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Abstract: The Cahn-Hilliard equation plays a central role in modeling phase separation processes
in complex systems, including alloys, polymers, and biological materials. Numerical schemes for
this equation must balance efficiency, stability, and accuracy in order to capture the rich dynamics
of interfacial evolution. In this work, we developed a new second-order predictor—corrector scheme
within the scalar auxiliary variable (SAV) framework, combined with Crank—Nicolson (CN) time
discretization. The proposed method is linear, uniquely solvable, and unconditionally energy stable,
while also providing rigorous error estimates. Computational experiments demonstrated that the new
scheme not only maintains second-order temporal accuracy for relatively large time steps, but also
yields smaller numerical errors compared to standard SAV-CN methods. These results highlight both the
theoretical advantages and practical potential of the predictor—corrector SAV approach for advancing
accurate and efficient simulations of phase-field models in science and engineering.
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1. Introduction

The Cahn—Hilliard equation, originally introduced by Cahn and Hilliard [1] to model phase separation
and coarsening dynamics, has since become a classical framework in mathematical physics, with
extensive applications in areas such as complex fluids, polymer physics, and soft matter (cf. [2-7]).
Owing to its fundamental role, the development of efficient numerical methods for the Cahn—Hilliard
equation has been recognized as a problem of considerable importance. A distinctive characteristic of
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the equation is its energy dissipation property, and consequently the design of numerical schemes that
preserve this property at the discrete level has received significant attention. The principal challenge in
such constructions arises from the discretization of the nonlinear potential. A fully implicit treatment of the
nonlinear terms results in a nonlinear system at each time step, incurring substantial computational cost,
whereas a fully explicit treatment leads to severe time-step restrictions and, in most cases, the loss of the
energy dissipation property. These challenges have motivated the development of a variety of energy-stable
schemes intended to overcome the limitations of straightforward implicit or explicit discretizations.

Several classes of such energy-stable schemes have been proposed in the literature, including (but
not limited to) the convex splitting method [8, 9], the stabilized explicit method [10-12], and the
invariant energy quadratization (IEQ) method together with its variant, the scalar auxiliary variable
(SAV) method [13-15]. Furthermore, several studies have introduced improved schemes based on
IEQ or SAV to address certain limitations inherent in the original formulations. For instance, Jiang et
al. [16] proposed the relaxed-SAV (RSAV) method, which employs a relaxation technique to effectively
penalize numerical errors in the auxiliary variables while retaining all the advantageous properties
of the baseline SAV approach. Liu et al. [17] presented a novel technique to correct the modified
energy of the SAV method. This led to the construction of several high-order implicit-explicit schemes
based on the proposed energy-optimized SAV (EOP-SAV) approaches for dissipative systems. These
schemes offer improved accuracy, simplified calculations, and are proven to be unconditionally energy
stable. For the hydrodynamically coupled binary phase-field crystal model, Tan and colleagues [18]
devised a second-order scheme and corrected the energy through a relaxation technique applied to
the exponential scalar auxiliary variable (E-SAV). This scheme is not only highly efficient but also
demonstrates enhanced energy consistency. The convex splitting approach guarantees unconditional
energy stability and unique solvability; however, the decomposition of nonlinear terms into convex
and concave parts leads to nonlinear systems, which significantly increase the computational burden,
particularly for long-time simulations. The stabilized explicit approach is straightforward to implement
and requires solving only constant-coefficient equations at each step, but since nonlinear terms are
treated fully explicitly, additional stabilization terms must be introduced. As a result, the method is only
conditionally energy stable and often requires Lipschitz-type restrictions on the double-well potential.
To relax or remove this restriction, improved stabilization strategies have been proposed, although
these approaches remain conditionally stable. It is worth emphasizing that other effective energy-stable
strategies also exist, and the above methods represent only some of the most widely adopted in practice.

The IEQ and SAV approaches were introduced to address some of the drawbacks of earlier schemes.
The central idea is to reformulate the nonlinear potential into a quadratic form by introducing auxiliary
variables, which leads to linear schemes that are unconditionally energy stable and can be extended
to higher-order temporal discretizations. These methods significantly reduce the complexity of imple-
mentation compared to convex splitting schemes and avoid the stringent restrictions often required in
stabilized explicit formulations. Nonetheless, certain limitations remain. The IEQ method typically
requires the nonlinear potential to be bounded from below, and the quadratic reformulation results in
variable-coefficient equations, which may increase computational cost. Although the SAV approach al-
leviates this difficulty by modifying the auxiliary variable so that only constant-coefficient equations are
solved—thereby improving efficiency while retaining unconditional stability, both IEQ- and SAV-type
schemes still rely on semi-implicit treatments of the quadratic terms. This reliance inevitably introduces
truncation errors, which may contaminate the numerical solution when large time steps are employed.
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To improve the accuracy of SAV-type schemes while retaining their favorable properties, we propose
in this work a new predictor—corrector SAV scheme. The approach is illustrated using the Cahn—Hilliard
equation, which serves as a prototypical model for gradient flow systems. The key idea is to correct the
extrapolation error of the quadratic terms through a predictor—corrector procedure, thereby enhancing
the accuracy of the potential approximation even for relatively large time steps. In addition, a linear
stabilizing term is incorporated to suppress oscillations caused by the nonlinear terms. The resulting
schemes are linear, unconditionally energy stable, and uniquely solvable. Under suitable assumptions,
we further establish uniform L*-bounds for the numerical solutions, and rigorous error analysis demon-
strates that the schemes achieve second-order temporal accuracy. A series of numerical experiments
is presented to confirm the theoretical findings and to illustrate the robustness and effectiveness of the
proposed methods.

