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Abstract: In this paper, it is assumed that the Forchheimer flow goes through a semi-infinite cylinder.
The nonlinear boundary condition is satisfied on the finite end of the cylinder, and the homogeneous
boundary condition is satisfied on the side of the cylinder. Using the method of energy estimate, the
structural stability of the solution in the semi-infinite cylinder is obtained.
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1. Introduction

The Forchheimer model equation describes the flow in a polar medium, which is widely used in
fluid mechanics (see [1,2]). Increasing scholars have studied the spatial properties of the solution
to the fluid equation defined on a semi-infinite cylinder, and a large number of results have emerged
(see [3-9)).

In 2002, Payne and Song [3] have studied the following Forchheimer model

blulu; + (1 +yTu; = —p; + gT, in Q x {t > 0}, (1.1)
u; =0,in Qx{tr> 0}, (1.2)
O,T +u;T; = AT, in Q x {t > 0}, (1.3)

where i = 1,2,3. u;, p, T represent the velocity, pressure, and temperature of the flow, respectively. g;
is a known function. A is the Laplace operator, y > 0 is a constant, and b is the Forchheimer coefficient.
For simplicity, we assume that

gigi < 1.

In (1.1)—(1.3), Q is defined as

Q= {(X1,X2,X3)'(X1, X) €D, x3 2 0},
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where D is a bounded simply-connected region on (xi, x,)-plane.
In this paper, the comma is used to indicate partial differentiation and the usual summation convec-

2
tion is employed, with repeated Latin subscripts summed from 1 to 3, e.g., u; ju; ; = 33 (ai) . We

i.j=1 \ Gy
also use the summation convention summed from 1 to 2, e.g., Uy gite g = Zi,ﬁ:l (%)2.
The Eqs (1.1)—(1.3) also satisfy the following initial-boundary conditions
ui(xy, x2, x3,1) =0, T(x1, x2,x3,1) =0, 0n D X {x3 > 0} x {t > 0}, (1.4)
ui(xy, x2,0,1) = fi(x1, x2, 1), on D x {t > 0}, (1.5)
T(x1,x2,0,1) = H(xy, Xx2,1), on D X {t > 0}, (1.6)
T(x1,x2,x3,0) =0, (x1, X2, x3) € Q, (1.7)
jul, IT| = O(1), |usl, VT, |pl = o(x3"), as x; — co. (1.8)

where f; and H are differentiable functions.

In this paper, we will study the structural stability of Eqs (1.1)—(1.8) on Q by using the spatial decay
results obtained in [3]. Since the concept of structural stability was proposed by Hirsch and Smale [10],
the structural stability of various types of partial differential equations defined in a bounded domain has
received sufficient attention(see [11-19]). Some perturbations are inevitable in the process of model
establishment and simplification, so it is necessary to study that whether such small perturbations of
the equations themselves will cause great changes in the solutions. This gives rise to the phenomenon
of structural stability.

If the bounded domain is replaced by a semi-infinite pipe, the structural stability of the partial
differential equations is very interesting and has begun to attract attention. Li and Lin [20] considered
the continuous dependence on the Forchheimer coefficient of Forchheimer equations in a semi-infinite
pipe. Different from the studies of [11-19], we should consider not only the time variable but also the
space variable. Therefore, the methods in the literature cannot be directly applied to the semi-infinite
region. Compared with [3], we not only reconfirmed the spatial decay result of [3], but also proved the
structural stability of the solution to b and .

We also introduce the notations:

Q, = {(r, 22 )61, 02) € Doy 2 22 0},

D, = {(Xl, X2, X3)|(X1, X2) € D, x3 =z 2 0},
where 7 is a running variable along the x3 axis.
2. A prior bounds
First, to obtain the main result, we shall make frequent use of the following three inequalities.

Lemma 2.1.(see [21]) If ¢ is a Dirichlet integrable function on  and fg ¢dx = 0, then there exists
a Dirichlet integrable function w = (wy, w,, w3) such that

wii=¢, inQ, w; =0, on 0Q,
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and a positive constant k; depends only on the geometry of Q such that

fWi,jWi,jdXS ki f(wi,,-)2dx.
Q Q

Lemma 2.2.(see [3,4]) If ¢|0D — 0, then

Pl f $*dA < f ¢ b odA,
D D

where A is the smallest positive eigenvalue of
M+ A9 =0, inD, =0, ondD.

