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Abstract: This paper presents a numerically stable, time-accurate algorithm for simulating the
gradient flow associated with the Modica—Mortola functional with a uniformly spaced multi-well
potential. The scheme uses operator splitting; the nonlinear component is updated analytically, while
the linear part is advanced by a Fourier spectral discretization. The method is unconditionally stable,
preserves pointwise boundedness independently of the time step size, and attains spectral accuracy in
space and first-order accuracy in time. We provide a theoretical analysis establishing unconditional
stability and boundedness, and present comprehensive numerical experiments that demonstrate the
accuracy and robustness of the proposed approach.
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1. Introduction

The Modica—Mortola (MM) functional is a classical model in the calculus of variations and
geometric measure theory, originally proposed to characterize interfacial energy in materials,
particularly in phase coexistence systems [1]. By introducing a parameter controlling interface
thickness, it enables smooth approximations of sharp interfaces and provides a bridge between
diffuse interface models and sharp interface models [2]. As the parameter tends to zero, the
functional converges mathematically to the classical perimeter functional. Due to its computational
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efficiency and accurate modeling of interfaces, the MM functional has been widely applied in image
segmentation [3,4], phase transition modeling [5], and materials science [6]. The MM functional serves
as a key tool for studying multiphase image segmentation dynamics in contrast with binary image
segmentation [7]. The MM functional has been widely studied. Jung et al. [8] introduced a multiphase
segmentation framework based on MM diffuse-interface energy, and they combined a sine potential
for enforcing binary phases with a data term. As interface width € goes to zero, the model recovers
the Mumford—Shah functional and guarantees the existence and compactness of minimizers. An
alternating-minimization algorithm with a convex-concave splitting resolves nonconvexity. Numerical
experiments on synthetic, medical (MRI), noisy, and blurred images demonstrated superior boundary
fidelity, noise robustness, and editability compared to prior methods. Within the phase-field method for
solving optimal packing and Cheeger-type partitioning problems, the work of [9] focuses on a-Cheeger
configurations and rigorously demonstrates that both maximum- and sum-based minimizers converge
to optimal packings composed of equally sized balls. They proposed the MM phase-field variational
convergence framework to compute a-Cheeger constants and clusters, enabling direct gradient-based
optimization. Wang and Kim [4] proposed a modified MM equation that used a phase-dependent
interfacial functional to maintain sharp interfaces. In the classical MM model, using a constant
interfacial parameter caused transition layers to broaden as phase differences grew; by contrast, their
adaptive function narrowed the interface where the phase-field gradient was larger. Computational tests
confirmed superior interface resolution over the conventional MM model. Ham et al. [10] developed
an unconditionally stable numerical algorithm with second-order temporal accuracy, using operator
splitting method [11, 12] to solve the gradient flow equation associated with the MM energy featuring
uniformly spaced multi-well potentials. They solved the nonlinear sine term analytically and the
linear diffusion term via a Fourier spectral method, and then they proved that the numerical solution
remained bounded and stable for any time step size. Through theoretical analysis and numerical
tests, they confirmed second-order accuracy in time, spectral-order accuracy in space, and robustness
in stability and convergence tests. Wilbuer et al. [2] developed a geometrically exact, 3D finite
element phase-field model to study deformation-dependent interface elasticity in mechanically driven
phase transformations. They coupled an Allen—Cahn-type diffuse-interface model which is based on
the MM double-well energy potential, with homogenized bulk descriptions and a Ginzburg—Landau
viscosity term. A monolithic Newton solver handled the resulting nonlinear system. Numerical
examples demonstrated that higher interface energies accelerated inclusion coalescence and anisotropic
responses at phase boundaries.

This paper proposes a stable numerical scheme, independent of time step size, designed for the
gradient flow associated with the MM energy functional incorporating a higher-order potential:

a¢(;, D _ _F;,(qse(zx, D A #(x. 1), (1.1)

n-Ve¢ = 0ondQ. (1.2)

Here, ¢(x,?) denotes the phase-field variable defined over the spatial domain x € Q and temporal
variable ¢. The parameter € governs the width of the transition interface, and n denotes the unit normal
vector pointing outward on the boundary 9Q. Equation (1.1) corresponds to the gradient descent
evolution associated with the MM energy functional [8].
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0 :f[%;”)) + Lvap|ax. (1.3)
Q € 2