The remainder of this article is organized as follows. In Section 2, the SAV formulation of the
Cahn—Hilliard equation is briefly reviewed. Section 3 presents the proposed predictor—corrector SAV
schemes, together with analyses of their unconditional energy stability, unique solvability, and conver-
gence properties. Numerical experiments illustrating the accuracy and efficiency of the schemes are
reported in Section 4. Finally, conclusions and perspectives are given in Section 5.

2. The Cahn-Hilliard equation and the SAV approach

2.1. Preliminaries and notation

Throughout this article, (-, -) denotes the L>— inner product with associated norm || - ||. For s € Z,
|| - ||s denotes the norm in the Sobolev space H*(€2). We further define the periodic function space with
zero mean value by

H,.(Q) =1{¢ is periodic,¢ € H'(Q), and f pdx = 0.
Q

This functional setting is natural for the Cahn—Hilliard equation with periodic boundary conditions,
since the solution is mass-conserving, i.e., fQ o(1),dx = fQ #(0)dx.

For the time discretization, we adopt the following notations for averages and extrapolations. Given
a discrete sequence (e)", we define the midpoint average by

(.)*H% = 1(e)" + (o). (2.1)

In predictor—corrector iterations, we also use

1
(o), 2 = Loy + L(oyt] (2.2)

i+1°

where the subscript i denotes the iteration index within a time step.
For extrapolations, we employ the standard second-order formulas

- ,H_l _
(0)""2 = 2(e)" = 1(0)" ! (2.3)
and

()" = 2(e)" = ()", (2.4)
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1
with analogous definitions for other quantities. In particular, (e)"" 2 is used in CN-type schemes, while
(;)’H1 is employed in second-order backward differential (BDF2)-type schemes. These extrapolations
ensure second-order temporal accuracy while keeping the resulting schemes fully linear at each step.
Finally, for ease of notation, we will use C (possibly with subscripts) to denote generic positive
constants that are independent of the discretization parameters, but may vary from line to line.

2.2. The Cahn-Hilliard equation

We begin with the free energy functional

E@ﬁifGWW+Fw»m, 2.5)

Q
where Q c R? (d = 2, 3) denotes the computational domain. The first term represents the interfacial

energy, while the potential F'(¢) describes the bulk contribution. By the variational principle [3], one
obtains the classical Cahn—Hilliard equation in the form

¢ = Aw, (2.6)
w=0E/6¢ = —A¢ + f(¢P),

where f(¢) = F'(¢). The system is considered with the initial condition ¢|,-y = ¢ and periodic
boundary conditions.

A well-known property of the Cahn—Hilliard equation is its energy dissipation law. Taking the L?—
inner product of the first equation in (2.6) with —w, and of the second equation with ¢,, yields

d —_ 2
—E@) = fQ IVwldx, (2.7)

which indicates that the free energy decays monotonically in time. This intrinsic energy dissipation
plays a crucial role in the physical consistency of the model, and therefore numerical schemes that
preserve this property at the discrete level are of particular interest.

2.3. Standard second-order SAV schemes

To construct linear, unconditionally energy-stable schemes, the SAV approach was introduced [13,14].
The main idea is to reformulate the nonlinear part of the free energy into a quadratic form by introducing
an auxiliary variable. Specifically, we define

f(@)—v¢
\/fg F(¢) - 1¢?dx + B

(2.8)

ﬂ@=Jwa%%Ww+& §0) =
Q

where y > 0 is a given constant and B is chosen sufficiently large so that the square root is well-defined
and strictly positive. Here g(¢) serves as the scalar auxiliary variable, while g(¢) is a normalized function
that couples the original nonlinear term with g(¢).
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With these definitions, the Cahn—Hilliard system (2.6) can be equivalently written as

¢ = Aw,
w=-A¢p+v4+qg, 2.9)

1
q: = ELgQStdx’

together with the initial conditions ¢|.—y = ¢¢ and ¢g|,—p = \/ fg F(¢o) — %qﬁ(z)dx + B. The boundary
conditions are taken to be periodic, consistent with (2.6).

The reformulated system (2.9) inherits an energy dissipation structure similar to (2.6). Indeed, taking
the L2— inner product of the first equation with w and of the second equation with ¢;, and multiplying
the third equation by 2¢, one obtains

iE(gb,q):— f |Vw|*dx, (2.10)
dt Q

where the modified energy is given by

1
E(.q) = fQ GIVar + gy + g - B @.11)

It is straightforward to verify that the transformed energy (2.11) is mathematically equivalent to the
original free energy (2.5) at the continuous level. This reformulation provides the foundation for
constructing linear, unconditionally energy-stable numerical schemes for the Cahn—Hilliard equation.

Remark 2.1. The SAV reformulation replaces the nonlinear potential contribution with a quadratic
auxiliary variable, which allows the construction of linear schemes that preserve the energy dissipation
law unconditionally. Compared with fully implicit or convex-splitting discretizations, the resulting
schemes avoid solving nonlinear systems while retaining stability. Moreover, in contrast to stabilized
explicit methods, the SAV framework does not require restrictive assumptions on the potential function.
These features make SAV-based methods particularly attractive for designing efficient, robust, and
higher-order time discretizations of gradient flow models.