Here A, is a two-dimensional Laplace operator.

Now, we give a lemma which has been proved by Horgan and Wheeler [4] and has been used by
Payne and Song [6].

Lemma 2.3.(see [3,4]) If ¢ is a Dirichlet integrable function and ¢'6D =0,¢ — oo (as x3 > 00),

[ ordx <ol [ 00,4
Q, Q,

where k, > 0.
Lemma 2.4. If ¢ € C,(Q), then

f l°dx < A( f 6:0:dx)
Q, Q,
3 4

where [22,23] have proved that the optimal value of A is determined to be A = 2—17(1) .

Using the maximum principle for the temperature 7', we can have the following lemma which has
been used in Song [5].
Lemma 2.5. Assume that H € L*(£)), then

sup |T| < Ty,
Qx{r>0}

where Ty = SUPgy (0, H-
Second, we list some useful results which have been derived by Payne and Song [3].
Payne and Song have established a function

t t t
P(z,t) = f f (& — )T, T dxdn + a f f lul*dxdn + a, f f (1 +yT)lul*dxdn, 2.1)
0 JQ, 0 JQ, 0 JQ,

where a; and a, are positive constants. From Eqs (3.27) and (3.36) of [3], we know that
P(z.1) < P0,0e”, P(0,1) < ky(1), (2.2)

where kj is a positive constant and k4(?) is a function related to the boundary values.
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Combining Eqgs (2.1) and (2.2), we have the following lemma.
Lemma 2.6. Assume that H € L*(Q) and fD fdA =0, then

! ! ~
a f f lul*dxdn + a, f f (1 + yDlulPdxdn < ky(t)e % .
0 Ja, 0 JaQ,

In order to derive the main result, we need bounds for ||u||?, .. and |ju|]’

2(Q) 2Q)°
Lemma 2.7. Assume that f; € H'(Q), H, H e L™(Q), fo3dA 0 and f,, —vf; = 0 then

b f lulPdx + f lul>dx < ks(7),
Q Q

Proof. To deal with boundary terms, we set .S = (§,5,,953), where

where kq(?) is a positive function.

S, = fie "B,y > 0.

Using Eq (1.1), we have

f |Blatlie; + (1 +yT)u; + p = giT |(ui = S )dx = 0
Q

Using the divergence theorem, we have

b f luPdx + f (1 +yDul*dx=b f lue|u;S i dx + f (1 +yT)u;S idx
Q Q Q Q
—fgiTuidx+fgiTSidx.
Q Q
Using the Holder inequality and Young’s inequality, we have
b f ;S idx < b f juPdx)’( f ISPdx)’
Q
_3b81f|u| dx + bsl flSl dx,

f(l +yT)u;S idx < —f(l +yDuldx + (1 +yTM)f|S|2dx,
1
—fgiTu,-de \/TM f(l +)/T)|u|2dxfg,-gidx)2
Q Q Q

1 T
<~ f(l + yT)Iulzdx + L fg,-gidx,
4 Ja Y Ja
fgiTSidx <Twm f |g:S ildx.
Q Q

Inserting Eqs (2.5)—(2.8) into Eq (2.4) and choosing that &, = % we obtain

flul dx+f(1+yT)|u|2dx< ~bey f|5| dx+2(1+yTM)f|S|2dx

(2.3)

(2.4)

(2.5)

(2.6)

2.7)

(2.8)
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2T
il f gigidx + 2Ty f |2:S ildx.
y

Q Q

After choosing

2
ks(t) = =be|? f ISPdx +2(1 + yT) f |SI*dx
3 Q Q

2T
+ =2 gigidx + ZTMf |g:S ildx,
Y Ja Q

we can complete the proof of Lemma 2.7.
3. Important lemma

In this section, we derive an important lemma which leads to our main result.
Assume that (u;, T*, p*) is a solution of Eqs (1.1)—(1.8) when b = b*. If we let

Di=uj—u;, 2=T-T", n=p-—p',b=b->",
then (D,, X, n) satisfies

[D1lulu; — bolu™u:] + (1 + yT)D; + yZu; = —m; + g2, in QX {t > 0}
Di,i =0,inQx{t>0}
atﬁ + M,‘Z’l’ + Z)l’T::- =AX,in QX {l’ > 0},

b

b

D;=0,2=0,0n0D X {x3 >0} x{t> 0},

Di=0,2=0,onDx{t>0},
2(x1,%x2,x3,0) =0, in Q
lul, [Z| = 0(1), D5, IVE, In| = o(x3"), as x3 — oo.

