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Abstract: This paper considers blow-up and global existence for a semilinear space-time fractional
pseudo-parabolic equation with nonlinear memory in a bounded domain. We determine the critical ex-
ponents of the Cauchy problem when a < y and a > y, respectively. The results obtained in this study
are noteworthy extension to the results of time-fractional differential equation. The critical exponent
is consistent with the corresponding Cauchy problem for the time-fractional differential equation with
nonlinear memory, which illustrates that the diffusion effect of the third order term is not strong enough
to change the critical exponents.
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1. Introduction

This paper concerns the blow-up and global existence of solutions to the following space-time
fractional pseudo-parabolic equation with nonlinear memory

DY (u — mAu)(x, 1) + (=AYPu(x, ) = of} 7 (ul""'u), x€Q,t>0
u(x, 1) =0, x€dQ,t>0 (1.1)
u(x,0) = up(x), xeQ

where Q is a bounded domain in RY with smooth boundary 89, uy € Co(Q2),0 < a < 1,0 <B<2,0 <
v < 1,p > 1 and m > 0. The symbol D{ denotes the Caputo time fractional derivative, which is defined
by Dfu = 2 [OI}“’ (u(t, x) — uo(x))] , where oI!=%u = ml_ 5 0’ (t”_(gn ds. (=A)YP’? is the fractional Laplace
operator, which may be defined as

=AY, 1) = ' (EPF )©) (x, 1),
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where F denotes the Fourier transform and 7 ~! represents the inverse Fourier transform in L2(R™).

Recently, we find that space-time fractional differential equations have been used in lots of appli-
cations, such as memory effect, anomalous diffusion, quantum mechanics, Levy flights in physics etc.
(see [1-5]). It describes some physical phenomena more accurate than classical integral differential
equations [6—-8]. On the other hand, the pseudo-parabolic equation is also called as the nonclassical
diffusion equation, which is a significant mathematical model used to depict physical phenomena, such
as non-Newtonian, solid mechanics, and heat conduction(see [9, 10]). Some practical problems such
as the power-law memory [11, 12] in time and space require us to consider the space-time fractional
pseudo-parabolic model, for example, [13] considered the case of pseudo-parabolic equations with
fractional derivatives both in time and space.

Ifa=1,m>0,8=2,v =1, Problem (1.1) becomes classical pseudo-parabolic equation, Cao et
al. [14] considered the following semilinear pseudo-parabolic equation

u, — mAu, — Au = u?

They investigated the necessary existence, uniqueness for mild solutions and they also studied the
large time behavior of solutions. Ji et al. [15] considered the Cauchy problem of the following space-
fractional pseudo-parabolic equation

u; — mAu, + (—2)u = u?

They considered the global existence, time-decay rates and the large time behavior of the solutions.
There are also many recent results on the behavior of the solutions for the Cauchy problem of fractional
nonclassical diffusion equations [16—19].

In [20,21], Zhang and Li considered the following nonlinear time-fractional equation in R and a
bounded domain respectively,

Dfu - Au=of, " (jul"'u), >0, (1.2)

where p > 1,0 < @ < 1,and 0 < y < 1. They obtained the critical exponent of problem (1.2) for @ > y
and a < 7, respectively.
In [22], Tuan et al. investigated the following two fractional pseudo-parabolic equations

Df(u — mAu)(x,t) + (=A)7u(x,t) = N(u), xe€Q,

u(x,t) =0, xeodQ,t>0 (1.3)

u(x, 0) = up(x), xeQ

D¥(u — mAu)(x, ) — Au(x, ) = N(w), x€ RN, 1>0 14
u(0, x) = up(x), xeRN (1.4)

where 0 < @ < 1, m > 0 and N(u) has Lipschitz properties. They established the local well-posedness
results including existence, uniqueness and regularity of the local solution for the problem (1.3) and
proved the global existence theorem of problem (1.4).

Motivated by the results we have mentioned, in this article, we obtain sharp blow-up and global
existence results of problem (1.1) on the condition that y < @ and y > «.

We get the following conclusions when y < a.

Electronic Research Archive Volume 31, Issue 5, 2555-2567



2557

Theorem 1.1. Assume that y < a,p > 1 and uy € Cy(QQ).

