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Abstract: The fractional diffusion equation involving the fractional Laplacian is used to govern
fractional random walk dynamics on network, which allowing long-range displacements. This paper
develops a high accuracy numerical method for the computation of nonlinear fractional diffusion
equation. The main idea is to approximate the spatial domain with a spectral Galerkin method based on
Fourier-like basis functions, and then to discretize time by the general linear methods which contains
Runge-Kutta methods, multistep methods, and many new classes of methods. For (k, [)-algebraically
stable general linear methods with general stage order p, the nonlinear term satisfies the locally
Lipschitz condition, and the proposed method is proved to be well-posed, stable, and convergent with
order p in time. Moreover, an optimal spatial error estimate is established, whose convergence rate
is independent of the fractional parameter a. Finally, several numerical experiments are presented to
verify and support the theoretical results.

Keywords: network dynamics; fractional random walk; fractional diffusion; high accuracy numerical
method; convergence and stability

1. Introduction

The dynamics of networks have broad applications in various fields of science and engineering,
including real and digital social networks, traffic flow, epidemic propagation, human mobility, chemical
reactions and computer systems [1—4]. The dynamical processes on networks, i.e., the strategy of
a random walker moving between nodes, are of great importance. Normal random walks, where
the walker jumps with equal probability from one node to its nearest neighbor, have been widely
studied [5-7]. In contrast, fractional random walks, an extension of classical random walks inspired
by Lévy flights, are used to describe random walks with long-range displacements on networks [8—10].
Fractional random walks are more efficient at navigating networks compared to traditional random
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walks [11]. Generally, fractional random walks correspond to fractional diffusion processes on
networks, which allow the dynamic incorporation of the small-world property by facilitating long-
range connections [12].

In this work, we concentrate on the computational study of fractional diffusion on networks, with
a particular focus on developing highly accurate methods for solving the nonlinear space fractional
diffusion equation (NSFDE) in terms of

du(x, 1) = —v(=A)iu(x, 1) + f(u(x,1),x,1), 1€ (0,T], x € Q, Q= (-1, 1),
u(x,0) = up(x), x € Q7 (1.1)
(atute. t) + bH0, u(x, )= = 0 and (aju(x, 1) + b0, u(x, 1)) |=1 = 0,

where x = (x1,x2,...,%4), @ € (0,2), and v > 0 is diffusion coefficient. The operator (—A)? denotes
space fractional Laplacian, which captures nonlocality in space, such as long-range displacements and
superdiffusion. Another important case is the time-fractional derivative, which captures nonlocality
in time, including memory, long waiting times, and subdiffusion [13, 14]. Numerical methods for
fractional diffusion equations have received considerable attention in recent years and a lot of literature
is available on this topic. For example, finite difference methods [15, 16], finite volume method [17],
Monte Carlo methods [18, 19], fast algorithms [20], finite element methods [21-23] and spectral
methods [24-27]. A main challenge of constructing numerical schemes for fractional differential
equations is the nonlocality and singularity of fractional differential operators. According to the
inherent properties of fractional differential operator, some researchers proposed a series of orthogonal
basis functions, which can handle the nonlocal and singular nature of fractional differential operators.
For example, the generalized Jacobi functions [28] for the Riemann-Liouville fractional differential
operators, Fourier-like basis functions [29] for the spectral fractional Laplacian, the Fourier-like
mapped chebyshev functions [30], nontensorial generalized Hermite functions [31], and Gaussian
radial basis functions [32] for the integral fractional Laplacian. The spectral Galerkin methods by
these orthogonal basis functions usually provide high accuracy, and diagonal mass, and stiff matrix,
which is suitable for approximating the space of fractional diffusion equation. To establish high-order
numerical methods for the space fractional diffusion equation, the remaining part is how to discretize
the temporal component. Generally, Crank-Nicolson (second-order) and BDF methods (first-order)
are the most frequently used methods [27,33-36], but their low order restricts the global accuracy. A
natural approach to this problem is to employ high-order methods, for instance the k-step (k < 5) BDF
method [37] and Runge-Kutta method [38]. Here, we investigate a more general class of methods,
1.e., the general linear method, which contains linear multistep methods, Runge-Kutta methods, hybrid
methods and many new classes of methods that may overcome the limitations of linear multistep and
Runge-Kutta methods [39].

For the d-dimensional NSFDE (1.1), we approximate the spatial domain by a spectral Galerkin
method based on the Fourier-like basis, which yields a diagonal mass and a stiffness matrix. It provides
a favorable condition for using the high-order method in time and solving high-dimensional problems.
By discretizing the time by the general linear method, we propose a class methods that is high-order
both in space and in time for (1.1). Comparing with the existing high-order spectral methods whose
global accuracy is restricted by low temporal convergence order, our method has high-order global
accuracy. We give the solvability of the numerical scheme when the nonlinear term fulfills the locally
Lipschitz condition. Under the (k, [)-algebraic stability, we prove the proposed method is stable, and
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its temporal convergence rate equal to the general stage order of general linear methods. In addition,
we derive the error estimate is space, in which the convergence rate is optimal and independent of the
fractional parameter a.

The structure of this paper is as follows. Section 2 provides an overview of the general linear
method and introduction of the discrete spectral fractional Laplacian. Section 3 presents the full
discretization for NSFDE (1.1), which combines the spectral Galerkin approach with a general linear
method. Section 4 presents the theoretical analysis of the method, addressing solvability, stability, and
convergence. Section 5 gives numerical experiments to test the theoretical results. Section 6 concludes
the paper.