Building upon this reformulation, several standard time discretization strategies have been developed
in the SAV framework. In particular, second-order schemes based on the CN method and the backward
differentiation formula of order two (BDF2) are widely used in practice. We present them here as
reference schemes, which will serve as a basis for the predictor—corrector variants introduced in the
next section.

Scheme 3.1: Standard SAV-CN scheme
Given ¢" !, w"! g"~! and ¢", w", ¢", we can obtain ¢"*!, w*t! g"*! via

¢n+1 _ ¢n

:A n+%’
ot N
W = AP + g+ g, (2.12)
qn+1 _ qn 1 f _ +% ¢n+1 _ ¢n
I 1 - ") ———dx.
5 2 ) 8D T dx
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Scheme 3.2: Standard SAV-BDF2 scheme
Given ¢" 1, w"!, "1 and ¢", w", ¢", we can obtain ¢"*!, w"*!, g"*! via

3¢n+1 _4¢n + ¢n—1 B

A n+1
261 v
Wn+1 — _A¢n+1 + ,y¢n+1 + g($n+l)qn+l, (213)
3qn+1 _ 4qn + qn—l 1 _— 3¢n+1 _ 4¢n + ¢n—l
= - " dx.
26t 2 fgg((p ) 261 x

In both schemes above, the nonlinear term g(¢) is evaluated at extrapolated values of ¢ in order to
maintain linearity of the discrete system. In particular, in the SAV-CN scheme, the quantity éﬁ”*%
denotes the second-order extrapolation

1 B

@2 =3¢" - 1o, (2.14)
while in the SAV-BDF2 scheme, the extrapolated value is given by

g?Sn+1 — 2¢n _ ¢,n—l' (215)

This extrapolation strategy is standard in SAV schemes, as it ensures second-order temporal accuracy
while keeping the scheme fully linear at each time step. However, the use of extrapolation may introduce
additional errors, especially for large time steps. This observation serves as the motivation for the
predictor—corrector modifications to be introduced in the next section.

3. The predictor-corrector SAV scheme

The standard SAV-CN and SAV-BDF2 schemes introduced in the previous section achieve second-
order accuracy while preserving unconditional energy stability. However, both schemes rely on extrapo-
lation of the nonlinear term, e.g., &’”% or ¢"*!, in order to maintain linearity. Although this extrapolation
strategy is widely used, it may introduce additional errors, especially for relatively large time steps.
To reduce these errors and improve the accuracy of SAV schemes, we propose a predictor—corrector
modification.

The basic idea is as follows: In the prediction step, an approximation ¢"*! is generated by an efficient
extrapolation or iterative strategy. In the correction step, this predicted value is then incorporated into
the computation of the nonlinear term g(¢), thereby replacing the standard extrapolated values é’”% or
#"*'. This procedure corrects the extrapolation error and improves the accuracy of the scheme without
sacrificing linearity or stability.

Scheme 3.3 (Predictor—corrector SAV-CN)
Given ¢" !, w"!, "~ and ¢", w", ¢", the solution (¢"*!, w"*!, g"*!) is obtained in two steps:
Step 1 (Predictor): A predicted value ¢"*! is obtained by a fixed-point iteration. Starting from the
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initial guess ¢+ = 2¢" — ¢"~', we compute ¢/ successively fori =0,1,--- ,M - 1:

n+1 n
Yirl — ¥ —¢ n+l

= Aw'"2
ot v

| ¢n+1 ¢n il
W' :_A¢1+1 + ¢1+1 +g(—)qi:12’

n+1 n+1 n n+1 n
z+1 f (¢ + ¢ i+1 ¢

) ) .
until convergence, i.e., [|¢}}]

number M is reached. Finally, we set

n+l _ n+l
* - YM -

3.1

— ¢! < &, where ¢ is a prescribed tolerance, or the maximum iteration

(3.2)

Step 2 (Corrector): In the correction step, the predicted value ¢! is used in place of the standard

extrapolated values when evaluating the nonlinear term. We then compute ¢"*! by solving

¢n+1 _ ¢n

1
— Awn+ 7 ,
ot

wn+% — _A¢n+% +y¢n+% +g(

n+1 n
¢>{< 2+ ¢ )qn-}-% ,

n+l _ n 1 n+1+n n+l _ gn
q &q :_fg(% ¢ 6t¢dx

(3.3)

After presenting Scheme 3.3, we next investigate its energy stability. One of the main advantages of
the SAV framework is that it enables the construction of schemes which preserve the energy dissipation
law at the discrete level. The following lemma shows that the corrector step of Scheme 3.3 inherits this

important property.

