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Abstract: The fractional diffusion equation involving the fractional Laplacian is used to govern
fractional random walk dynamics on network, which allowing long-range displacements. This paper
develops a high accuracy numerical method for the computation of nonlinear fractional diffusion
equation. The main idea is to approximate the spatial domain with a spectral Galerkin method based on
Fourier-like basis functions, and then to discretize time by the general linear methods which contains
Runge-Kutta methods, multistep methods, and many new classes of methods. For (k, l)-algebraically
stable general linear methods with general stage order p, the nonlinear term satisfies the locally
Lipschitz condition, and the proposed method is proved to be well-posed, stable, and convergent with
order p in time. Moreover, an optimal spatial error estimate is established, whose convergence rate
is independent of the fractional parameter α. Finally, several numerical experiments are presented to
verify and support the theoretical results.

Keywords: network dynamics; fractional random walk; fractional diffusion; high accuracy numerical
method; convergence and stability

1. Introduction

The dynamics of networks have broad applications in various fields of science and engineering,
including real and digital social networks, traffic flow, epidemic propagation, human mobility, chemical
reactions and computer systems [1–4]. The dynamical processes on networks, i.e., the strategy of
a random walker moving between nodes, are of great importance. Normal random walks, where
the walker jumps with equal probability from one node to its nearest neighbor, have been widely
studied [5–7]. In contrast, fractional random walks, an extension of classical random walks inspired
by Lévy flights, are used to describe random walks with long-range displacements on networks [8–10].
Fractional random walks are more efficient at navigating networks compared to traditional random
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walks [11]. Generally, fractional random walks correspond to fractional diffusion processes on
networks, which allow the dynamic incorporation of the small-world property by facilitating long-
range connections [12].

In this work, we concentrate on the computational study of fractional diffusion on networks, with
a particular focus on developing highly accurate methods for solving the nonlinear space fractional
diffusion equation (NSFDE) in terms of

∂tu(x, t) = −ν(−∆)
α
2 u(x, t) + f (u(x, t), x, t), t ∈ (0,T ], x ∈ Ωd, Ω = (−1, 1),

u(x, 0) = u0(x), x ∈ Ωd,(
a+

j u(x, t) + b+
j ∂x ju(x, t)

)
|x j=1 = 0 and

(
a−j u(x, t) + b−j ∂x ju(x, t)

)
|x j=−1 = 0,

(1.1)

where x = (x1, x2, . . . , xd), α ∈ (0, 2), and ν > 0 is diffusion coefficient. The operator (−∆)
α
2 denotes

space fractional Laplacian, which captures nonlocality in space, such as long-range displacements and
superdiffusion. Another important case is the time-fractional derivative, which captures nonlocality
in time, including memory, long waiting times, and subdiffusion [13, 14]. Numerical methods for
fractional diffusion equations have received considerable attention in recent years and a lot of literature
is available on this topic. For example, finite difference methods [15, 16], finite volume method [17],
Monte Carlo methods [18, 19], fast algorithms [20], finite element methods [21–23] and spectral
methods [24–27]. A main challenge of constructing numerical schemes for fractional differential
equations is the nonlocality and singularity of fractional differential operators. According to the
inherent properties of fractional differential operator, some researchers proposed a series of orthogonal
basis functions, which can handle the nonlocal and singular nature of fractional differential operators.
For example, the generalized Jacobi functions [28] for the Riemann-Liouville fractional differential
operators, Fourier-like basis functions [29] for the spectral fractional Laplacian, the Fourier-like
mapped chebyshev functions [30], nontensorial generalized Hermite functions [31], and Gaussian
radial basis functions [32] for the integral fractional Laplacian. The spectral Galerkin methods by
these orthogonal basis functions usually provide high accuracy, and diagonal mass, and stiff matrix,
which is suitable for approximating the space of fractional diffusion equation. To establish high-order
numerical methods for the space fractional diffusion equation, the remaining part is how to discretize
the temporal component. Generally, Crank-Nicolson (second-order) and BDF methods (first-order)
are the most frequently used methods [27, 33–36], but their low order restricts the global accuracy. A
natural approach to this problem is to employ high-order methods, for instance the k-step (k < 5) BDF
method [37] and Runge-Kutta method [38]. Here, we investigate a more general class of methods,
i.e., the general linear method, which contains linear multistep methods, Runge-Kutta methods, hybrid
methods and many new classes of methods that may overcome the limitations of linear multistep and
Runge-Kutta methods [39].

For the d-dimensional NSFDE (1.1), we approximate the spatial domain by a spectral Galerkin
method based on the Fourier-like basis, which yields a diagonal mass and a stiffness matrix. It provides
a favorable condition for using the high-order method in time and solving high-dimensional problems.
By discretizing the time by the general linear method, we propose a class methods that is high-order
both in space and in time for (1.1). Comparing with the existing high-order spectral methods whose
global accuracy is restricted by low temporal convergence order, our method has high-order global
accuracy. We give the solvability of the numerical scheme when the nonlinear term fulfills the locally
Lipschitz condition. Under the (k, l)-algebraic stability, we prove the proposed method is stable, and
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its temporal convergence rate equal to the general stage order of general linear methods. In addition,
we derive the error estimate is space, in which the convergence rate is optimal and independent of the
fractional parameter α.

The structure of this paper is as follows. Section 2 provides an overview of the general linear
method and introduction of the discrete spectral fractional Laplacian. Section 3 presents the full
discretization for NSFDE (1.1), which combines the spectral Galerkin approach with a general linear
method. Section 4 presents the theoretical analysis of the method, addressing solvability, stability, and
convergence. Section 5 gives numerical experiments to test the theoretical results. Section 6 concludes
the paper.

2. Preliminaries

First, we introduce the general linear method and the discrete spectral fractional Laplacian. For an
ordinary differential equation d

dt y(t) = f (t, y(t)), t ∈ (0,T ] with y(t0) = y0, applying the general linear
method (GLM) (see [40, 41]), we obtain

Yn
i = τ

s∑
j=1

C
11
i j f (tn + µ jτ,Yn

j ) +

r∑
j=1

C
12
i j yn−1

j , i = 1, 2, . . . , s, (2.1a)

yn
i = τ

s∑
j=1

C
21
i j f (tn + µ jτ,Yn

j ) +

r∑
j=1

C
22
i j yn−1

j , i = 1, 2, . . . , r, (2.1b)

ξn =

r∑
j=1

β jyn
j , n = 1, 2, . . . . (2.1c)

where τ > 0 is the step size, the coefficients CIJ
i j (I, J = 1, 2) and β j are real constants, Yn,i, yn,i, and ξn

are approximations to y(tn + µiτ), hi(tn + νiτ), and y(tn + ητ), respectively, every hi(tn + νiτ) stands for a
piece of information about the true solution y(t) and tn = nτ, µi, νi, η > 0 are some real constants.

In the following, we denote CIJ =
(
CIJ

i j

)
(I, J = 1, 2), and recall the definition of (k, l)-algebraic

stability.

Definition 2.1. (see [40,42]) If there exists two real constants k > 0 and l, a symmetric positive definite
matrix G ∈ Rr×r and a real matrix D = diag(d1, d2, . . . , ds) with di ≥ 0 for i = 1, 2, . . . s, such that

Ψ =

(
kG − CT

22GC22 − lCT
12DC12 CT

12D − CT
22GC21 − lCT

12DC11

DC12 − C
T
21GC22 − lCT

11DC12 DC11 + CT
11D − CT

21GC21 − lCT
11DC11

)
,

is nonnegative definite, then the general linear method is said to be (k, l)-algebraically stable.
Specifically, the (1, 0) case is referred to simply as algebraically stable.