We can have the following lemma.

(2.9)

(2.10)

3.1
(3.2)
(3.3)
(3.4)
(3.5)
(3.6)
(3.7

Lemma 3.1. Assume that (D, Z, 7) is a solution to Eqgs (3.1)—(3.6) with fo3dA =0,H € L™(Q)

and the boundary data (e.g., H) satisfies Eq (3.21), then
* 8 72 _kL
Oz, 1) < my| - 2.0 D]+ mb’e s,

where ng is the maximum of n6(7) and ne(1), n7(¢) will be defined in Eq (3.39).

Proof. We define an auxiliary function

!
DO(z,1) = f f e‘””ﬂﬂgdxdn,
0 Jo,
where w > 0.

Using the divergence theorem and Eq (3.1), we have

!
O(z,1) = — f f e ¢ — m;Didxdn
0 Ja,

(3.8)
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! t
= f f e (& — 2)Dj[bilulu; — balu|u; 1dxdn + f f e (¢ - 21 +yT)D;Didxdn
0 JQ, 0 JQ,

t t
+)/f f e‘”"(f—z)DiEufdxdn—f f e (€ — 2)DigiZdxdn. (3.9)
0 JO, 0 JO,
Since

b +b

Dbl = bl | = =Dl + ;| + =—— D el — "1 |
b by +b

= > s+ | 2 )+ || DD,

b1+b2
+

2l = 1] [+ )

from Eq (3.9) we have

(I)I(Z’ l') b] 1‘ b2 f f —wn(ég Z)[lul + |u*|]D D dxdn + f f g‘u)’](f - Z)(l + VT)Z)IZ)dedU
0o Ja,
f f (g — Z) leeue; + |o*|u; ]Z) dxdn
bl + b, ﬁ L —wn(é‘; Z) lu| — |u*|] [|u| + Iu*l]dXdﬂ

y f | ee - onmuaxan - f f (g — 2)Dyg S, (3.10)
0 Ja,

Using the Holder inequality, Young’s inequality and Lemma 2.6, we obtain

b
—ff “M aalu; + | | Dy xel
1 1

> ——( f f “Mu|D;Dydxdn) ( f f “Muf dxdn)®
+——(ffe‘“’”|u*|i),~1)idxd772 ff M| dxdnE

2V Jo Ja,

b1+b2 ! _ N
et W I RN X

4 f f e luf* + lu° P |dxd

b1+b2 Q, T

b1+bsz _ ,7 8h? e
e “Nu| + u Z)iZ),-dxd ———Fku(De 5. 3.11
o Jo | | + |u”* n aror o) 4(0) (3.11)

Using the Holder inequality, Young’s inequality and Lemmas 2.3 and 2.7, we obtain

ff D) Tut dxdn>—yf flu 1D Dydx)’ flu Pdx)* f24dx)4d
Q,
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1

> —y~ks(t)ka f te-w'f( f Iu*li)ii),-dx)%( f %% dx) dn
Q.

bi+b
L sz M| D, Dydxdn

4 \/k Dk
_ 4 Vk0k f f ™3 3 dxdn, (3.12)
by + b, 0 Ja,

! 1 ! ) 1 !
- f f e D,gXdxdn > —= f f e (1 + yT)DDydxdn — — f f e “S%dxdn.  (3.13)
0 Jo, 2 Jo Q. 2y Jo Q.