(1) If py < 1 and uy > 0,uy %= 0, then the weak solutions of (1.1) blow up in a finite time in
C ((0, 00), Co(£2)).

(2) If py > 1 and ||luol|;~q) is small enough, then the weak solution of (1.1) in C((0, 0), Co(£2)) exists
globally.

We get the following conclusions when y > a.

Theorem 1.2. Assume thaty > a,p > 1,0 =1 —y and uy € Co(Q).

(I)If p <1+ 2Zanduy > 0,uy # 0, then the weak solutions of (1.1) blow up in a finite time in
C ((0, 00), Co(€2)).

(2)If p 2 1 + < and ||lugl| =) is small enough, then the weak solutions of (1.1) in C ((0, o), Co(£2))
exists globally.

Our proof of blow up results is based on the asymptotic properties of solutions for an ordinary
fractional differential inequality. Compared with the results of time-fractional differential equation,
the major difference between the space-time fractional Eq (1.1) and Eq (1.2) is that the definition of
weak solution and mild solution. The critical exponent is consistent with the corresponding Cauchy
problem for the time-fractional differential equation with nonlinear memory [21], which shows that the
diffusion effect of the third order term is not strong enough to change the critical exponents.

The structure of this article is as follows. In Section 2, we present some definitions and properties
that will be used in the next section. In Section 3, we give the proof of our main results.

2. Preliminaries

This section presents some preliminaries concerning special functions and fractional knowledge
that will be used in the next sections.

First, we review some definitions and properties of the fractional knowledge including fractional
integrals and fractional derivatives. For T > 0 and u € L'((0, T)), the left and right Riemann-Liouville
fractional integrals of the order a € (0, 1) are defined by [3]

Iu = f u(s) o, = f u(s)
7T Ta) (r—s)la Sy (@) (s—z)la’

where I' is the Gamma function. If f € LP((0,7T)),g € LY((0,T)) and p,g > 1,1/p+ 1/q = 1, then we
have

T T
[ wrnewa= [ g s 1)
0 0
The Caputo fractional derivatives are defined by
d d
DY f = 2ol U () = fOLDYf = ==y *[f(0) = AT,

If f € AC([0, T]), then D¢ f and DS f exist almost everywhere on [0, T] and DY f = oI}~ f'(1), D%g =
I} “g’(t). Moreover, assuming f € C([0,T]),D!f € LY(0,T),g € AC([0,T]) and g(T) = 0, for all
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T >0and a € (0,1), we have

T T
fo (1) (Df f)dt = fo (f(1) = f(0))D7gdt, (2.2)

which is called the formula of integration by parts for fractional derivatives.
Now, we recall the Mittag-Leffler function which is defined by [23]

ad I
Z
Eqp(2) = ; Tk +p) a,feC,Re(a) >0, E,(2)=Ey (@), z€C, (2.3)

and its Riemann-Liouville fractional integral satisfies
of} ™ (17 Eqq (")) = Eqy (A%) for 1€ C,0 < < 1.

Leta € (0,1),u € Rand 5+ < p < min{r, 7a}. Then

N
1 1 1
E\p(z) = — Z mz—k + O(W)’ u<larg(z)| <m 2.4
k=1

with [z| — +oco. The Wright type function which was considered by Mainardi [24]

N (—2) 1 & (=2 T(alk + 1)) sin(r(k + D)
o(2) = = - (2.5)
¢ k:() kT(—ak+1-a) =« kZ:(; k!
for 0 < @ < 1,z € C. It is an entire function and has the following properties (see [1]).
(1)¢p(6) > 0 for 6 > 0 and f d.(0)dO = 1.
0
(2) f ¢a(0)edf = Ey (=2),2 € C. (2.6)
0
3 f 0¢,(0)e ’df = E, o(—2),z € C. (2.7)
0
Then we consider the spectral problem (see [25])
(—AYPi(x) = 2 ¢;(x). xeQ.pe (2] 2.8)
@i(x) =0, X € 0Q, ’

and the set of the eigenvalues of the spectral problem consists of a sequence

0</11S/12§/13S...S/1j3.../'00

Let ¢"% denote the semigroup in Q under the Dirichlet boundary condition where A = (—A)g (mA—
D)~!. We define the operators P,(¢) and S ,(¢) as