The spectral fractional Laplacian in NSFDE (1.1) is defined as

(−∆)
α
2 v(x) =

∑
n∈Nd

ṽnλ
α
2
nφn(x),

where λn and φn(x) are the eigenpairs of Laplacian −∆ with the same boundary condition as in (1.1),
respectively. Here, we assume the coefficients in the boundary conditions of (1.1) satisfy a±j ≥ 0,
a+

j b+
j ≥0, a−j b−j ≤0, (a+

j )2+(b+
j )2,0, and (a−j )2+(b−j )2,0, which ensures the well-posedness of Eq (1.1).
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Let {φN, j(x)}Nj=1 be the Fourier-like basis in [43], {λN, j(x)}Nj=1 be the eigenvalues satisfying

〈
−∆φN,i(x), φN, j(x)

〉
L2(Ωd)

= |λN,i|1δi, j, δi, j =

{
1, i = j
0, else

, (2.2)

and ΦN,m(x) =
∏d

j=1 φN,n j(x j) with m ∈ ΛN = {m = (m1,m2, · · · ,md) : mi = 0, · · · ,N−2 and i = 1, · · · , d} .
Next, we present the definition of the discrete spectral fractional Laplacian.

Definition 2.2 ( [29]). The discrete fractional Laplacian (−∆N)
α
2 is given by

(−∆N)
α
2 uN(x) =

∑
n∈ΥN

ũn|λN,n|
α
2
1 ΦN,n(x),∀uN(x) =

∑
n∈ΥN

ũnΦN,n(x) ∈ Vd
N . (2.3)

where Vd
N = span

{
ΦN,n(x) : n ∈ ΛN , x ∈ Ωd

}
and |λN,n|1 = λN,n1 + λN,n2 + · · · + λN,nd , δnm =

∏d
j=1 δn jm j .

3. A high accuracy numerical method

Applying the spectral Galerkin method constructed by the d-dimensional ΦN,n(x), we establish the
spatial semi-discretization of NSFDE (1.1),{

∂tuN(x, t) = −ν(−∆N)
α
2 uN(x, t) + Π0

N f (uN(x, t), x, t),
uN(x, 0) = Π0

Nu0(x),
(3.1)

where the L2-orthogonal projection operator Π0
N : L2(Ωd)→ Vd

N is given by〈
Π0

Nu − u, vN

〉
L2(Ωd)

= 0, ∀vN ∈ Vd
N .

Remark 3.1. With Definition 2.2 and the orthogonal properties (2.2), it is easy to find that the stiff

matrix S = diag
(
|λN,n|

α
2
1

)
(n ∈ ΓN) in (3.1) is a diagonal matrix and the mass matrix is identity matrix.

This provides great advantage for the numerical method to compute the high-dimensional problem.

Applying the general linear method (2.1a)–(2.1c) to (3.1), we obtain the full discretization of
NSFDE (1.1),

Un,i
N = τ

s∑
j=1

C
11
i j F (Un, j

N ) +

r∑
j=1

C
12
i j un−1, j

N , i = 1, 2, . . . , s,

un,i
N = τ

s∑
j=1

C
21
i j F (Un, j

N ) +

r∑
j=1

C
22
i j un−1, j

N , i = 1, 2, . . . , r,

ξn
N =

r∑
j=1

β ju
n, j
N , n = 1, 2, . . . ,

where Un,i
N , un,i

N , and ξn
N are the numerical approximations to u(x, tn+µiτ), Hi(x, tn+νiτ), and u(x, tn+ητ),

respectively, F (Un, j
N ) = −ν(−∆N)

α
2 Un, j

N +Π0
N f (Un, j

N , x, t)
∣∣∣
t=tn+µ jτ

, and each Hi(x, tn +νiτ) stands for a part
of the data related to the true solution u(x, t).
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To simplify the notation, we rewrite the above numerical scheme in a compact form

Un
N = τC11F (Un

N) + C12un−1
N , (3.3a)

un
N = τC21F (Un

N) + C22un−1
N , (3.3b)

ξn
N = βTun

N . (3.3c)

where Un
N =

(
Un,1

N ,Un,2
N , . . . ,Un,s

N

)T
, un

N =
(
un,1

N , un,2
N , . . . , un,r

N

)T
, β = (β1, β2, . . . , βr)T, and F (Un

N) =(
F (Un,1

N ),F (Un,2
N ), . . . ,F (Un,s

N )
)T

.

4. Theoretical analysis of the numerical method

First, we introduce some notations and properties. Let 〈·, ·〉L2(Ωd) and ‖ · ‖L2(Ωd) be the L2 inner
product and norm, Hϑ(Ωd) (ϑ > 0) be the Sobolev space with norm ‖ · ‖Hµ(Ωd) and semi-norm | · |Hϑ(Ωd),
and Hϑ

0 (Ωd) be the closure of C∞0 (Ωd) with respect to the norm ‖ · ‖Hϑ(Ωd).

Lemma 4.1 (see (3.13) in [29]). The continuous spectral fractional Laplacian (−∆)
α
2 and the discrete

spectral fractional Laplacian (−∆N)
α
2 satisfy〈

(−∆)
α
2 u, v

〉
L2(Ωd)

=
〈
(−∆)

α
4 u, (−∆)

α
4 v

〉
L2(Ωd)

, ∀u, v ∈ H
α
2

0 (Ωd),〈
(−∆N)

α
2 uN , vN

〉
L2(Ωd)

=
〈
(−∆N)

α
4 uN , (−∆N)

α
4 vN

〉
L2(Ωd)

, ∀uN , vN ∈ Vd
N .

The bilinears satisfy the continuity and coercivity〈
(−∆)

α
4 u, (−∆)

α
4 v

〉
L2(Ωd)

≤ Cb‖u‖H α
2 (Ωd)‖v‖H α

2 (Ωd),〈
(−∆)

α
4 u, (−∆)

α
4 u

〉
L2(Ωd)

≥ Cb‖u‖2
H
α
2 (Ωd)

,〈
(−∆N)

α
4 uN , (−∆N)

α
4 vN

〉
L2(Ωd)

≤ Cb‖uN‖H
α
2 (Ωd)‖vN‖H

α
2 (Ωd),〈

(−∆N)
α
4 uN , (−∆N)

α
4 uN

〉
L2(Ωd)

≥ Cb‖uN‖
2
H
α
2 (Ωd)

.

Lemma 4.2 (fractional Poincaré-Friedrichs inequality [44]). For u(x) ∈ H
α
2 (Ωd), we have

‖u(x)‖2L2(Ωd) ≤ Cp‖u(x)‖2
H
α
2 (Ωd)

, (4.1)

where Cp > 0 is a constant.