2. Preliminaries
First, we introduce the general linear method and the discrete spectral fractional Laplacian. For an

ordinary differential equation %y(r) = f(t,y(1)), t € (0, T] with y(¢y) = yo, applying the general linear
method (GLM) (see [40,41]), we obtain

Yf = TZ Q:iljlf(tn + YT, Yn) + Z G:iljzy;%_l’ i=1,2,...,5, (213)
j=1 J=1
y:l = Tz G12_[1f‘(l‘n +/”lea Y;l) + Z Glgjz-y;!_la l = 172’ MR r’ (2'1b)
j=1 J=1
=Y Bl n=12 .. 210
=1

where 7 > 0 is the step size, the coefficients (EIIJJ (I,J = 1,2) and B; are real constants, Y™/, y*, and &"
are approximations to y(t, + u,7), hi(t, + v;7), and y(t, + n7), respectively, every h;(t, + v;7) stands for a
piece of information about the true solution y(¢) and ¢, = nt, y;, v;, n > 0 are some real constants.

In the following, we denote ¢;, = (@{j] ) (I,J = 1,2), and recall the definition of (k, [)-algebraic
stability.

Definition 2.1. (see [40,42]) If there exists two real constants k > 0 and [, a symmetric positive definite
matrix G € R™" and a real matrix D = diag(d,,d,, ...,d;) withd; > 0 fori = 1,2,...s, such that

g _ [ %G~ €LGE, - 16],DC,, ¢TD - €LGGy - IET, DG,
DGy, - 61,GGy, — I67,DEy, DGy + €T, D - €1,G6yy — 167,D6;)

is nonnegative definite, then the general linear method is said to be (k,l)-algebraically stable.
Specifically, the (1,0) case is referred to simply as algebraically stable.
The spectral fractional Laplacian in NSFDE (1.1) is defined as
(—0)5v@) = Y Fudy $u(),
neNd

where A, and ¢,(x) are the eigenpairs of Laplacian —A with the same boundary condition as in (1.1),
respectively. Here, we assume the coefficients in the boundary conditions of (1.1) satisfy a7 > 0,
a}rb}' >0, aj‘.b]‘. <0, (a;f)2+(b}“)2 #0, and (aj‘.)2+(b]_.)2 #0, which ensures the well-posedness of Eq (1.1).
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Let {¢n, ](x)}N be the Fourier-like basis in [43], {4y, j(x)}’}’= , be the eigenvalues satisfying

1,i=]
<—A¢N,i(x), ¢N,j(x)>Lz(Qd): |Anil16ij, Oij ={ 0 elsej , (2.2)
and Oy ,(x) = H?:l Gnn (X)) withm € Ay = {m = (my,my,--- ,mg) :m; =0,--- ,N-2andi=1,---,d}.

Next, we present the definition of the discrete spectral fractional Laplacian.

Definition 2.2 ( [29]). The discrete fractional Laplacian (—Ay)? is given by

(AT uy(x) = " Tl dnal; Oy u(x), Yuy(x) = " O alx) € V4. (2.3)
neYy nely
where Vi = span @y, (x) : n € Ay, x € Q%) and |Ayuli = Ay, + Ay ++++ + Angs Sum = T1%1 Sy

3. A high accuracy numerical method

Applying the spectral Galerkin method constructed by the d-dimensional @y ,(x), we establish the
spatial semi-discretization of NSFDE (1.1),

{ Aun(x, 1) = —v(=Ay) 2un(x, 1) + TIS f(un(x, 1), x, 1), G.1)

un(x, 0) = T uo (%),
where the L*-orthogonal projection operator I1% : L*(Q¢) — V¢ is given by

<H?\,u - u, VN> =0, Vvwe V,‘\I,.

L2(Q4)

Remark 3.1. With Definition 2.2 and the orthogonal properties (2.2), it is easy to find that the stiff
matrix S = diag (l/lN,,,lii) (n eT'y)in(3.1) is a diagonal matrix and the mass matrix is identity matrix.

This provides great advantage for the numerical method to compute the high-dimensional problem.

Applying the general linear method (2.1a)—(2.1c) to (3.1), we obtain the full discretization of
NSFDE (1.1),

Uy =1 ZGIWU"JHZGSHV”,'— 20

j=1

_TZG”T(U”HZG,? =12,

fN—ZﬁJuN,nzl,Z...,

where U} my N', and &y are the numerical approximations to u(x, t,+u;7), Hi(x,t,+v;7), and u(x, t,+n7),
respecuvely, F(Uy N = —y(=Ay)? :Uy 10 WUy / x, t)| and each H;(x, t,, + v;7) stands for a part
of the data related to the true solution u(x, 7).

1=ty +pjT’
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To simplify the notation, we rewrite the above numerical scheme in a compact form

Uy = 1€, F(UY) + Cuiy !, (3.3a)
uy = 7€ F(UR) + Copudly !, (3.3b)
&L= rul. (3.3¢)

n n,1 n,2 n,s T n nl n2 n,r T T n
where Uy = (Uy' UW.....UY) .y = (uy' ... ou) . B o= (Br.fan.... )", and F(Uy) =
T
(FWH.FWD.....FWU) .

4. Theoretical analysis of the numerical method

First, we introduce some notations and properties. Let (-, -);2qq and || - |2« be the L? inner
product and norm, H”(Q¢) (4 > 0) be the Sobolev space with norm || - || mrdy and semi-norm | - | go(a),
and H))(Q") be the closure of C5*(Q¢) with respect to the norm || - ||q).