P.(Dug = f b0 “ugdh, S (Duy = a f 0, (0)e" “uydd, t > 0,
0 0
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where ¢,(6) is given by (2.5). By [26] and the properties of P,(¢) and S ,(7), we can deduce that
|Po(Dutoll 1) < C lluoll () »

IS o«@utollr=() < C lltollr=q) »

C
AP (D) uol| 12y < p lletol| () » (2.9)

ol (1718 (D AU) = Po(FAUy = AP, (s (2.10)

Lemma 2.1. Assume that g > 1, f € L7((0,T), Cy (€2)) . Let w(t) = fot(t — )8 (t — ) f(s5)ds, then

ol "w = f P (t — 8)f(s)ds.
0

Proof. The proof is similar to that of Theorem 2.4 in [26]. By Fubini theorem and (2.10), we have

W= E L 5 fo (-5 fo (5= 1S o(s — D fle)drds

~ 1 ropt . )
_F(l—a)foff(t $) (s =) Sols - 1Y f(D)dsdr

I'(1 1— Q) L fO_T(t — s =)' ()G f(D)dsdT

= f P.(t — 7)Y f(7)dT.

0

Hence, we get the conclusion. O
Remark 2.2. For a = 1, = 2, the conclusion of Lemma 2.1 still holds.

Lemma 2.3. (see [20])Let T > 0,p > 1,0 <y < l,y<a,0c0=1—-vy,a>0,andb > 0.Ifw >0
satisfies w € C([0, T]), Oltl_“(w - w(0)) € AC([0, T)) and, for almost every t € [0,T],

1-
Dfw + aw = bol, "w?,

then the following conclusions hold.
Po a+o
(1) For every | > %, we have w(0) < K (a,b,a,y, p)T* " 71 + Ky(b,a,y, p)T ', where

K, = p-1 (M)ﬁ r(l+1)ﬁr(z+2p—a—a) p—1 ’
p bp 1 r(lli-l—()')ﬁ (I+1)(p-1)-po
K, = p-1 (l)ﬁ r(1+1)p71r(1+2z—a) p:l —
p \bp C(+1-a—c) P (I+1)(p—1)-po

(2) If py < 1, then we have T < +oo.
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3. Finite time blow-up and global existence
This section is dedicated to proving Theorems 1.1 and 1.2 . First, we give the definition of mild
solution of (1.1).

Definition 3.1. Let uy € Cy(Q) and T > 0, we call that u € C ([0, T], Cy()) is a mild solution of
(1.1), if u satisfies the following integral equation

!
u= P,y + f (t =)' S ot = DG oL} (Jul"u) dr
0

where 4 = —(mA — ).

Theorem 3.2. Let p > 1,0<a<1,0<8<2,and0 <y < 1, Ifuy € Co(Q), there exists T =T (ug) >
0 and a unique mild solution u € C ([0, T], Co(QQ)) to the problem (1.1). The solution u can be extended
to a maximal interval [0, Tmax) and either Ty = +00 or Tiax < +00 and ||ullz=o.1)1~@) — +0 as
T — T, Furthermore, if uy > 0,uy % 0, then u(t,x) > 0 and u(t, x) > P,(t)ug for t € (0, Tryy) and
x € Q.

Proof. The proof is similar to that of Theorem 3.2 in [26]. By the contraction mapping principle and
the properties of P,(f) and S ,(7), we can get the conclusion. The main different is that operators P, ()

and S ,(7) are expressed by semigroup generated by the infinitesimal generator A = (—A)g (mA-D71,
but the semigroup in [26] is generated by —A. O

Here, we assume u, € Cy(€2) for convenience of proof. In fact, if uy belongs to Lebesgue space, we
can obtain the similar existence results under certain conditions.

Remark 3.3. Let O < a < 1, r € (¢, +] and g, = % Let uy € L1(Q),aq. < g < +o0. Then there
exists T > O such that problem (1.1) has a mild solution u in C ([0,T], L7 (Q)) N C((0,T],L" ()).

Then we give the definition of weak solution of (1.1) as follows.

Definition 3.4. Letuy € L'(Q) and T > 0, u € L? ((0,T), LP(Q)) is called a weak solution of (1.1) if
T T ;
f f [OI:_Y (IuI”_lu) @ + uy (;DS@) + mu (tD(T'Ago)] dtdx = f f u(—=A)? edtdx
2 Jo aJo

T T
+ f f u(Dfp)dtdx + f f muy (D7 Ap) dtdx
aJo aJo

for every ¢ € C*! (Q, [0, T]) with ¢ = 0 on 0Q and ¢(x,T) = 0 for x € Q. Moreover, if T > 0 can be
arbitrarily chosen, u is called a global weak solution of (1.1).

Lemma 3.5. Let T > 0, uy € Co(Q), if u € C([0,T], Co(Q)) is a mild solution of (1.1), then u is a
weak solution of (1.1).

Proof. Suppose that u € C ([0, T'], Cy (€2)) is a mild solution of (1.1), then

f
u—uy = P,(Duy — uy + f(t —$)*1S (1 - s)%oltl_y (Iul”_lu) ds
0
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where 4 = —(mA — I)~'. Now, noting that by Lemma 2.1,
ol ( fot(f = Y18 40 = )%l () ds) - fo Palt = s)40l,™ (" 'u)ds.
so, we have
o} (= ug) = o} (Po(tug — up) + fo t Po(t = G0, (jul”"u) ds

Then, for every ¢ € C*! (Q, [0, T]) with ¢ = 0 on dQ and ¢(-, T) = 0.

f oL (= )G gdx = (1) + 1) G.1)
Q
where
t
I(t) = foltl_a (Po(Dug — up) 9 odx, L) = ff Po(t — 5)ol ™ (Iulp_lu) dspdx.
Q aJo

By (2.9) and the dominated convergence theorem, we get

% =- f Po(D)utg (—0)7 pdx + foltl_“ (Po(H)ug — up) 9 " pdx. (3.2)
Q Q

For arbitrary 7 > 0,1 € [0,T) and t + h < T, we obtain
1 1 t+h
+ (Lt + ) = () = f f Po(t +h = 5)ol, 7 (jul""u) dsg(t + h, x)dx
0 Q

1 !
— —f fPa(t - s)oltl_y (Iulp_lu) udsy(t, x)dx
hJo Ja
=L(h) + L(h) + Is(h),
where

t+h 00
Ii(h) = ! f f f $o(O)T (¢ + h = 9)"0) o} " (Jul”™ ) dOdsep(t + h, x)dx,
Q Jt 0

h
L(h) = % fg fo fo ) $a(0) (T ((t + h = $)°0) = T ((t = $)°0) of, " ([ul"~"ut) dOds(t, x)dx,

Is(h) = % fg fo j; " GO (1 + = °6) ol (Iul"~"u) dOds(e(t + b, x) = @(t, x))dx.

Using the dominated convergence theorem, we conclude that

Ii(h) — f ol ™ (Iulp_lu) @dx as h — 0,
Q

= [ [ e@r@-srou () ddspdx
QJ0 JO
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!
= f f Po(t— s)ol, ™ (lul”_lu) dspdx as h — 0.
o Jo

Since
14(h)
! 00 1
- f f f f abp,(O)(t + Th — 5)*! (A2 G (T (1 + Th — $)"0)) N (u)drdfdsedx
aJo Jo Jo

! 00 1
- f = f f f Q00,01 +Th — 5Y' YT ((t + Th - 5)"60) N(wdrdbdspdx
Q 0 0 0
! 00 1
= — f f f f Q’H(ba/(e)(t + Th — S)a_lgT ((t + Th _ S)ae) N(u)deHds (_A)g ‘pdx
QJO JO 0

where N(u) = oI} ™" (Iul”‘lu).
Using dominated convergence theorem, we have

L(h) —> — f f (t=$)"'S ot = G0l (lulP~"u) ds (=A% wdx as h — 0.
Q JO

Hence, the right derivative of I, on [0, T) is

!
f o, 7 (jul""ut) pdx — f f (t = )71 ot = 501, (1P~ u) ds (~1)* pdx
Q Q JO
f
+ffPa(t—s)oltl_y(lul”_lu)ds%dx
QJO
and it is continuous in [0, 7). Therefore,
dl 1y -1 t a-1 1y -1 s
=2 = | o7 (lul""u) pdx - (t=$)"'S ot = G0l (lul"~'u) ds (~A)7 gdx
dt Q aJo
Tt
+ffP(,(t—s)oltl_y(lulp_lu)dsgotdx
Q JO
t
=f01tl_y(|u|p_lu)90dx—ff(t—s)“_lSa(t—s)goltl_y(Iul”_lu)ds(—A)g @dx
Q Q JO
!
+ f ol ( f (t—s)“_lSC,(t—s)%oltl_y(Iulp_lu)ds)%_lgotdx,te[0, T). (3.3)
Q 0

Thus, combining (3.1)—(3.3), we conclude that

T T
d _ dl, dbL
0= — | (- dxdt = — 4+ —=dt
fodtfg’ (=) pdxdt = | -+,

T T
=— f fPa(t)Mo (—A)g pdxdt + f foltl_“ (Po(Dug — uo) 9" o, dxdt
0 Ja 0o Jo

T
+f foltl_y(lulp_lu)cpdxdt
0 Ja
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T t
- f f f (t—s)“‘lSa(t—s)%ol,l_y(Iul”_lu)ds(—A)g pdxdt
0 Q

0

T t
+ f ol ( f (r—s)“—lsa(z—s)%l,l‘y(w—lu)ds) G p,dxdt,
0 Q 0

T T
_ f f u(~A): pdxdt — f f (4 — up) DG~ pdxdt
0 Q 0 Q
T
+f foltl_y(lulp_lu)godxdt.
0 Q

so, we can get the following equation
T T s
f f o2} 7 (1u"~"1t) @ + o (D) + mu (D Ag)| dedx = f f u(—=A)? pdtdx
QJo Q

0
T T

+ff u(,D?cp)dtdx+ff muy (D7 Ay) dtdx.
QJo o Jo

Hence, this completes the proof. O
Now, we prove Theorem 1.1.

Proof. (1) We proof is given by contraction. Let 4; > 0 be the first eigenvalue of —A and ¢, denote
the corresponding positive eigenfunction with fQ ¢1(x)dx = 1. From the regularity theory of elliptic
equations, one has ¢, € C*(Q) and ¢;(x) = 0 for x € Q. Suppose that u is a global mild solution to
(1.1). Then we get that u is also a global weak solution of(1.1) by Theorem 3.2 and Lemma 3.5. Let
Y € CY([0, T]) with 7 > 0,¢7(T) = 0. Then, from definition 3.4 and taking ¢(x, ) = ¢ (xX)y7(f) as a
test function, we have

T T,
f f [01,]_y ) p1r + uopy (DFYr) — mA ugp, (rD(%lﬁT)] dtdx = f f A uprdtdx
aJo 0

Q

T T
+ f f ug) (D§yr) drdx f f mAyuop; (Dyr)didx.  (3.4)
Q JO QJO

Let f(r) = fQ uprdx, o = 1 —vy. We have f € C([0,T]). According to Jensen’s inequality and (3.4),
(2.1), we deduce that

T T T T
fo f”([1$¢T)dt+(1+m/ll)f(O)v£ (,D‘}a/rT)dts/l?fO fz//Tdt+(1+m/11)f0 f(Dyyr)dt.
3.5

Moreover, Df f exists for ¢ € [0, T] and DY f € C([0, T']). Thus, using (3.5), (2.1) and (2.2), we conclude
that

T T T
f (o7 f7) Yyt < 22 f furdt+ (1 +ma) f (1) - fON Dt
0 0 0

8 T T
=2 f furdt + (1 +mAy) f D¢ fyrrdt.
0 0
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By the arbitrariness of ¢/, we obtain

8
(L+mA)DIf+ A f >0l 7, t€]0,T]. (3.6)

It is easy to see that f(0) > 0, then (3.6) is in contradiction with Lemma 2.3 (2). The proof of Theorem
1.1 is finished.

(2)We proof the global existence by the contraction mapping principle. For arbitrary T > 0, we
defined the space Y = {u € L™ ((0, 00), L*(€2)) | ||lully < oo}, where |lu|ly = sup,.,(1 + t)ﬁllu(t)llpo(g).
Givenu € Y,t > 0., let’s set

Pu)(t) = P,(Huo + 1 f (t—95)*'S,(t— 59 f S(s — D) ulP  u(r)drds,
I'(o) Jo 0

Denote E = {u € Y | ||ully < M}, where M > 0 is small enough. According to y < a and p > ﬁr, we

have that p > 1+ >1+<%,-Z <aand £5 < 1. Hence, (2.4) implies that there is a constant C > 0
T a’ p-1 p-1

such that for any u € E and t > 0,

+00 B
(1 + )77 [|Po(B)utgll iy < C(1 + 1)71 f ba(@)e ™ MG o e
0
o B
- C(1+H7E, (—ﬂf (14 ma,)"! t“) ol oo
< C(1+ 67T [lugll o » (3.7)
and
(1 + 077 [[P(u) — Po(Dttoll

t s +00 B
e [ a0 [ 60,00 oo g drds
0 0 0
- f S B
< [ == 0 B (4 e ma) T = ) WO s
0 0
e (T 8 por
< CMP(1 + 1) f f (1= 975 = 1) 7B (<47 (4 ma)™ (= 97 (14 1) Frdrds
0 0
o ! B $ po
< CMP(1 + 1) f (1 = 9" B (=] (1 +mA)™ (0= 5)°) f (s — )77 B drds
0 0
. po t -1 5 -1 a) J-y-£%
= cmr( 4078 (o1 - L [ - Ea,a(—/lf (1 +m) ™ (t—s) )s iy (3.8)
pP— 0

where we have applied (2.6) and (2.7). Moreover, from similar calculations of the above proof, we
know that there is a constant C > 0 such that for any u,v € E and ¢ > 0,

(1 + 07T ¥(u) — PO~

o ! B S po
<CMP' (1 + i f (t = 5 'E, (—/112 (1 +mA)™ (- s)") f (s — 1T P dedslu — vy
0 0

<CMP(1 + r)p"lB(ﬁ, 1 L'l)
p —
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! B po
x f (t— ) Epq (—/112 (1 +mA)™ (- s)“) s F dsllu = vy (3.9)
0

It follows from (2.3) and the fact that [ﬁ < 1 and E, ,(z) is an entire function that

t 1 s 1 1 B
f(l - S)w_ Erz,rz (_/112 (1 + m/ll)_ (t - S)a) s VT 1ds
0

po

8 k
_/112 (1+ m/ll)—l) (l _ S)akﬂl_lsl_y_ﬁ

- kzz;l fo I'(ak + @) ds

o a—-Z- g -1
= (1= T | B (<2 (L ma) ' #7).
p_l p-1

Note that 1% < «a and IfT”l < 1. Therefore, from (2.4), (3.7), (3.8) and (3.9), we know ¥ is a strict
contraction on E if ||u||;~), and we choose M sufficiently small. Then by the contraction mapping
principle, there exists a unique fixed point u € E. Obviously, u € C ([0, o), Cy(€2)) . It means that (1.1)

admits a global mild solution. Hence, the proof is completed. O
Finally, we proveTheorem 1.2.

Proof. (1) Suppose that u is a mild solution of (1.1). In the same way as the proof of Theorem 1.1(1),
we obtain that inequality (3.6) still holds in this case. Hence, we obtain the conclusion.
(2) It follows the assumption that p > 1 + € and y > «, we deduce that p > 1 + £ > ﬁ, £% < 1 and

i
p%l < a. Then, in the same way as the proof of Theorem 1.1(i1), we can get the conclusion. O

4. Conclusions

In this work, inspired by the method in [20], we obtained blow-up and global existence results for
a semilinear fractional pseudo-parabolic equation with nonlinear memory in a bounded domain. First,
we define a solution operator which is expressed by a semigroup and discussed its properties. Based
on these properties, we obtained local existence of mild solutions and proved that a mild solution is
also a weak solution. Then, we used the integral representation and the contraction-mapping principle
to prove the global existence results for solutions of the Cauchy problem (1.1). Finally, we used test
function method to prove the blow-up of solutions. Of course, these global existence and blow-up
conclusions and their proof also fit the case m = 0. However, due to the appearance of the third order
term for the Cauchy problem (1.1), the integral representation and the proof are more complicated than
that for the case m = 0. Itis noted that the critical exponent is consistent with the corresponding Cauchy
problem for the time-fractional differential equation with nonlinear memory, and we also illustrated that
the diffusion effect of the third order term is not strong enough to change the critical exponents.

Acknowledgments
The work was supported in part by NSF of China (11801276).

Electronic Research Archive Volume 31, Issue 5, 2555-2567



2566

Contflict of interest

The authors declare there is no conflicts of interest.

References

1. FE Mainardi, Fractional Calculus and Waves in Linear Viscoelasticity, Imperial College Press,
London, 2010. https://doi.org/10.1142/p614

2. R. Metzler, J. Klafter, The random walks guide to anomalous diffusion: A fractional dynamics
approach, Phys. Rep., 339 (2000), 1-77. https://doi.org/10.1016/S0370-1573(00)00070-3

3. A. A.Kilbas, H. M. Srivastava, J. J. Trujillo, Preface, North-Holland Math. Stud., 204 (2006).

4. E. Orsingher, L. Beghin, Fractional diffusion equations and processes with randomly varying time,
Ann. Probab., 37 (2009), 206-249. https://doi.org/10.1214/08-A0P401

5. B. B. Mandelbrot, J. W. V. Ness, Fractional Brownian motions, fractional noises and applications,
SIAM Rev., 10 (1968), 422-437. https://doi.org/10.1137/1010093

6. W. Chen, C. Li, Maximum principles for the fractional p-Laplacian and symmetry of solutions,
Adv. Math., 335 (2018), 735-758. https://doi.org/10.1016/j.aim.2018.07.016

7. L.Li, J. G. Liu, L. Wang, Cauchy problems for Keller-Segel type time-space fractional diffusion
equation, J. Differ. Equations, 265 (2018), 1044—1096. https://doi.org/10.1016/j.jde.2018.03.025

8. H. Dong, D. Kim, Lp-estimates for time fractional parabolic equations with coeflicients measur-
able in time, Adv. Math., 345 (2019), 289-345. https://doi.org/10.1016/j.aim.2019.01.016

9. E. C. Aifantis, On the problem of diffusion in solids, Acta Mech., 37 (1980), 265-296.
https://doi.org/10.1007/BF01202949

10. K. Kuttler, E. C. Aifantis, Quasilinear evolution equations in nonclassical diffusion, STIAM J. Math.
Anal., 19 (1988), 110-120. https://doi.org/10.1137/0519008

11. Y. Giga, T. Namba, Well-posedness of Hamilton-Jacobi equations with Caputo’s
time fractional derivative, Commun. Partial Differ. Equations, 42 (2017), 1088-1120.
https://doi.org/10.1080/03605302.2017.1324880

12. R. H. Nochetto, E. Otarola, A. J. Salgado, A PDE approach to space-time fractional parabolic
problems, SIAM J. Numer. Anal., 54 (2016), 848—873. https://doi.org/10.1137/14096308X

13. A. Carbotti, S. Dipierro, E. Valdinoci, Local Density of Solutions to Fractional Equations, Berlin,
2019. https://doi.org/10.1515/9783110664355

14. Y. Cao, J. Yin, C. Wang, Cauchy problems of semilinear pseudo-parabolic equations, J. Differ.
Equations, 246 (2009), 4568-4590. https://doi.org/10.1016/j.jde.2009.03.021

15. L. Jin, L. Li, S. Fang, The global existence and time-decay for the solutions of
the fractional pseudo-parabolic equation, Comput. Math. Appl., 73 (2017), 2221-2232.
https://doi.org/10.1016/j.camwa.2017.03.005

16. R. Wang, Y. Li, B. Wang, Random dynamics of fractional nonclassical diffusion equations
driven by colored noise, Discrete Contin. Dynam. Syst. Series A, 39 (2019), 4091-4126.
https://doi.org/10.3934/dcds.2019165

Electronic Research Archive Volume 31, Issue 5, 2555-2567


http://dx.doi.org/https://doi.org/10.1142/p614
http://dx.doi.org/https://doi.org/10.1016/S0370-1573(00)00070-3
http://dx.doi.org/
http://dx.doi.org/https://doi.org/10.1214/08-AOP401
http://dx.doi.org/https://doi.org/10.1137/1010093
http://dx.doi.org/https://doi.org/10.1016/j.aim.2018.07.016
http://dx.doi.org/https://doi.org/10.1016/j.jde.2018.03.025
http://dx.doi.org/https://doi.org/10.1016/j.aim.2019.01.016
http://dx.doi.org/https://doi.org/10.1007/BF01202949
http://dx.doi.org/https://doi.org/10.1137/0519008
http://dx.doi.org/https://doi.org/10.1080/03605302.2017.1324880
http://dx.doi.org/https://doi.org/10.1137/14096308X
http://dx.doi.org/https://doi.org/10.1515/9783110664355
http://dx.doi.org/https://doi.org/10.1016/j.jde.2009.03.021
http://dx.doi.org/https://doi.org/10.1016/j.camwa.2017.03.005
http://dx.doi.org/https://doi.org/10.3934/dcds.2019165

2567

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

R. Wang, Y. Li, B. Wang, Bi-spatial pullback attractors of fractional non-classical diffusion equa-
tions on unbounded domains with (p,q)-growth nonlinearities, Appl. Math. Optim., 84 (2021),
425-461. https://doi.org/10.1007/s00245-019-09650-6

T. Q. Bao, C. T. Anh, Dynamics of non-autonomous nonclassical diffusion equations on R", Com-
mun. Pure Appl. Anal., 11 (2012), 1231-1252. https://doi.org/10.3934/cpaa.2012.11.1231

R. Wang, L. Shi, B. Wang, Asymptotic behavior of fractional nonclassical diffusion equa-
tions driven by nonlinear colored noise on RY, Nonlinearity, 32 (2019), 4524-4556.
https://doi.org/10.1088/1361-6544/ab32d7

Q. Zhang, Y. N. Li, The critical exponent for a time fractional diffusion equation with nonlinear
memory, Math. Methods Appl. Sci., 41 (2018), 6443—6456. https://doi.org/10.1002/mma.5169

Q. Zhang, Y. N. Li, The critical exponents for a time fractional diffusion equa-
tion with nonlinear memory in a bounded domain, Appl. Math. Lett., 92 (2019), 1-7.
https://doi.org/10.1016/j.am1.2018.12.021

N. H. Tuan, V. V. Ay, R. Xu, Semilinear Caputo time-fractional pseudo-parabolic equations, Com-
mun. Pure Appl. Anal., 20 (2021), 583-621. https://doi.org/10.3934/cpaa.2020282

R. Gorenflo, A. A. Kilbas, F. Mainardi, S. V. Rogosin, Mittag-Leffler Functions, Related Topics
and Applications, Springer, Berlin, 2014. https://doi.org/10.1007/978-3-662-61550-8

F. Mainardi, On the initial value problem for the fractional diffusion-wave equation, in Waves and
Stability in Continuous Media, World Scientific, Singapore, 1994, 246-251.

R. Servadei, E. Valdinoci, Variational methods for non-local operators of elliptic type, Discrete
Contin. Dyn. Syst., 33 (2013), 2105-2137. https://doi.org/10.3934/dcds.2013.33.2105

Q. Zhang, H. Sun, The blow-up and global existence of solutions of Cauchy problems for
a time fractional diffusion equation, Topol. Methods Nonlinear Anal., 46 (2015), 69-92.
https://doi.org/10.12775/TMNA.2015.038

, ©2023 the Author(s), licensee AIMS Press. This
R is an open access article distributed under the

Elec

Eﬁ AIMS PI’GSS terms of the Creative Commons Attribution License

(http://creativecommons.org/licenses/by/4.0)

tronic Research Archive Volume 31, Issue 5, 2555-2567


http://dx.doi.org/https://doi.org/10.1007/s00245-019-09650-6
http://dx.doi.org/https://doi.org/10.3934/cpaa.2012.11.1231
http://dx.doi.org/https://doi.org/10.1088/1361-6544/ab32d7
http://dx.doi.org/https://doi.org/10.1002/mma.5169
http://dx.doi.org/https://doi.org/10.1016/j.aml.2018.12.021
http://dx.doi.org/https://doi.org/10.3934/cpaa.2020282
http://dx.doi.org/https://doi.org/10.1007/978-3-662-61550-8
http://dx.doi.org/https://doi.org/10.3934/dcds.2013.33.2105
http://dx.doi.org/https://doi.org/10.12775/TMNA.2015.038
http://creativecommons.org/licenses/by/4.0

	Introduction
	Preliminaries
	Finite time blow-up and global existence
	Conclusions