Lemma 3.1. The corrector step of the predictor—corrector SAV—CN Scheme 3.3 is unconditionally

energy stable. In particular, the following discrete energy dissipation law holds:

n+1 n
E@™, ") + 0709 97+ g0 = E@", g,

where
E(¢™!, ™Y = ||V¢n+1”2 g,
Moreover, for the prediction step, it holds that
E@,qii) <E@".q".
Proof. Taking the L>— inner product of the first equation in (3.3) with 25tw"* 2, we obtain

2™ = ¢ W) = = 261 VWP,

(3.4)

(3.5)
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Taking the L2— inner product of the second equation in (3.3) with 2(¢"*! — ¢"), we obtain

2w 3, ¢ — g = [V IR = VeI + vl I = 1l

n+l n
+( n+1 n)( (¢ ¢ ) ¢n+1 _¢n)'

Multiplying by 26¢(¢"*! + ¢") on both sides of the third equation in (3.3), we have

20q" ' = 21g" = (4" + 4 fg g(@)@"“ — ¢")dx.
Combining the above equation together, we arrive at
IV |2 = [IVg"II2 + 21g"*' P = 21" = =250 Vw"* 2|
Thus we derive (3.4). Finally, by applying the same arguments to the predictor step (3.1), we obtain the
inequality (3.5). This completes the proof. O
Lemma 3.2. The predictor—corrector SAV-CN Scheme 3.3 is uniquely solvable.

Proof. From the third equation of (3.3), we get

¢n+1 ¢n

n+1
¢ =q"+ (g( ), ¢ — i ¢

e, (3.6)

Substituting this expression into the first two equations of (3.3), the corrector step can be equivalently
rewritten in the form

n+l 1 n+l _
P(¢n+l) _ Wn+l — Q2,
where
Ql = (]5” + %éfAWn,
n+l n+l
02 = 80"+ 2" (e ) - 2q) 4w, (3.8)
n+l n+1

P(g) = A + g("5 "0 0.

Thus, the pair (¢!, w"*1) can be solved directly from (3.7). After ¢"*! is obtained, the value of ¢"*!
follows automatically from (3.6). Moreover, when a test function ¢ is applied to P(¢), we have

n+1 n n+1 n
P@).0) = V6.0 + 560, 00 0) = (6. Plo). (3.9)

Then, the linear operator P(¢) is self-adjoint.
Furthermore, if fQ ¢dx = 0, we have

n+1 n
(P@).9) = I991P + 36(P—"0).07" = Calol (3.10)
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Thus the operator P(¢) is positive definite.
Then, taking the L?— inner product of the first equation in (3.3) with 1, we derive the conservation

of mass:
f¢n+1dx:f¢ndx:...:f¢0dx, G.11)
Q Q Q

Set vy = Ilﬁl fg #’dx, v, = ﬁ fQ w™ldx, and define the zero-mean variables
$n+1 — ¢n+1 — vy, W“ — wn+1 —v,. (3.12)

With these notations, system (3.7) can be equivalently written in the weak form

1
{(M) + 501w, Vj0) = (Os,40),

(3.13)
(P(®),¥) — (W, ¥) = (Qu, ¥),
for u, y € H'(Q).
We denote this system as
(LX,Y) =(8,7Y), (3.14)
where X = (W7 ¢)’ Y = (,U, lr//)’ B= (Q3a Q4)Ta and X7 Y e Hllger(Q)
It is straightforward to verify the boundedness of the bilinear form:
(LX,Y) < Cllgll + lIwllo)ddh + ludD- (3.15)
Moreover, we have the coercivity estimate
ot
(LX,X) = EIIVWII2 + (P(#), ¢) 2 C(Iwli} + lI8IID). (3.16)

Therefore, by the Lax-Milgram theorem, system (3.14) admits a unique solution (w, ¢) € H,,,(£2) X
H,.,(Q). Consequently, linear system (3.7) has a unique solution w"*!, ¢"*! € H'(Q). ]

4. Error estimates

In this section, we derive error bounds for the proposed predictor—corrector SAV—CN scheme. Our
goal is to show that the method achieves second-order convergence in time under suitable regularity
assumptions on the exact solution. To this end, we first introduce the error functions by comparing
the exact solution (¢(¢,), q(t,)) with the corresponding numerical approximations (¢", ¢"). In addition,
several local truncation errors will be defined in order to measure the consistency of the scheme. These
auxiliary quantities will play a key role in the subsequent analysis.

We denote

(4.1)

n+1 n+1

ety = $tun) = Bl €4 = (1) — 9",
€iilg = Q(tn+1) — 4 ’eg = Q(tn) - qn~
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Furthermore, we define the local truncation errors as

R B0 g B )
R = q(tm)&— qtn) 41,1, R, = q(tn+1)2+ qtn) att.),
R: := w —Wtye).
By Taylor expansion, these quantities satisfy the bounds
IRl < C¢%, ||R3|l < Co2%, |IR:|| < Cot%, |IR:|| < CoF, |IR2|| < Cot2. 4.2)

These estimates show that the local truncation errors are of order O(6¢%), which is consistent with
the expected second-order accuracy of the scheme. In the following, we prepare several auxiliary
lemmas which will be crucial in establishing the stability and boundedness properties needed for the
error analysis. The first two lemmas provide uniform bounds for the nonlinear functions involved in the
SAV formulation.

Lemma 4.1. Suppose that (a) F € C?*(—c0, +0); (b) fQ(F(y) — %yz)dy > —A; (c) there exists a positive
constant C; such that

max {llg (), 19"l g7z} < C. (4.3)
Then the following bounds hold:
max {ILE>O¢ e I sl O e I VE(@) + Bllz=} < C, (4.4)

where " = £1¢(t,) + £2¢" + 3¢!*' &1, 82,635 € [0, 1], Ex(y) = [, FO) — $y*dy, i) = fO) — .
Furthermore,

llg(p(2,)) — g(¢™M)Il < C3llp(z,) — "l 4.5)
where C3 depends only on Cy,C,, A, and B.