The following high-order multiple-well free energy potential is considered:
Fo(®) 1 (1 - cos®(n¢)) (1.4)
a = — — JT . .
Va

where « is an even integer, see Figure 1 for F,,(¢) and F,(¢) with various « values. Figure 1(a) shows
the behavior of the function F,(¢) as the parameter « varies. For the MM functional, the free energy
potential is a periodic function. When a = 2, F,(¢) exhibits the steepest gradients near integer values
of ¢. As «a increases, the gradients of F,(¢) near integer ¢ gradually decrease, and the curve becomes
flatter and less distinctive. Figure 1(c) presents the negative derivative of the function, —F/(¢). When
¢ is an integer, the curves exhibit similar steepness regardless of the value of @. However, when ¢ is
near non-integer values, such as —0.5 or 0.5, the curves become significantly flatter as @ increases.
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Figure 1. (a) F,(¢) = 1/+/a(l — cos®(x¢)) and (c) —F'(¢) = —+arsin(np) cos® ! (n¢)
on [3.5, 6.5]. (b) Fo(¢) = (¢**—1)*/(4a?) and (d) —F'(¢) = —¢** "' (¢**—1)/@on[-1.5, 1.5].
Figures (b) and (d) are reprinted from [13] under the terms of the CC BY License.

Remark. We adopt a high-order multi-well free energy with an even integer parameter « in order to
control phase purity and interface sharpness in a direct manner. As « increases the restoring force near
each well becomes stronger while the barrier region between consecutive wells becomes flatter. This
combination suppresses intermediate values, delays barrier crossings, and yields crisper multi-phase
partitions. Such behavior is desirable in applications that require near-pure phases and thin interfaces,
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for example multi-phase segmentation, grain or domain partitioning, and multi-component separation
under weak mixing.
We couple the interface parameter through the normalization

(@) = &/ Va,

which keeps interface thickness and front speed approximately invariant across «. This allows fair
comparisons and avoids artificial sharpening due to scaling. The local structure explains the modelling
effect. With

F.(¢) = Var sin(z¢) cos"' (n¢),

the curvature at a well location m € Z satisfies
F/(m) = Van’.

Therefore each well remains quadratic with a stiffness that grows like Va. At the barrier ¢ = m + %
the derivative vanishes to high order because the cosine factor vanishes with multiplicity that increases
with @, which flattens the barrier region and enhances metastability.

We provide practical guidance for the choice of @. Moderate values such as @ = 4 or @ = 6 already
strengthen phase purity without excessive stiffness. Larger values such as @ > 8 are suited to enforce
very thin interfaces and hard phases under noisy data or strong multi-phase competition. The nonlinear
stage uses an analytic pointwise update; therefore, the added stiffness near the wells does not force a
smaller time step.

For a comparison with the binary AC equation with a high-order double-well free energy
potential [13], see Figure 1(b),(d) for the free energy potential F,(¢) = (¢** — 1)*/(4a?) and its
derivative —F’(¢) = —¢**"1(¢** — 1)/a. Figure 2 demonstrates that wave propagation under high
initial noise strongly depends on the parameter @. For @ = 1, large oscillations persist across all
times, indicating poor noise suppression. In contrast, @ = 2 and @ = 5 effectively dampen noise, with
a = 5 showing the smoothest and most stable wave profiles. At later times, larger « values yield clear
separation into stable states, while smaller @ = 1 values remain unstable. This behavior arises from
the use of a high-order double-well potential and highlights a valuable feature for data classification,
namely its robustness against noisy data. Consequently, the proposed high-order multiple-well free
energy potential can be regarded as a counterpart to the high-order double-well free energy potential.

This study considers the gradient flow associated with the MM functional incorporating higher-
order, equally spaced multi-well potentials capable of capturing multiphase dynamics. An accurate
and computationally efficient numerical approximation is achieved via a Lie-type operator splitting
approach. The proposed scheme is unconditionally stable by establishing that the numerical solution
remains uniformly bounded under the initial condition. Furthermore, we investigate how altering
the degree of the polynomial potential influences the behavior of front propagation during phase
transitions. Emphasis is placed on the role of higher-order terms in determining the propagation
velocity, interfacial sharpness, and morphological evolution, and this thereby provides new insights
into the capacity of the MM model to describe intricate physical phenomena.

