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Abstract: This article aims to study the fixed/predefined-time control problem of a social network-
based delayed interconnected system with a discontinuous interconnection. First, unlike the fractional
power function, hyperbolic tangent function and logistic function, a particular exponential function
with an indefinite coefficient is utilized to establish fixed/predefined-time stability criteria for
discontinuous delayed differential equations based on delayed differential inclusion. The settling time
of fixed-time stability is estimated, and the estimation formula is independent of the system’s initial
states. The Lyapunov energy function method in this article extends the existing fixed/predefined time
stability to the case of indefinite derivatives. Second, taking time-varying coefficients, discontinuity,
and the time-delay effect, a social network-based interconnected model is established. With the
help of the established fixed/predefined-time theorems and the design of the state feedback control
schemes, the fixed/predefined-time stabilization is implemented on the social network-based delayed
interconnected system with discontinuity. Finally, a numerical example is given to verify the
effectiveness of the fixed/predefined-time control. Numerical simulation shows that, under the
state feedback control scheme, the social network-based delayed interconnected system with two
subsystems is stabilized in a fixed time at zero within 0.69 seconds. Under the predefined time control
scheme, the stabilization at zero for the predefined time can be ensured within any set predefined time
Tp = 0.25. It is of practical significance to study the social network-based delayed interconnected
system and its fixed/predefined-time control for the rapid formation of stable relationships and the
implementation of accurate social governance.
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1. Introduction

A social network-based delayed interconnected system (SNDIS) is a social relationship network
system in which the social individuals in its subsystems are connected through communication or
physical space, and are affected by transmission delays during the connection process [1–3]. A
SNDIS focuses on the interaction and connection between people, which will affect people’s social
behavior. A SNDIS is connected by many nodes (individuals or organizations) to form a social
structure. A SNDIS contains various social relationships. Through these social relationships,
individuals or organizations from casual acquaintances to closely connected social relationships are
interconnected. Social relationships include friendships, classmates, business partners, racial and
religious relationships, etc. However, the changing rates of social relations and state variables in the
SNDIS will change with the evolution of time, and the transmission of signals between social
individuals is time-delayed [4–6]. Therefore, a delayed differential equation (DDE) is often used to
establish SNDIS models. The SNDIS evolves from a general interconnected system. As of today, the
research on SNDISs and interconnected systems (ISs) has attracted the attention of numerous scholars
and achieved many excellent results [7–9]. Given that the communication or physical connections
between individuals in society are often intermittent, it is more realistic to utilize discontinuous
SNDIS to establish the model. Some of the few existing results have used discontinuous
interconnection functions to model ISs [10–12], but the indefinite time-varying coefficients have not
been taken into account. When discontinuous interconnections are introduced into a SNDIS for
modeling, some complex dynamics may occur, and the stability of the SNDIS may be disrupted. In
order to maintain relatively stable social relationships, the discontinuous interconnections and
stabilization control of SNDIS should be further studied, which also stimulated the research
motivation for this article.

Due to the phenomenon of time-delay in signal transmission between social individuals in a
SNDIS, the future states of the system are not only influenced by the current states but also restricted
by the past states. At this time, the SNDIS can be described by a DDE [13]. Time-delay can also
cause the SNDIS to transition from a stable state to an unstable state. Therefore, how to design
appropriate control schemes to achieve stability in SNDISs under time-delay is a topic worthy of
research. However, when both time-delay and discontinuity are involved in social network systems,
new problems will arise. For example, the existence, uniqueness, and stability of solutions for
discontinuous SNDIS are difficult to guarantee. Fortunately, Aubin and Cellina developed the theory
of delayed differential inclusion (DDI) to study discontinuous DDEs [14], which can effectively
handle the problem of the solutions for SNDIS possessing discontinuity. Specifically, when dealing
with the stability and stabilization control problems of a discontinuous SNDIS, the Lyapunov stability
method of DDI is a highly effective tool [15–17]. In order to make the states of the social individuals
in a discontinuous SNDIS realize harmonious stability as soon as possible within a finite time and
achieve the precise control goal, the fixed-time (FxT) and predefined-time (PdT) control of
discontinuous SNDISs will be problems that need to be focused on and solved in the next step.

The implementation of FxT/PdT control for discontinuous SNDISs not only requires the design
of appropriate control schemes but also largely relies on the theory of fixed-time stability (FxTS)
and predefined-time stability (PdTS). FxTS and PdTS are both established on the basis of finite time
stability (FnTS), thus inheriting the advantages of a fast response capability and disturbance-rejection
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seen in FnTS. The FnTS means that the solution trajectories of a system reach a certain point within a
finite time (FnT) [10]. FnTS has significant application value in the field of control engineering and has
been the subject of extensive research [18–20]. However, a major limitation of FnTS is that its settling
time (StT) to reach stability is constrained by the initial states of the system’s solution trajectory. Given
that the initial states of many systems in reality are unknown, and the StT of FnTS is also unknown,
this is not conducive to precise control of the time when the system reaches stability. In 2012, Polyakov
further defined the concept of FxTS, where the StT is no longer constrained by any initial values in the
system [21]. From then on, the research on FxTS and FxT control of various real-world engineering
systems has become an important research hotspot. In [22], the FxTS theorem was established via
an implicit Lyapunov function. In [23], FxT stabilization control was implemented for autonomous
systems. In [24], FxT stabilization was realized by special functions. In [25–27], some novel FxTS
criteria were promoted and applied to neural network models. In [28], FxT fractional-order sliding
mode control was realized for pressurized water reactor system. In order to ensure that the convergence
time for the system to reach a stable state can be flexibly adjusted according to practical needs, the
concept of PdTS was proposed by Jiménez-Rodrı́guez et al [29]. StT is not subject the constraints of
the system’s parameters and starting states. The predefined time of PdTS can be set to any numerical
value, and it is neither constrained by the initial states nor affected by system’s coefficients. Currently,
PdTS and PdT control for various continuous and discontinuous systems have received increasing
attention and research [29–31]. It should be pointed out that the existing FxTS/PdTS established via the
Lyapunov method are mostly based on some common functions (e.g., the power function, exponential
function, and arctangent function). In view of the time-varying coefficients and time-delay factors
that appear in the discontinuous system, the Lyapunov indefinite derivative method for determining
the FxTS/PdTS is an urgently needed research topic. Therefore, some novel and diverse criteria for
FxTS/PdTS need to be further established and are beneficial for research into FxT/PdT control of
discontinuous SNDIS.

There are three innovative points in this article. (1) Taking time-varying parameters and time-delay
effects into account, the FxTS/PdTS criteria are established for discontinuous DDEs, and a StT
estimation formula for FxTS is provided. (2) The Lyapunov indefinite derivative method is developed
via a particular exponential function possessing an indefinite coefficient. (3) A distinctive state
feedback control scheme and PdT control scheme, which include a time-varying control coefficient,
are designed for FxT/PdT control implementation of SNDISs. This article has five parts. Section 2
formulates a discontinuous SNDIS model and elaborates on some basic preparatory knowledge.
Section 3 presents two crucial FxTS/PdTS theorems and provides their proofs. Subsequently, two
state feedback control schemes are designed to implement FxT/PdT stabilization for a SNDIS.
Section 4 validates the main results through a numerical example. Section 5 summarizes this article.
Notations: The (non-negative) set of real numbers is represented by R (R+) and the set of positive
integers is denoted as N+. Here, a∨b represents the maximum of a and b for a, b ∈ R; ⟨x, y⟩ =

∑n
i=1 xiyi

is the scalar product of x and y for x, y ∈ Rn. Given x ∈ Rn, the norm ∥x∥ =
√∑n

i=1 x2
i , ∂V is the

generalized gradient of V , co represents a convex closure, and Ψ−1 denotes the inverse function of Ψ.
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2. Model formulation and preliminaries

This section formulates a discontinuous SNDIS model. The concepts of FnTS/FxTS/PdTS of DDEs
are defined using DDI theory [32]. Finally, the chain rule for calculating derivatives and an inequality
are given as lemmas [33–35].

