A7) /1 +(/152)y+ux> + Kady z(i 2ol L = yy) ]2)2’

Proof. The proof is similar to that of pension manager with ambiguity aversion characteristics, so we
omit here. O

Similarly to Branger et al. [30], In this paper, we define the utility loss of pension manager as

3 V(t,y, rd, rf, I
Vit,y,rd, rf, 1)
=1 —exp((q1(t) — 1) + (q2(0) — 20 + g5(t) — g3(D)). (4.12)

UL:

4.2. The case when there is no investment in foreign securities market

As mentioned earlier, investing in foreign capital markets can effectively reduce investment risks
and obtain benefits from foreign financial markets. However, due to insufficient knowledge of the
political, economic, and other fields of the investment country, investors may face a situation where the
distribution of foreign asset prices is ambiguous. According to the entropy penalty method based on
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robust control theory, as investors’ ambiguity aversion increases, investing in foreign securities may no
longer be a wise choice for them. In this section, we consider a situation where the pension manager
only invests in the domestic securities market (i.e., in rolling bonds, domestic stocks, and inflationary
bonds), and the distribution of domestic asset prices is determined. Under this circumstances, the wealth

process of the pension follows:

dX,(t) = C(Odt + r'(OX,(dt + ZT (o1 (6)(€1(0)dt + dB(1)),

U%(Tl)Al(t) 0 0
o= oM@ ol 0 |,

where

52
onlA(r) 0 on

A1) = (WO, 20, m0) . &) = WA, AL )T

B(@) = (W, WAO. W) . Avn) 2 k() + K.

Using the auxiliary process in Section 2, we can further obtain the self-financing form
Yit)=Xi(t)+ F@,T).

Let
x(t) = &(t) + (x F (¢, T),x" F(t, T), x5 F (., T))

then the corresponding auxiliary process is

dY,(t) = r(O)Y(Odt + a7 (o1 (H)[E1(t)dt + dB(2)].

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)

Theorem 4.3. We only consider that the pension manager invested in the domestic market, and is

ambiguity neutral; then the value function of the pension manager is
Vit yi, 1, %) = L()j)l_yerdhl(f)*'hz(t)
b b b 1 _ ,y 1 N

the optimal strategy is

NN ([ . .
() = (o, (1)) ” [£1(8) — (DA (Der — (1 =)o (D],
where R
hy(f) = p1p2(e VT — 1)

pre VT — p)

r k(1 - - A kg -
it = [t + EEI )+ 2 + (o
‘ 4 2y 2y

1 -
+ 0y D+ (7 + )+ (=)0 = LAl @0k + op)llds,
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Yad - kﬁ](l —y)opn + (1 - Y)kilflf) + VA
P12 = 7 >

1

1- 1-
Ap = [K{(on - /151)77 —a'? = (k) (o = A yz)”

elT =(1,0,0), O'ITI(t) = (onA(1),0,0p).

Proof. The proof is similar to that of the pension manager with ambiguity-aversion characteristics, so
we omit it here. ]

5. Numerical simulation

To investigate the portfolio strategy of pension managers with ambiguity aversion, whose utility
preferences follow a CRRA utility function, this section examines how parameter changes affect the
portfolio strategy through numerical simulation. The parameters employed in the model are based on
the annualized benchmark values presented in Table 1%

Table 1. Model parameters.

X0 Co T Tl T2 T3 bd ad af bf M Y
0.1 20 10 10 1 0.024 0.02 0.03 0.05 0.02 2
rf ry kﬁi kczi k{ sz an an O'd O'd

sl 52 0-‘]
0.03 0.05 0.025 0073 0  0.06 0 0.08 0.08 0.02 02 0.05
oo, A 2 ALad B B

7

02 01 04 0.3 0.11 0.11 O 0.05 1 1

Example 5.1. Figure I depicts the optimal portfolio strategies of pension managers with ambiguity
aversion and ambiguity neutrality, under a time horizon of T = 20. It shows that managers with
different ambiguity preferences adopt similar strategies: both allocate the majority of their investments
to domestic and foreign stocks and inflation-linked bonds, while also considering short-selling cash and
domestic bonds. However, compared to the ambiguity-averse manager in Figure 1(a), the ambiguity-
neutral manager in Figure 1(b) holds approximately 50% more foreign stocks and about 20% more
foreign bonds at the terminal time. In fact, throughout the entire investment period, the ambiguity-
neutral manager consistently allocates a higher proportion of their portfolio to foreign stocks and bonds
than the ambiguity-averse manager. This indicates that pension managers’ ambiguity preferences can
significantly influence optimal portfolio decisions.

Example 5.2. Figure 2 analyzes the impact of ambiguity aversion coefficients 51, 5, on pension
managers’ investment strategies for foreign bonds and stocks, where By, 3, depicts the degree of
ambiguity aversion toward the price distributions of foreign bonds and stocks. In Figure 2(a), as 3
(B1 = 1,5, 10) increases, the proportion of foreign bonds in the portfolio of ambiguity-averse managers
decreases by 59% (from By = 1 to By = 5) and 35% (from By = 5 to B, = 10), respectively. This
indicates that as managers’ tolerance for ambiguity in foreign bond price distributions diminishes, their

“The market parameters in Table 1 are primarily sourced from [9] and [25].
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willingness to invest in foreign bonds also declines. Similarly, as shown in Figure 2(D), with the increase
of B2 (B2 = 1,5, 10), pension manager’s exposure to foreign stock decreases by 54% (from 3, = 1 to
B2 =15), and 41% (from B, = 5 to B, = 10).

[{—e— Domestic zero coupon bond ] 1.5 {—e— Domestic zero coupon bond
Foreign zero coupon bond Foreign zero coupon bond
2 Futures 1 -2 H{—+—Futures
Domestic stock Domestic stock
_5.5 ||—=—Foreign stock || —=— Foreign stock

—o—TIPS —6—TIPS

Cash Cash

[¢) 2 4 6 8 10 12 14 16 18 20 o] 2 4 6 8 10 12 14 16 18 20

(a) Optimal strategy of ambiguity-aversion pension manager (b) Optimal strategy of ambiguity-neutral pension manager

Figure 1. Changes in the optimal strategy of the pension manager vs. time ¢ in two scenarios.

o
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@
T

Investment strategies in foreign bond
o o
o >
N »

Investment strategies in foreign stock

(a) The impact of ambiguity aversion coefficient 8; on the investment(b) The impact of ambiguity aversion coeflicient 3, on the investment
in foreign bonds in foreign stocks
Figure 2. The impact of ambiguity aversion coefficient 8;(i = 1,2) on the investment in
foreign assets.

Example 5.3. Figure 3 illustrates the investment strategy of the ambiguity-aversion pension manager
in foreign bonds and stocks under the interaction of ambiguity aversion (portrayed by ;) and risk
aversion (portrayed by ;). Similar to the conclusion in Figure 2, as 3; increases, the pension managers’
exposure to both foreign bonds and stocks decreases. Notably, the proportion of foreign bonds in
managers’ portfolios in Figure 3(a) increases with higher vy, which contradicts the findings in general
literature. However, a closer look at Figure 3(b) reveals that as vy rises, managers significantly reduce
their exposure to foreign stocks. Most of this reduced exposure is shifted to cash accounts, with a
portion reallocated to foreign bonds (spillover effect), leading to an increase in managers’ foreign bond
holdings. (In the financial market parameter settings of this section, the volatility of foreign stocks
exceeds that of bonds.)
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Investment strategies in foreign bond
Investment strategies in foreign stock

0.35 L L L L L L L 02

(a) Optimal strategy on foreign bonds (b) Optimal strategy on foreign stocks

Figure 3. When ; has different values, the investment proportion of foreign bonds and stocks
vs. risk-aversion coefficient .

Example 5.4. Figure 4 illustrates the impact of changes in ambiguity aversion parameters on pension
managers’ utility loss. Utility loss here refers to the loss incurred when ambiguity-averse managers
mistakenly adopt ambiguity-neutral investment strategies (i.e., suboptimal strategies). In Figure 4(a), as
managers’ ambiguity aversion toward foreign bonds increases, the utility loss from adopting suboptimal
strategies rises gradually. When the ambiguity aversion parameter for foreign bonds is B, = 10, the
utility loss reaches 25% over a 20-year investment horizon. In Figure 4(b), the utility loss caused by the
ambiguity aversion parameter 3, for foreign stocks is similar to that in Figure 4(a). As the ambiguity
aversion parameter increases, the pension manager’s utility loss gradually increase, but the magnitude
of the increase is significantly smaller than that in the case of Figure 4(a). When the pension manager’s
ambiguity aversion parameter for foreign stock is 3, = 10, then the utility loss of the pension manager
reaches 41% over a 20-years investment horizon.

—— 4,1 " " —— =1
—%— 3,=5 —*—3,=5

—e—3,=10 —o—3,=10
0.2

0.1F

(a) Ambiguity aversion coefficient 3, (b) Ambiguity-aversion coefficient 3,

Figure 4. Utility loss (UL) vs. time ¢ under different ambiguity-aversion coefficient 3;.

Example 5.5. Figure 5 considers the effect of the risk-aversion parameter on the pension manager’s
utility loss. The study found that with the same risk-aversion parameter, the utility loss of the pension
manager increases with time t. On the other hand, with an increase in the risk- aversion parameter y
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(v = 2,3,4), then the degree of utility loss of the pension manager increases. At a time horizon T = 20,
the utility loss increases by 450% from UL = 0.13 aty =2 to UL = 0.72 at y = 4. This phenomenon
indicates that when an ambiguity-aversion pension manager adopts a suboptimal investment strategy,
investors who are more sensitive to risk will suffer more severe utility losses.

0.8
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0.7 |—o—1=4
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0

0 5 10 15 20
t

Figure 5. The utility loss (UL) vs. time ¢ under different risk-aversion coefficients y.

6. Conclusions

This paper examines the portfolio decision problem of a DC pension fund that can invest in foreign
securities. Pension funds are exposed to domestic inflation risks, domestic and foreign interest rate
risks, domestic and foreign securities price risks, and exchange rate risks. Additionally, we consider
that pension managers exhibit both risk aversion and ambiguity aversion, with ambiguity surrounding
the price distribution of foreign assets. First, the problem is transformed into a self-financing one via an
auxiliary process, thereby reducing the model’s complexity. Second, the model is solved using dynamic
programming, yielding candidate solutions, which are then verified as optimal via a verification theorem.
Finally, the paper discusses the optimal investment strategy for ambiguity-neutral pension managers, as
well as the utility loss incurred when ambiguity-averse managers incorrectly adopt the ambiguity-neutral
optimal strategy. The analysis of these issues helps pension managers formulate rational investment
strategies based on their own ambiguity aversion when investing in overseas securities and related assets.
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A. Appendix

A.1. The proof of Lemma 3.1

Before proving that the Novikov condition is satisfied, we first give a lemma for g, (), g,(¢).

Lemma A.1. In Theorem 3.2, q,(t) and q,(t) given by (3.8) and (3.9) are monotonically increasing on
[0, T'], thus we have

q1(0) < q1(1) < q:(T) = 0, q2(0) < g2(1) < go(T) =0
Proof. First, taking the derivative to g; (), we have

VA /11/126\/_(T (A - /11)
(e VB T=0 _ 3,2

g, (1) =

for the numerator of this formula, clearly we have 1, — 4; < 0, and we can easily prove that 1,4, <0,
thus ¢;(#) is monotonically increasing on [0, T']. Moreover, because ¢,(T) = 0, then we have ¢,(0) <
q1(t) < q1(T) = 0. Similarly, we can prove the properties of ¢,(t). O

Now, we can prove that ¢*(¢) in Lemma 3.1 satisfies the Novikov condition, and we already know that

o Biga® - BiAl(1 )
0= iy NRTOTk,

B
Br+y

P5(1) = —

then we have

1) - Bl - By
Biga(1) = 14 ( 7)]2(klfrf(t)+k§)+ (A582) N
B+ -7y B2+ 7v)
The following discussion will focus on k{' =0, k{ # 0 (in the following expression, K represents a

positive constant, but the value of K in different expressions may vary).
1) As k] =0, then

Gr(0) + ¢3(1) = [

1mmm—mﬂU—w2H (ALB2)?

— ]2+—2

27 Br+yd-y) 282 +7)

B2 + LA —y)? - ﬁﬂu—w@m
281 + )21 —y)? b

5 A%@+ﬁuW0/ﬁf

- 208 + Y1 -y 2

1 1
5¢ﬁ0+5%a)

= K+

IA
=~
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The first inequality is derived from the monotonically increasing property of g,(¢), and y > 1, ¢q>(T) =
From the above inequality, it is obvious that

"1 1
E"[exp} f (Erﬁ(s}z + 5¢§(S)2)ds}] < oo
0
2) As k] #0,let R/ (1) = k[ /() + kJ, then

dR'(1) = (k[ a'b" + kLo — o/ R (t))dt — k] RI (1)dW/ (v),

further, we have

1 ﬁ]%(t) Bl - Y).» (ALBa)?

Gy W 0+ k) g 262 + 77

B2g3() = 283 (A1 = y)ga(t) + B2 (1 — y)?
281 + (1 —y)?

B22(0) + BN - y)?

—¢ () + ¢2(t)

f
KB a0
I
<K+ .
2(k] 2

The first inequality can be obtained by referring to 1), and the second inequality refers to the Theorem
5.11in [31]. Thus, as k| # 0, we have

| 1
E"[exp{ fo (§<¢1‘(s>>2 - 5(¢;(s>>2)ds}] < 0.

A.2. The proof of Theorem 3.2

We try to prove this part by using the Corollary 1.2 in Taksar and Zeng [31]. According to Corollary
1.2, to prove the verification theorem, it is only necessary to prove the following equivalent conclusions.
(1) p*(¢) is an admissible strategy;
(2) E¢{sup | J(@, Y™, r/ (), (1), [(1)) I} < oo;
1€[0,T]

o ¢1)° (@5(1) ’
G E {,:[131;1 | Terrorerom T e oroTomm |1 < %

For (1), according to Definition 2.1, the condition (i) in Definition 2.1 is obviously valid, while (i)
and (iii) can be obtained from (2). So, only need to prove (2) and (3).

For the proof of (2), let Z(f) = Yl(g), then we have dZZ((t';) = d;z(t;) - ”% - dYY—((t;) - %. Thus

dz@m _ 1 -
70 T (t){ HOY*(Hdt + 1" (o [Adt + ¢*()dt + AW (¢)]}
—{(r(0) = r(O)dt + o MO A (Ddt + dWL (D)) + o p(Aydt + dW (1))} (A.1)

1
- )—/{0'11[/1? —qi() = =y)onlAi(@®) + op(d; — (1 =y)on)).
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Substitute p*(7) into the above equation, and after some simple transformations, we get the explicit
expression of Z(¢).

Z(t) = Z(0) exp} f Ai($)ds + AWy (0) + AsWO(E) + Ay W2 (1) + AsWi ()
0

+ fo M () \Jk4rd(t) + kedW(s) + fo Mi(s) k71 (1) + KL dWI2 (s) (A.2)

+ f Ni(s)(kIr(0) + kyd's + f Na(s)(K/ (1) + K])ds,
0 0

where
2 d\2 f\2 fy\2
Au(s) = () + /1_H N (45) N (A5)" Bads) —onks
Y Y Yy+B2 (y+p2) (A.3)
N QA —op) A= —y)op).
’)/ b
d f —_(1 —
Ay = /I—Q, Az = ﬁ, Ay = A , As = A= =on on; (A.4)
Y Y Y +5 Y
d_ _ _ /1f ﬁlqz(s) ( )
M) = 2 OO A=NTn g = = (A3)
Y ,81 +y
A —on g d
Ni(s) = T[/l, —qi(s) = (I =y)onl —ondy; (A.6)
oo Ay(1 =) +Brga())(A] + BED — g5 (s)) A
s) = ; )
? Br+ X1 -7)
thus

| J@t, Y (t), (o), (1), 1(t)) |*
1 ) _
= T ()" expldqi ()r () + 4q2(Dr (1) + 43 (1)} |

< KZ" @)

f
= KZ(0) exp{ f 4A(s)ds + 4A, Wi (1) + 4As WA (1) + AW C (1) + 4ASW ()

f AM, () \JKIrd(t) + kAW (5) + f 4My(5) \JKr/ (1) + kAW (s)

f 4N () (k1) + kd)d's + f AN, ()] () + K )ds),

0

here, the first inequality holds according to the conclusion in Lemma A.1.
In the following, we only consider the case k¢ = 0, kf 0 or k¢ # 0, kf # 0; other cases can be
similarly proved.
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() Aské =k| =0,

1
EC | J(@, Y (1), (0, ¥ (0, 1(0)) |*
< KE? [exp( f 4A,(s)ds + dA, Wy (1) + 4AsW(t) + 4A W2 (1)
0
+4AsWi (1) + f 4M(5) AJKIdW(s) + f 4M2(s)\/;§de’Q*(s)
0 0
+ f AN, (s)kdds + f AN, (5)k]ds)]
0 0
< KETexpl [ 4bi(9) dawi (o) + [ avts) Jelaw/« o
0 0
+ f AN\ (s5)kdds + f 4N, (5)k]ds}]
0 0
< KE? [expf f 4M(5) A[KEdWI(s) + f 4M2(s)\/k72de’Q*(s)<oo.
0 0

The first inequality obviously holds, and the second inequality holds because A;(s) is a bounded,
deterministic function on [0, ¢]. In addition, we clearly have

!
expf fot KdW(s) : K is a constant, W(s) is a standard brownian motion} = exp(2 f K%ds) x

0
! !
exp{ f KdW(s) — f 2K?ds),
0 0

Bounded
Martingale

thus we have E9 [exp({ fot KdW(s)}] < oco. For the third inequality, it can be obtained from Lemma A.1.
The fourth inequality holds because, for the defined function M, (s), M,(s), we have

! 1
expf f 4M,(s) \/;gdwf(s)} = exp{ f 8M: (s)kyds)
0 0
Bounded

X expf f 4M1(S)J;gdwf(s)— f 8M;(s)kids),
0 0

Martingale

(A.8)

(2) Ask? # 0, k{ # 0, consider stochastic process R'(r) = k\r'(t) + kb, where [ = (d, ). Then

dR'(1) = (K'a'b' + Kba' — a'R'(t))dt — K\ [RU (1AW (1),
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thus

EC | J@, Y (0), @), (1), 1) |

< KE9 [exp} f 4M,(s) VRA(s)dW(s) + f 4M,(s) VR! (s)dW/2 (s)
0 0
+ f 4N, (s)R*(s)ds + f 4N, (s)R? (s5)d's)]
0 0
< KE9 [exp{ f 8M,(s) VRI(s)dW(s) + f 8N, ()R (s)ds}]?
0 0

x E2 [exp{ f 8M,(s) VR (s)dW/ < (s) + f 8N ()R (5)ds}]?.
0 0

The first inequality is similar to the proof in case (1), considering
! !
expf f 8M(s) VR(s)dW4(s) + f 8N ()R (s)ds}
0 0

= exp{ f [8N(s) + 64M?2(s5)IR%(s)ds)
0

(A.9)
H
X exp{- f 64M?(s)R"(s)ds + f 8M,(s) VR (s)dW(s)},
0 0
L
and for the L part, we have
EY (LY = E<2[exp(- f 128 M?(s)R%(s)ds
0
+ f 16M,(s) VRA(s)dWi(s)}] < oo. (A.10)
0

This is because M, (s) is bounded in [0, T'], so L? is a martingale (see Lemma 4.3 in [31]). For the H
part, we have

EC (H*) = E2 [exp{ f [16N;(s) + 128 M3 (s)IR(s)ds}]. (A.11)
0

If 16N;(s) + 128Mf(s) < 2(ZZ)2 is satisfied (according to the assumption, the condition is obviously
1

satisfied), then E2 (H?) < oo (see Theorem 5.1 in [31]), thus

E? [exp{ f 8M,(s) VR (s)dWi(s) + f 8N, ()R (s)ds}]?
0 0

(A.12)
< (EQ (H?) - EZ (L))F < .
Similarly, we can prove that if 16/NV,(s) + 128M§(s) < 2(fo')2 is satisfied, then we have
1
! !
E9 [exp{ f 8M,(s) R/ (s)dW!< (s) + f 8N ($)R/ (s)ds)]? < oo. (A.13)
0 0
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Based on the above process, we have proved that

E9[sup | J(t, Y™,/ (1), ' (t), I(1)) |'] < oo.
t€[0,T]

* 2 * 2
For part (3), we defined X(¢) = ((‘ﬁégl)) + (¢§[(;2)) )(1 — ), and it is obvious that X(7) is bounded in [0, T],
thus we have

E{ sup | Wiy ; Gk P)
te[o,% 29, (8, Y (1), rd(t), 11 (1), I(1)) ~ 2Wa(t, YH (1), (1), 1/ (1), I(1))
= E% {sup | Z(t) | J(t, Y* (), (), (1), 1)) P}

t€[0,T]
< EC[sup | (1) [9)?2 x EQ [ sup | J(, Y¥ (1), Fe), ¥/ (1), 1)) [*]?
t€[0,T1] te[0,7]

< 00

b

That is, the condition (3) is satisfied. So far, we have completed the proof of all the conditions, thus
Theorem 3.2 holds.
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