Next, we introduce the locally Lipschitz condition of f (u(x, t), x, t), which is important in the
theoretical analysis of the numerical method. The f (u(x, t), x, t) satisfies

‖ f (u(x, t), x, t)− f (u(x, t), x, t)‖L2(Ωd)≤L ‖u(x, t) − v(x, t)‖L2(Ωd) , for ‖u(x, t) − v(x, t)‖L2(Ωd)≤ l0, (4.2)

where l0 > 0 is a constant and L > 0 is the Lipschitz constant.
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4.1. Solvability

Let B = (bi j)k
i, j=1 be a symmetric and nonnegative definite matrix, λmin and λmax be the smallest and

largest eigenvalue of B. We introduce

(g, h)B =

k∑
i, j=1

bi j〈gi, h j〉L2(Ωd), ‖h‖B =
√

(h, h)B, (4.3)

where g = (g1, g2, . . . , gk)T and h = (h1, h2, . . . , hk)T, gi and hi ∈ L2(Ωd) for i = 1, 2, . . . , k. For the
identity matrix I, we denote (·, ·)I and ‖ · ‖I by (·, ·) and ‖ · ‖ for short.

Definition 4.1 (coercively of C11 [45]). If there exists a positive definite matrix D = diag(d1, d2, . . . , ds),
κ is the largest positive number that satisfies(

C
−1
11h, h

)
D
≥ κ(h, h)D, (4.4)

where h = (h1, h2, . . . , hs) with hi ∈ L2(Ωd) (i = 1, 2, . . . , s).

Theorem 4.1 (Solvability). If the coefficient matrix C11 is invertible and satisfies the coercivity (4.4),
f (u(x, t), x, t) satisfies the locally Lipschitz condition (4.2), and τ

(
L − νCb

Cp

)
< κ0, κ0 = sup

D
{κ}, and κ is

given in Definition 4.1, then for (3.3a), there exists a unique solution.

Proof. From (3.3a), we have

〈F (uN)−F (vN), uN−vN〉L2(Ωd) =
〈
ν(−∆N)

α
2 (uN−vN) + f (uN , x, t)− f (vN , x, t), uN−vN

〉
L2(Ωd)

.

Using Lemmas 4.1 and 4.2, locally Lipschitz condition (4.2), we obtain

〈F (uN) − F (vN), uN − vN〉L2(Ωd) ≤

(
L − ν

Cb

Cp

)
‖uN − vN‖L2(Ωd) .

By τ
(
L − Cb

Cp

)
< κ0 and Theorem 9.16 in [45], (3.3a) exists a unique solution.

4.2. Stability

We introduce a perturbed problem as follows:

Wn
N = τC11

[
F (Wn

N) + bn
]
+ C12wn−1

N , (4.5a)
wn

N = τC21
[
F (Wn

N) + bn
]
+ C22wn−1

N , (4.5b)

where w0
N = u0

N + b0, b0, b1, · · · , br are the perturbations.

Theorem 4.2 (Stability). For k ∈ (0, 1], if C11 satisfies (4.4), f (u(x, t), x, t) satisfies (4.2), GLM (2.1a)–
(2.1c) satisfies the (k, l)-algebraically stability, and −2τνCb

Cp
≤ l, then the numerical method (3.3a)–

(3.3c) is stable.
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Proof. Subtracting the perturbed problems (4.5a) and (4.5b) from the numerical methods (3.3a)
and (3.3b), we have

Un
N −Wn

N = τC11
[
F (Un

N) − F (Wn
N) − bn

]
+ C12(un−1

N − wn−1
N ), (4.6a)

un
N − wn

N = τC21
[
F (Un

N) − F (Wn
N) − bn

]
+ C22(un−1

N − wn−1
N ). (4.6b)

The general linear method satisfies (k, l)-algebraically stability, thus we obtain

‖un
N−wn

N‖
2
G−k‖un−1

N −wn−1
N ‖

2
G−2

(
Un

N−Wn
N , τ(F (Un

N)−F (Wn
N)−bn)

)
D+2l‖Un

N−Wn
N‖

2
D

= − (ϕn,Ψϕn) ≤ 0,

where ϕn =

(
un−1

N − wn−1
N

τ(F(Un
N) − F(Wn

N) − bn)

)
. Then, we arrive at

‖un
N−wn

N‖
2
G ≤ k‖un−1

N −wn−1
N ‖

2
G + 2

(
Un

N−W
n
N , τ(F (Un

N)−F (Wn
N)−bn)

)
D − 2l‖Un

N−Wn
N‖

2
D. (4.7)

By Lemmas 4.1 and 4.2, the locally Lipschitz condition (4.2), and −2τνCb
Cp
≤ l, we arrive at

‖un
N − wn

N‖
2
G ≤ k‖un−1

N − wn−1
N ‖

2
G +(−2τν

Cb

Cp
− l)‖Un

N−Wn
N‖

2
D+(2L+1)τ‖Un

N−Wn
N‖

2
D+τ‖bn‖D

≤ k‖un−1
N − wn−1

N ‖
2
G + (2L + 1)τ‖Un

N −Wn
N‖

2
D + τ‖bn‖D. (4.8)

Next, we give an estimate of ‖Un
N − Wn

N‖
2
D, which is important in the proof of stability. From (4.6a),

we have

C
−1
11 (Un

N −Wn
N) = τ

[
F (Un

N) − F (Wn
N) − bn

]
+ C−1

11C12(un−1
N − wn−1

N ).

Taking the inner product with Un
N −Wn

N , we have(
C
−1
11 (Un

N −Wn
N),Un

N −Wn
N

)
D
−

(
τ
[
F (Un

N) − F (Wn
N)

]
,Un

N −Wn
N
)

D

= −τ
(
bn,Un

N −Wn
N
)

D +
(
C
−1
11C12(un−1

N − wn−1
N ),Un

N −Wn
N

)
D
. (4.9)

Using (4.4), i.e., the coercivity of C11, Lemmas 4.1 and 4.2, and the locally Lipschitz condition (4.2),
we obtain (

κ − τ

(
L − ν

Cb

Cp

)) ∥∥∥Un
N −Wn

N

∥∥∥
D

≤
(
C
−1
11 (Un

N −Wn
N),Un

N −Wn
N

)
D
−

(
τ
[
F (Un

N) − F (Wn
N)

]
,Un

N −Wn
N
)

D ,

where we employ a proper D and τ such that
(
κ − τ

(
L − νCb

Cp

))
> 0. For

− τ
(
bn,Un

N −Wn
N
)

D +
(
C
−1
11C12(un−1

N − wn−1
N ),Un

N −Wn
N

)
D

≤
1
ε

∥∥∥∥D
1
2C
−1
11C12G−

1
2

∥∥∥∥2

2

∥∥∥un−1
N − wn−1

N

∥∥∥2

G
+ (τ + 1) ε‖Un

N −Wn
N‖

2
D +

τ

ε
‖bn‖

2
D,
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with suitable ε, and taking the above two inequalities into (4.9), we obtain

‖Un
N −Wn

N‖
2
D ≤ Ct

[
‖un−1

N − wn−1
N ‖

2
D + τ‖bn‖

2
D

]
. (4.10)

Substituting (4.10) into (4.8), by iteration, we have

‖un
N − wn

N‖
2
G ≤k‖un−1

N − wn−1
N ‖

2
G + (2L + 1)τCt

[
‖un−1

N − wn−1
N ‖

2
D + τ‖bn‖

2
D

]
+ τ‖bn‖D

≤kn‖u0
N − w0

N‖
2
G + (2L + 1)τCt

n∑
i=1

kn−i‖un−1
N − wn−1

N ‖
2
D

+ ((2L + 1)τCt + 1)
n∑

i=1

kn−i‖bn‖D.