2.1. Dynamic model of the SNDIS

The SNDIS model with N subsystems is formulated as

żi(t) = Ci(t)zi(t) +
N∑

j=1

gi j(t, z j(t − τ(t))) + Hi(t, zi(t − τ(t))) + ui(t), (2.1)

where i = 1, 2, . . . ,N; j = 1, 2, . . . ,N; N represents the number of subsystems; Ci(t) =
(
ci

lm(t)
)

ni×ni

denotes a known self-inhibition matrix function which is bounded and continuous;
zi(t) = (zi1(t), . . . , zini(t))

T ∈ Rni denotes the state of an individual member of society in ith subsystem
Si; Hi(·) = (Hi1(·), . . . ,Hini(·))

T is an unknown continuous time-delayed external disturbance which
satisfies Hi(t, 0) = 0,∀t ∈ R and ∥Hi(t, zi(t − τ(t)))∥ ≤ Di with a known constant Di ≥ 0;
ui(t) = (ui1(t), . . . , uini(t))

T ∈ Rni is the control scheme; gi j(·) = (gi j1(·), gi j2(·), . . . , gi jni(·))
T denotes the

interconnection between subsystems Si and S j if i , j; and the delay τ(t) is continuous and
0 ≤ τ(t) ≤ τ, where the constant τ > 0. The architecture of SNDIS (2.1) is present in Figure 1. All
parameters of the SNDIS model (2.1) are shown in Table 1.

Figure 1. The architecture of the SNDIS (2.1).

Assumption 1. Given any i, j, ni ∈ N+, gi j : R × Rni → Rni possesses Lebesgue measurability and
essentially local boundedness. In this situation, gi j(·) is allowed to be continuous.

Assumption 2. ∀i, j ∈ N+, ∀t ∈ R, and 0 ∈ co[gi j(t, 0)]. Moreover, it can seek out bounded Lebesgue
summable functions αi j(t) ≥ 0 and βi j(t) ≥ 0, such that (s.t.)

∥γi j(t)∥ ≤ αi j(t)∥z j∥ + βi j(t),

for almost everywhere (a.e.) t ∈ R and γi j(t) ∈ co[gi j(t, z j)]. Let us set αsup
i j = supt∈R

{
αi j(t)

}
and

β
sup
i j = supt∈R

{
βi j(t)

}
.
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Table 1. Definitions of parameters in the SNDIS model (2.1).

Parameter Meaning
zi(t) State of an individual member of society in the ith subsystem
Ci(t) Known self-inhibition matrix function
gi j Interconnection between subsystems Si and S j

Hi External disturbance
ui(t) Control scheme
τ(t) Time-delay
i Sorting of states or subsystems
j Sorting of states or subsystems
N Number of subsystems
t Time
ni Number of states in the ith subsystem

For a constant τ > 0, let Cτ = C([−τ, 0],Rn) be Banach space which is composed of all continuous
functions φ : [−τ, 0] → Rn and it possesses a norm ∥φ∥Cτ = sups∈[−τ,0] ∥φ(s)∥. If t0 ∈ R+, and for
L ∈ (0,+∞], z(t) : [t0−τ,L)→ Rn is continuous, then zt ∈ Cτ, in which zt(σ) = z(t+σ) for σ ∈ [−τ, 0]
and t0 ≤ t < L. In order to study the FxT/PdT stabilization control of the SNDIS model (2.1), let us
consider a DDE

ż = f (t, zt), (2.2)

where f : R × Cτ → Rn is discontinuous and has Lebesgue measurability and essentially local
boundedness. Moreover, zt0 ∈ Cτ is the initial state at the initial time t0 ≥ 0. The SNDIS model (2.1)
can be regarded as a special case of the DDE (2.2).

Definition 1 ( [14, 17]). z(t) is called a Filippov solution of the DDE (2.2) for t0 ≤ t < L if it is
absolutely continuous and

ż ∈ 𭟋(t, zt)
def
=

⋂
δ>0

⋂
µ(Θ)=0

co[ f (t, B(zt, δ) \ Θ)], (2.3)

where B(zt, δ) = {z∗t ∈ Cτ
∣∣∣∥z∗t − zt∥Cτ < δ} and µ(Θ) is the Lebesgue measure.

This article requires 0 ∈ 𭟋(t, 0) to hold for all t ∈ R.
In accordance with Definition 1, if zi(t) is a Filippov solution of the SNDIS (2.1) with the initial

condition (t0, zit0) ∈ R+ × C([−τ, 0],Rni), then it satisfies the DDI

żi(t) ∈ Ci(t)zi(t) +
N∑

j=1

co[gi j(t, z j(t − τ(t)))] + Hi(t, zi(t − τ(t))) + ui(t) = 𭟋(t, zt). (2.4)

According to the measurable selection theorem (see [36]), we can find measurable functions γi j(t −
τ(t)) ∈ co[gi j(t, z j(t − τ(t)))] s.t.

żi(t) = Ci(t)zi(t) +
N∑

j=1

γi j(t − τ(t)) + Hi(t, zi(t − τ(t))) + ui(t). (2.5)
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Remark 1. In Assumption 1, the Lebesgue measurability and essentially local boundedness are used
for the interconnection function gi j, since the SNDIS model (2.1) is a special case of the DDE (2.2).
Due to the essentially local boundedness of f (t, zt), the set-valued function 𭟋(t, zt) is upper
semi-continuous (USC) with nonempty, compact, and convex values and is locally bounded. Thus, for
any initial state zt0 ∈ Cτ and initial time t0 ≥ 0, the local existence of a Filippov solution can be
guaranteed for the SNDIS model (2.1) under Assumption 1. Assumption 2 is a growth condition with
the bounded Lebesgue summable functions αi j(t) and βi j(t). Under Assumption 2, the extension of the
Filippov solution can be guaranteed for the SNDIS model (2.1). For more related knowledge, please
refer to [14, 17, 37]. Taking [37] as an example, under the growth condition, the the maximal existing
interval of each Filippov solution is extended to [0,+∞). To sum up, the role of Assumption 1 is to
ensure the local existence of the Filippov solution for the SNDIS model (2.1) under the framework of
differential inclusion. The role of Assumption 2 is to ensure the global existence of the Filippov
solution for the SNDIS model (2.1) (i.e., the extension of the Filippov solution). Moreover, another
role of Assumption 2 is to produce an effect on the FxT stabilization condition through inequality
scaling in the proof process of Theorem 3.

2.2. Preliminaries

Definition 2 ( [17]). The DDE (2.2) is called stable at zero if ∀ε > 0, ∀t0 ≥ 0, and we can find
δ = δ(ε, t0) > 0 s.t. ∥z(t0, zt0)(t)∥ < ε for every zt0 ∈ B(0, δ) = {zt0 ∈ Cτ

∣∣∣∥zt0∥Cτ < δ} and t ≥ t0.

Definition 3 ( [17]). The DDE (2.2) is called uniformly stable at zero if ∀ε > 0, ∀t0 ≥ 0, and we can
find δ = δ(ε) > 0 which is not constrained by t0, s.t. ∥z(t0, zt0)(t)∥ < ε for every zt0 ∈ B(0, δ) and t ≥ t0.

Definition 4 ( [27]). The DDE (2.2) is called FnT attractive at zero if we can find 0 ≤ T (t0, zt0) < +∞
s.t. limt→T (t0,zt0 ) z(t0, zt0)(t) = 0, and z(t0, zt0)(t) = 0 for all t ≥ T (t0, zt0). Here, T (t0, zt0) is named the
settling time (StT).

Definition 5 ( [27]). The DDE (2.2) is called FxT (uniformly) stable at zero if it is (uniformly) stable
and FnT-attractive at zero, and the StT T (t0, zt0) is bounded concerning zt0; i.e., we can find a constant
T max > 0 s.t. T (t0, zt0) ≤ t0 + T max, for all zt0 ∈ Cτ.

Definition 6 ( [29]). Given a predefined time Tp > 0 which is completely unrestricted by the system’s
parameters and initial states, if limt→Tp z(t0, zt0)(t) = 0 and z(t0, zt0)(t) = 0 for every t ≥ t0 + Tp, then the
DDE (2.2) is named PdT-attractive at zero.

Definition 7 ( [29]). The DDE (2.2) is called PdTS at zero if it is stable and PdT-attractive at zero.