Proof. From assumption (c), ¥" is uniformly bounded, and together with assumption (a), we obtain
(4.4). Inequality (4.5) then follows by applying the mean value theorem:

Ji(o(1,)) fi(9")
g(p(1)) — 8(¢")] = _
VE2¢(t,) + B [Ex(¢") + B‘

_ [/1@t) VEA¢") + B - fi(¢") \/W'
VEA (1)) + B\Ex(¢") + B
A VE2@) + B - EL($(1,) + B)
VE2¢(1,)) + B\JE2(¢") + B ‘
+{ﬁﬂﬁ5ﬂ§@wm»<mw»
VEA¢(t,)) + B\Ex(¢") + B

This concludes the proof. O

IA

| < cigtt) - 91
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Lemma 4.2. Under the assumptions (a) F(y) € C*(—co, +0); (b) E2(y) > —A, Yy € R; and (c) if there
exists a positive constant C, such that

max (el 16"l 1167 M|} < Ca,
then the following estimates hold:

max {IlEz(X")Ile, 1Az, L OOz I OOl [V E2(9) + B”L""} <Gs,
IV&(e(t:)) — Vg(¢MIl < Cellep(tn) — ¢" 1.

Lemma 4.3. Denote {u } 0 as a sequence of functions on €, and then we have

n
< ™ )+ ().
m=0

In order to analyze the error estimates, we impose the following regularity assumptions on the exact
solution of the Cahn-Hilliard equation:
¢ € L0, T H(Q)) N L¥(0, T3 W"(Q),
¢ € L*(0,T; H'(Q) N L*(0, T; L™Q), (4.6)
q € L0, T; W'(Q)), gur, ¢ € L*(0, T; L*(Q)), w € LV(0, T5 H* ().
We also define v such that

v = max ||¢(8)||~ + 1. 4.7)
0<t<T

Lemma 4.4. Assume E,(y) > —A for all y € (=00, +00), F(y) € C3(—00, +0), system (2.9) has a unique
solution ¢, which satisfies the assumptions (4.6), and there exists T > 0, for 6t < T, where the numerical
solution of (3.1)—(3.3) is bounded as follows:

"l < v llgi Nl < vy n=0,1,--- ,K=T/5t,0<i< M- 1. (4.8)

i+1

Proof. We proceed by mathematical induction. For n = 0, i = 0, subtracting (3.1) from (2.9), we obtain
0

el 0~ € | . .
( ’& ) = —(Vey, Vo) + (R] — AR, ¢), 4.9)
1 6% P + 6’0 + €
(e2,6) = (R? + AR) — yRY, 0) + ¥( ,0) + (V ? Vo) (4.10)
1
+(8(@1)q()) ~ 8(6°)q;,0),
el — eo 1 o B - ¢0
l’q& = RS + f g(t)ei(t)) — 8(¢")——— (4.11)
By choosing ¢ = 6te%, g and ¢ = 26tefv, respectively, in (4.9), we obtain
el |F = -6t Veév, Vel )+ 66(R° — AR, ¢! ),
le! I ( L)+ GRS — ARS, ! ) Wi

1 1 1
2ey 4 €0) = —261[Ver|* + 261(R] — ARY, e2).
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1
By choosing 8 = Ze}, P and 0 = 20ote,,, respectively, in (4.10), we obtain

2(eé, e14) = 2R + ARy — YR, e} ) + vlle] ,I° + [IVe] 47
+ 28001 )alty) — 86"l el ).
261lle3IP = 261(RY + AR — YRS, e2) + yot(el ,, e2) + 6t(Vel ,, Ve?)
+261(8(0(1) a(1)) — 8(6")ai e,

Multiplying both sides of (4.11) by Ze{’q, we obtain

¢1 ¢0

2ler I = 20tR3ey, + ey, f g(@1)i(1y) ~ 8(¢°)
By adding the above equations together, we arrive at
1
le! I +¥llel I +2le! 12 + 26tllez
= 61(R} — ARJ, e} ;) + 26(R] — RY, e2) + 20tRde! p
1
— 2(AR] + Rs — YR, e} ;) + 261(RS + AR — YR}, e})

— 2g(d(1)q(ty) - 8@} el ) + 261(g((1))a(ty) — 8(&")a}. eb)

0
+€},q5ffg(¢(t'))¢t(tl)—g(¢ )¢1 ¢ (4.13)

Applying the Cauchy-Schwarz and Young inequalities, we obtain
S1(R] — AR, e} ;) < CSt° +vlley 41,
26t(RY - RY, el) < Cot + ‘; le2IP,
26tRS e]q < Cor +6t|el,q| ,
26t(RY + AR) — yRY, el) < Cof° + %Ileﬁllz,
— (AR + RS — yRY, e} ) = —261(ARS + R — yRY, R — AR + Ae)
< Cof' + %HVeévllz.

For the nonlinear terms, we derive

| 0
~2(8((t))q(ty) = g(@)q; s €1 ) + ) O f g(By))i(ty) — g(¢ )‘ﬁ1 T
1 el —
= —261(q(11)(8(8(11)) — 8(¢")) + g(@")(~RY + —) %)
1 0
€y €

¢ )dx

+ 1,01 fg $i(11)(8($(11)) — g(8°)) + g(@°)(~R} +
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1
= ~261(q(1,)(g((11)) — 8(¢") — g(@ )R}, R) — ARS + Aey)
+el ot f Bi(1)(8((1)) — 8(@")) — g(¢"IRdx
Q
R B N LT
< Cor(ot” + ley ,|7) + 5||V€3v|| ,
and
Oy 3 % 22y Lo b
261(g(p(11))q(t1) — g(d")qy » e) < Cot(61” + ey ,|7) + §§t||6w|| :
Summing the above equations, we obtain
1
llet 4lIT + 2le; | + tlleill; < Co2° + Cr6tley 1.
If C;6t < 1, we have
1
llet 4lIT + let | + Stllez I} < Cor.
From the second equation of (3.1) with n = 0,7 = 0, it follows that
1A¢7 12 < 3(1w?I? + Callg@Elq; 2 + I} 1)
< C(IIW(h)II2 + Iw(@)I? + lleyI” + ley ,I* + lq(t)P
+ lg(@)l® + lpe)I” + (o)l + IIe{,¢|I2) <C.
Therefore, we get
lAe] 7 < 2IAg I + 2lA¢(e)I < C.
Thus, we derive

1 1
#1llc < lley gl + NlpCEOI =

1 1
1 2 1 2
< Cllel Iz lle} I3 + ()l

< Cgb17 + (|11l
If Cgét% < 1, we obtain

pille < 1+ llp(t)lls < . (4.14)

If i = j, we assume that ||</’)}||Loo < y. We then show that the estimate ||¢}+1”L°° < v still holds.
Subtracting (3.1) from (2.9) at ¢/, and applying the Cauchy—Schwarz and Young inequalities,
together with Lemmas 4.1 and 4.2, we obtain

1
1 2 1 2 2112 5 1 2 1 2
lel, 1 oI+ 2leL,, [P+ Stlledll} < C67° + Codtllel |2 + Crodtlel,, I (4.15)
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If Cypot < 1, the above inequality becomes

e,y gl + e, P+ Stllei 2 < Cor* + Cootllel I (4.16)
It is easy to find that
1 2Ll 2 32 TRET sl-d
e,y glIF + le}, 1 P + otlledll} < a’llef ,F + Cor’( — ). 4.17)
where a = Coot. If a < 1,
et oIl + lef,y I + 5z||e§v||§ < Cor. (4.18)

From (3.1), we find
1 1 1 1
1A, 17 < 3(Iw2 1P + Callg@DIElaz, P +g2,,17)
< C(IwnI? + 1w + lley | + le},y P + gt
+ lg(to)” + gD + llp@o)Il* + liel ,IP) < C.

Then

A€l I < 20IAg) 12 + 2l Ag(e)IP < C.
Thus, we have

1 1
@il < llejiy glle= + Nl

1 1
1 21,1 2
< Cllejlifllejlly + gl

< C1617 + |1l -

If Cllét% < 1, we derive

ot 2 2 ot

Il < v, (4.19)
Suppose that ||¢||z < v, |5 |z~ < v, Y0 < i < M — 1. we now show that the following estimates
1" = < v, Il < v still hold.
First, for the case i = 0, by subtracting (3.1) from (2.9) at ¢, 1, we derive
€n+1 —e" |
1’¢5t L = Ael +RI - AR,
1 0 n+1 n
1 e +e et +e
ey’ =R+ AR} —yR: +y 1’¢2 _A 1’¢2 4
n+1 + ¢n el
+ 8Pt At ) = §(———)ay
e111’+1 —_e" 1 n+1 + ¢n n+l _ ¢n
— " =Ri+ > f 81, ))i(1,01) — &(= )— dx.
Q

Electronic Research Archive Volume 33, Issue 10, 6298-6321.



6312

Following the same arguments as in the previous proof, we obtain

1 1 n+
et 1 = llepl} = yliehli> + 21es = 2lesl® + srlen” |}
12 2 1112
< Cpadtlel* 1P + Corst + llehlld + el 12 + [el).

If Cp0t < 1, we get
et 1T < llegll +ylejll® + 21> + Cor(st* + llegls + lles "I + lejl*). (4.20)
Similarly, we derive

12 2 2 12 2 n+do
lle 7:1¢|| lleglly — yllegll +2|€f’:1q| = 2leg|” + otlle,, Iy

12 12 2 e
< Cizotlely 17+ Cot(5t* + lleis IIT + lleglly + legl).

If C136t < 1, we arrive at

” n+1

1
el T < Custlely!IP + C@SF + eyl + lej).
It is easy to see that

bl
IIefoq;IIl < b’lle””ll + C(SP + €}l + el )—b
with b = C46t.
Ifbh <1, we get
||67++11¢||1 <lle "“II + C(SP + Il + lel). (4.21)

Similarly, by subtracting (3.3) from (2.9) and combining the result with (4.20)—(4.21), we obtain
SR = IR + vl P = eIy + 20e5 ™ — leg?) + ol 2

< C° + Cor(|le 1T + lleylly + el 1)
1 2
< CoF + Cot(le) ™ + eIl + Nl 115 + lell).

lle

Summing the above equation overn = 0, - - - , k, we obtain

eI + 1€l + 6:2 IR < CZ<||e,,>||1 +1ey P,
By applying the discrete Gronwall inequality, we obtain

k
1
lel™ I + 1k 12 + 6t > llen 21} < Cor'.

n=1

From the second equation of (2.9) and (3.3), we derive
1A 3P < CIARYP + IRIP + IRLP + iy 12 + el 1

Electronic Research Archive Volume 33, Issue 10, 6298-6321.



6313

n+1 n
+ g0 gty — 2 g
< Cott.

From Lemma 4.3, we derive
A€ < Z 1A, + Acyll + [|Aeg]| < Cot.

On the other hand, we also have

k+1 k+1
g™ e < lley” ||L°° + (e DIl

k+1 k+1
< Clleg" || lley ||2 + ¢t Dl

< C15(5l2 + ()l o
If C156t% <1, we get

K+l
6" Iz < 1+ s )l < v

(4.22)

Next, we prove |I¢k+2||Loo <v,0<i< M - 1. By subtracting (3.1) from (2.9) at leeds i = 0, we derive

k+3
eI + 12 + stlle, 2|? < Cst.

By subtracting (3.5) from (2.11) at tk+%,i = 0, we derive

1Aes 212 < COIARSP + RSP + 1RSI + et 2112 + e 1
k+2 k+1
+ 1@t e 3) - g<u> 3R
< o1t
Combining the above inequality with (4.22), we get
Aef}|| < Cot.

Thus, we derive

42 k42
llgy Nl < llet s ¥ ||L°° + llp(tes2)l L
2y 301 k2
< Cllet; || llet, ||2 + (el 2

< C165l2 + (i)l Lo -
If C,46> < 1, we have

k2
gy Nl < 1+ llp(tes)llre < v.

(4.23)

(4.24)
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Suppose [|¢5*2||,~ < v, and then we will prove ||¢%}2||;~ < v still holds. Subtracting (3.1) from (2.9)
at 1, 13, We derive

k+2 k+1 k+1 k+2 k+12 k+3
lle ,I1¢II1 — lleg” 17 - Ylles" & +2||el++1q|| = 2le, " |" + otlle,, |13
k+2 k+2 k+1 k+112
< Cnétlleiilqll + Cot(st* + lleis 117+ ™15 + leg" 1.

If Ci70t < 1, we get

K+2 (2 L (k2 k2
llefiT Il + lefe 1> + stlle,, 2||1 < Cisotllef3 II” + Cot.

It is easy to see that

i

41—
et Pollt + e, + sillel ¥ < d"|ley:; I + Cot

i+1l,q 1 d
withd = Cgot. If d < 1, we get
k+2 k+2 2 k+3112 4
||el+1¢||1 + |ei+1,q| + otlle,, *|l} < Cot'.
Note that
k+2 k+1 k+1)2 k+1)2 k+1 k+3
lAe;}T 4 + Aey” II? C(”AR2+ I + 1RSI + IREPP + lle l+1¢|l +ley, 17
k+2 k+1
i + ¢ k+3
+ 21g(@(1,))(0. ) = 8(——5—)a;. IF)
9
< Cots.
Hence, we derive
k+2
llAes); ¢|| < Cot.
Furthermore, we obtain
k+2 k+2
ll#is ol < lleirs sl + 1@l
1 1
k+2 130 k42 112
< Calle; 45 e yll3 + gtz
3
< Ci9612 + |lp(trs)l| -
If C196t% < 1, we derive
k+2
652l < 1+ 1)l < v
This concludes the proof. O

Remark 4.1. Note that the proposed prediction strategy can be extended to other predictor schemes. In
particular, for a given preconditioned algorithm, if the associated preconditioner is uniformly bounded
in the L™-norm, then the corrected solution can also be shown to remain uniformly bounded in the
L®-norm.
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Theorem 4.1. Under the assumption of Lemma 4.4, we obtain

k
gt = 111+ 1q(teer) = 6711+ 61 ) e, p) = w"* 21| < Cor*.

n=0
Proof. Subtracting (3.1) from (2.9), we obtain
€’.1+1 — et |
L%~ A€y + R - AR,
ot
1 0 ol
. . . Civrg T € el T e
= R! + AR} — YR} + y— .
2 2
¢n+l ¢n "
+ 8Pty ))qty1) = &(——— g,
n+l _ n n+1 n gn+l n
i+1, ¢ n 1 ¢.+ + ¢ ; —¢

From Lemma 4.4, we have

12 2 2 12 2 n+3 2
ezl 12— lleali? = ylleall? + 2lers! P 21l + otllel |

12 2 12 n2
< Coodtlel! [P+ Co1(st* + 11l + el 113 + 1el).

If Cyp6t < 1, we derive

n+1

2 2 2 4 2 —112 2
el IR < llehll? + HllellP + 21 + Cor(6t* + el + lles™ 17 + e

Similarly, we derive

12 2 2 12 2 n+y 2
lleiir sl = lleglly = llegll” + 2lef 17 = 2legl” + otlles, 21l

1 1
< Cyétlel ql + Cot(5t* + lle's 12+ ||e¢||1 + e ).

If C56t < 1, we obtain
12 112 2
et ylIF < Cadtllefy!|P + Cor +1ejll; + lejl).

Note that
n+1 if n+1 hi
el IIE < hillel s IP + Cor +llejllT + el )—h
with h = Cy,0t.
Ifh <1, we get
eI < et 1P+ Cor +1ejll; + lep).
Subtracting (3.3) from (2.9) and combining with (4.25) and (4.26), we obtain

1 1 2 12 n+y
lleg 1T = lleGIE + yClleg™ 12 = llegl) + 2(ley™ P = lej ) + otlles, 117

(4.25)

(4.26)
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< C6° + CS1(1Ept' | + NIl + lles 11T + lell).

Summing the above equation over n = 0, ..., k, we obtain
k 1 k
2 kL2 n+y 2 2 12
el I + 1k + 6t >~ llen 21 < € D dlle it + le' ).
n=1 n=0
By applying Gronwall’s lemma, we obtain
k 1
k12 kL2 n+3 2 4
eI+ lek™ P + 6t ) llen I} < Cor',
n=1

which completes the proof. O

5. Numerical examples

In this section, we present several numerical experiments to verify the theoretical results and to
demonstrate the efficiency and accuracy of the proposed predictor—corrector SAV-CN scheme.

5.1. Accuracy tests

We first consider the temporal convergence. The Cahn—Hilliard equation is given by

¢ = AAw,
{ W= —2Ad + (), 1)

subject to a periodic boundary condition.

We perform the test in the square domain Q = [0, 27]?. The error between the numerical solution
and the exact solution at r = 1 is computed for various time step sizes. Since the exact solution is not
available in closed form, we use the numerical solution obtained with a sufficiently small time step
6t = 107 as the reference solution. A Fourier spectral discretization with 256> modes is employed, so
that the spatial error is negligible compared with the temporal error.

The bulk energy functional, the initial profile of ¢, and the parameters are chosen as follows:

1
F(¢) = Z(¢2 -1y,

o(x,t = 0) = sin(x) sin(y),
(y, B, g9, M) = (1, 100, 107'2, 500).

(5.2)

Figure 1 shows the L?>— and L™—errors of ¢, the errors of the auxiliary variable g, and the time
evolution of the discrete energy (2.11) obtained by Scheme 2.3 (SAV-CN) and the proposed predic-
tor—corrector scheme, with different parameter pairs (4,¢) = (1, 1), (1,0.1), (0.1, 1), (0.1,0.1), and
(0.01,0.1).

We observe that, except for the case (4, &) = (1,0.1) with the SAV-CN scheme, the numerical errors
in all other cases exhibit second-order temporal accuracy. Moreover, the proposed predictor—corrector
scheme consistently yields smaller errors than the SAV-CN scheme, particularly when relatively large
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time steps are used. The evolution of the discrete energy defined in (2.11) for different time step sizes
is shown in Figure 1(d). Furthermore, the discrete energy decreases monotonically in all cases, in
agreement with the theoretical prediction of energy stability.

10% 102 T T
fmm——— + - =k
1 N
po=---= +- -4 PO ' N ~-
w0k /[~ © —scheme3t_(11) |« ) R wob [ [ @ - sehemeaiitn N , Tl
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Figure 1. Comparison of the numerical errors in ¢ and the auxiliary variable ¢, together with
the discrete energy evolution, obtained by scheme SAV-CN (Scheme 3.1) and our proposed
predictor—corrector SAV-CN scheme (Scheme 3.3) for different parameter pairs (4, €).

5.2. Coarsening dynamics

In this section, we study the long-time coarsening dynamics, which describes the process whereby
small domains formed after phase separation gradually merge into larger ones, leading to a coarser
structure over time. For the Cahn—Hilliard equation, this phenomenon is typically accompanied by
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domain coalescence and an asymptotic energy decay rate of order O(t~/3).

We carry out numerical simulations on the domain [0, 27]? using 256 Fourier modes and a time step
size ot = 0.01. The bulk energy functional, initial condition, and parameters are chosen as

1
F¢) = 2" - 1)%,

#(x,t =0) = 10rand(-1, 1),
(y,B, A, €, M) = (1,100,0.1,0.05, 1078, 500).

(5.3)

The results are shown in Figure 2. We observe that the two phases evolve and separate over time
and eventually reach a steady state. The numerical solution captures the phase separation accurately,
demonstrating the effectiveness of the proposed predictor—corrector scheme. The evolution of the free
energy computed by the fully discrete scheme is displayed in Figure 3. The results indicate that the
energy decay rate is close to O(z"!/?), which is consistent with the classical coarsening law reported

in [19].
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Figure 2. Snapshots of the phase field ¢ during the coarsening dynamics at times ¢ =
0,1,5,10,50, 100, 500, 1000, 5000.

Electronic Research Archive

Volume 33, Issue 10, 6298-6321.



6319
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Figure 3. Time evolution of the total free energy.

6. Concluding remarks

In this paper, we have developed a predictor—corrector scheme for solving the Cahn—Hilliard equation
by combining the SAV technique with predictor—corrector strategies. The resulting schemes are second-
order accurate in time, linear, and unconditionally energy stable. We have provided a rigorous analysis
of the energy stability of the proposed scheme and derived rigorous error estimates in the temporal
direction. A series of numerical experiments have been conducted to validate the theoretical results.
The simulations demonstrate that the predictor—corrector scheme exhibits superior accuracy compared
with the standard SAV methods, particularly for large time step sizes. Moreover, the numerical results
confirm the second-order temporal accuracy of the scheme and further verify the theoretical analysis.
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