Using the discrete Grönwall inequality, we obtain

‖un
N − wn

N‖
2
G ≤ exp((2L + 1)Ctnτ)

‖b0‖D + ((2L + 1)τCt + 1)
n∑

i=1

kn−i‖bn‖D

 .
Then, the numerical method (3.3a)–(3.3c) is said to be stable.

4.3. Convergence

To derive the convergence, we introduce the important H
α
2 -orthogonal projection operator

∏α
N :

H
α
2

0 (Ωd)→ Vd
N , which is defined as

〈
(−∆)

α
2 u(x), vN

〉
L2(Ωd)

=
〈
(−∆)

α
2 Πα

Nu(x), vN

〉
L2(Ωd)

, ∀ vN ∈ Vd
N . (4.11)

In the following, we give the estimate of the operator Πα
N .

Lemma 4.3 (see [38]). For v(x) ∈ H
α
2

0 (Ωd) ∩ Hm(Ωd), m ≥ α
2 , we have∥∥∥v(x) − Πα

Nv(x)
∥∥∥

H
α
2 (Ωd)

≤ C2N
α
2−m‖v(x)‖Hm(Ωd), (4.12)∥∥∥v(x) − Πα

Nv(x)
∥∥∥

L2(Ωd)
≤ C2N−m‖v(x)‖Hm(Ωd), (4.13)

where C2 > 0 is a constant independent of N.

For ûN(x, t) = Πα
Nu(x, t), we have

∂tûN(x, t) = −ν(−∆)
α
2 ûN(x, t) + Π0

N f (û(x, t), x, t) + Q(x, t). (4.14)

Here, Q(x, t) ∈ L2
(
0,T ; Vd

N

)
is a residual, which satisfies

〈Q(x, t), vN〉L2(Ωd) = 〈∂t [ûN(x, t) − u(x, t)] − [ f (û(x, t), x, t) − f (u(x, t), x, t)], vN〉L2(Ωd) . (4.15)

Then, (4.15) is obtained by subtracting (1.1) from (4.14).
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Definition 4.2 (see [41, 42]). The GLM (3.3) is said to have generalized stage order m, if m ∈ N is the
maximal number fulfills the following conditions:

There exists an abstract function

H̃(x, tn) =
(
H̃1(x, tn + ν1τ), H̃2(x, tn + ν2τ), · · · , H̃r(x, tn + νrτ)

)T
,

satisfying ∥∥∥H̃(x, tn) − Ĥ(x, tn)
∥∥∥ ≤ C3τ

m
∥∥∥∂m

t ûN(x, tn)
∥∥∥

L2(Ωd)
≤ C3τ

m
∥∥∥∂m

t u(x, tn)
∥∥∥

H
α
2 (Ωd)

, (4.16)

‖δτ(tn)‖≤C3τ
m+1sup
ζ∈[0,1]

∥∥∥∂m+1
t ûN(x, tn+ζτ)

∥∥∥
L2(Ωd)
≤C3τ

m+1sup
ζ∈[0,1]

∥∥∥∂m+1
t u(x, tn+ζτ)

∥∥∥
H
α
2 (Ωd)

, (4.17)

‖θτ(tn)‖≤C3τ
m+1sup
ζ∈[0,1]

∥∥∥∂m+1
t ûN(x, tn+ζτ)

∥∥∥
L2(Ωd)
≤C3τ

m+1sup
ζ∈[0,1]

∥∥∥∂m+1
t u(x, tn+ζτ)

∥∥∥
H
α
2 (Ωd)

, (4.18)

‖στ(tn)‖L2(Ωd) ≤ C3τ
m
∥∥∥∂m

t ûN(x, tn)
∥∥∥

L2(Ωd)
≤ C3τ

m
∥∥∥∂m

t u(x, tn)
∥∥∥

H
α
2 (Ωd)

, (4.19)

where Ĥ(x, tn) =
(
Ĥ1(x, tn + ν1τ), Ĥ2(x, tn + ν2τ), . . . , Ĥr(x, tn + νrτ)

)T
with Ĥ j(x, tn + νiτ) =

Πα
N H j(x, tn + ν jτ), δτ(tn), τ ∈ (0, τ0], τ0 is the maximum step size which satisfies τ0µi and τ0ν j ∈ (0,T ],

θτ(tn) and στ(tn) are the defects of equation

Ûn
N = τC11

[
F̂ (Ûn

N) + Qn
]

+ C12H̃(x, tn−1) + δτ(tn−1), (4.20a)

H̃(x, tn) = τC21

[
F̂ (Ûn

N) + Qn
]

+ C22H̃(x, tn−1) + θτ(tn−1), (4.20b)

û(x, tn + ητ) = βTH̃(x, tn) + στ(tn), (4.20c)

with Ûn
N =

(
Ûn,1

N , Ûn,2
N , · · · , Ûn,s

N

)T
, Ûn,i

N = ûN(x, tn + µiτ), Qn =
(
Qn,1,Qn,2, · · · ,Qn,s

)T , Qn,i = Q(x, tn+µiτ),

F̂
(
Ûn

N

)
=
(
F̂

(
Ûn,1

N

)
, F̂

(
Ûn,2

N

)
, · · · , F̂

(
Ûn,s

N

))T
, F̂ (Ûn,i

N )=−ν(−∆)
α
2 Ûn,i

N +Π0
N f (Ûn,i

N , x, t)
∣∣∣
t=tn+µiτ

, and C3 > 0 is a

constant independent of N and τ. In particular, if Ĥ(x, t) = H̃(x, t), the generalized stage order reduces
to the stage order.

For the next result, we consider a more general case, i.e., (k, l, p)-algebraic stability [42], where
(k, l, 0)-algebraically stable method is called (k, l)-algebraically stable.

Lemma 4.4. If the general linear method (2.1a)–(2.1c) is (k, l, p)-algebraically stale for G and D,
k ∈ (0, 1], then

Ψ =

(
G − CT

22GC22 − lCT
12 DC12 CT

12 D − CT
22GC21 − lCT

12 DC11

DC12 − C
T
21GC22 − lCT

11 DC12 C
T
11 D + DC11 − C

T
21GC21 − lCT

11 DC11 − pD

)
is a nonnegative definite matrix for any n ≥ 1, where D=blockdiag(D,D, . . . ,D)∈Rns×ns,

C11=



C11

C12C21 C11

C12C22B21 C12C21 C11
...

...
. . .

. . .

C12C
n−2
22 C21 C12C

n−3
22 C21 · · · C12C21 C11


∈Rns×ns, C12=



C12

C12C22

C12C
2
22

...

C12C
n−1
22


∈Rns×r,

C21=
(
Cn−1

22 C21,C
n−2
22 C21, . . . ,C21

)
∈Rr×ns, C22=C

n
22∈R

r×r.
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Proof. We divide the matrix Ψ in Definition 2.1 into three parts, i.e.,

Ψ = Ψ1 + Ψ2 + Ψ3, where Ψ1 =

(
kG − CT

22GC22 CT
12D − CT

22GC21

DC12 − C
T
21GC22 C

T
11D + DC11 − C

T
21GC21

)
,

Ψ2 =

(
−lCT

12DC12 −lCT
12DC11

−lCT
11DC12 −lCT

11DC11

)
, Ψ3 =

(
0 0
0 −pD

)
, and Ψ0 =

(
(1 − k)G 0

0 0

)
.