Definition 8 ( [17]). A strictly increasing continuous function Ψ : R+ → R+ is called a K∞-function
(marked as Ψ ∈ K∞), if lims→+∞Ψ(s) = +∞ and Ψ(0) = 0.

Definition 9 ( [33]). We say that V : Rn → R is C-regular if and only if

1) V is regular;
2) V(0) = 0 and V(z) > 0 for z , 0;
3) V(z)→ +∞ as ∥z∥ → +∞.
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Lemma 1 ( [33, 34]). If V : Rn → R is C-regular and z(t) : [t0,+∞) → Rn is absolutely continuous,
then z(t) and V(z(t)) : [t0,+∞)→ R are differentiable for a.e. t ≥ t0, and

dV(z(t))
dt

= ⟨C (t), ż(t)⟩ ,∀C (t) ∈ ∂V(z(t)). (2.6)

Lemma 2 ( [35]). Let Y1,Y2, . . . ,Yn be non-negative numbers and b > a > 0, then

n
b−a
ab

 n∑
i=1

Yb
i

1/b

≥

 n∑
i=1

Ya
i

1/a

≥

 n∑
i=1

Yb
i

1/b

. (2.7)

3. Main results

In this section, two novel FxTS/PdTS criteria will be developed for the DDE (2.2). Then, the
established FxTS/PdTS criteria are applied to the implementation of FxT/PdT control for the
SNDIS (2.1). For convenience, let us assume z(t) = z(t0, zt0)(t).

3.1. FxTS/PdTS criteria for DDE

Theorem 1. For DDE (2.2), assume that there can seek out a C-regular and locally Lipschitz
continuous (LLc) function V : R × Cτ → R+ satisfying V(t, 0) = 0 for all t ∈ R. If

(A1) Ψ1 ∈ K∞ exists s.t. Ψ1(∥φ(0)∥) ≤ V(t, φ) holds for each (t, φ) ∈ R × Cτ;
(A2) The constants b > 0 and 0 < q < 1 exist s.t. for a.e. t ≥ t0 and ∀φ ∈ Cτ, the derivative of V along

the solution trajectories of the DDE (2.2) can be calculated as

dV(t, φ)
dt

∣∣∣
(2.2)
≤ (a(t) − b) exp (Vq(t, φ)) V1−q(t, φ); (3.1)

(A3) The continuous function a(t) satisfies
∫ t

t0
a(s)ds ≤ 0 for each t ≥ t0 and

∫ +∞
0

a+(s)ds def
= aM < +∞,

where a+(s) = 0 ∨ a(s),

then the DDE (2.2) is FxTS at zero. Moreover, the estimation of StT is T (t0, zt0) ≤ t0 + T max, where

T max =
1 + qaM

qb
. (3.2)

Proof. The proof includes two steps.
Step 1. The DDE (2.2) is stable at zero.
Due to the arbitrariness of φ ∈ Cτ, it can take

φ(σ) = zt(σ), for σ ∈ [−τ, 0]. (3.3)

It is inferred from (3.1) and (3.3) that

dV(t, zt)
dt

≤ (a(t) − b) exp (Vq(t, zt)) V1−q(t, zt). (3.4)
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Set W(V) = 1 − exp(−Vq), and thus dW = q exp(−Vq)Vq−1dV . Thus, the inequality (3.4) can be
rewritten as

dW(V(t, zt))
dt

≤ qa(t) − qb. (3.5)

By integrating (3.5) from t0 to t, we obtain∫ t

t0

dW(V(t, zt))
dt

dt ≤
∫ t

t0
(qa(s) − qb)ds,

which yields

W(V(t, zt)) −W(V(t0, zt0)) ≤
∫ t

t0
(qa(s) − qb)ds. (3.6)

Since qb > 0, from (3.6), we can derive

W(V(t, zt)) −W(V(t0, zt0)) ≤ q
∫ t

t0
a(s)ds. (3.7)

Recalling the condition
∫ t

t0
a(s)ds ≤ 0 for each t ≥ t0 in Hypothesis (A3), (3.7) implies that

W(V(t, zt)) ≤ W(V(t0, zt0)). (3.8)

Because V(t0, zt0) is continuous at zt0 and V(t0, 0) = 0, then ∀ε > 0 and ∀t0 ≥ 0, we can find δ =
δ(ε, t0) > 0 s.t. for any zt0 ∈ B(0, δ) = {zt0 ∈ Cτ

∣∣∣∥zt0∥Cτ < δ}, it has 0 < W(Ψ1(ε)) < 1 and

V(t0, zt0) < Ψ1(ε). (3.9)

Therefore, for all t ≥ t0, it follows from (3.8) and (3.9) that

1 − exp(−Vq(t, zt)) = W(V(t, zt)) ≤ W(V(t0, zt0))
< W(Ψ1(ε)) = 1 − exp(−Ψq

1(ε)),

which implies

V(t, zt) < Ψ1(ε), for all t ≥ t0. (3.10)

Recalling Hypothesis ( A1), we can deduce from (3.10) that

∥z(t)∥ = ∥zt(0)∥ ≤ Ψ−1
1 (V(t, zt)) < Ψ−1

1 (Ψ1(ε)) = ε. (3.11)

This means that the DDE (2.2) possesses stability at zero.
Step 2. The DDE (2.2) is FnT-attractive at zero and the StT T (t0, zt0) is bounded in terms of zt0 .
By Hypothesis (A3), we deduce from (3.6) that

W(V(t, zt)) −W(V(t0, zt0)) ≤
∫ t

t0
(qa+(s) − qb)ds
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≤ q
∫ +∞

0
a+(s)ds −

∫ t

t0
qbds = qaM − qb(t − t0). (3.12)

That is,

W(V(t, zt)) ≤ W(V(t0, zt0)) + qaM − qb(t − t0). (3.13)

Notice that W(V(t, zt)) ≥ 0 because V(t, zt) ≥ 0. In (3.13), let

W(V(t0, zt0)) + qaM − qb(t − t0) ≤ 0, (3.14)

and thus W(V(t, zt)) = 0 holds for all

t ≥ t0 +
W(V(t0, zt0)) + qaM

qb

= t0 +
1 − exp(−Vq(t0, zt0)) + qaM

qb
≜ T (t0, zt0). (3.15)

Therefore, V(t, zt) = W−1(0) = 0 for all t ≥ T (t0, zt0). This implies that z(t) = zt(0) = 0 for all
t ≥ T (t0, zt0). Since 0 < exp(−Vq(t0, zt0)) ≤ 1, the StT T (t0, zt0) ≥ 0 and it is bounded in terms of zt0 ,
that is,

T (t0, zt0) = t0 +
1 − exp(−Vq(t0, zt0)) + qaM

qb
≤ t0 +

1 + qaM

qb
≜ t0 + T max. (3.16)

In a word, z(t) = 0 for all t ≥ t0 + T max.

Remark 2. In particular, if a(t) = 0, then
∫ t

t0
a(s)ds = 0 for all t ≥ t0 and aM =

∫ +∞
0

a+(s)ds = 0 < +∞.
Thus, the StT in Theorem 1 can be estimated by T (t0, zt0) ≤ t0 + T max

1 , where

T max
1 =

1
qb
. (3.17)

Remark 3. In Theorem 1, if it is further supposed that

(A4) V(t, φ) ≤ Ψ2(∥φ∥Cτ) holds for all (t, φ) ∈ R × Cτ and Ψ2 ∈ K∞,

then DDE (2.2) is FxT uniformly stable at zero. In fact, the FnT attractiveness of DDE (2.2) at zero
has been proved in Theorem 1. Regarding the uniform stability, it can be ensured by using Hypothesis
(A4). Actually, using the hypothesis that V(t, φ) ≤ Ψ2(∥φ∥Cτ) for all (t, φ) ∈ R×Cτ in (A4), this leads to

V(t0, zt0) ≤ Ψ2(∥zt0∥Cτ)

Combining the inequality above and (3.8), it can be deduced that

1 − exp(−Vq(t, zt)) = W(V(t, zt)) ≤ W(V(t0, zt0))
≤ W(Ψ2(∥zt0∥Cτ)) = 1 − exp(−Ψq

2(∥zt0∥Cτ)),

which yields
V(t, zt) ≤ Ψ2(∥zt0∥Cτ).
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By Hypothesis (A1), it follows from the inequality above that

∥z(t)∥ = ∥zt(0)∥ ≤ Ψ−1
1 (V(t, zt)) ≤ Ψ−1

1 (Ψ2(∥zt0∥Cτ)).

When ∀ε > 0, we may choose δ = Ψ−1
2 (Ψ1(ε)), which is not constrained by t0. Therefore, for every

zt0 ∈ B(0, δ) = {zt0 ∈ Cτ
∣∣∣∥zt0∥Cτ < δ} and t ≥ t0, we have

∥z(t)∥ ≤ Ψ−1
1 (Ψ2(∥zt0∥Cτ)) < Ψ

−1
1 (Ψ2(Ψ−1

2 (Ψ1(ε))) = ε.

This means that the DDE (2.2) is uniformly stable at zero.

Similar to Theorem 1, it can imply the following result.

Theorem 2. For the DDE (2.2), assume that there is a C-regular and LLc function V : R × Cτ → R+
satisfying V(t, 0) = 0 for all t ∈ R. For given predefined time Tp > 0, if Hypotheses (A1) and (A3)
hold, and for a.e. t ≥ t0 and ∀φ ∈ Cτ, the derivative of V along the solution trajectories of the DDE (2.2)
can be calculated as

dV(t, φ)
dt

∣∣∣
(2.2)
≤

(
a(t) −

bT max

Tp

)
exp (Vq(t, φ)) V1−q(t, φ), (3.18)

where the constants b > 0 and 0 < q < 1, and T max has been given in (3.2), then the DDE (2.2) is PdTS
at zero.

Proof. Similar to the proof of Theorem 1, the proof includes two steps.
Step 1 (Stability): Because qbT max

Tp
> 0, similar to (3.6) and (3.7), we can get

W(V(t, zt)) −W(V(t0, zt0)) ≤
∫ t

t0
(qa(s) −

qbT max

Tp
)ds

≤ q
∫ t

t0
a(s)ds.

Thus, the stability of the DDE (2.2) at zero can be guaranteed.
Step 2 (PdT attractiveness): Similar to (3.12), by Hypothesis (A3), we deduce that

W(V(t, zt)) −W(V(t0, zt0)) ≤
∫ t

t0
(qa+(s) −

qbT max

Tp
)ds

≤ q
∫ +∞

0
a+(s)ds −

∫ t

t0

qbT max

Tp
ds = qaM −

qbT max

Tp
(t − t0).

That is,

W(V(t, zt)) ≤ W(V(t0, zt0)) + qaM −
qbT max

Tp
(t − t0).

Notice that W(V(t, zt)) ≥ 0 because of V(t, zt) ≥ 0. In the inequality above, let

W(V(t0, zt0)) + qaM −
qbT max

Tp
(t − t0) ≤ 0,
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then W(V(t, zt)) = 0 holds for all

t ≥ t0 +
W(V(t0, zt0)) + qaM

qbT max · Tp

= t0 +
1 − exp(−Vq(t0, zt0)) + qaM

qbT max · Tp ≜ T (t0, zt0).

Therefore, V(t, zt) = W−1(0) = 0 for all t ≥ T (t0, zt0). This implies z(t) = zt(0) = 0 for all t ≥ T (t0, zt0).
Since 0 < exp(−Vq(t0, zt0)) ≤ 1

T (t0, zt0) = t0 +
1 − exp(−Vq(t0, zt0)) + qaM

qbT max · Tp ≤ t0 +
1 + qaM

qbT max · Tp = t0 + Tp.

In a word, z(t) = 0 for all t ≥ t0 + Tp. That is, the DDE (2.2) is PdT-attractive at zero.

Remark 4. Because the value of function a(t) is indefinite and can be taken as positive, negative, or
zero, the derivative of V no longer needs to be negative/seminegative definite. Therefore, the
FxTS/PdTS criteria in Theorem 1 and Theorem 2 have a wider range of applicability. On the other
hand, in the previous FxTS/PdTS criteria, the derivative of the V function was implemented through
power functions [29–31], the hyperbolic tangent function, and the logistic function [38], while in the
FxTS/PdTS criteria of the earlier article, the derivative of the V function is implemented through a
special exponential function. This also indicates that the FxTS/PdTS results of the previous article
have been improved.

Remark 5. The StT estimation formula in Theorem 1 is different from the previous estimation
formulas (see [21–23]) and very simple. This is very advantageous for designing appropriate control
schemes when implementing FxT control of SNDISs. In Theorem 2, the predefined time to achieve
the PdTS is not restricted by the system’s parameters and initial states, which allows the system’s
states to quickly stabilize at the desired point, and the predefined time Tp can also be flexibly set
according to the actual needs. Furthermore, the FxTS/PdTS criteria proposed in this article are
applicable to non autonomous DDEs with discontinuities and can be further applied to realization of
FxT/PdT control for discontinuous SNDISs.

Remark 6. Compared with infinite-time stability (i.e. asymptotic/exponential stability [15–17]), the
most significant advantage of fixed/predefined-time stability is that their convergence speeds are
accelerated. On the other hand, the advantage of fixed/predefined-time stability over infinite-time
stability is that StT is not limited by system’s initial states, and the Tp of the predetermined-time
stability can be arbitrarily preset, while the convergence time for infinite-time stability cannot
be preset.

Remark 7. Given the frequent occurrence of of stochastic phenomena in the real world, the
fixed/predefined-time stability criteria derived in this article are expected to be further extended to
stochastic discontinuous systems. This is theoretically possible. However, there are still some realistic
difficulties that need to be overcome. For example, the fixed/predefined-time stability criteria in this
article are applicable to discontinuous non stochastic differential equations based on differential
inclusion. If the fixed/predefined-time stability criteria are extended to stochastic discontinuous
systems, what is the best way to use stochastic differential inclusion to handle the solutions of
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stochastic discontinuous systems? This motivates us to further investigate the fixed/predefined-time
stability problem of stochastic discontinuous systems in the future.

Remark 8. In [39], fixed/predefined-time control was realized for discontinuous systems based on
an intermittent control strategy. In [40], fixed/predefined-time synchronization was implemented for
neutral-type competitive networks possessing discontinuities. In [41], the predefined-time control for
switching systems was executed. In [42], the fractional-order sliding mode coordinated control strategy
was developed for ensuring the PdTS of a nuclear steam supply system. However, the focus of this
paper is on the implementation of fixed/predefined-time control of SNDISs, which presents a novel
research approach to address the control issues related to social models.

3.2. FxT stabilization control of SNDISs

Given the matrices

Ci(t) =
(
ci

lm(t)
)

ni×ni
=


ci

11(t) ci
12(t) · · · ci

1ni
(t)

ci
21(t) ci

22(t) · · · ci
2ni

(t)
...

...
. . .

...

ci
ni1

(t) ci
ni2

(t) · · · ci
nini

(t)

 ,
where i = 1, 2, . . . ,N, we note that

I sup
i = sup

t∈R

{
max

1≤l,m≤ni
{|ci

lm(t)|}
}
.

We design a state-feedback control scheme as follows:

ui(t) = − λizi(t) − ϑiSig(zi(t))Ei − ηiSig(zi(t))Ei

N∑
j=1

∥z j(t − τ(t))∥

+
1
2

(
M a+(t) − a−(t)

)
Sig(zi(t))|zi(t)|1−q · exp


 N∑

i=1

zT
i (t)zi(t)


q
2


− ℓiSig(zi(t))|zi(t)|1−q · exp


 N∑

i=1

zT
i (t)zi(t)


q
2
 , (3.19)

where i = 1, 2, . . . ,N, with the control gains λi ≥ 0, ϑi ≥ 0, ηi ≥ 0, ℓi > 0 and 0 < q < 1.
Sig(zi(t)) = diag(sign(zi1(t)), . . . , sign(zini(t))). Ei = (1, . . . , 1︸  ︷︷  ︸

ni

)T. |zi(t)|1−q = (|zi1(t)|1−q, . . . , |zini(t)|
1−q)T.