Lemma 4.1 (see (3.13) in [29]). The continuous spectral fractional Laplacian (=A)? and the discrete
spectral fractional Laplacian (—Ay)? satisfy

(EDFuv),, 00 = ()i (-8)Fv) Vu, v e HE (QY,

<(_AN)%MN,VN>L2(Qd) = <(—AN)%MN, (_AN)%VN>

12(Qd)’

d
@b’ Yuy, vy € VN'
The bilinears satisfy the continuity and coercivity

(D D)), 0 < Collul
((=8)%u, (=)7u)
(A0 uy, AN )

((=Aw) Ty, (~Ay) Fuy )

H%(Qd)”V”H%(Qd)’
2

> o

rony = Colllyg gy

< Cb”uN”H%(Qd)”vN”H%(Qd)’

2
> Cyllunll’

L2(Q) H2 Q)

Lemma 4.2 (fractional Poincaré-Friedrichs inequality [44]). For u(x) € H>(Q¢), we have

2 2
||u(x)||L2(Qd) S Cp”u(-x)”H%(Qd), (41)

where C, > 0 is a constant.

Next, we introduce the locally Lipschitz condition of f(u(x,1?),x,t), which is important in the
theoretical analysis of the numerical method. The f(u(x, 1), x, t) satisfies

Il (ux, 1), 2, )= f(u(x, 1), X, Ol 20 S L llu(x, 1) = v(x, Dl 2qqy , Tor |lulx, 1) — v(x, Dl 2y <lo, (4.2)
where /) > 0 is a constant and L > 0 is the Lipschitz constant.
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4.1. Solvability

Let B = (b; j)ﬁj: , be a symmetric and nonnegative definite matrix, A,,;, and A,,q, be the smallest and

largest eigenvalue of B. We introduce
k
(9.5 = > bi(@D)izae  1Iblls = 0,05, (4.3)
ij=1

where g = (a1,82,...,00)  and b = (b1, b, ..., 07, gi and b; € L>(Q9) fori = 1,2,...,k. For the
identity matrix /, we denote (-,-); and || - ||; by (-, -) and || - || for short.

Definition 4.1 (coercively of €y, [45]). If there exists a positive definite matrix D = diag(d,,d>, . .., d;),
Kk is the largest positive number that satisfies

(€1/0,b),, = (0, ), (4.4)

where by = (b, by, ..., b)) withh, e L2(Q) (i=1,2,...,5).

Theorem 4.1 (Solvability). If the coefficient matrix €, is invertible and satisfies the coercivity (4.4),
f(u(x, 1), x,1t) satisfies the locally Lipschitz condition (4.2), and T (L - v%) < Ko, kKo = supfk}, and k is
r D

given in Definition 4.1, then for (3.3a), there exists a unique solution.

Proof. From (3.3a), we have

(F (un)=F (vn), un =V 12 :<V(_AN)%(MN_VN) + flun, x, )= f(vn, X, 1), MN_VN>L2(Qd) .

Using Lemmas 4.1 and 4.2, locally Lipschitz condition (4.2), we obtain

C
(F(un) = F (v), uy — VN)LZ(Qd) < (L - Vc—b ) oty — VN||L2(Qd) .
p

Byt (L - %) < ko and Theorem 9.16 in [45], (3.3a) exists a unique solution.

4.2. Stability

We introduce a perturbed problem as follows:

Wiy = 7€ [F W) + ba] + Cowly (4:52)
wh = 7€) [F(Wr) + b, ] + Cow'i !, (4.5b)
where w9, = u + by, by, b1, -+ , b, are the perturbations.

Theorem 4.2 (Stability). For k € (0, 1], if €, satisfies (4.4), f(u(x, 1), x,t) satisfies (4.2), GLM (2.1a)—
(2.1c) satisfies the (k,l)-algebraically stability, and —2Tvg—’p’ < [, then the numerical method (3.3a)-
(3.3c) is stable.
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Proof. Subtracting the perturbed problems (4.5a) and (4.5b) from the numerical methods (3.3a)
and (3.3b), we have

Uy — Wy = 7€, [F(UR) = F(Wh) — ba] + €y = wit D), (4.62)
Wl — Wi, = 76y [F(UD) = F(WD) = by] + Con (it = wih). (4.6b)

The general linear method satisfies (k, /)-algebraically stability, thus we obtain

ey =W lI& = Klbey ' = Wi 1IG =2 Uy =Wy, T (U) = F (W) =by)) , + 2 U3~ Wil

= - (Son’ lPson) < O»
U 1 — W 1
where @, = N N . Then, we arrive at

T(F(UY) — F(W}Y) — b,)
ey, —wille: < Kl =wis % + 2 U-Way, T(F Un=F Wiy =bp) , — 21U x~ W[5, 4.7)

By Lemmas 4.1 and 4.2, the locally Lipschitz condition (4.2), and 2‘rv > < [, we arrive at

Cy
lluy = willg < Kllun " = wi IIG+(= 2TVC——1)||U” —Willp+ QLA+ DU = Whllh+7llballp
p

< Kyt = win iz + QL+ Dr||Uy — Wall%, + liballp. (4.8)

Next, we give an estimate of ||U}, — W,’f,ll%, which is important in the proof of stability. From (4.6a),
we have

CH Uy = Wy) = T[F(Up) = F(Wy) = ba] + € €ty = wiy
Taking the inner product with U}, — W}, we have

(€ WUy = W), Uy = Wi) = (x[F(Us) = F (Wl Uy = Wi,
=~ (by, Uy = W) + (€ Crauty™ = i), Uy = W) . (4.9)

Using (4.4), i.e., the coercivity of €,;, Lemmas 4.1 and 4.2, and the locally Lipschitz condition (4.2),

we obtain
C,
(K T(L v—))”U” Will,
Cy

< (€1 Wy = Wi, Us = Wp) = (@ [F(UR) = F (W], Uy = Wi

where we employ a proper D and 7 such that (K T (L ng )) > 0. For

=7 (ba, Uy = Wi)p + (€11 Caaty™ =i, Uy = W)

< £HD5(€]‘11612G‘5

2 n—1 -1 n 7|2 T 2
et =i I + @+ D el = Wil + bl
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with suitable €, and taking the above two inequalities into (4.9), we obtain
U = Willp < Co [l = wi I, + 7liballp | (4.10)
Substituting (4.10) into (4.8), by iteration, we have
Iy = Wil <Kl = i 1IG + QL+ DTC, [y = wi I + 7liballp | + 7liballo

n
<K'y = wilG + QL+ 1)rC, > Ky = wi I,
i=1

+(@L+DTC+ 1) Y Kby .
i=1
Using the discrete Gronwall inequality, we obtain

lluy = willg; < exp(L + 1)Cint) [lIbollp + (L + DTC, + 1) Z K ballp | -

i=1

Then, the numerical method (3.3a)—(3.3c¢) is said to be stable.