Let

B1 =

(
Ir 0 0 · · · 0
0 Is 0 · · · 0

)
∈R(r+s)×(r+ns)

Bi =

(
Ci−1

22 Ci−2
22 C21 · · · C21 0 0 · · · 0

0 0 · · · 0 Is 0 · · · 0

)
∈R(r+s)×(r+ns), i ≥ 2.

From the proof of Lemma 3.1 in [46], we have

n∑
i=1

BT
i (Ψ0 + Ψ1)Bi =

(
G − CT

22GC22 CT
12 D − CT

22GC21

DC12 − C
T
21GC22 C

T
11 D + DC11 − C

T
21GC21

)
is a nonnegative definite matrix. For Ψ2 and Ψ3, we obtain

n∑
i=1

BT
i (Ψ2 + Ψ3)Bi =

(
−pCT

12 DC12 −lCT
12 DC11

−pCT
11 DC12 −lCT

11 DC11 − pD

)
.

Combining the above two equalities, we have

Ψ =

n∑
i=1

BT
i (Ψ0 + Ψ1 + Ψ2 + Ψ3)Bi.

Since the general linear method is (k, l, p)-algebraically stale, we have Ψ = Ψ1 +Ψ2 +Ψ3 is nonnegative
definite and G is positive definite, which derive that Ψ is nonnegative definite.

Theorem 4.3. Assume that u(x, t) and ξn
N are given by NSFDE (1.1) and (3.3a)–(3.3c), respectively.

If the coefficient matrix C11 is invertible and satisfies (4.4), the spectral radius ρ(C22 − C21C
−1
11C12) <

1, GLM (2.1a)–(2.1c) with general stage order p satisfies (k, l)-algebraically stability, 0 < k ≤ 1

and −2ντC2/Cp ≤ l, ∂p
t u(x, t) and ∂

p+1
t u(x, t) ∈ L∞

(
0,T ; H

α
2

0 (Ωd)
)
, u0(x), and ∂tu(x, t) ∈ H

α
2

0 (Ωd) ∩

Hm(Ωd), then∥∥∥u(x, tn + ητ) − ξn
N

∥∥∥2

L2(Ωd)
≤C

{
τ2p sup

t∈[0,T ]

[∥∥∥∂p
t u(x, t)

∥∥∥2

H
α
2 (Ωd)

+
∥∥∥∂p+1

t u(x, t)
∥∥∥2

H
α
2 (Ωd)

]
+ N−2m

[
‖u0(x)‖2Hm(Ωd) +

∫ T

0
‖∂tu(x, t)‖2Hm(Ωd) dt

]
+

∥∥∥H(x, t0)−u0
N

∥∥∥2

H
α
2 (Ωd)

}
, (4.21)

where C > 0 is a constant that independent of N and τ, but depending on T , Cb and Cp are the
constants in Lemmas 4.1 and 4.2, respectively.
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Proof. To derive the error estimate, we first consider an abstract problem

Ũn
N = τC11

[
F̂

(
Ũn

N

)
+ Qn

]
+ C12ũn−1

N , (4.22a)

ũn
N = τC21

[
F̂

(
Ũn

N

)
+ Qn

]
+ C22ũn−1

N + θτ(tn−1), (4.22b)

where ũ0
N = H̃(x, t0). Subtracting (3.3a) and (3.3b) from (4.22a) and (4.22b), we arrive at

Ũn
N − Un

N = τC11

[
F̂

(
Ũn

N

)
− F

(
Un

N
)

+ Qn

]
+ C12(ũn−1

N − un−1
N ),

ũn
N − un

N = τC21

[
F̂

(
Ũn

N

)
− F

(
Un

N
)

+ Qn

]
+ C22(ũn−1

N − un−1
N ) + θτ(tn−1).

Similar to the derivation of (4.7) in Theorem 4.2, we obtain∥∥∥ũn
N−un

N−θ
τ(tn−1)

∥∥∥2

G
≤ k

∥∥∥ũn−1
N −un−1

N

∥∥∥2

G
− 2l

∥∥∥Ũn
N − Un

N

∥∥∥2

D

+ 2
(
Ũn

N−Un
N , τ(−ν(−∆)

α
2 Ũn

N +ν(−∆N)
α
2 Un

N + f (Ũn
N , x, t) − f (Un

N , x, t) +Qn)
)

D
.

By Lemmas 4.1 and 4.2, the locally Lipschitz condition (4.2), −2τνCb
Cp
≤ l, and (4.15), we arrive at∥∥∥ũn

N − un
N − θ

τ(tn−1)
∥∥∥2

G
≤k

∥∥∥ũn−1
N − un−1

N

∥∥∥2

G
+ (2L + 1)τ

∥∥∥Ũn
N − Un

N

∥∥∥2

D
(4.24)

+
τ

2

∥∥∥∂t
(
ûn

N − un)∥∥∥2

D
+
τ

2

∥∥∥ûn
N − un

∥∥∥2

D
,

where un =
(
un,1, un,2, . . . , un,s

)T
and un,i = u(x, tn + µiτ).

Similar to the derivation of (4.10) in Theorem 4.2, and by (4.4), we can obtain∥∥∥Ũn
N − Un

N

∥∥∥2

D
≤ C1

[∥∥∥ũn−1
N − un−1

N

∥∥∥2

G
+ τ

∥∥∥∂t
(
ûn

N − un)∥∥∥2

D
+ τ

∥∥∥ûn
N − un

∥∥∥2

D

]
,

Then, for (4.24), we have∥∥∥ũn
N−un

N

∥∥∥2

G
≤ k

∥∥∥ũn−1
N −un−1

N

∥∥∥2

G
+ (2L + 1)τ

∥∥∥ũn−1
N −un−1

N

∥∥∥2

G
+ τ

∥∥∥ũn
N−un

N

∥∥∥2

G

+

(
1
τ
− 1

)
‖θτ(tn−1)‖2G +

(
(2L + 1)τ +

1
2

)
τ
[∥∥∥∂t

(
ûn

N − un)∥∥∥2

D
+

∥∥∥ûn
N − un

∥∥∥2

D

]
.

By iterating the above inequality, and then using the discrete Grönwall inequality, we obtain

∥∥∥ũn
N−un

N

∥∥∥2

G
≤ exp(2(L + 1)nτ)

kn
∥∥∥ũ0

N−u0
N

∥∥∥2

G
+

1−τ
τ

n∑
i=1

kn−i‖θτ(ti−1)‖2G

+

(
(2L + 1)τ +

1
2

) n∑
i=1

kn−i
[∥∥∥∂t

(
ûn

N − un)∥∥∥2

D
+

∥∥∥ûn
N − un

∥∥∥2

D

] . (4.25)

In the following, we give the estimate of ‖H̃(x, tn) − ũn
N‖G. Subtracting (4.20a) and (4.20b) from

(4.22a) and (4.22b), we arrive at

Ûn
N − Ũn

N = τC11

[
F̂

(
Ûn

N

)
− F̃

(
Ûn

N

)]
+ C12

(
H̃(x, tn−1) − ũn−1

N + δτ(tn−1)
)
,
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H̃(x, tn) − ũn
N = τC21

[
F̂

(
Ûn

N

)
− F̃

(
Ûn

N

)]
+ C22

(
H̃(x, tn−1) − ũn−1

N

)
.

With H̃(x, t0) − ũ0
N = 0, we study n steps simultaneously for the above equation, which yields

Zn = C11Pn + δn, (4.27a)
zn = C21Pn, (4.27b)

where zn = H̃(x, tn) − ũn
N ,

Zn =


Û1

N − Ũ1
N

Û2
N − Ũ2

N
...

Ûn
N − Ũn

N

 , Pn =


τ
(
F̂(Û1

N) − F̂(Ũ1
N)

)
τ
(
F̂(Û2

N) − F̂(Ũ2
N)

)
...

τ
(
F̂(Ûn

N) − F̂(Ũn
N)

)
 , δn =


δτ(t0)
δτ(t1)
...

δτ(tn−1)

 ,
and C11 and C21 are defined in Lemma 4.4, i.e.,

C11=



C11

C12C21 C11

C12C22B21 C12C21 C11
...

...
. . .

. . .

C12C
n−2
22 C21 C12C

n−3
22 C21 · · · C12C21 C11


∈Rns×ns,

C21=
(
C

n−1
22 C21,C

n−2
22 C21, . . . ,C21

)
∈Rr×ns.

By Lemma 4.4, we obtain

‖zn‖
2
G−2 (C11Pn,Pn)D+ l‖C11Pn‖

2
D=−

((
0
Pn

)
,Ψ

(
0
Pn

))
≤0.

With (4.27a), Lemmas 4.1 and 4.2, the locally Lipschitz condition (4.2), −2τνCb
Cp
≤ l, and (4.15), we

arrive at

‖zn‖
2
G ≤ 2 (C11Pn,Pn)D+ l‖C11Pn‖

2
D

≤ 2 (Zn − δn, Pn)D − l‖Zn − δn‖
2
D

≤ 2τL‖Zn‖
2
D − 2

(
δn,C

−1
11 (Zn − δn)

)
D

+ 2l (Zn, δn)D − l‖δn‖
2
D

≤2τL‖Zn‖
2
D+‖D

1
2C−1

11 D−
1
2 ‖2 (‖Zn‖D+2|l| ‖Zn‖D−(l + 1)‖δn‖D) ‖δn‖D .

Equation (3.18) in [46] shows that ‖D 1
2C−1

11 D− 1
2 ‖2 is bounded. Next, we consider the estimate of ‖Zn‖D.

Similar to the derivation of (4.10) in Theorem 4.2, and by (4.4), we have ‖Zn‖
2
D ≤ C2‖δn‖

2
D. Then, we

can derive that

‖zn‖
2
D ≤ C3‖δn‖

2
D. (4.28)
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Dividing Ĥ(x, tn)−un
N to Ĥ(x, tn)− H̃(x, tn) + H̃(x, tn) − ũn

N + ũn
N − un

N . By Lemma 4.3, (4.16)–(4.18),
(4.25) and (4.28), we can obtain

‖Ĥ(x, tn)−un
N‖

2
G≤C4

[
τ2p sup

t∈[0,T ]

(∥∥∥∂p
t u(x, t)

∥∥∥2

H
α
2 (Ωd)

+
∥∥∥∂p+1

t u(x, t)
∥∥∥2

H
α
2 (Ωd)

)
+N−2m

(
‖u0(x)‖2Hm(Ωd)+

∫ T

0
‖∂tu(x, t)‖2Hm(Ωd)dt

)
+
∥∥∥H(x, t0)−u0

N

∥∥∥2

H
α
2 (Ωd)

]
.

By (3.3c) and (4.20c), we arrive at∥∥∥u(x, tn+ητ)−ξn
N

∥∥∥2

L2(Ωd)
≤
[
‖u(x, tn+ητ)−ûN(x, tn+ητ)‖L2(Ωd)+

∥∥∥bT (H̃(x, tn) − Ĥ(x, tn))
∥∥∥

L2(Ωd)

+
∥∥∥bT (Ĥ(x, tn) − un

N)
∥∥∥

L2(Ωd)
+‖στ(tn)‖L2(Ωd)

]2
.

Finally, by Lemma 4.3, (4.19) and u(x, t) = u0(x) +
∫ t

0
∂
∂t u(x, ζ)dζ, we obtain (4.21).

Remark 4.1. The domain Ω in (1.1) can be Ω = (a, b). Using a transformation y = b−a
2 x + b+a

2 , the
domain Ω = (a, b) can transform to (−1, 1), Then, our theoretical results remain valid.

5. Numerical experiment

Some numerical examples are provided in this section to validate the theoretical estimate in
Theorem 4.3. The first example with nonsmooth exact solution is used to verify the convergence
rates in space. The second example with smooth exact solution is to verify the convergence rate in
time. For both examples, we consider three boundary conditions (Dirichlet BC, Neumann BC, Robin
BC), and four general linear methods (i.e. multistep Runge-Kutta method with 4th-order (MRK-4) and
6th-order (MRK-6) [45, 47, 48], hybrid method with 4th-order (Hybrid-4) and with 5th-order (Hybrid-
5) [42,49,50], which fulfill the conditions in Theorem 4.3. The third example illustrates the theoretical
estimate for a 3-dimensional problem. The last example gives a numerical simulation for the fractional
Allen-Cahn equation that is related to networks with long-range displacements. Since we focus on the
spatial fractional order α ∈ (1, 2), we take α = 1.2 and α = 1.8 to test the numerical method across
the range of fractional behaviors. The value α = 1.2 represents strong long-range interactions, while
α = 1.8 is close to the classical Laplacian.

Example 5.1. We start with NSFDE (1.1) with u0(x) = (−t0)z
(
1 − x2

1

)ξ (
1 − x2

2

)ξ
,

f (u(x, t), x, t) =z(t − t0)z−1
(
1 − x2

1

)ξ (
1 − x2

2

)ξ
+ ν(t − t0)z

∞∑
i=0

∞∑
j=0

ûi jλ
α
2
i jϕi(x)ϕ j(x)

+ sin(u(x, t)) − sin(tz
(
1 − x2

1

)ξ (
1 − x2

2

)ξ
),

where λi j = λi + λ j and ϕi(x) [51] are as follows

Dirichlet BC λn =
(

(n+1)π
2

)2
and ϕn(x) = sin

(
(n+1)π(x+1)

2

)
.

Neumann BC λn =
(

nπ
2

)2
and ϕn(x) = cos

(
nπ(x+1)

2

)
.
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Robin BC λn =
(
γn
2

)2
and ϕn(x) = sin

(
γn(x+1)

2

)
+

γn
2κ cos

(
γn(x+1)

2

)
, where γn is the unique solve by

γn

κ
cos(γn) +

(
1 −

(
γn

2κ

)2
)

sin(γn) = 0 for γn ∈ [(n − 1)π, nπ].

The corresponding nonsmooth exact solution is u(x, t) = (t − t0)z
(
1 − x2

1

)ξ (
1 − x2

2

)ξ
.

For Example 5.1, Figures 1 and 2 give the plotting of exact solutions at the initial and final times.
The errors and convergence rates in spaces for Example 5.1 are given in Figures 3–5. For a small
number ε, u(x, t), u0(x) ∈ L2(0,T ; H2ξ+0.5−ε(Ω2)). Theorem 4.3 predicts that the convergence rates
in spaces are about 2.2 and 2.8 for ξ = 0.85 and ξ = 1.15, respectively, which is illustrated by the
numerical results in Figures 3–5.

(a) t = 0 (b) t = 1

Figure 1. The plotting of exact solutions at the initial and final times for Example 5.1 with
z = 6.1, and Dirichlet BC.

(a) t = 0 (b) t = 1

Figure 2. The plotting of exact solutions at the initial and final times for Example 5.1 with
z = 6.1, Neumann BC, and Robin BC.
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Figure 3. Errors and convergence rates in space for Example 5.1 with z = 6.1, ν = 0.3, t = 1,
t0 = 0.25, ξ = 0.85, τ = 1

1000 , and Dirichlet BC.
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Figure 4. Errors and convergence rates in space for Example 5.1 with z = 6.1, ν = 0.2, t = 1,
t0 = 0.25, ξ = 1.15, τ = 1

1000 , and Neumann BC.
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Figure 5. Errors and convergence rates in space for Example 5.1 with z = 6.1, ν = 0.1, t = 1,
t0 = 0.25, ξ = 1.15, τ = 1

1000 , and Robin BC.
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Example 5.2. We study the NSFDE (1.1) with d = 2 and three homogeneous boundary conditions
as follows.

Dirichlet BC The NSFDE (1.1) with u0(x) = (−t0)z e
−

k1 x2
1

1−x2
1
−

k2 x2
2

1−x2
2 ,

f (u(x, t), x, t) = z(t − t0)z−1e
−

k1 x2
1

1−x2
1
−

k2 x2
2

1−x2
2 + νz(t − t0)z

∞∑
i=0

∞∑
j=0

ûi jλ
α
2
i jϕi j(x) + cos(u(x, t))

− cos((t2 − t + 0.25)ze
−

k1 x2
1

1−x2
1
−

k2 x2
2

1−x2
2 )

ûi j =
〈
u(x, t), ϕi j(x)

〉
L2(Ω2)

, ϕi j(x) and λi j are given in Example 5.1.

The corresponding exact solution is u(x, t) = (t − t0)ze
−

k1 x2
1

1−x2
1
−

k2 x2
2

1−x2
2

Neumann BC The NSFDE (1.1) with u0(x) = (−t0)z cos3(π(x1 + 1)) cos3(π(x2 + 1))

f (u(x), x, t)= z(t − t0)z−1 cos3(π(x1+1)) cos3(π(x2+1))+
ν(t − t0)z

16

4∑
i=1

λ
α
2
i wi

+ u(x, t)2 − (t − t0)2z cos6(π(x1 + 1)) cos6(π(x2 + 1)).
w1 = 9 cos(π(x1 + 1)) cos(π(x2 + 1)), λ1 = 2π2,

w2 = 3 cos(3π(x1 + 1)) cos(π(x2 + 1)), λ2 = 10π2,

w3 = 3 cos(π(x1 + 1)) cos(3π(x2 + 1)), λ3 = 10π2,

w4 = cos(3π(x1 + 1)) cos(3π(x2 + 1)), λ4 = 18π2.

The corresponding exact solution is u(x, t) = (t − t0)z cos3(π(x1 + 1)) cos3(π(x2 + 1)).

Robin BC The NSFDE (1.1) with boundary condition with b−1 = −1, b+
1 = a−1 = a+

2 = b−2 = 0 and
a+

1 = a−2 = b+
2 = 1, u0(x) = 1

4zφ(x1)φ(x2), u0(x) = (−t0)z ϕ(x1)ϕ(x2),

f (u(x), x, t)= z(t − t0)z−1ϕ(x1)ϕ(x2) + ν(γ2/2)α/2(t − t0)zϕ(x1)ϕ(x2),+u(x, t)3

− (t − t0)3zϕ(x1)3ϕ(x2)3.

φ(x) and γ are given in Example 5.1 with n = 3.
The corresponding exact solution is u(x, t) = (t − t0)zϕ(x1)ϕ(x2).

For Example 5.2, Figures 6–8 give the plotting of exact solutions at the initial and final times. Let
rate = ln

(
L2−error(τ)

L2−error(τ/2)

)/
ln 2. The errors and convergence rates in time for Example 5.2 are presented

in Tables 1–3 and Figures 9–11. With z = 3.05, we have ∂p+1
t u(x, t) ∈ L1

(
0,T ; H

α
2

0 (Ωd)
)

(p = 4, 5, 6).
As predicted by Theorem 4.3, the convergence rates in time for MRK4, MRK6, Hybrid-4 and Hybrid-
5 are 4th 6th, 4th, and 5th, respectively, as verified by the numerical results in Tables 1–3. Since,
the corresponding exact solution is smooth, we observe that the errors are decay exponentially in
Figures 9–11, which confirm the estimate in Theorem 4.3.
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Table 1. Errors and convergence rates in time for Example 5.2 with Dirichlet BC, z = 6.1,
ν= α−3, N =70, k1 = k2 = 20, t0 = 0.5, and t = 1.

α τ
MRK4 MRK6 Hybrid-4 Hybrid-5
L2-error rate L2-error rate L2-error rate L2-error rate

1/16 3.3048E-06 3.8517 2.1243E-08 5.7845 9.1822E-07 3.9105 5.4810E-08 4.9357
1.2 1/32 2.2892E-07 3.9310 3.8540E-10 5.8930 6.1062E-08 3.9569 1.7909E-09 4.9694

1/64 1.5009E-08 3.9669 6.4856E-12 5.9472 3.9321E-09 3.9789 5.7164E-11 4.9850
1/128 9.5984E-10 3.9838 1.0511E-13 6.0118 2.4938E-10 3.9895 1.8050E-12 4.9906

1/16 3.6933E-06 3.8245 3.2885E-08 5.7049 8.7507E-07 3.9039 5.2276E-08 4.9348
1.8 1/32 2.6070E-07 3.9182 6.3047E-10 5.8482 5.8460E-08 3.9535 1.7091E-09 4.9691

1/64 1.7245E-08 3.9608 1.0944E-11 5.9229 3.7735E-09 3.9771 5.4569E-11 4.9849
1/128 1.1075E-09 3.9809 1.8039E-13 5.9781 2.3961E-10 3.9887 1.7233E-12 4.9904

Table 2. Errors and convergence rates in time for Example 5.2 with Neumann BC, z = 6.1,
ν= 2α−4, N =50, t0 = 0.55, and t = 1.

α τ
MRK4 MRK6 Hybrid-4 Hybrid-5
L2-error rate L2-error rate L2-error rate L2-error rate

1/16 7.7225E-06 3.8093 7.7301E-08 5.7130 1.8697E-06 3.8930 1.2616E-07 4.9243
1.2 1/32 5.5087E-07 3.9119 1.4737E-09 5.8566 1.2585E-07 3.9486 4.1549E-09 4.9644

1/64 3.6596E-08 3.9580 2.5433E-11 5.9279 8.1511E-09 3.9748 1.3309E-10 4.9827
1/128 2.3548E-09 3.9796 4.1776E-13 5.9428 5.1841E-10 3.9876 4.2091E-12 4.9926

1/16 5.4847E-06 3.8188 5.0921E-08 5.7291 1.5545E-06 3.9015 9.2200E-08 4.9241
1.8 1/32 3.8867E-07 3.9162 9.6002E-10 5.8649 1.0402E-07 3.9524 3.0369E-09 4.9640

1/64 2.5745E-08 3.9600 1.6473E-11 5.9319 6.7194E-09 3.9766 9.7299E-11 4.9825
1/128 1.6543E-09 3.9805 2.6983E-13 5.9380 4.2683E-10 3.9884 3.0777E-12 4.9929
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Table 3. Errors and convergence rates in time for Example 5.2 with Robin BC, z = 6.1,
ν= α−1, N =50, t0 = 0.5, and t = 1.

α τ
MRK4 MRK6 Hybrid-4 Hybrid-5
L2-error rate L2-error rate L2-error rate L2-error rate

1/8 1.2551E-03 3.7864 1.2579E-05 5.8589 5.7043E-04 3.8480 6.5276E-05 4.8630
1.2 1/16 9.0966E-05 3.9040 2.1674E-07 5.9529 3.9614E-05 3.9286 2.2431E-06 4.9362

1/32 6.0767E-06 3.9544 3.4988E-09 5.9826 2.6015E-06 3.9653 7.3265E-08 4.9691
1/64 3.9198E-07 3.9778 5.5334E-11 5.9877 1.6655E-07 3.9829 2.3391E-09 4.9848

1/8 7.5398E-04 3.8424 3.9001E-06 6.1536 4.1583E-04 3.8553 4.1987E-05 4.8929
1.8 1/16 5.2564E-05 3.9299 5.4785E-08 6.1582 2.8732E-05 3.9289 1.4132E-06 4.9482

1/32 3.4489E-06 3.9670 7.6709E-10 6.0935 1.8865E-06 3.9648 4.5777E-08 4.9743
1/64 2.2054E-07 3.9840 1.1234E-11 6.0273 1.2082E-07 3.9825 1.4563E-09 4.9872

(a) t = 0 (b) t = 1

Figure 6. The plotting of exact solutions at the initial and final times for Example 5.2 with
z = 6.1 and Dirichlet BC.
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(a) t = 0 (b) t = 1

Figure 7. The plotting of exact solutions at the initial and final times for Example 5.2 with
z = 6.1 and Neumann BC.

(a) t = 0 (b) t = 1

Figure 8. The plotting of exact solutions at the initial and final times for Example 5.2 with
z = 6.1 and Robin BC.
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(b) α = 1.8

Figure 9. Errors and convergence rates in space for Example 5.2 with ν = α−3, t = 1,
t0 = 0.5, z = 6.1, τ = 1

5000 , and Dirichlet BC.
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Figure 10. Errors and convergence rates in space for Example 5.2 with ν = 2α−4, t = 1,
t0 = 0.55, z = 6.1, τ = 1

5000 , and Neumann BC.
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(b) α = 1.8

Figure 11. Errors and convergence rates in space for Example 5.2 with ν = α−1, t = 1,
t0 = 0.5, z = 6.1, τ = 1

5000 , and Robin BC.

Example 5.3 (3-dimensional). Consider NSFDE (1.1) with d = 3, Neumann BC, u0(x) =

(−t0)z cos(π(x1 + 1)) cos(π(x2 + 1)) cos(π(x3 + 1)), and

f (u(x), x, t) =z(t − t0)z−1 cos(π(x1 + 1)) cos(π(x2 + 1)) cos(π(x3 + 1))

+ ν(t − t0)z(3π2)
α
2 cos(π(x1 + 1)) cos(π(x2 + 1)) cos(π(x3 + 1))

+ u(x, t)2 − (t − t0)2z[cos(π(x1 + 1)) cos(π(x2 + 1)) cos(π(x3 + 1))]2.

The corresponding exact solution is u(x, t) = (t − t0)z cos(π(x1 + 1)) cos(π(x2 + 1)) cos(π(x3 + 1)).

From Table 4 and Figure 12, we observe the convergence rates in time and space in agreement with
the estimate in Theorem 4.3, which shows our numerical method and theoretical estimates are valid for
high-dimensional problem.
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Table 4. Errors and convergence rates in time for Example 5.3 with Neumann BC, z = 6.1,
ν= 2a−4, N =20, t0 = 1/3, and t = 1.

α τ
MRK4 MRK6 Hybrid-4 Hybrid-5
L2-error rate L2-error rate L2-error rate L2-error rate

1/8 4.1535E-04 3.7674 5.3057E-06 5.7243 1.1052E-04 3.8489 1.0531E-05 4.8992
1.2 1/16 3.0501E-05 3.8950 1.0036E-07 5.8671 7.6702E-06 3.9294 3.5292E-07 4.9535

1/32 2.0502E-06 3.9506 1.7195E-09 5.9346 5.0342E-07 3.9660 1.1390E-08 4.9777
1/64 1.3260E-07 3.9761 2.8114E-11 5.9581 3.2215E-08 3.9833 3.6148E-10 4.9894

1/8 2.0945E-04 3.8291 1.4343E-06 5.8094 8.2325E-05 3.8856 7.9558E-06 4.9083
1.8 1/16 1.4737E-05 3.9209 2.5577E-08 5.9050 5.5700E-06 3.9456 2.6494E-07 4.9566

1/32 9.7301E-07 3.9621 4.2684E-10 5.9529 3.6149E-07 3.9735 8.5323E-09 4.9790
1/64 6.2432E-08 3.9815 6.8905E-12 5.9382 2.3012E-08 3.9869 2.7054E-10 4.9900
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Figure 12. Errors and convergence rates in space for Example 5.3 with ν = 2a−4, t = 1,
t0 = 1/3, z = 6.1, τ = 1

5000 , and Neumann BC.

Example 5.4. Finally, we consider NSFDE (1.1) with Neumann BC, u(x, 0) = 1
2 sin(3πx

2 )(cos(πx) −
1), x ∈ (−1, 1), and f (u(x, t), x, t) = u(x, t)(1 − u(x, t)2),

The Example 5.4 is usually called the fractional Allen-Cahn equation, which is widely employed
to describe the formation and evolution of phase boundaries with nonlocal effects. The interfacial
characteristics of the Allen-Cahn equation were analyzed in [52, 53], which demonstrated that a
decrease in α leads to a more rapid variation of the solution near the interface center, while farther
from the center, the profiles flatten and the whole interface thickens. Here, we study the effect of
fractional diffusion on the metastability of the solutions. From the first case in Figure 13, which is
the classical Allen-Cahn equation (i.e., α = 2), it shows that the initial configuration evolves into an
intermediate unstable state and then quickly changes into a single-interface pattern. As α is decreasing,
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the lifetime of the unstable interface is significantly extended and eventually becomes fully stabilized,
which results in the nonlocal influence of the fractional Laplacian.

(a)

Figure 13. Numerical simulation for Example 5.4 with MRK6, ν = 0.03, N = 40, and
τ = 1

20000 .

6. Conclusions

We have developed a high-order algorithm with matched temporal and spatial accuracy for the
nonlinear space-fractional diffusion equation that characterizes the fractional random walk dynamics
on a network. The numerical scheme combines a spectral Galerkin method employing a Fourier-like
basis in space and general linear methods in time. We give the solvability of the numerical scheme
when the nonlinear term fulfills the locally Lipschitz condition. Under (k, l)-algebraic stability, we
prove that the proposed method is stable, and its temporal convergence rate is equal to the general
stage order of the general linear method. In addition, we derive the error estimate is space, in which
the convergence rate is optimal and independent of the fractional parameter α. Finally, some numerical
examples further confirm the accuracy and computational efficiency of the proposed method.
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