The time-varying control gains a+(t) = 0 ∨ a(t) and a−(t) = 0 ∨ [−a(t)], where the function a(t) is
continuous and satisfies Hypothesis (A3). The constant M is given as

M =
1

max
1≤i≤N

{
n

q
2
i

}
· N

q
2

. (3.20)
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The control block diagram of the state feedback control scheme (3.19) for FxT stabilization is shown
in Figure 2.

Figure 2. The control block diagram of state-feedback control schemes for
FxT/PdT stabilization.

Theorem 3. Under Assumptions 1 and 2 and the state-feedback control scheme (3.19), if the function
a(t) satisfies Hypothesis (A3) and

min
1≤i≤N

{λi} ≥ max
1≤i≤N

{
niI

sup
i

}
, (3.21)

min
1≤i≤N

{ϑi} ≥ max
1≤i≤N

 N∑
j=1

β
sup
i j

 + max
1≤i≤N

{Di} , (3.22)

min
1≤i≤N

{ηi} ≥ max
1≤i, j≤N

{
α

sup
i j

}
, (3.23)

then the SNDIS (2.1) can be FxT stabilized at zero, the StT is estimated by T (t0, zt0) ≤ t0+ T̃ max, where

T̃ max =
2 + qaM

2q · min
1≤i≤N

{ℓi}
. (3.24)

Proof. Select a Lyapunov function

V(t, zt) =
N∑

i=1

zT
i (t)zi(t). (3.25)
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Differentiating (3.25) via Lemma 1, from (2.5), we find that

dV(t, zt)
dt

= 2
N∑

i=1

zT
i (t)żi(t)

= 2
N∑

i=1

zT
i (t)

Ci(t)zi(t) +
N∑

j=1

γi j(t − τ(t)) + Hi(t, zi(t − τ(t))) + ui(t)

 . (3.26)

Substituting (3.19) into (3.26), it implies that

dV(t, zt)
dt

= 2
N∑

i=1

zT
i (t)Ci(t)zi(t) + 2

N∑
i=1

zT
i (t)

N∑
j=1

γi j(t − τ(t)) + 2
N∑

i=1

zT
i (t)Hi(t, zi(t − τ(t)))

− 2
N∑

i=1

zT
i (t)λizi(t) − 2

N∑
i=1

zT
i (t)ϑiSig(zi(t))Ei

− 2
N∑

i=1

zT
i (t)ηiSig(zi(t))Ei

N∑
j=1

∥z j(t − τ(t))∥

+

N∑
i=1

zT
i (t)M a+(t)Sig(zi(t))|zi(t)|1−q · exp


 N∑

i=1

zT
i (t)zi(t)


q
2


−

N∑
i=1

zT
i (t)a−(t)Sig(zi(t))|zi(t)|1−q · exp


 N∑

i=1

zT
i (t)zi(t)


q
2


− 2
N∑

i=1

zT
i (t)ℓiSig(zi(t))|zi(t)|1−q · exp


 N∑

i=1

zT
i (t)zi(t)


q
2
 . (3.27)

We deduce that

zT
i (t)Ci(t)zi(t) =

ni∑
l=1

ni∑
m=1

zil(t)ci
lm(t)zim(t)

≤

ni∑
l=1

ni∑
m=1

|zil(t)||ci
lm(t)||zim(t)|

≤ max
1≤l,m≤ni

{|ci
lm(t)|}

ni∑
l=1

ni∑
m=1

|zil(t)||zim(t)|

≤ niI
sup

i

ni∑
l=1

z2
il(t) = niI

sup
i ∥zi(t)∥2 = niI

sup
i zT

i (t)zi(t). (3.28)

It can be inferred from (3.28) that

N∑
i=1

zT
i (t)Ci(t)zi(t) ≤

N∑
i=1

niI
sup

i zT
i (t)zi(t)

Electronic Research Archive Volume 33, Issue 10, 6176–6205.



6190

≤ max
1≤i≤N

{
niI

sup
i

} N∑
i=1

zT
i (t)zi(t)

= max
1≤i≤N

{
niI

sup
i

}
V(t, zt). (3.29)

Under Assumption 2, using the Cauchy Schwarz inequality and Lemma 2, we can see that

N∑
i=1

zT
i (t)

N∑
j=1

γi j(t − τ(t)) ≤
N∑

i=1

∥zi(t)∥ ·
N∑

j=1

∥γi j(t − τ(t))∥

≤

N∑
i=1

∥zi(t)∥ ·

 N∑
j=1

(αi j(t)∥z j(t − τ(t))∥ + βi j(t))


≤ max

1≤i, j≤N

{
α

sup
i j

}
·

N∑
i=1

N∑
j=1

∥zi(t)∥∥z j(t − τ(t))∥

+ max
1≤i≤N

 N∑
j=1

β
sup
i j

 · N∑
i=1

∥zi(t)∥. (3.30)

Recalling the hypothesis ∥Hi(t, zi(t − τ(t)))∥ ≤ Di, we have

N∑
i=1

zT
i (t)Hi(t, zi(t − τ(t))) ≤

N∑
i=1

∥zi(t)∥∥Hi(t, zi(t − τ(t)))∥

≤

N∑
i=1

Di∥zi(t)∥

≤ max
1≤i≤N

{Di} ·

N∑
i=1

∥zi(t)∥. (3.31)

It is obvious that

N∑
i=1

zT
i (t)λizi(t) ≥ min

1≤i≤N
{λi} ·

N∑
i=1

zT
i (t)zi(t) = min

1≤i≤N
{λi}V(t, zt). (3.32)

Applying Lemma 2, we have

zT
i (t)ϑiSig(zi(t))Ei = ϑi

ni∑
l=1

|zil(t)|

≥ ϑi

 ni∑
l=1

|zil(t)|2
1/2

= ϑi∥zi(t)∥, (3.33)

which implies

N∑
i=1

zT
i (t)ϑiSig(zi(t))Ei ≥ min

1≤i≤N
{ϑi} ·

N∑
i=1

∥zi(t)∥. (3.34)
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Similar to (3.34), we can deduce that

N∑
i=1

zT
i (t)ηiSig(zi(t))Ei

N∑
j=1

∥z j(t − τ(t))∥ ≥ min
1≤i≤N

{ηi}

N∑
i=1

∥zi(t)∥
N∑

j=1

∥z j(t − τ(t))∥

= min
1≤i≤N

{ηi} ·

N∑
i=1

N∑
j=1

∥zi(t)∥∥z j(t − τ(t))∥. (3.35)

Because 0 < q < 1 and 2 > 2 − q > 0, utilizing Lemma 2, we have

n
q

2(2−q)

i

 ni∑
l=1

|zil(t)|2
1/2

≥

 ni∑
l=1

|zil(t)|2−q

1/(2−q)

, (3.36)

which yields

ni∑
l=1

|zil(t)|2−q ≤ n
q
2
i

 ni∑
l=1

|zil(t)|2
(2−q)/2

= n
q
2
i ∥zi(t)∥2−q. (3.37)

Recalling a+(t) = 0 ∨ a(t) ≥ 0, by using (3.37), we have

zT
i (t)M a+(t)Sig(zi(t))|zi(t)|1−q =M a+(t)

ni∑
l=1

|zil(t)|2−q

≤M a+(t)n
q
2
i ∥zi(t)∥2−q. (3.38)

We can infer from (3.38) that

N∑
i=1

zT
i (t)M a+(t)Sig(zi(t))|zi(t)|1−q ≤M a+(t) max

1≤i≤N

{
n

q
2
i

} N∑
i=1

∥zi(t)∥2−q

=M a+(t) max
1≤i≤N

{
n

q
2
i

} N∑
i=1

(
zT

i (t)zi(t)
) 2−q

2
. (3.39)

Because 1 > (2 − q)/2 > 0, using Lemma 2, we have

N
1− 2−q

2
2−q

2 ·1

N∑
i=1

Yi ≥

 N∑
i=1

Y
2−q

2
i

1/( 2−q
2 )

(3.40)

holds for non-negative numbers Y1,Y2, . . . ,YN .
The inequality (3.40) can be rewritten as

N∑
i=1

Y
2−q

2
i ≤ N

q
2

 N∑
i=1

Yi


2−q

2

. (3.41)
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Taking Yi = zT
i (t)zi(t) in (3.41), we get

N∑
i=1

(
zT

i (t)zi(t)
) 2−q

2
≤ N

q
2

 N∑
i=1

zT
i (t)zi(t)


2−q

2

= N
q
2 V1− q

2 (t, zt). (3.42)

Combining (3.20), from (3.39) and (3.42), we can derive that

N∑
i=1

zT
i (t)M a+(t)Sig(zi(t))|zi(t)|1−q ≤M a+(t) max

1≤i≤N

{
n

q
2
i

}
· N

q
2 V1− q

2 (t, zt)

= a+(t)V1− q
2 (t, zt). (3.43)

Because 2 > 2 − q > 0, by applying Lemma 2, we have ni∑
l=1

|zil(t)|2−q

1/(2−q)

≥

 ni∑
l=1

|zil(t)|2
1/2

, (3.44)

which yields

ni∑
l=1

|zil(t)|2−q ≥

 ni∑
l=1

|zil(t)|2
(2−q)/2

= ∥zi(t)∥2−q. (3.45)

Since a−(t) = 0 ∨ [−a(t)] ≥ 0, by using (3.45), we obtain

zT
i (t)a−(t)Sig(zi(t))|zi(t)|1−q = a−(t)

ni∑
l=1

|zil(t)|2−q ≥ a−(t)∥zi(t)∥2−q. (3.46)

From (3.46), we can deduce that

N∑
i=1

zT
i (t)a−(t)Sig(zi(t))|zi(t)|1−q ≥ a−(t)

N∑
i=1

∥zi(t)∥2−q

= a−(t)
N∑

i=1

(
zT

i (t)zi(t)
) 2−q

2
. (3.47)

Since 1 > (2 − q)/2 > 0, using Lemma 2, we get N∑
i=1

Y
2−q

2
i

1/( 2−q
2 )

≥

N∑
i=1

Yi (3.48)

holds for the given non-negative numbers Y1,Y2, . . . ,YN .
The inequality (3.48) can be rewritten as

N∑
i=1

Y
2−q

2
i ≥

 N∑
i=1

Yi


2−q

2

. (3.49)
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Taking Yi = zT
i (t)zi(t) in (3.49), we have

N∑
i=1

(
zT

i (t)zi(t)
) 2−q

2
≥

 N∑
i=1

zT
i (t)zi(t)


2−q

2

= V1− q
2 (t, zt). (3.50)

We deduce from (3.47) and (3.50) that
N∑

i=1

zT
i (t)a−(t)Sig(zi(t))|zi(t)|1−q ≥ a−(t)V1− q

2 (t, zt). (3.51)

Similar to (3.47), it follows that
N∑

i=1

zT
i (t)ℓiSig(zi(t))|zi(t)|1−q ≥ min

1≤i≤N
{ℓi} ·

N∑
i=1

zT
i (t)Sig(zi(t))|zi(t)|1−q

≥ min
1≤i≤N

{ℓi}

N∑
i=1

∥zi(t)∥2−q

= min
1≤i≤N

{ℓi}

N∑
i=1

(
zT

i (t)zi(t)
) 2−q

2
. (3.52)

It is inferred from (3.50) and (3.52) that
N∑

i=1

zT
i (t)ℓiSig(zi(t))|zi(t)|1−q ≥ min

1≤i≤N
{ℓi}V1− q

2 (t, zt). (3.53)

Utilizing the conditions (3.21)–(3.23), combined with (3.29)–(3.32), (3.34), (3.35), (3.43), (3.51)
and (3.53), from (3.27), we can find that

dV(t, zt)
dt

≤ −2
(

min
1≤i≤N

{λi} − max
1≤i≤N

{
niI

sup
i

})
V(t, zt)

− 2

min
1≤i≤N

{ϑi} − max
1≤i≤N

 N∑
j=1

β
sup
i j

 − max
1≤i≤N

{Di}

 N∑
i=1

∥zi(t)∥

− 2
(

min
1≤i≤N

{ηi} − max
1≤i, j≤N

{
α

sup
i j

}) N∑
i=1

N∑
j=1

∥zi(t)∥∥z j(t − τ(t))∥

+
(
a+(t) − a−(t)

)
V1− q

2 (t, zt) · exp
(
V

q
2 (t, zt)

)
− bV1− q

2 (t, zt) · exp
(
V

q
2 (t, zt)

)
≤

(
a+(t) − a−(t)

)
V1− q

2 (t, zt) · exp
(
V

q
2 (t, zt)

)
− bV1− q

2 (t, zt) · exp
(
V

q
2 (t, zt)

)
, (3.54)

where 0 < q/2 < 1 and the constant b = 2 min
1≤i≤N

{ℓi} > 0.

Because a(t) = a+(t) − a−(t), (3.54) implies that
dV(t, zt)

dt
≤ a(t)V1− q

2 (t, zt) · exp
(
V

q
2 (t, zt)

)
− bV1− q

2 (t, zt) · exp
(
V

q
2 (t, zt)

)
= (a(t) − b) exp

(
V

q
2 (t, zt)

)
· V1− q

2 (t, zt). (3.55)

According to Theorem 1, the SNDIS (2.1) is FxT-stabilized at zero under the state feedback control
scheme (3.19). Moreover, the StT is estimated by T (t0, zt0) ≤ t0 + T̃ max, where T̃ max has already been
given in (3.24).
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3.3. PdT stabilization control of SNDISs

Design a PdT state feedback control scheme as

ui(t) = − λizi(t) − ϑiSig(zi(t))Ei − ηiSig(zi(t))Ei

N∑
j=1

∥z j(t − τ(t))∥

+
1
2

(
M a+(t) − a−(t)

)
Sig(zi(t))|zi(t)|1−q · exp


 N∑

i=1

zT
i (t)zi(t)


q
2


−
T̃ max

Tp
ℓiSig(zi(t))|zi(t)|1−q · exp


 N∑

i=1

zT
i (t)zi(t)


q
2
 , (3.56)

where i = 1, 2, . . . ,N, Tp > 0 represents a predefined time, T̃ max has been given by (3.24), and the
remaining parameters are the same as in (3.19). The control block diagram of the state feedback
control scheme (3.56) for PdT stabilization is presented in Figure 2.

Theorem 4. Under Assumptions 1 and 2 and the PdT state feedback control scheme (3.56), if the
function a(t) satisfies Hypothesis (A3) and the conditions (3.21)–(3.23) hold, then the SNDIS (2.1) can
be PdT-stabilized at zero within a predefined-time Tp.

Proof. We still select (3.25) as the Lyapunov function. Similar to the proof of Theorem 3, we obtain

dV(t, zt)
dt

≤

a(t) −
bT̃ max

Tp

 exp
(
V

q
2 (t, zt)

)
· V1− q

2 (t, zt). (3.57)

where 0 < q/2 < 1 and b = 2 min
1≤i≤N

{ℓi} > 0. According to Theorem 2, the SNDIS (2.1) is PdT-stabilized

at zero in a predefined-time Tp under the PdT state feedback control scheme (3.56).

Remark 9. Unlike the fixed/predefined-time stabilization in [11, 43, 44], the advantages of
fixed/predefined-time stabilization in Theorems 3 and 4 are reflected in the fact that it can deal with
the discontinuous SNDIS with indefinite time-varying coefficients. Moreover, the
fixed/predefined-time stabilization in Theorems 3 and 4 offers a faster convergence rate and more
flexible convergence time.

4. Simulation results

In this section, a numerical example is provided to verify the FxT- and PdT-stabilization of SNDISs.

Lemma 3. Suppose that a(t) = −1
5 (sin 3t + cos 3t)e−3t. Then the function a(t) is indefinite and satisfies∫ t

0
a(s)ds ≤ 0 for all t ≥ 0 and aM =

∫ +∞
0

a+(s)ds < +∞.

Proof. Clearly, a(π6 ) = −π5 e−
π
2 < 0 and a(π3 ) = 1

5e−π > 0, this means that a(t) is indefinite. On the
other hand ∫ t

0
a(s)ds = −

∫ t

0

1
5

(sin 3s + cos 3s)e−3sds =
2

15

(
cos 3t

e3t − 1
)
−

∫ t

0
a(s)ds. (4.1)
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From (4.1), we find that ∫ t

0
a(s)ds =

1
15

(
cos 3t

e3t − 1
)
≤ 0 for all t ≥ 0. (4.2)

Moreover

aM =

∫ +∞

0
a+(s)ds ≤

∫ +∞

0
|a(s)|ds =

∫ +∞

0

| sin 3s + cos 3s|
5e3s ds

≤

∫ +∞

0

2
5e3s ds =

2
15
< +∞. (4.3)

Example 1. Consider the SNDIS (2.1) with two subsystems, where N = 2, ni = 2 and i = 1, 2. The
delay is τ(t) = 1. The disturbance is Hi(t, zi(t − τ(t))) = (Hi1(zi1(t − τ(t))),Hi2(t, zi2(t − τ(t))))T, where
Hi1(zi1(t− τ(t))) = 2

√
2 sin(zi1(t−τ(t)))

20 and Hi2(zi2(t− τ(t))) = 2
√

2 sin(zi2(t−τ(t)))
20 . Obviously, Hi(t, 0) = 0,∀t ∈ R,

and ∥Hi(t, zi(t − τ(t)))∥ ≤ Di = 0.2. All parameter values of the SNDIS (2.1) are presented in Table 2.
The matrices are given as

C1(t) =
(
−3.2 − 0.2 cos t 1.5 − 0.2 cos t
2.8 + 0.1 sin t −2.5 + 0.1 sin t

)
,

C2(t) =
(

−3.1 1.1 − 0.3 sin t
2.7 − 0.2 cos t −2.3 − 0.4 cos t

)
,

Table 2. Simulation parameters in Example 1.

System/Scheme Parameters
SNDIS (2.1) N = 2, ni = 2, i = 1, 2, τ(t) = 1, j = 1, 2

Hi1(zi1(t − τ(t))) = 2
√

2 sin(zi1(t−τ(t)))
20

Hi2(zi2(t − τ(t))) = 2
√

2 sin(zi2(t−τ(t)))
20

c1
11 = −3.2 − 0.2 cos t, c1

12 = 1.5 − 0.2 cos t
c1

21 = 2.8 + 0.1 sin t, c1
22 = −2.5 + 0.1 sin t

c2
11 = −3.1, c2

12 = 1.1 − 0.3 sin t
c2

21 = 2.7 − 0.2 cos t, c2
22 = −2.3 − 0.4 cos t

Control scheme (3.19) N = 2, ni = 2, i = 1, 2, τ(t) = 1, j = 1, 2
λ1 = λ2 = 7, ϑ1 = ϑ2 = 1.5
η1 = η2 = 1, ℓ1 = ℓ2 = 3, q = 1

2
a(t) = −1

5 (sin 3t + cos 3t)e−3t, M =
√

2/2
PdT control scheme (3.56) N = 2, ni = 2, i = 1, 2, τ(t) = 1, j = 1, 2

λ1 = λ2 = 6.9, ϑ1 = ϑ2 = 1.6
η1 = η2 = 0.9, ℓ1 = ℓ2 = 2.5, q = 1

2
a(t) = −1

5 (sin 3t + cos 3t)e−3t

M =
√

2/2, Tp = 0.25
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The interconnection function gi j(t, z j) = (gi j1(t, z j1), gi j2(t, z j2), . . . , gi jni(t, z jni))
T is given as

gi jk(t, θ) =


(0.5 − 0.2 cos t)(tanh(θ) − 0.6), θ ≤ 0,
(0.5 − 0.2 cos t)(tanh(θ) + 0.2), 0 < θ ≤ 1.5,
(0.5 − 0.2 cos t)(tanh(θ) − 0.5), 1.5 < θ ≤ 3,
(0.5 − 0.2 cos t)(tanh(θ) + 0.3), θ > 3,

for θ = z jk and k = 1, 2, . . . , ni. It is obvious that gi jk(t, θ) is discontinuous at θ = 0, θ = 1.5, and
θ = 3 (see Figure 3). It is easy to verify that |gi jk(t, θ)| ≤ (0.5 − 0.2 cos t)|θ| + 0.6. Thus, gi j(·) satisfies
Assumptions 1 and 2 with αi j(t) = 0.5 − 0.2 cos t and βi j(t) = 0.6.

−5 0 5

−0.4

−0.2

0

0.2

0.4

θ

g
ijk

Figure 3. The interconnection gi jk(t, θ) when t = 0.

If there is no control scheme in the system, the states of the SNDIS (2.1) is present in Figure 4 with
the initial time t0 = 0 and the initial states z1t0 = z1(0) = (1.5,−1.5)T and z2t0 = z2(0) = (−2.5, 2.5)T. As
shown in Figure 4, the SNDIS (2.1) is not stabilized at zero.
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Figure 4. The states of the SNDIS (2.1) without a control scheme in Example 1.

Select the control scheme (3.19) with λ1 = λ2 = 7, ϑ1 = ϑ2 = 1.5, η1 = η2 = 1, ℓ1 = ℓ2 = 3, q = 1
2
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and

M =
1

max
1≤i≤N

{
n

q
2
i

}
· N

q
2

=

√
2

2
.

Let us take a(t) = −1
5 (sin 3t+cos 3t)e−3t, using Lemma 3, it can verify that a(t) satisfies Hypothesis (A3)

with aM ≤ 2
15 . All parameter values of the control scheme (3.19) are present in Table 2. By calculation,

we obtain

7 = min
1≤i≤N

{λi} ≥ max
1≤i≤N

{
niI

sup
i

}
= 6.8,

1.5 = min
1≤i≤N

{ϑi} ≥ max
1≤i≤N

 N∑
j=1

β
sup
i j

 + max
1≤i≤N

{Di} = 1.4,

1 = min
1≤i≤N

{ηi} ≥ max
1≤i, j≤N

{
α

sup
i j

}
= 0.7.

Therefore, all conditions of Theorem 3 hold and it shows that SNDIS (2.1) can be FxT-stabilized at
zero via a control scheme (3.19), which is shown in Figures 5 and 6. Furthermore, the estimation of
StT is T (t0, zt0) ≤ t0 + T̃ max, where T̃ max ≤ 0.69.
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Figure 5. The states z11(t) and z12(t) in the subsystem S1 of the SNDIS (2.1) under the control
scheme (3.19).

Electronic Research Archive Volume 33, Issue 10, 6176–6205.



6198

0 0.5 1 1.5 2
−6

−4

−2

0

2

4

6

time t

s
o

lu
ti
o
n

 z
2
1
(t

)

0 0.5 1 1.5 2
−6

−4

−2

0

2

4

6

time t

s
o
lu

ti
o
n

 z
2
2
(t

)

Figure 6. The states z21(t) and z22(t) in the subsystem S2 of the SNDIS (2.1) under the control
scheme (3.19).

If we select the PdT control scheme (3.56) with λ1 = λ2 = 6.9, ϑ1 = ϑ2 = 1.6, η1 = η2 = 0.9,
ℓ1 = ℓ2 = 2.5, q = 1

2 , and M =
√

2
2 . The PdT is taken as Tp = 0.25. All parameter values of the control

scheme (3.56) are presented in Table 2. By calculation, we have

6.9 = min
1≤i≤N

{λi} ≥ max
1≤i≤N

{
niI

sup
i

}
= 6.8,

1.6 = min
1≤i≤N

{ϑi} ≥ max
1≤i≤N

 N∑
j=1

β
sup
i j

 + max
1≤i≤N

{Di} = 1.4,

0.9 = min
1≤i≤N

{ηi} ≥ max
1≤i, j≤N

{
α

sup
i j

}
= 0.7.

Let us take a(t) = −1
5 (sin 3t + cos 3t)e−3t, which satisfies Hypothesis (A3). Therefore, all conditions

of Theorem 4 hold, and it shows that the SNDIS (2.1) can be PdT-stabilized at zero via the control
scheme (3.56), which is presented in Figures 7 and 8.
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Figure 7. The states z11(t) and z12(t) in the subsystem S1 of the SNDIS (2.1) under the control
scheme (3.56).
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Figure 8. The states z21(t) and z22(t) in the subsystem S2 of the SNDIS (2.1) under the control
scheme (3.56).

Remark 10. In [11], the FxT stabilization of ISs was realized by using an event-triggered control
strategy and Lyapunov method with power functions, where the StT estimations for two subsystems
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S1 and S2 are T ∗1 = 8.0458 and T ∗2 = 3.4200. In [43], the FxT stabilization of an interconnected
system was achieved via an event-triggered mechanism, where the StT estimation is 5.672. However,
our FxT stabilization of the SNDIS is implemented by a state feedback control scheme and the
Lyapunov method with a particular exponential function, where the StT estimation does not
exceed 0.69. This means that the convergence time of FxT stabilization in this paper is faster. In
addition, unlike the event-triggered predefined time output feedback control design in [44], our PdT
stabilization is based on PdT state feedback control scheme with indefinite time-varying parameters,
where the PdT is arbitrarily set to Tp = 0.25. Because 0 < q < 1, it is clear that lim

zi→0
ui(t) = 0. That is,

as the system converges really fast, the limit of the control input is zero (see Figure 9). On the other
hand, because the control scheme contains a linear negative feedback term, a sign feedback term, a
delay feedback term, a time-varying parameter feedback term, and a accelerating convergence rate
term, one limitation of using a high-magnitude input is the increased economic cost of the control
scheme. Although a larger amplitude of input is used in the control scheme, FxT/PdT stabilization
control can be realized effectively. Moreover, the design of the time-varying parameter feedback term
improves the flexibility of the control scheme. Due to the design of the exponential function term
exp(·), the upper bound estimation T̃ max of the settling time is relatively simple and distinctive.
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Figure 9. Evolution of the control input (3.19).

5. Conclusions

In this article, with the help of DDI theory and the Lyapunov energy function method, two
FxTS/PdTS theorems applicable to discontinuous DDEs have been derived through a special
exponential function with an indefinite time-varying coefficient. Unlike existing StT estimations for
FxTS, this paper has presents a relatively simple StT estimation, whose upper bound is not restricted
by any initial states of the system. By considering the jump discontinuity of the communication
between social individuals, the time-delay effect, the time-varying coefficients, and the influence of
disturbance factors, this article has established a SNDIS model possessing discontinuous
interconnections. By cleverly designing switching state feedback control scheme and a PdT state
feedback control scheme possessing an indefinite control gain, FxT/PdT stabilization control of the
discontinuous SNDIS has been ultimately achieved. FxT/PdT control of SNDISs has important
guiding significance for quickly building stable social relationships and achieving precise control
objectives. Further research will focus on the FxT/PdT control problem of pulse and random social
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network-based ISs. The multistability problem of discontinuous SNDISs is also an interesting
research topic, and some of the research methods involved are given in [45] and [46]. In addition, the
diffusive equation and its FxTS/PdTS are also interesting and worthy of study, and some related work
can be referred to in [47–49].
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37. Z. Cai, L. Huang, Functional differential inclusions and dynamic behaviors for memristor-based
BAM neural networks with time-varying delays, Commun. Nonlinear Sci. Numer. Simulat., 19
(2014), 1279–1300. https://doi.org/10.1016/j.cnsns.2013.09.004

38. Z. Cai, L. Huang, Z. Wang, Particular-function-based preassigned-time stability of discontinuous
system: Novel control scheme for fuzzy neural networks, IEEE Trans. Fuzzy Syst., 31 (2023),
1020–1030. https://doi.org/10.1109/TFUZZ.2022.3193759

39. X. Hu, L. Wang, Q. Wang, M. Ge, X. Zong, A fixed-/preassigned-time stabilization approach for
discontinuous systems based on strictly intermittent control, IEEE Trans. Syst. Man Cybern., Syst.,
54 (2024), 5746–5755. https://doi.org/10.1109/TSMC.2024.3408465

40. F. Kong, H. Ni, Q. Zhu, C. Hu, T. Huang, Fixed-time and predefined-time
synchronization of discontinuous neutral-type competitive networks via non-chattering
adaptive control strategy, IEEE Trans. Network Sci. Eng., 10 (2023), 3644–3657.
https://doi.org/10.1109/TNSE.2023.3271109

41. D. Cui, M. Chadli, Z. Xiang, Fuzzy fault-tolerant predefined-time control for switched
systems: A singularity-free method, IEEE Trans. Fuzzy Syst., 32 (2024), 1223–1232.
https://doi.org/10.1109/TFUZZ.2023.3321688

42. J. Hui, Fractional-order sliding mode coordinated controller using super-twisting disturbance
observer for an NSSS with predefined-time stability, ISA Trans., 165 (2025), 111–127.
https://doi.org/10.1016/j.isatra.2025.06.032

43. N. Rong, Z. Wang, Fixed-time stabilization for IT2 T-S fuzzy interconnected systems via event-
triggered mechanism: An exponential gain method, IEEE Trans. Fuzzy Syst., 28 (2020), 246–258.
https://doi.org/10.1109/TFUZZ.2019.2904192

44. H. Xu, D. Yu, S. Sui, C. L. P. Chen, An event-triggered predefined time decentralized output
feedback fuzzy adaptive control method for interconnected systems, IEEE Trans. Fuzzy Syst., 31
(2023), 631–644. https://doi.org/10.1109/TFUZZ.2022.3184834

45. S. Qin, Q. Ma, J. Feng, C. Xu, Multistability of almost periodic solution for memristive Cohen-
Grossberg neural networks with mixed delays, IEEE Trans. Neural Netw. Learn. Syst., 31 (2020),
1914–1926. https://doi.org/10.1109/TNNLS.2019.2927506

46. X. Nie, W. Zheng, Multistability and instability of neural networks with discontinuous
nonmonotonic piecewise linear activation functions, IEEE Trans. Neural Networks Learn. Syst.,
26 (2015), 2901–2913. https://doi.org/10.1109/TNNLS.2015.2458978

47. C. Huang, B. Liu, Traveling wave fronts for a diffusive Nicholson Blowflies equation
accompanying mature delay and feedback delay, Appl. Math. Lett., 134 (2022), 108321.
https://doi.org/10.1016/J.AML.2022.108321

Electronic Research Archive Volume 33, Issue 10, 6176–6205.

https://dx.doi.org/https://doi.org/10.1016/J.PHYSD.2005.12.006
https://dx.doi.org/https://doi.org/10.1016/j.cnsns.2013.09.004
https://dx.doi.org/https://doi.org/10.1109/TFUZZ.2022.3193759
https://dx.doi.org/https://doi.org/10.1109/TSMC.2024.3408465
https://dx.doi.org/https://doi.org/10.1109/TNSE.2023.3271109
https://dx.doi.org/https://doi.org/10.1109/TFUZZ.2023.3321688
https://dx.doi.org/https://doi.org/10.1016/j.isatra.2025.06.032
https://dx.doi.org/https://doi.org/10.1109/TFUZZ.2019.2904192
https://dx.doi.org/https://doi.org/10.1109/TFUZZ.2022.3184834
https://dx.doi.org/https://doi.org/10.1109/TNNLS.2019.2927506
https://dx.doi.org/https://doi.org/10.1109/TNNLS.2015.2458978
https://dx.doi.org/https://doi.org/10.1016/J.AML.2022.108321


6205

48. C. Huang, B. Liu, Exponential stability of a diff usive Nicholson’s Blowflies equation
accompanying multiple time-varying delays, Appl. Math. Lett., 163 (2025), 109451.
https://doi.org/10.1016/J.AML.2024.109451

49. Q. Li, B. Liu, Traveling wave fronts to a Mackey-Glass model involving distinct
delays in di ffusion term and birth function, Math. Methods Appl. Sci., (2025).
https://doi.org/10.1002/mma.11109

© 2025 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(https://creativecommons.org/licenses/by/4.0)

Electronic Research Archive Volume 33, Issue 10, 6176–6205.

https://dx.doi.org/https://doi.org/10.1016/J.AML.2024.109451
https://dx.doi.org/https://doi.org/10.1002/mma.11109
https://creativecommons.org/licenses/by/4.0

	Introduction
	Model formulation and preliminaries
	Dynamic model of the SNDIS
	Preliminaries

	Main results
	FxTS/PdTS criteria for DDE
	FxT stabilization control of SNDISs
	PdT stabilization control of SNDISs

	Simulation results
	Conclusions