4.3. Convergence

To derive the convergence, we introduce the important H?-orthogonal projection operator []% :
H; (Q%) — V&, which is defined as

(02U, v) g = (O UG, V) o+ Y vw € Vi (4.11)
In the following, we give the estimate of the operator ITY,.
Lemma 4.3 (see [38]). Forv(x) € HO% QY N H™(QY), m > &, we have
[vGe) = T3V )5 iy < CoNE IV, (4.12)
[vCe) = TRV ()| 2 0y < CoN IVl aimecaty (4.13)
where C, > 0 is a constant independent of N.
For fiy(x, 1) = II{u(x, 1), we have
Bty (x, 1) = —v(=A) 2 iy (x, ) + TIS f(@a(x, 1), x, 1) + Q(x, 1). (4.14)

Here, O(x, t) € L? (0, T, Vfé) is a residual, which satisfies

(Q(x, 1), VW) 12y = (O lin (%, 1) — u(x, )] = [f((x, 1), %, 1) = f(u(x,0),%,0], V)12 - (4.15)

Then, (4.15) is obtained by subtracting (1.1) from (4.14).
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Definition 4.2 (see [41,42]). The GLM (3.3) is said to have generalized stage order m, if m € N is the
maximal number fulfills the following conditions:
There exists an abstract function

~ ~ ~ ~ T
H(x’ tn) = (Hl(x’ I, + VIT)? Hl(x’ L, + VZT)’ U ,Hr(xa L, + VrT)) ’

satisfying
|, 1) = Hx, 1) < Car [|07 i e, 8|2 00 < Co7 |00, 20|15 0, » (4.16)
||5T(tn>||scgrm+[§gg]||6;"“aN<x, L+, z(mTCgr’"“sup |07 uCe, tt-20|y8 g0y 1T
||9’<tn)||sc3rm+(§gg]lla?“l fun (x, rn+§f>||Lz<Qchsrm+lsup [0 uCe, 60| y5 oy s (418)
o™ ()2 < C3t" [|07 i (e, 1)]] 2 ) < Co7™ [|00Cx, 8] 48 ) (4.19)
A A A A T A
where H(x,t,) = (Hl(x, t, +vi7), Ha(x, t, + vo1),..., H(x,t, + V,T)) with Hyx,t, + 1) =

I H(x, 1, + v;T), 6"(t,), T € (0,70, 7o is the maximum step size which satisfies Tou; and Tov; € (0,T],
07 (t,) and o (t,) are the defects of equation

UX, = TQ:H [TA(UXI) + Qn] + leﬁ(x’ tn—l) + 6T(tn—1)’ (4203)
H(x,1,) = 76 [F(O3) + Q"] + CH(x, 1) + 6 (1,1), (4.20b)
a(x, 1, + 1) = B H(x, 1,) + o7 (1), (4.20c)

2 o o rn,s T n i_ A
with UXI:(UN’I’ U ’2 te U ; ) 4 :uN(x Iy +/'llT) Qn = (Qn 1s Qn,2’ T, Qn,s)T: Qn,i: Q(x’ tn+/~l[T):
P (057 03)-7 (059 ( W) F O =) O, O .0
constant independent of N and 7. In particular, if H(x, 1) = H(x, 1), the generalzzed stage order reduces
to the stage order.

andC3>()isa

For the next result, we consider a more general case, i.e., (k, [, p)-algebraic stability [42], where
(k, 1, 0)-algebraically stable method is called (k, /)-algebraically stable.

Lemma 4.4. If the general linear method (2.1a)—(2.1c) is (k,l, p)-algebraically stale for G and D,
k € (0,1], then

w o[ G~ €nGEn—16;,DCy, €D - LTZGLZI - ILLDLH
DGy, - €,GC,, — 16],DCy;, €],D + DCy, — €,GC,, — €], DCy; — pD

is a nonnegative definite matrix for any n > 1, where D=blockdiag(D, D, ..., D)eR"*",

€ €2
@12@21 6:11 G126:22
¢ C12Cn By €6y ¢y R, @ €265, ERS,
(512(53520:21 G126353@21 e CpGy €y ¢12(‘:§£1

Cor=(E €y, ©2C, ..., 6y JER™, €3p=C1, €R™.
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Proof. We divide the matrix ¥ in Definition 2.1 into three parts, i.e.,

_¢T Tpn_ T
Y=Y +¥,+%¥; where ¥, = ( kG — 03, Glx LD - €64y, )

D¢, — G:;GG:QZ (g"lle + DEyq — G:;GG:Q]

—J¢T —J¢T —
%:( 16T DE zczchs“)’ \sz(o 0 ),and%:((l G 0)'

—l@;rchglz _lo:"lle@ll 0 —pD 0 0
Let
_ I, 00 --- 0 (r+85)X(r+ns)
B ‘(0 L 0 - O)ER
_ Gé_zl (%_220:21 &y 00 - 0 (r+s)x(r+ns) -
Bi—(o 0 0 1, 0 ... OER , 1>2.
From the proof of Lemma 3.1 in [46], we have
- G- ¢LGE ¢LD - ¢l,Ge
T o 20022 12 20821
; Bi (¥ + ¥0)B; (1)@12 - 61,66, 6D+ DGy, - @;G(sn)

is a nonnegative definite matrix. For ¥, and V3, we obtain

Zn:B-T(‘P2+‘P3)B-:(_pG¥2D€12 -16},D€yy )
i=1

-p€; D€, -1€[,DCy; — pD

Combining the above two equalities, we have

¥ = Z BI(Wo + W) + ¥, + ¥3)B..

i=1
Since the general linear method is (k, [, p)-algebraically stale, we have ¥ = ¥ +'¥, +¥; is nonnegative

definite and G is positive definite, which derive that ¥ is nonnegative definite.

Theorem 4.3. Assume that u(x,t) and &), are given by NSFDE (1.1) and (3.3a)—(3.3¢c), respectively.
If the coefficient matrix €y, is invertible and satisfies (4.4), the spectral radius p(€,; — @2&]11(512) <
1, GLM (2.1a)—(2.1c) with general stage order p satisfies (k,l)-algebraically stability, 0 < k < 1
and ~2vtC,/C, < 1, 3u(x,1) and 8 u(x,1) € L (O,T;HO% (Qd)), uo(x), and du(x.1) € HE(OQY N
H™QY), then

2
H3 Q)

07 uw Ol |

||M(x, tn + UT) - é‘:]r\l] H% (Qd)

i%gd) <C {72” sup [Hafu(x, t)|

t€[0,T]
T
-2 2 2
+ N " |:||u0(x)”Hm(Qd) + f ||atu(x9 t)”Hm(Qd) dt]
0

+ [ HGe 1) =13 } @4.21)

where C > 0 is a constant that independent of N and t, but depending on T, C, and C, are the
constants in Lemmas 4.1 and 4.2, respectively.
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Proof. To derive the error estimate, we first consider an abstract problem
0 =16, [F () + 0" ] + Cpit !, (4.222)
iy =16y [F(Th) + Q"] + Coaiity " + 67 (2,01), (4.22b)
where i uN H(x, ty). Subtracting (3.3a) and (3.3b) from (4.22a) and (4.22b), we arrive at
Oy — Uy = 76, | F (T3) = F(Up) + Qu| + Coa@iy" = 3™,
ity — uy = 76y | F (T}) = F (Up) + Qu| + Con@hy" = tly™") + 6 (t-1)-
Similar to the derivation of (4.7) in Theorem 4.2, we obtain

2 112
N ()| < k|| oy - Ui,
+2(U;c—U;,r( V(= A)zU;sw( AN UY + F(O3, x,0) = f(Uy, %, +Q") .

By Lemmas 4.1 and 4.2, the locally Lipschitz condition (4.2), 2TV <[, and (4.15), we arrive at

— 6 ()|, <k | S+ (2L+ e ||ow - vl (4.24)
T AN nll2
||a, (MN E LtN—u D,
T .
where u" = (u”’l, u?, ..., u’”) and u™ = u(x,t, + p;7).

Similar to the derivation of (4.10) in Theorem 4.2, and by (4.4), we can obtain

n 2
| iE

Then, for (4.24), we have

rn n AN
Uy - Uy Uy

2 ~n—1
DSC][MN

2 —
M 1

~Nn

||“N

1
+(;-1)||ef(rn_1)||g ((2L+1)r+ ) [Ilé’r(

~n—1
Uy

+ Q2L+ D

nl12

)
By iterating the above inequality, and then using the discrete Gronwall inequality, we obtain
((2L F )T+ ) Z e [l Z]} . (4.25)

In the following, we give the estimate of |H(x,1,) — ity |lg. Subtracting (4.20a) and (4.20b) from
(4.22a) and (4.22b), we arrive at

iy Zk" oIl

u}’l

0}1\] - U;lv =716 [F(U ) F(UN)] + €y (H(x n— 1) - ~n ! +6T(ln 1))
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H(x.1,) — iy = 765 [F(03) = F (03)] + € (Ax. 11-0) — ).

With H(x, t) — i, = 0, we study n steps simultaneously for the above equation, which yields

Z,=CuP,+ 0, (4.27a)
7 = € Py, (4.27b)
where z, = H(x,1,) — ii",,
7L - O} T(FOy) - FOy) d
Uy - Uy N /N 67(1)
P LA 7 (F( ﬁ)._ F(T3)) I KON
oy - Uy 7(15“( Iy — E( ~,"V)) 6" (th-1)

and €;; and €, are defined in Lemma 4.4, i.e.,

€y
IPLSS ¢
€=l €12CnByy (PSS! € R
Cn@Cy €pCL6 - €6y €

Cor=(€' €1, €576y, ., Gy JER™™,

By Lemma 4.4, we obtain

0 0
Izll6=2 (€11 P, Py) pt Ul €11 Pyl = — ((P )’T(P ))SO.

With (4.27a), Lemmas 4.1 and 4.2, the locally Lipschitz condition (4.2), —27v<: < [, and (4.15), we
)4
arrive at

Zll&; < 2 (€11 P, Pa)p+ NE€1 Pl
<2(Zy = 64 Po)p — N1Z, = 64ll},
< 27LIZ,|I}, — 2 (64, 651 (Z, = 60)), + 20 (Zy, 8 — U6l
1 o _1
<27L|\Z,|[5+ 1D €3 D72, (1Z,l1p + 210 1 Zallp = (L + DIISallp) 164l -
Equation (3.18) in [46] shows that ||D% Q’{ll D2 |l, is bounded. Next, we consider the estimate of ||Z,|| 5.

Similar to the derivation of (4.10) in Theorem 4.2, and by (4.4), we have IIZHII%) < C2||6,,||2D. Then, we
can derive that

Izl < C3ll64ll5- (4.28)
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Dividing A(x,t,)—ul, to H(x,t,)—H(x,t,) + H(x,t,) — i}, + it’, — u",. By Lemma 4.3, (4.16)~(4.18),
(4.25) and (4.28), we can obtain

2

VAGr. 1) =35 <C: |7 sup (197, 0l gt o™ e, Ot )
€[V,

T
-2 2 2 02
N (||uo(x>||,,m(gd)+ fo 19,u(x, r>||,,m(gd)dt)+||H(x, royuNlng(Qd)] :

By (3.3¢) and (4.20c), we arrive at

(e, 1 +77) = it 1+ 177|200y H|PT (H (x, 1) = H(x, 1,))

2
L2(Q9 S[ |L2(Q")

+|" (A (x, 1) — uly)

||u(x, tn'HTr) _61’17

2
|20 o @@ |-

Finally, by Lemma 4.3, (4.19) and u(x, t) = up(x) + fot a%u(x, {)dZ, we obtain (4.21).

Remark 4.1. The domain Q in (1.1) can be Q = (a,b). Using a transformation y = l%x + %, the
domain Q = (a, b) can transform to (-1, 1), Then, our theoretical results remain valid.

5. Numerical experiment

Some numerical examples are provided in this section to validate the theoretical estimate in
Theorem 4.3. The first example with nonsmooth exact solution is used to verify the convergence
rates in space. The second example with smooth exact solution is to verify the convergence rate in
time. For both examples, we consider three boundary conditions (Dirichlet BC, Neumann BC, Robin
BC), and four general linear methods (i.e. multistep Runge-Kutta method with 4th-order (MRK-4) and
6th-order (MRK-6) [45,47,48], hybrid method with 4th-order (Hybrid-4) and with Sth-order (Hybrid-
5) [42,49,50], which fulfill the conditions in Theorem 4.3. The third example illustrates the theoretical
estimate for a 3-dimensional problem. The last example gives a numerical simulation for the fractional
Allen-Cahn equation that is related to networks with long-range displacements. Since we focus on the
spatial fractional order @ € (1,2), we take @ = 1.2 and @ = 1.8 to test the numerical method across
the range of fractional behaviors. The value @ = 1.2 represents strong long-range interactions, while
a = 1.8 1s close to the classical Laplacian.

Example 5.1 We start with NSFDE (1.1) with uo(x) = (~10)* (1 - )" (1 - 22)°,

Flue, .20 =2t - 107 (1= 2) (1-8) + v =107 D Y 0w, 0)
i=0 j=0

+ sin(u(x, 1)) — sin(f* (1 - x%)f (1 - x%)g),

where A;; = A; + A; and ¢;(x) [51] are as follows

2
Dirichlet BC 1, = (@) and ¢,(x) = sin((”“)g(x“))_

Neumann BC 4, = (%)2 and ¢,(x) = cos (%“))
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2
Robin BC 2, = (%) and @,(x) = sin (@) + 2 cos (@), where vy, is the unique solve by

2
il cos(y,) + (1 - (ﬁ) )sin(yn) =0 for y,e€[(n- n,nnxl.
K 2K

The corresponding nonsmooth exact solution is u(x,t) = (t — to)* (1 - xf)f (1 - x%)f.

For Example 5.1, Figures 1 and 2 give the plotting of exact solutions at the initial and final times.
The errors and convergence rates in spaces for Example 5.1 are given in Figures 3-5. For a small
number &, u(x, 1), up(x) € L*(0,T; H*¥*%5-¢(Q?%)). Theorem 4.3 predicts that the convergence rates
in spaces are about 2.2 and 2.8 for & = 0.85 and ¢ = 1.15, respectively, which is illustrated by the
numerical results in Figures 3-5.

@r=0 (b)r=1

Figure 1. The plotting of exact solutions at the initial and final times for Example 5.1 with
z = 6.1, and Dirichlet BC.

(@r=0 (b)r=1

Figure 2. The plotting of exact solutions at the initial and final times for Example 5.1 with
z = 6.1, Neumann BC, and Robin BC.
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Example 5.2. We study the NSFDE (1.1) with d = 2 and three homogeneous boundary conditions
as follows.

) 2
klxl kz,\z
- - 2

Dirichlet BC The NSFDE (1.1) with ug(x) = (—tg)°e '™ '3,

2 2
_ klxl k2x2

flue, . x,0 =2 — 1) e T wvzt—10) Y, pii(x) + cos(u(x, 1)

i=0 j=0

B kq X% B kzx%

- COS((I2 —t+ ()25)Ze 1_x% 1—,\'%)
;= <u(x, 1), ‘;Dij(x)>

@ @ij(x) and A;j are given in Example 5.1.

klx% kzx%
. . . T2 1.2
The corresponding exact solution is u(x,t) = (t — ty)°e '™ '™

Neumann BC The NSFDE (1.1) with uy(x) = (—to)° cos’(m(x; + 1)) cos*(n(x; + 1))

4 @
Flu(x), x, )= z2(t — )" cos®(m(x; +1)) cos’ (m(x,+ 1)) + %Zag w;
i=1

+u(x, 1)* = (t — to)* cos®(w(x; + 1)) cos®(z(x + 1)).
w1 = 9cos(m(x; + 1)) cos(m(xy + 1)), A, =277,
wy = 3cos3m(x; + 1)) cos(n(xa + 1)), A, = 1077,
ws = 3cos(m(x; + 1)) cosBr(x, + 1)), A3 = 1072,
wy = cos(3m(x; + 1)) cos(3m(xy + 1)), A4 = 187°.
The corresponding exact solution is u(x,t) = (t — tp)* cos>(n(x; + 1)) cos®(n(x, + 1)).

Robin BC The NSFDE (1.1) with boundary condition with by = -1, b{ = a] = a; = b; = 0 and
ai =a, = by =1, up(x) = %fﬁ(xl)fﬁ(xz), up(x) = (=19)° e(x1)e(x2),

F(x), x,0=2(t = 1) p(x1)p(x2) + vy [2)7(t = 10) p(x1)p(xa), +u(x, 1)’
— (= 1) ¥ p(x Y p(x2)*.
¢(x) and y are given in Example 5.1 with n = 3.

The corresponding exact solution is u(x,t) = (t — ty)*p(x1)@(x2).

For Example 5.2, Figures 6-8 give the plotting of exact solutions at the initial and final times. Let
L2—error(t)
L2—error(t/2)

in Tables 1-3 and Figures 9—11. With z = 3.05, we have 6f+1u(x, fHell (0, T: Ho% (Qd)) (p =4,5,6).
As predicted by Theorem 4.3, the convergence rates in time for MRK4, MRK6, Hybrid-4 and Hybrid-
5 are 4th 6th, 4th, and 5th, respectively, as verified by the numerical results in Tables 1-3. Since,

the corresponding exact solution is smooth, we observe that the errors are decay exponentially in
Figures 9-11, which confirm the estimate in Theorem 4.3.

rate = ln( )/ In2. The errors and convergence rates in time for Example 5.2 are presented
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Table 1. Errors and convergence rates in time for Example 5.2 with Dirichlet BC, z = 6.1,
v=a3, N=70,k =k, =20,%0=0.5,and ¢ = 1.

MRK4

L2-error rate

MRKO6

L2-error rate

Hybrid-4

L2-error rate

Hybrid-5

L2-error rate

1/16 3.3048E-06 3.8517
1.2 1/32 2.2892E-07 3.9310
1/64 1.5009E-08 3.9669
1/128 9.5984E-10 3.9838

1/16 3.6933E-06 3.8245
1.8 1/32 2.6070E-07 3.9182
1/64 1.7245E-08 3.9608
1/128 1.1075E-09 3.9809

2.1243E-08 5.7845
3.8540E-10 5.8930
6.4856E-12 5.9472
1.0511E-13 6.0118

3.2885E-08 5.7049
6.3047E-10 5.8482
1.0944E-11 5.9229
1.8039E-13 5.9781

9.1822E-07 3.9105
6.1062E-08 3.9569
3.9321E-09 3.9789
2.4938E-10 3.9895

8.7507E-07 3.9039
5.8460E-08 3.9535
3.7735E-09 3.9771
2.3961E-10 3.9887

5.4810E-08 4.9357
1.7909E-09 4.9694
5.7164E-11 4.9850
1.8050E-12 4.9906

5.2276E-08 4.9348
1.7091E-09 4.9691
5.4569E-11 4.9849
1.7233E-12 4.9904

Table 2. Errors and convergence rates in time for Example 5.2 with Neumann BC, z = 6.1,
v=2a* N=50,1 = 0.55,and = 1.

MRK4

L2-error rate

MRKO6

L2-error rate

Hybrid-4

L2-error rate

Hybrid-5

L2-error rate

1/16 7.7225E-06 3.8093
1.2 1/32 5.5087E-07 3.9119
1/64 3.6596E-08 3.9580
1/128 2.3548E-09 3.9796

1/16 5.4847E-06 3.8188
1.8 1/32 3.8867E-07 3.9162
1/64  2.5745E-08 3.9600
1/128 1.6543E-09 3.9805

7.7301E-08 5.7130
1.4737E-09 5.8566
2.5433E-11 5.9279
4.1776E-13 5.9428

5.0921E-08 5.7291
9.6002E-10 5.8649
1.6473E-11 5.9319
2.6983E-13 5.9380

1.8697E-06 3.8930
1.2585E-07 3.9486
8.1511E-09 3.9748
5.1841E-10 3.9876

1.5545E-06 3.9015
1.0402E-07 3.9524
6.7194E-09 3.9766
4.2683E-10 3.9884

1.2616E-07 4.9243
4.1549E-09 4.9644
1.3309E-10 4.9827
4.2091E-12 4.9926

9.2200E-08 4.9241
3.0369E-09 4.9640
9.7299E-11 4.9825
3.0777E-12 4.9929
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Table 3. Errors and convergence rates in time for Example 5.2 with Robin BC, z = 6.1,
v=a!,N=50,1,=0.5,and ¢t = 1.

MRK4
L*-error rate

MRK6
L*-error rate

Hybrid-4
L*-error rate

Hybrid-5
L?-error rate

1/8 1.2551E-03 3.7864
1.2 1/16 9.0966E-05 3.9040
1/32 6.0767E-06 3.9544
1/64 3.9198E-07 3.9778

1/8 7.5398E-04 3.8424
1.8 1/16 5.2564E-05 3.9299
1/32 3.4489E-06 3.9670
1/64 2.2054E-07 3.9840

1.2579E-05 5.8589
2.1674E-07 5.9529
3.4988E-09 5.9826
5.5334E-11 5.9877

3.9001E-06 6.1536
5.4785E-08 6.1582
7.6709E-10 6.0935
1.1234E-11 6.0273

5.7043E-04 3.8480
3.9614E-05 3.9286
2.6015E-06 3.9653
1.6655E-07 3.9829

4.1583E-04 3.8553
2.8732E-05 3.9289
1.8865E-06 3.9648
1.2082E-07 3.9825

6.5276E-05 4.8630
2.2431E-06 4.9362
7.3265E-08 4.9691
2.3391E-09 4.9848

4.1987E-05 4.8929
1.4132E-06 4.9482
4.57TT7TE-08 4.9743
1.4563E-09 4.9872

(@r=0

(b)r=1

Figure 6. The plotting of exact solutions at the initial and final times for Example 5.2 with

z = 6.1 and Dirichlet BC.
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(@r=0

(b)r=1

Figure 7. The plotting of exact solutions at the initial and final times for Example 5.2 with
z = 6.1 and Neumann BC.

(@r=0

(b)r=1

Figure 8. The plotting of exact solutions at the initial and final times for Example 5.2 with
z = 6.1 and Robin BC.
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Figure 10. Errors and convergence rates in space for Example 5.2 with v = 2a7%, ¢ = 1,
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Figure 11. Errors and convergence rates in space for Example 5.2 with v = o7!, t = 1,

fto =0.5,z=6.1, 7 = =, and Robin BC.

5000

Example 5.3 (3-dimensional). Consider NSFDE (1.1) with d
(—tp)* cos(m(x; + 1)) cos(m(x, + 1)) cos(m(x; + 1)), and

3, Neumann BC, uy(x)

fu(x),x,t) =z(t — to)z_1 cos(m(x; + 1)) cos(m(x, + 1)) cos(m(x3 + 1))
+v(t — tO)Z(37r2)% cos(m(xy + 1)) cos(m(x, + 1)) cos(m(x; + 1))
+u(x, 1)’ = (¢ — t)*[cos(n(x; + 1)) cos(x(xy + 1)) cos(m(x; + 1)]%.

The corresponding exact solution is u(x,t) = (t — ty)* cos(m(x; + 1)) cos(m(x, + 1)) cos(m(x; + 1)).

From Table 4 and Figure 12, we observe the convergence rates in time and space in agreement with
the estimate in Theorem 4.3, which shows our numerical method and theoretical estimates are valid for
high-dimensional problem.
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Table 4. Errors and convergence rates in time for Example 5.3 with Neumann BC, z = 6.1,
v=2a"* N=20,10=1/3,and t = 1.

MRK4 MRK6 Hybrid-4 Hybrid-5
L[*-error  rate L[*-error  rate L*-error  rate L[*-error  rate
1/8 4.1535E-04 3.7674 5.3057E-06 5.7243 1.1052E-04 3.8489 1.0531E-05 4.8992
1.2 1/16 3.0501E-05 3.8950 1.0036E-07 5.8671 7.6702E-06 3.9294 3.5292E-07 4.9535
1/32 2.0502E-06 3.9506 1.7195E-09 5.9346 5.0342E-07 3.9660 1.1390E-08 4.9777
1/64 1.3260E-07 3.9761 2.8114E-11 59581 3.2215E-08 3.9833 3.6148E-10 4.9894

1/8 2.0945E-04 3.8291 1.4343E-06 5.8094 8.2325E-05 3.8856 7.9558E-06 4.9083
1.8 1/16 1.4737E-05 3.9209 2.5577E-08 5.9050 5.5700E-06 3.9456 2.6494E-07 4.9566
1/32 9.7301E-07 3.9621 4.2684E-10 5.9529 3.6149E-07 3.9735 8.5323E-09 4.9790
1/64 6.2432E-08 3.9815 6.8905E-12 5.9382 2.3012E-08 3.9869 2.7054E-10 4.9900

24 : 24 .
3l MRK-4 || 3l MRK-4 ||
M N o MRK-6 || M N o MRK-6 ||

- * Hybrid-4 e * Hybrid-4
St ® =~ Hybrid-5]] St ® =~ Hybrid-5]]
-6f 1 -6 1

g 7t ‘&,\ g 7F ‘&\\

o 8 N s 8

S g} @ S gt N

=3 . =S .

S0t S-10f
A1t ®. A1t '
12f 12f
13 LN 13+ ®.

141 NG 3 141 N ]
A5 . . . . . . X A5 . . . . . . .
4 6 8 10 12 14 16 18 20 4 6 8 10 12 14 16 18 20
N N
@a=12 (b)a=1.38

Figure 12. Errors and convergence rates in space for Example 5.3 with v = 247, t = 1,
th=1/3,z=6.1,7= ﬁ, and Neumann BC.
Example 5.4. Finally, we consider NSFDE (1.1) with Neumann BC, u(x,0) = 1 sin(Z*)(cos(mx) —
), x € (=1,1), and f(u(x, 1), x,1) = u(x,)(1 - u(x, ?),

The Example 5.4 is usually called the fractional Allen-Cahn equation, which is widely employed
to describe the formation and evolution of phase boundaries with nonlocal effects. The interfacial
characteristics of the Allen-Cahn equation were analyzed in [52, 53], which demonstrated that a
decrease in « leads to a more rapid variation of the solution near the interface center, while farther
from the center, the profiles flatten and the whole interface thickens. Here, we study the effect of
fractional diffusion on the metastability of the solutions. From the first case in Figure 13, which is
the classical Allen-Cahn equation (i.e., @ = 2), it shows that the initial configuration evolves into an
intermediate unstable state and then quickly changes into a single-interface pattern. As « is decreasing,
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the lifetime of the unstable interface is significantly extended and eventually becomes fully stabilized,
which results in the nonlocal influence of the fractional Laplacian.

Q9
s

a=1.01

200
200

N
ENEN

(a)
Figure 13. Numerical simulation for Example 5.4 with MRK6, v = 0.03, N = 40, and

_ 1
T = 20000

6. Conclusions

We have developed a high-order algorithm with matched temporal and spatial accuracy for the
nonlinear space-fractional diffusion equation that characterizes the fractional random walk dynamics
on a network. The numerical scheme combines a spectral Galerkin method employing a Fourier-like
basis in space and general linear methods in time. We give the solvability of the numerical scheme
when the nonlinear term fulfills the locally Lipschitz condition. Under (k, [)-algebraic stability, we
prove that the proposed method is stable, and its temporal convergence rate is equal to the general
stage order of the general linear method. In addition, we derive the error estimate is space, in which
the convergence rate is optimal and independent of the fractional parameter . Finally, some numerical
examples further confirm the accuracy and computational efficiency of the proposed method.
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