Calculating the differential of Eq (3.10) and then inserting Eqs (3.11)—(3.13) into Eq (3.10), we
have

0 by + b, ! —w N 1 ! o
—o P10 > = el + ") | DiDidxdn + > (1 + yT)D:Didxdn
Z

4y’ Vks(Dky \/ks(f)kz f f —wﬂzzdxdn—— f f “"’szxdﬂ
bl + bz

8
a(by + by)

ka(t)e” 5, (3.14)

where we have dropped the fourth term of Eq (3.10).
Similarly, we have

! 1 t !
Dy(z,1) = —f f e XX 3dxdn + 3 f f e‘“’”ug,szxdn + f f e DT Edxdn
0 JQ, 0 JQ, 0 Jo,

= Dy1(z, 1) + Dyo(z, 1) + Pa3(z, 1). (3.15)

Using the divergence theorem and Eq (3.2), we have
1 f
Oy(z2,1) = f (€ — 2)22dx + f f eI(E — z)[ w3 + 3%, |dxdny
2 Q. 0 Ja,

t
—f f e NE - 2)DX, T dxdn. (3.16)
0 Jo.

Using the Holder inequality and Lemma 2.5, we have

! 1 f 1 !
- f f eI, T dxdn > —= f f ¢S X idxdn — =T%, f f D Didxdn.  (3.17)
0 Jo, 2 Jo Q. 2 0 JQ,

Calculating the differential of Eq (3.16) and then inserting Eq (3.17) into Eq (3.16), we have

0 1 1
_(9_Z(D2(Z’ t) = Ee -t f szx+f f wZz + 22 DY ]dxdn

——Tsz (1 + yT)D;Didxdn. (3.18)
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Now, we define

9 2 0 0
~5:0@0 = ST = g+ | - Fee o] (3.19)

Combining Egs (3.14) and (3.18), we have

0 b] + bz ) ftf _ 1 2 ! _
——®d(z, 1) > T e “Nu| + u*||D;Didxdn + —T f f e (1 + yT) D, D;dxdn
0z 4y M Q, [ ] 2y M Jo Q

1 -t 2 ' -w 1 2 1
+ Ee L:2 dx+f0 fgze "[EwZ +§2’i2’i:|dXdT]

8y vk (" 1 t
_ 8y Vks(Dk, f ¢SS dxdn - —Th f f e 1S dxdn
Q. Y 0 Jo,

b] + b2 0
16b> .
-T2 k(e 5. (3.20)
ary(by + by M

Choosing w > %Tfl and the boundary data (e.g., H) satisfies

8’)/ Vks(l)]Q 1
—_— < - 3.21

bi+b, 4 G20
from Eq (3.20) we obtain

0 by + b, 2 ftf _ 1 2 ! _
——®d(z, 1) > T e “Nu| + u*||D;Didxdn + —T e (1 + yT)D,D,dxdn
oz by My Jo | | 2y " Jo Ja,

1 —wt 2 ! —w 1 2 1
+ 56 L Xdx +L LZ e U[sz + ZZJZJ]dXdT]

16b>
ary(by + by)

T2 ka(t)e 5. (3.22)

Integrating Eq (3.22) from z to co, we obtain
bl + b2
dy

1 !
+ —Tl%,,f f e (¢ -2)(1 +yT)D:D;dxdn
2y 0 JQ,

1 —wt 2 ! ) 1 2 1
+ Ee Lz(f —2)X%dx + f(; L e (¢ - Z)[sz + ZZ,iZ,i]dxdn
16b>
ayy(by + by)

!
O(z,1) > Tflf f e (¢ - z)[lul + |u*|]1),-1),~dxd77
0 Ja,

ks T2 ky(t)e 5. (3.23)

We note that

Z 31)3 Z
D3dA = | D3dA + —dAd¢ = — D, 0dAdE = 0.
D. D 0 Jp, 03 0 Jb;
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According to Lemma 2.1, there exists a vector function w = (wy, w,, wz) such that
wi;i=D3, inQ; w; =0, ondQ.

Therefore, using Eq (3.1) we obtain

2 2 ! 2 !
—T,%ltl)l(z, ) = —Tl%,,f f e “nw;dxdn = ——Tﬁ,,f f e it widxdn
Y Y 0 Ja,

%TZ f f [brlulu; = baolu"uf] + (1 + yT)D; + yZu; — g;Zfwidxd.
Since
|bluel; = ol Jw; = §[|u|ui T A a4 ) PO
e
= E[|u|u,- + Iu*lu;"]wi + bit b2[|u| + |u*|]1),-w,-
by + by ;= up)(u; + u3)
: R e CRLL
§[|u|u, e o + 2 ;b2[|u| + (| Dw,
+ P22 DI,
we have

t . ’5 t
f f e blulu; — balu*|u} |widxdn < 5 f f “M aalu; + | |widxd
0 Q, 2
L bith
Lt fo "l + lu* | Dowidxdy
by +b
=5 zf f ¢ lul + | IDlwld:xdr.
2 0 JO,

(3.24)

(3.25)

Using the Holder inequality, Lemmas 2.2, 2.3, 2.1, 2.7 and 2.6, and Young’s inequality, we obtain

f f el + 0" o [wid xel
b t 2 1
S—fe“"”[f[lul3+|u| dx3 f ww, dx‘
0 Q. Q.
t 2 1
fe“"”[f[lul3+|u| dx3 fwwdxﬁ
0 Q. Q

1

(wiwi)de] 6d77

\S]

<

i

SN

5
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l; ‘/\E | fg Z |l + |u*|3]dx]%[ fg | w,-,aw,-,c,dx]é

: [fg Wi Wi, jdx]%dn

b\/k_z _“”7 f |u|3 + |u* | dx % f w,]wljdx %
Q. Q.

b\/k_w/_ Con 3 L
<=7 J [f[|u|+|u|]dx]

~[fQ[|u|3+|u| xl fz)2dx

72 ‘3/2 1 !
< P05 f f Ml + ' |dxen + ‘f f e Didxdn
0 Ja, 2 Jo Jo.

a1

b2\3/2k Dkokiky(t) = 1 [
< s(Dkaki 4() - _f f e™ (1 + yT)D3idxdn.
2abaA 2 Jo Ja.

Using the Holder inequality, Lemmas 2.3, 2.1 and 2.7, and Young’s inequality, we obtain

by +b
L sz " lul + || Dowidxdn
b, +b ! 1 1 1
Lrh f e f ulDDidx|| f uPdx]'| f (w,w)zdx4
2 0 Q.
b 1 1
Lt 2fe-w"[ w|DDidx]’ flu Px| [f(w,w)dx
2 0 Q, Q,
b b ! 1 1
1 F 2\4/k2k5(tf _“”’ f IuIZ')Z)dx2 fwi,jw,-,jdx]zdr]
0.

b b 1 |
1+ 2 VJhaks (1) f o f | DDy | f wiwijdx| dn
< b +b2 N klkzks(f)f f e—wn |u| + |u*|]DiDidXd77
4 0 Jo,
by +b f
+ “2’ 2 fierlaks(d) f f 11 + yT)D2dxd.
0 Ja,

Using the Holder inequality, Lemmas 2.4, 2.1 and 2.7, and Young’s inequality, we obtain

by +b
1+ 2 f f " luel + lua*[|IDlIwldxey

b] + l’)z _ 1 3 3 3 1
< ol | 1DDidx|[ | wlax] [ | wiwidx|*dy
Q, Q, Q,

b b 1 1 1
Lt 2fe_“”7 f IDiZ)idxz flu*l3a’x3 f(ww,) dx°
Q. Q.

(3.26)

(3.27)
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ks(t ! 1 1
< (b + by) 3/L)‘G/Kf e_“”’[f Z)ii)idx]z[f wi,jw,-,jdx]zdn
b 0 Q. Q,
!
b ;bz i/klkg(”% f f e (1 + yT)D,;D;dxdn. (3.28)
0 Ja,

Inserting Eqs (3.26)—(3.28) into Eq (3.25), we have

*) % b2 v 2k5(t)k2klk4(t)
[1lulus = bolu” Vs |widdxdy < —
2aVba

b b

LY O e ka(Des f f {ul + lu*[| DDl xeln
1

[bl + bz 3 k1k5(t) \/— bl ;—bz 4](2](5(1) + 5]

f f (1 + yT)D,D;dxdn. (3.29)

Using the Holder inequality, Young’s inequality and Lemmas 2.5, 2.2, 2.1, 2.7 and 2.3, we have

, ; t 1
f f e (1 +yT)Diw;dxdn < (1 + yTM)[f f e (1 + yT)Z),-Z)idxdnf f e_“”7w,-widxd)7]2
0 Jo, 0 Jo, 0 VO
1+9yTw)p [ t :
< S [ e ynpodudy [ [ e o mdudn]
Va 0 Ja, 0 Jao.

1+ yTa) Vi [ ’ :
< (A +yTw) Vi M)\/_l[ f f e (1 + yT) D, D;dxdn f f e‘””l)%dxdn]z
Va 0 Jo. 0 Jo

1+yTw)Vk ("
SU+y M)‘/_lffe—wn(l+,yT)DiDidxdn, (3.30)

! 1 1
7ff My Xu dxdn<yf “”7 f(u )2dx ’ f24dx)4(f(w W;) de dn
0 Jo,

1

S)/\/k5(t)k2f e_‘”” f pIH dx i f wljwljdx) dn
0 Q.
! 1 1
< v Vks(Dkaky f e f % dx)’( f Didx)’dn
0 Q.

4 Q,

yks(Dkok f

< M[l f f NS 5 dxdn
1 !

+-Ty f f e~I(1 +yT)Didxdy). (3.31)
Y 0 Jo,

! k 1 !
ffe“””wiﬁgidxdnﬁ v [—Tilffe_‘”"(l+yT)Z)§dxdn
0 JQ. Tywty 0 Ja,
!

N f f e~ dxdn|. (3.32)

4 Jo Ja.
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Inserting Eqs (3.29)—(3.32) into Eq (3.24), we obtain

2 — by + b,)T? (!
ZT2,0,(z,1) < my(Hb*e +nz(t)-M f f | lul + ||| D:Didxdn
Y 4y 0 Jo,

T2 t
+ n3(1) - 2—1‘; f f e (1 + yT) D, D;dxdn
0 Jo.

1 [ 1 !
+ ny(t) - 1 f f e e L X idxdn + ns(t) - Za) f f e~ 132 dxdn.
0 JQ, 0 JQ

where
\/2k Tokik )
me) = SORABD 1) = 24kt
7 2aVbA
1
ns(t) = 2[b1 ;bz X klk;(t) YA+ er b2 ke + 5]
2(1 +yTw) Vki N 2 \[yks(Dkaki Ty N sz | kiy
\/z Y Y M TMU)’
2 ks lak T 1., [&
na(t) = Yks(Dkaky s ns(t) = 212, v
Y Y Tyw

(3.33)

Now, we begin to derive a bound of ®,(z, f) which has been defined in Eq (3.15). Using the Holder

inequality, Young’s inequality, Lemmas 2.7 and 2.3, we have

(D21(Z,t)<— ff 1SS dxdn + wff ”"szxdﬂ
(D(r)<1f w(f d)l(fz“d)d

Z, e X X 7]
22 2 o o

< \2ks(Hk, - —ff Y X idxdn,

2y 2 —w 2 1 t —wnpy2
Oy3(z,1) < [ —|5=T f f e (1 + yT)D3dxdn + —wf f e "X dxdn).
. w [27 M 0 Jao, : 4 0 Ja, ]

Inserting Eqs (3.34)—(3.36) into Eq (3.15), we obtain

Dy(z,1) < [L\/_ + 2ks(Dks | - i f f ¢S 3 idxdn

1 [2
+[ —7 —a)ff ~1Y2dxdn
1/ f f (1 + yT)D3dxdn.
27

Combining Egs (3.19), (3.22), (3.33) and (3.37), we obtain

01 < o] = -0 0] + 1B,

Electronic Research Archive Volume 31, Issue 3,
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where

2 I 2 I
() = max ny(0), ma(0) + \/g )+ =+ w/%,m(r) t ot V2ks(0k2),
16

_ 2
nq(t) = ary by + o) Ty ka(tneg(t) + ny(2). (3.39)

4. Continuous dependence on the coefficient b

In this section, we will analysis Lemma 3.1 to derive the following theorem.
Theorem 4.1. Let (u;, T, p) and (u;, T*, p*) be solutions of the Eqs (1.1)—(1.8) in Q, corresponding
to by and b,, respectively. IffogdA = 0, Equation (3.21) holds and f, ,—v1f5 = 0, H € L*(Qx{t > 0}),
then
w;, T) = (u;, T"), as by — b,.

Specifically, either the inequality
b] +b2 ) ftf _
T e (& - 2)|lul + lu”||D;D;dxdn
4y M 0 Ja, [ ]
1 !
+ —T@f f e (& - 2)(1 + yT)D;D,dxdn
2y 0 Jao.
—wt 2 ' —w I o, 1
—e (& - 2)X2dx + eE - )| wE? + <33, |dxdy
Q. 0 Ja. 4 4
—%Z

16b> - 1. — (D)
< ———— T kiDe B + bPns(De 6 + bP——z¢ "
ary(by + by) sTka(e & nr(t)e "o ng “r

1

holds, or the inequality

bl +b2 ) ! —w "
Iy Ty f f e ”(§—z)[lu|+lu I]D,-D,-dxdn
+ —T2 f f (¢ — 2)(1 +yT)D;D,dxdn

1
s [e-ovars [ [ eoe-ofjents sy
o, 0 Jo. 4 4

165> PR -1 n(?) e
< ——— IsT k(e S + bPns(t)e +b2—b sDe B —e %]
ayy(by + by) 3w ’ 6( o
holds.
Proof. Using Lemma 3.1, we have
0 1
—{oG, e G = b2”7( ) 50, 4.1)
0z n:

6
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Now, we consider (4.1) for two cases.
L If ng = k3, we integrate Eq (4.1) from O to z to obtain

(t) S

Oz 1) < DO, e o + P 0w (4.2)
ng
IL. If ng # k3, we integrate Eq (4.1) from O to z to obtain
2 7(t) _,LZ _L*Z
DO(z,1) < OO, t)e 5+ b —1b3(t)[e BY—e " ]. 4.3)

nﬁ(ﬁ - E

From Eqs (4.2) and (4.3), to obtain the main result, we can conclude that we have to derive a bound
for (0, r). We choose z = 0 in Lemma 3.1 to obtain

®(0,1) < g - ‘Zif(o, 0|+ b*nr(0). (4.4)

Clearly, if we want to derive a bound for ®(0, 7), we only need derive a bound for —%—T(O, ). To do
this, choosing z = 0 in Eq (3.19) and combining Eqgs (3.8) and (3.15), we have

D

———40 )—-—Tzvf.]‘ “IrDsdAdn — Jﬂvf “U1YY sdAdn
+—fj>ﬂ%ﬁ%@+fj?ﬂ@ﬂﬁmw. (4.5)
2OD 0 JD

In light of the boundary conditions (3.4)—(3.6), from Eq (4.5) we can know that
oD
—-—— (0,1 =0. (4.6)
0z
Inserting Eq (4.6) into Eq (4.4), we obtain
(0, 1) < b*y(t). (4.7)

Therefore, from Eqs (4.2), (4.3) and (4.7) we have

~ Sl —ng(f) -ie
@@oswmmeﬁ+wﬂgw%iﬁ@:@, (4.8)
n

6
%b (B[e” 5 _ e e’ 1, if nf # ks. 4.9)

1
D(z,1) < BPny(t)e s + b 1
Ng

k3

Combining Egs (3.24), (4.8) and (4.9) we can complete the proof of Theorem 4.1.

Remark 4.1 Theorem 1 shows that the small perturbation of Forchheimer coefficient will not cause
great changes to the solution of Eqgs (1.1)—(1.8). Meanwhile, Theorem 1 also shows that the solutions
of Egs (2.12)—(2.21) decay exponentially as the space variable z — oo.
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5. Continuous dependence on the coefficient y

This section shows how to use the prior estimates in Section 2 and the method in Section 3 to derive
the continuous dependence of the solution on y. Assume that (u;, T*, p*) is a solution of Eqs (1.1)—(1.8)
with y = y".

If we also let

Di=u—-u,L=T-T", n=p-p",y=y—-v,

then (D, X, m) satisfies

Dllulu; — [u”|u;] + YTu; + yoXu; + (1 + yTHD; + yZu! = —7m; + g2, in Q x {t > 0}, (5.1)
D;;=0,in Qx{t> 0}, (5.2)

OX +uZ;+DT; =AZ, in Qx{t >0}, (5.3)

D;i=0,2=0, ondD X {x3 > 0} x {t > 0}, (5.4)

Di=0,2=0,0nD x{t> 0}, (5.5

2(x1,%2,x3,0)=0,in Q (5.6)

lul, |Z| = O(1),|Dil, [VEl, In] = o(x3"), as x3 — oo. (5.7)

We also define ®,(z, ) as that in Eq (3.8). Similar to Eq (3.10), we have
b t t
(Dl(Z, t) = 5 f f e—wