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Abstract: D. Suyama and H. Terao established an exact basis construction for the derivation modules
of the cone over the Shi arrangements utilizing Bernoulli polynomials. In this paper, building on
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1. Introduction

Let V be an ¢-dimensional vector space over a field K of characteristic 0. An affine arrangement of
hyperplanes (A is a finite collection of affine hyperplanes in V. A is called central if every hyperplane
H € A goes through the origin. Let S be the algebra of polynomial functions on V, and let Derg (S)
be the set of K—linear maps 6 : S — S such that

0(fg) = f0(g)+g0(f), f.g€S.

When A is central, for each H € A, choose ay € V* with ker(ay) = H. Define the module of
A—derivations by

D(A) :=1{0 € Derg (S) |0 (ay) € ayS forall H € A}.

An arrangement (A is called a Free arrangement if O ((A) is a free module over S. In this case, D (A)
possesses a basis comprising £ homogeneous elements. For an affine arrangement A in V, ¢A denotes
the cone over A, which is a central arrangement in an (£ + 1)-dimensional vector space by adding the
new coordinate z.

Let E = R’ be an ¢-dimensional Euclidean space with a coordinate system x, ..., x;, and let ® be
a crystallographic irreducible root system. Fix a positive root system ®* c ®. For each positive root
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a € ®" and k € Z, we define an affine hyperplane
Hy,y:={veVl|a,v) =k}.

The Coxeter arrangement {H, olo € ®*} was the first class of arrangements confirmed to be free, as
demonstrated by Saito in [1]. Around 2000, Terao proved the freeness of Coxeter multiarrangements
with constant multiplicities in [2].

In the study of the Kazhdan—Lusztig representation theory of the affine Weyl groups, Shi in [3]
introduced the Shi arrangement

Shi(£) := {Hoy o € @0 <k < 1,
when the root system is of type A,_;. The cone of Shi (£) was defined by
eShi () := {cH | € @*,0 <k < 1} U{{z =0},

where
cH,; ={veVla,v) =kz}.

Indeed, there has been extensive research on the Shi arrangements and their relatives [4-6]. In [7],
Yoshinaga demonstrated the freeness of the cones over the extended Catalan and Shi arrangements.
In [8], Abe and Terao proved that the conings of the W-equivariant deformations are Free
arrangements under a Shi-Catalan condition. However, there has been limited research on the
construction of their bases; no general method for determining the bases has been discovered thus far.
In the case of types A,_1, B, Cy, and Dy, explicit bases for the cones over the Shi arrangements were
constructed in [9—-11]. Additionally, a notable basis for the extended Shi arrangements of type A, was
determined in [12]. In 2021, Suyama and Yoshinaga constructed the explicit bases for the extended
Catalan and Shi arrangements of type A,_; using discrete integrals in [13]. Among these works,
Suyama and Terao were the first to provide an explicit basis construction for the derivation module of
the cone over the Shi arrangement in [9]. The essential ingredient of this recipe is the Bernoulli
polynomials. The following are the relevant definitions.

Let By (x) denote the k-th Bernoulli polynomial. Let B, (0) = B denote the k-th Bernoulli number.
For (s,¢) € (Zzo)z, Suyama in [9] defined the polynomial

i:Ol+l+1 I

. 1
B, (x) := Z ( > ){Bt+i+1 (X) = Biyiv1} -

For example,
1
By (x) = By (x) + Byy (x) = 3 (x3 - x).

Note that By, (x) is a polynomial of degree s + ¢ + 1. The homogenization of B, (x) is defined by

—_ X
Bs,t (X, Z) = Zs+t+1Bx,t (_) .
Z

Next, we define the arrangement for p € Z™,
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Alp, ] ={{x1—x,=0}|2<n<p<U{xn—x=0}|2<m< -1}
Ul{xp—x,—2=0}|1<m<n<€}U{z=0}.

Then A|[p,{] is an arrangement between the Linial arrangement and the Shi arrangement.

According to [6]-Theorem 3, we can get the arrangement A [p, €] is an central arrangement and free
with exponents (0, 1, (€ = 1)7, 7).

In this paper, we will provide an explicit construction of a basis for D (A |[p,€]), 1 < p < £—1. The
main results of this paper are as follows.

Theorem 1.1. Define homogeneous derivations
m ::(91+62+”'+856D(ﬂ[1’£])’

.
1

4
[ [ -x-28 e DAL,

s=2

¢
¢ = (x= =) ) DM B 0120
i=1 0<ki<j-2

0<ky<t-j—1

for2 < j<€—1, where

and 0; (1 <i < {) and 0, denote a% ’a% respectively. I{‘u’v] denotes the elementary symmetric function in
the variables {x,, x,+1,...,x,} of degree k for 1 <u <v <¢.

Then, the derivations ny,1,, 90(11), cees goi,l_)l form a basis for D (A[1, £]).

Theorem 1.2. For2 < p<{-1,1< j<{-1, define the homogeneous derivations

i =x) "+ (=D (v~ -2 X (m=-2)¢l), j=1,
D+ 30 m -1y, j=2
905.[’) = (Xl —xj)905~1) - (xj = Xji1 —Z) 251:#1 o, 3<j<p-1,
(11 = x5) ", j=pz3.
<p5.1), p+1<j<t-1.

Then, the derivations 0,1, go(lp), et 9055)1 form a basis for D (A |p, {]).

2. The proof of main results

In order to prove Theorem 1.1, we require the following basis as defined by Suyama and Terao
in [9].
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Lemma 2.1. [[9], Theorem 3.5] The arrangement c¢Shi ({) is free with the exponents (O, 1, f“). The
homogeneous derivations 1y, 1,, and

t
) ._ ky+ky 7j—k1=1 yt-j-kr-1 5
o= (e =2) y YL CDNRER B (.26
i=1 0<k <j-1
O<hky<l—j—1

form a basis for D (c¢Shi (€)), where 1 < j <€ — 1.

Suyama and Terao reached the above conclusion using Saito’s criterion, which is a crucial theorem
for determining the basis of a free arrangement.

Lemma 2.2. [[14], Saito’s criterion] Let A be a central arrangement, and let Q (A) be the defining
polynomial of A. Given 0, ...,0; € D (A), the following two conditions are equivalent:

1)detM (6,,...,6,) = Q(A),

2) 6y,...,0, form a basis for D (A) over S,

where M (0,,...,0;) = (Hj (x,-))M denotes the coefficient matrix, and A = B means that A = cB,
c € K\ {0}.

Leta; = (1,...,1)! and Be = (xq,..., x,)! be the € x 1 column vectors, and define z,//i'? = 1#5.[) (x)
for1 <i<¢, 1< j<{-1.Suyuma in [9] proved the equality

¢ ¢
detM(T]], n2, lﬂ( )7 ) 57_)1)
()
_ det[ ac B ("bi,j)[x(t’—l) )
0 z O1x(e-1) (L+1)x(L+1)
=z l_[ (xm - xn)(xm —Xp — Z)’
1<m<n<t
then we obtain
() - _ _ —
det (CL’( (wisj)fx(t’—l)) = l 1—[ {(xm Xn)(Xm = X — 2)- 2.1
<m<n<

Proof of Theorem 1.1. Write goilj) = <p5.1) (x;))for1 <i<¢{, 1< j<{-1,from the definitions of <p5.1)
and wf), we can get

(nH _ (-1
('DiJ - l’bi—l,]'—l|(x1,...,X[_1)—>(x2 X¢) (22)

.....

for2 <i<¢ 2 < j<{-1. Consequently, for 2 < m < n < ¢, it follows that go(l) (x,, — x,,) 18

J
C. . e e .. . (n,k)
divisible by x,, — x,,, and 905.1) (x,, — x, — 2) 1s divisible by x,, — x, — z. Let the congruence notation E
in the subsequent calculation denote modulo the ideal (x; — x,, — kz) . For 2 < n < ¢, we derive

1
) (x1 = x, = 2)
_ ki+ky yi-k1=2  yl-j-kp-1 [ 53
= (Xj — Xjs1 —Z) Z D" 21[2’1._1]1[]42,5] [Bkl,kz (x1 = 2,2) = B g (me)]
0<ki<j-2
O<ky<l—j-1
(

=
—

)O,
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which implies that ¢’ (x; — x, — 2) is divisible by x, —x, —z. Thus ¢’ € D (A1, €]) for2 < j < {—1.

Therefore, we have 1y, 1,, go(ll), e, tpi,l)l € D(AIL,{]). Additionally, we obtain

detM (m, n2, go(ll), s (,02,1)])

1 1_[2()61 - X;—2) 80(1) "0(112’ 1
§=
) ()
= (-1)"*'zdet| | 0 #2270 Yo
) (1) (1)
1 0 Peo " Pret o
1) (1)
, 1 "0 cen 9026’ 1
- (-1)%1_[ (x1 — x; — z) det '
s=2 ") (1)
1 Pea " Pret mxe-n
¢
o o (1)
=( I)ZH(XI Xs Z)det( et ((p” )<25’S“515" D )a’—l)x(é’—l)'

s=2

According to the equalities (2.1) and (2.2), we have

(1 -
det( dp-q ("011)(2<1<€2<]<[ 1 )— 1—[ (xm_xn)(xm_-xn _Z)-

2<m<n<t

Hence, we obtain

detM (771, 2, 90(11), ce (pi,l)l)

—Zl—[(xl_xs_z) rl (X — xn)(xm_xn_z)

2<m<n<t
=z l_[ (X = Xn) n (X — Xp — 2)
2<m<n<t 1<m<n<t
= QAI[L{L]).

By applying Lemma 2.2, we conclude that the derivations 171,772,9031),...,
¢'", form a basis for D (A[1, £]).

Lemma 2.3. For2<n<{ 2< j<{-1, we have
] 1
o =) E D2 (3= 2= 2) [ | =20 ﬂ (X, = %, = 2). (2.3)
s=2

s=j+2

Proof. We have the following congruence relation of polynomials modulo the ideal (x; — x,,) .
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1
¢} (X1 = x,)
_ 1Ktk ik {—j-k-1 [} _ _R
B (x] Xj1 Z) Z =D I[ZJ 1]I[J+2€] [Bkl’kz (1 -2,2) = Buko (xn,z)]
0<ki<j-2
O<ky<l—j-1
n.0) ki+ka 1 pi—ki=2 0=~k
= (y-xm=z) ) D T Bt (02 = B (50 = 2,2
0<ki<j-2
0<ky<l—j-1

k1 — 7\k2
ky+ko+1 yj—ki =2 30— j—ky—1 Xn Xn — 2
= (= xpi=2) (DR e e (F1 (5 22

0<ki<j-2 < <
0<k2<€—j—1
{—j—1 .
= (=2) (%) = xj1 - Zl’ pCeny Z L G =2l
j-1
= (-D'z(x; = xj0 = 2) [ | ua - xs)ﬂ (X = X, = 2).
s=2 s=j+2
j-1

Remark 2.4. In equality (2.3), we observe that [] (x, — x5) = 0 for 2 < n < j— 1. This implies that
s=2
503.1)()(1 — X,) is divisible by x, — x, for3 < j<{—-1land2 <n<j-1.
()

In the following, we will prove that the derivations (p(” L ¢, belong to the module D (A [p, £])

for2 < p <€ - 1. It suffices toprovego(p) (x; —x,)isdivisibleby x; —x, for2 <n<p,1 < j<{-1.

For convenience, we define the notatlons for f,g,h € Z",

h h
Aj[cg’h] = l_l (xf - xs), BEg’h] = l—[ (xf — X5 — z).

5=8 5=g

gl

Lemma 2.5. Foranyu >4, v > 2, andw > j > 3, we have the following three equalities.

If g > h, we agree that Aj[,g’

3, 3,u—2
BUM = (ypt = X — 2) [uat — Xy — (= 3) 2] APYH
3,m—1 2,u+1
+ (= 2) Cop = s — 2) AIBL RN, 2.4)
m=3
v
2, 2, 2,m—1 2,v+1
B2 = AR+ 3 (m = 1) (o = 1 — 2) A HBU (2.5)
[2] 5 [i+2w+1] [2,w] [2,m—1]p [m+2,w+1]
Aw+1 Bw+1 AW+1 + Z (Xm Xm+1 = Z)IAW+1 Bw+1 . (26)
m=j+1
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Proof. We will only prove equality (2.4) by induction on u. The proofs of equality (2.5) and (2.6) are
similar. Foru = 4, B[53’4] = (xs—x3—2)(xs—x4—2), the equality holds. Assume that for u = k, the equality
holds. Then, we replace x;,; with x;,,, and multiply both sides of the equality by x;,, — x;1 — z to get

3.k+1 3,k—1 3,m—1 2,k+2
BUA™ = (s = Xt = 2) [ — 3 = (k= 2) 2 ALY ]Z(m—z) (X = X1 — 2) AR TIBY A,

We have completed the induction.
Proposition 2.6. The derivation (p(p ) belongs to the module D (A [p,L]) for2 < p < - 1.

Proof. We will establish this by induction on p. From Lemma 2.3, for 2 < n < p, we have

@' (x) - x,)

= (= x) @\ (x = x,) + (=D (x —Xz—z)Z(m 2) ¢l (x1 — x,)

m=3

(=]

p
(n.0) 2.0 2,m-1 2,0
= (x,,—xz)BL’]+z(x,,—xz—z)Z(m—2)(xm—xm+1—Z)AL”" IBlm+24,

m=3

1) For p = 2, it is obvious that 90(2) (x1 — x) (,0(11) is divisible by x; — x,.
2) For p = 3, we get

3
¢ (x1 - x,)

(”0) 2.0 50
(x, — xz)B,E’]+z(xn—x2—z)(x3 —x4—Z)(Xn—x2)B£,’]

= (X — %) (X — 02— ) B[, = x3 = 2) (6 — x4 —2) + 2 (3 — x4 — 2)].
If n = 2,3, we have ¢!V (x, - %) "= 0; that is, ¢ (x1 - x,) is divisible by x; — x, for n = 2,3.
Therefore, g0(3) e D(AI3, ).

3) Forany 3 < k < £ — 2, assume that ¢! € D (A[k, £]), which implies that ¢ (x; — x,) is divisible
by x; —x,for2 <n <k

For p = k + 1, we can see

‘p<1k+1> — 90<1k) + (=Dt = D)(x; — x5 — Z)SO;((L)l-

According to the induction hypothesis and Remark 2.4, it suffices to prove that go(lkH) (X1 — Xpy1) 18
divisible by x; — x;41. By using the equality (2.4), we have

k+1
§0§ ' )(Xl = Xke1)

k+1
(k+1 ,0) 2,m—1 2,6
(et = 12 B + 2 (et = 32 = 2) ) (m = 2) G = 1 — 2) ALY IBL
m=3
=0.

Therefore, golk b (x1 — xg41) is divisible by x; — x;41, and we have go(k“) eEDALk+1,0).
Hence, we may conclude that forany 2 < p < € — 1, go(l” b e D(A[p, L))
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Proposition 2.7. The derivation go(p ) belongs to the module D (A [p,])for2 < p<€-1.

Proof. From Lemma 2.3, we can get for 2 < n < p,

o (1 - x) ' (- 1>f[B[2“+zZ(m—1>(xm Xt = 2) ARTHIBL2A|.

m=2

For p = 2, 3, this conclusion is straightforward to verify.
For any 3 < k < ¢ — 2, assume that ¢ (k) € D(ALk,L{]). For p =k + 1, we have

*k+) _ (0 )
@, =@y tko.

By using the equality (2.5), we have

k+1
(+ )(xl — Xpes1)

k+1
(k+1,0) tRl2.f 2.m-1 2.6
(~D'BR{ + (- 1)zZ(m—1>(xm Xt = 2) ALY B

=0.

Therefore, (p<k+1) (x1 — Xxx41) 1s divisible by x; — xz41. According to the induction hypothesis and
Remark 2.4, we have go(k“) e DALk +1,0).

Proposition 2.8. The derivation gog.” 2 belongs to the module D(A[p,t]) for 3 < j < € -1 and
4<p<{-1

Proof. First, from Lemma 2.3, for3 < j< p—1and2 <n < p, we can get

) )4
o (1 =3 S (12 (3= s = 2) |AIBYH N (e - 0 AR B2
m=j+1
1) For p = 4, it is obvious that ¢ € D (A[4, £]).
2) Forany 4 < k < €2, assume that ¢ € D (A[k, €]), which implies that ¢ (x; — x,) is divisible
by x; —x,for2<n<kand3 < j<k-1.
For p = k + 1, we can see
*k+1) _ (k) (1)
(Pj+ =¢; _(xj_xjH )Q0k+1
By using the equality (2.6), we have

k+1
903 D (X1 = Xke1)

k+1
(k+1 ,0) ¢ 2,j ]+2€ 2,m—1 2,0
(-Dz (xj —Xj+1 Z) AIE+1]B1E+1 Z (X = Xms1 = 2) A;[ﬁ JB][(TT :
m=j+1
=0.

Therefore, <p<k+1) (x1 = xx41) 1s divisible by x; — x;4;. According to the induction hypothesis and
Remark 2.4, we have cpgk“) € DALk +1,¢£).
For p < j <€ -1, itis evident that (pi.”) e D(Alp,?)).
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Proof of Theorem 1.2. According to Propositions 2.6, 2.7, and 2.8, it suffices to prove

detM(m,nz,go(lp),...,gog,p)l) = Q(Alp,t])for2<p<t-1.Let

¢ ¢ r
7= (0= 0,00 G -xn-2,..., D (p-2)(x - x - 2))

and
y= (D512, p-1)

be the p X 1 column vectors, and define a matrix

0 . 0 0
0 0 0
X1 — X3 ce 0 0
Mpxp-2) =
—(x3—x4—2) --- Xi = Xpo 0
—(3—x4-2) -+ —(xp_1 —xp—z) X1 = Xp
Write Mpxp (’)/1 »Y2, Mpx(p—Z))’ then
P
det My = | | 011 = x,).
Thus, we obtain the following equality:
(p) ()
('71’ 21 e P ])([+l)><(€+])

E, 92><p O2x(e—p-1)

— (1) (1)
= (771, M@ s s Pyl 1) Op><2 Mpo Opx([—p—l)
O—p-1x2 O—p-1xp  Ee—p-i

Hence,
detM(m, 772,(,0(1”), ... ,gaip)l)
=detM (771, n, go(ll), ces goi,l)l) det Mpxp
¢
ﬂ w-x-2 [| Gw-w) |] (xm—xn—z)ﬂ(xl ~ x,)
2<m<n<{l 2<m<n<{
=z l_[ (X = %) 1_[ (X = xn_Z)l_[(xl = X)
2<m<n<{ 1<m<n<fl
=Q(Alp.{]).
We complete the proof.
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3. Example

In this section, according to the derivations defined in Theorem 1.3, we will present the hyperplanes
contained in the arrangement A[3, 4] and the specific expressions for the basis of its derivation module.

Example 3.1. This arrangement A[3,4] contains the following 12 hyperplanes:

)C]—)CQ—Z:O, )C]—)Cg—Z:O, )Cl—)C4—Z=0,
X=x3-2=0,%-x4-2=0,x3-x4—-2=0,
X1—=% =0, x1—=-x3=0, x0—x3=0, X, — x4 =0,

X3—X4:0,Z:0.

According to the basis expression form in Theorem 1.3, substituting the parameters € = 4 and

p = 3, we can obtain the following five derivations: 1,1, 50(13), cpf) and <pg3), which form the basis for

D(A[3,4]):

m :(91 +[‘)2+63+64,
n = X1(91 + xzc')z + X363 + X464 + Z(r)z,

3
¢V =(x—x-2)

1
(x1 = x)(x1 —x3 —2)(x1 —x4 —2) + E(xl —2)(x3 — x4 — 2)(2x, — xl)] 0

1 1
+ Exz(xz —2)(X] —x2 — 2)(x3 — x4 — 2)0, + §X3(X1 =X — 2)(x3 — x4 —2)(2x2 — x3 — 2)03

1
+ §x4(x1 =Xy — 2)(X3 = X4 — 2)(2x2 — x4 — 2)04,

: 1
¢ = {ﬂ(xl —x =2+ (0 - 2) [5<x2 = X3 = (2% = X +20) + (%3 = x4 — )22 - xl)]} 2
i=2

1
+ | =x(X = x3 = 2)(2x4 = X2+ 2) + X2(X2 = 2)(X3 — X4 — 2) | 02

|2

1
+ §x3(x2 —x3 = 2)2x4 — x3+2) + x3(x3 — x4 — 2)(2x2 — X3 — Z)] 03

[ 1
+ §x4(x4 +2)(x — X3 = 2) + x4(X3 — x4 — 2)(2X2 — X4 — Z)] 04,

3 _

1 1
@3 E(xl —x3)(x1 — 2)(2x2 — x1)(x3 — x4 — 2)01 + Exz()ﬁ = x3)(x2 — 2)(X3 — x4 — 2)02

1 1
+ §x3(x1 —x3)(x3 — X4 —2)(2x — x3 — 2)03 + §X4(X1 = x3)(x3 — X4 — 2)(2xp — X4 — 2)04.
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