The primary purpose of this article is to propose a simple and robust model for the high-
order potential MM gradient flow. The scheme applies a Lie operator splitting method, where the
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nonlinear and linear stages are treated separately. The study emphasizes the importance of the
modeling choice and its impact on stability and numerical behavior. For completeness, we also
describe how a symmetric Strang composition can achieve second-order temporal accuracy within
the same framework.
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Figure 2. (a)-(c) show wave propagations under an initially higher noise level at t =
0.0001, 0.002, and 0.035, respectively, for @ = 1, 2, and 5. Figures are reprinted from [13]
under the terms of the Creative Commons Attribution (CC BY) License.

The article is structured in the following manner. Section 2 outlines the proposed numerical method.
Section 3 reports the computational results. Section 4 provides a summary of the study’s main results.

2. Numerical solution algorithm

This section introduces an unconditionally stable time integration scheme for solving the governing
equation derived from the MM functional with a high-order, equally spaced 2D multi-well potential.
We consider the numerical approximation of Eq (1.1) over the domain Q = (L,,R,) X (L,,Ry). Let N,
and N, be positive integers and let 4 = (R, — L,)/N, be the uniform mesh size. The spatial domain is
discretized as €, = {(x;,y;) | xi = Ly + (i = 0.5)h, y; = L, + (j—0.5)h, 1 <i < N,, 1 < j<N,}. We
denote the discrete phase-field variable at n-th time level by ¢, = ¢(x;, y;, nAr), with Ar representing
the time step size.
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To obtain a numerical solution of Eq (1.1), we use an operator splitting approach [14, 15] and
reformulate the equation as follows:

0op(x, 1)
ot

where N(¢(x,17)) = —F(¢((x),t))/ €2 and L(¢(x,1)) = A¢(x,t). Following the Lie-type operator
splitting [16], we first integrate the nonlinear subproblem (2.2) with the initial condition

= N(g(x, 1) + L(¢(x, 1)), 2.1)

Y1 (x,0) = ¢(x, nAr),

to obtain the intermediate state /1(x, Af). Then, we solve the linear subproblem (2.3) with
Ya(x,0) = ¢ (x, Ar)

to obtain ¥, (x, At), and we set ¢(x, (n + 1)At) = Y, (x, At), and

A (x,
””‘a(f D - N, 0). 2.2)
(.
wzg D L), 2.3)

From Eq (2.2) and F/,(¢) = Yar sin(n$) cos* ' (n¢), we have

(91//1(;;(, ! = - \/jﬂ sin (my (X, 1)) cos?! (M (X, 1)) . 2.4)

Using sin(ru) cos®™! (ru) = 1 sin(27u) cos®*(nu), Eq (2.4) becomes

dlvlll (X’ t)
dt

= A"(x) sin(2my (X, 1)), (2.5)

with the frozen-coefficient choice

Var

2&?

which is independent of time ¢ on [t,, #,.1], ¢, := nAt, and is frozen at the n-th time level.
If sin(2myry) = 0 on [1,,, t,41], then ¥ (X, 1) = ¥ (X, 0). Otherwise,

dy

A"(x) = — gfzﬂ cos”(mp(x,0)) = — cos” 2 (mp(x, nAt)), (2.6)

1
—— = A"(x)dt. 2.7
sin(2myry) ®) @.7)

Set v = 2my; so that dv = 2ndy,. Then,

1 d
— [ £ 2 f A"(X)dL. (28)
2r J sinv

Equivalently, writing the left-hand side as

1 sin v 1 d(cosv) 1 1—-cosv
— | —dv="—r- | —— = —In———, 2.9
m ) T-cossv" 2 ) 1—(cosv)? 4n n1+cosv 2.9)
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we obtain

1 1—cosQmyi(x,1)
e ln1 T oSl (x.1)) =A"xX)t+ C(x), (2.10)

with
1 . 1-cos(2my(x,0))

=gt : 2.11
) ar 1+ cos(2my(x,0)) (2.11)
The solution to Eq (2.10) is given by
1 + sgn(¢(x, nAr) - 0.5)
Ui(x, 1) = |¢(x, nAt)] + gn(¢ :
sgn(O.S - g?)(X, nAt)) 1 — g*rAt+4nC(x)
* o ArCCOS | T Tarranc |° (2.12)

B i 1 — cos(2nep(x, nAt))
where Cx) = N S rdx.nA)

the usual sign function and | x] represents the integer part of x, defined by |x] = sup{m € Z : m < x}.
Next, we solve Eq (2.3):

and ¢(x, nAr) = ¢(x, nAr) — | ¢(x, nAr)]. Here, sgn(x) denotes

6¢2(X, t)
ot

= AP (x, 1). (2.13)

By applying the Fourier spectral approach with the initial state ¥,(x,0) = ¥ (X, Af), one can
implement the method for Eq (2.13). After solving Eq (2.13), we obtain ¢(x, (n + 1)At) = ¥(x, Ar). A
detailed description of the Fourier spectral method can be found in [10].

The presented numerical method for the high-order MM functional Eq (1.1) exhibits unconditional
stability. Through the Lie-type operator splitting Eq (2.1), the nonlinear stage Eq (2.2) is solved
analytically by the frozen-coefficient method, and the linear stage Eq (2.3) is advanced using the
Fourier spectral approach. Each step of this splitting strategy is independently unconditionally stable,
which ensures that the overall numerical solution remains uniformly bounded for any time-step size.
Consequently, the method achieves both robustness and accuracy without the restrictions typically
imposed by explicit schemes [17].

Remark. This work studies a MM gradient flow with a high-order multi-well potential and uses a Lie
operator splitting as a simple and robust modelling vehicle. The parameter « tunes phase purity and
interface sharpness. We use the normalization e(@) = €/ v so that interface thickness and front
speed remain comparable across @. The baseline integrator keeps stepwise complexity low through
one pointwise nonlinear update and one cosine-spectral diffusion update.

The approach is distinct from [10]. That study targets the standard MM model and develops a
second-order Strang splitting with unconditional stability and pointwise boundedness, supported by
manufactured solution evidence of temporal order near two together with full analytical proofs. Our
emphasis is the modelling effect of the high-order potential and its numerical behavior under parameter
sweeps. We report convergence tests in time and space and design experiments that expose features
specific to the high-order potential, including alpha sweeps for phase purity, interface control under a
fixed normalization, robustness to noise, and delayed barrier crossings.
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When higher temporal accuracy is required, a symmetric Strang composition that applies a half step
of the nonlinear stage (2.2) on [, t, + %], a full step of the linear stage (2.3) on [¢,, ¢, + At], and a half
step of the nonlinear stage (2.2) on [¢, + %, t,+1] attains second-order accuracy in time while retaining
the same building blocks. Let S o (#) and S £(¢) denote the exact subflows of the nonlinear and linear
stages. The update is

¢t = Sn(4) 6",

=S (AN ¢,

¢n+1 — SN(%) ¢n+%*.
For smooth solutions, this symmetric composition attains second-order accuracy in time. The nonlinear
substep uses the same analytic pointwise update as in the baseline scheme. The linear substep advances
in cosine-spectral space under Neumann boundary conditions.

A complete, problem-specific proof of second-order convergence and stepwise energy stability for
the present high-order multi-well model requires additional technical development. Second-order
operator splitting with stability and convergence has been established for related nonlinear PDEs,
including the good Boussinesq equation and reaction-diffusion equations in an energetic variational
formulation [18]. These results offer transferable techniques and support the feasibility of the Strang

design within our framework. A strictly dissipative modified energy can be adopted if stepwise energy
stability is required, as discussed in recent analyses for Allen—Cahn type flows [19].

2.1. Energy stability: modified energy perspective

Let &(¢) denote the classical MM energy used in this work. For our Lie operator splitting, a direct
proof of stepwise dissipation E(¢"™") < E(¢") for the fully discrete scheme appears to be open. Instead,
in line with the modern splitting theory for Allen—Cahn type flows, one can introduce a modified energy
& depending on the time step 7, for which the iterates satisfy

E(P™Y) < &g,  Edg) = E@) + O1). (2.14)

For the scalar Allen—Cahn equation, Li et al. [19] constructed such a gT and proved unconditional
stability and strict dissipation, with & coinciding with the classical energy up to O(7); see also their
explicit definition of &, and the inequality gT"“ < g,” Our MM gradient flow shares the same L?
gradient flow structure, and we adopt this viewpoint. A fully rigorous construction of g, tailored to
our multi-well potential is left as focused future work.

Remark. For OSM applied to gradient flow problems, a direct stepwise dissipation proof for the
classical energy is subtle and remains open for the present MM model. In practice and in recent
analysis, energy stability is justified through a modified energy &, for which the fully discrete scheme
is strictly dissipative and which approximates the classical energy to O(t). See [19] for a complete
construction and proof in the Allen—Cahn case.

3. Computational experiments

We next conduct computational simulations of the gradient flow associated with the MM functional,
which are carried out using an operator splitting strategy.
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3.1. Convergence tests

We perform numerical tests to verify that the proposed method attains spectral accuracy in space
and first-order accuracy in time. The initial condition is

x+0.2 x+0.5 x—02 x—0.5
,y,0) = 1|4 — tanh — tanh — tanh — tanh , 3.1
#(x.7.0) 4[ a ( 0.05 ) . ( 0.05 ) a ( 0.05 ) a ( 0.05 )] G-
on Q= (-1,1)*. Weset N, = 128, N, = 128, h = 1/64, At = 1.0e-5, @ = 10, § = 0.2, and € = &/ Va.

For the spatial discretization, we fix Af = 1.0e-5 and T = 1.0e-4. We gradually halve the spatial step
size h,using N = N, = N, = 64, 128, ..., 512 with h = 2/N. The discrete /,-norm error is defined as

N, N

=

1
NxNy ((ijt - 411( 21 1,2j-1 + ¢2, 1,2j ¢21 2j-1 ¢21 21)) . (32)

lleqvamllz =
i1 =1

N
Here, (D denotes the numerical solution on the coarse grid with mesh size &, while ¢2l 12j-1° N 20

¢21 PYRE and ¢2i 2 denote the numerical solutions at the corresponding four fine-grid points with mesh
size h/2. Figure 3 illustrates the discrete ,-norm error with respect to the number of grid points.

-3
10774

ls-norm error
o
N

D

107 ‘ ‘
64 128 256 N 512

Figure 3. Discrete /,-norm error versus the number of grid points on a log-log scale.

For the temporal study, we fix the final time 7 = N,At = 1.0e-4 with N, € N, and successively halve
At. The discrete £,-error between consecutive refinements is

Ne Ny 1 N INA2
||e(At,At/2)||2 = a Zl N.N, (KP,JI — ¢ij R
=1 J=

where ¢fjf.’ is computed with time step At (after N, steps) and ¢l.2]Nf with time step At/2 (after 2N, steps),
so that both approximations are evaluated at the same physical time 7. The observed temporal order is

||€(A1,At/2)||2 )

logz[ ” e(At/Z,At/4)||2
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Table 1 reports the discrete ¢, errors and the corresponding temporal convergence rates, and these
results confirm first-order accuracy in time.

Table 1. Errors and rates of convergence in time.

(At, At/2) Error Rate
(1.00e-5, 5.00e-6) 2.3255e-4

(5.00e-6, 2.50e-6) 1.1787e-4 0.98
(2.50e-6, 1.25e-6) 5.9338e-5 0.99
(1.25e-6, 6.25¢e-7) 2.9771e-5 1.00

3.2. Stability test

We study the stability behavior of the proposed numerical approach for the MM functional over
the 2D domain Q = (-1, 1), using the interface parameter € = €/ va. In this experiment, we select
N, =N, = 128, h = 2/N,, ¢ = 10h, At = 0.14%, and @ = 6. We consider the initial condition
as follows:

#(x,y,0) = e + rand(x, y), (3.3)

where rand(x, y) is a random number between —0.3 and 0.3. For @ = 6, the temporal evolution of the
initial condition in Eq (3.3) is illustrated in Figure 4. In more detail, Figure 4(a)—(f) show the temporal
evolutions at t = 0, 10A¢, 20At, 50A¢, 100A¢, and 1000A¢, respectively.

HO N Wwo

1 0 1 0 1

(d) t = 100A? (e) t = 200At (f) t = 1000At

Figure 4. (a) Initial condition Eq (3.3). (b)—(f) are the temporal evolutions at t = 10A¢, 50At,
100At, 200At, and 1000A¢, respectively.
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3.3. Motion by mean curvature

In this subsection, we examine the evolution driven by the mean curvature flow arising from the
gradient descent of the MM functional within the 2D domain Q = (-1, 1)>. The interfacial width is
defined as € = g/ o, where we choose & = 0.015 for this particular setup. The computational grid
consists of N, = N, = 128 nodes, leading to a spatial resolution of # = 2/N, = 2/N,. The time
increment is fixed at Ar = 0.001, and the parameter « is assigned the value 6 in this numerical test.

gt il \\"x"'
ViR T
o i

i i
A i oty
D i
i fn

i
i
i i

! it

Al
i

I
i
)

il

i R

A

g (T
A

111
(1)
Figure 5. Snapshots at (a) initial condition, (b)—(i) are the temporal evolutions from the

initial condition at times ¢t = 0.005, ¢t = 0.007, ¢+ = 0.01, r = 0.015, r = 0.018, r = 0.05,
t =0.33, and ¢ = 1, respectively, for @ = 6.
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As depicted in Figure 5, the simulation begins with a stair-like arrangement of cylinders positioned
at heights 0, 1, and 2. The radii are assigned as 0.1, 0.125, 0.15, 0.175, and 0.2 in ascending order.
The interface subsequently evolves under mean curvature flow. This serves as the initial condition for
the computation.

0.5 tanh (2 VOOTHOOTEy L g5, 2<x<1, y<d,
O.Stanh(o'lzs_W) +05 x<1i Z<y<l,

o(x.3.0) = O.Stanh(O'IS_W) +1.5, lex<? 2oy« 3.4)
0.5 tanh(222= '52_2067)2”2) + 1.5, f<x<l, t<y<d
0.5 tanh(XZVUDOOLIR L 05, 2<x<l, 2y <,
0, otherwise.

3.4. Traveling wave solution

Let us consider the following condition on Q = (0,9) x (0, 1):

3, ifx<05,

25, if05<x<25,

2, if25<x<35,

d(x,y,0) =415, if3.5<x<55, (3.5)
I, if55<x<65,

0.5, if6.5<x<8.5,

0, otherwise.

Here, we use N, = 180, N, = 20, h = 0.05, At = 0.001, and € = 10A/ Va with @ = 6. Figure 6
illustrates the initial condition, as well as the traveling wave solutions at times t = 10A¢, 50At, and
120At. The solution evolves into a step-like profile with distinct plateaus as time progresses.
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(d)

Figure 6. (a), (b), (c), and (d) are traveling wave solutions at t = 0, 10A¢, 50At, and 120A¢,
respectively, for & = 6.

3.5. Nested rectangular phases with random perturbations

In this experiment, we define the initial condition ¢(x, y, 0) on the domain Q = (0, 6) x (0, 3) as

, if04d<x<1l.land04<y< 1.1,
, ifl.9<x<26and 1.9 <y<?2.6,
, if34<x<41land04<y< 1.1,
3, if49<x<56and 1.9 <y<?2.6,

0.5 + rand(x,y) if x < 3 and outside the above regions,

poo—= O

#(x,y,0) =

2.5 + rand(x,y), if x > 3 and outside the above regions,

where rand(x, y) is a random number between —0.2 and 0.2. We use N, = 200, N, = 100, & = 0.03,
At = 0.0005, and € = 10h/ v/a. Figure 7 illustrates the temporal evolution of numerical solutions for
a =2 and @ = 6. In Fig. 7, from top to bottom, the solutions are plotted at t = 0, 10Az, 100A¢, and
400At¢. The numerical results demonstrate that a larger « value improves the phase separation, which
results in clearer and more distinct phase boundaries. This behavior is consistent with previous tests
using a high-order double-well potential [13] and represents a valuable feature for data classification
applications, as it exhibits robustness against noisy data.
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Figure 7. (a) and (b) are computational solutions for @ = 2 and @ = 6, respectively. From
top to bottom, the solutions correspond to ¢ = 0, 10A¢, 100A¢, and 400A¢.

4. Conclusions

A numerical scheme is developed for the gradient flow of the MM functional using an operator-
splitting method. The linear term is advanced with a Fourier spectral discretization, and the nonlinear
term is updated via an analytically derived discrete formula based on Eq (2.4). The scheme

is unconditionally stable and preserves pointwise boundedness for arbitrary time-step sizes.

We

systematically analyze the influence of the interface-width parameter € on the flow. Numerical
experiments, including mean curvature motion simulations, convergence studies showing spectral
accuracy in space and first-order accuracy in time, and stability tests, confirm the robustness and

accuracy of the proposed method.
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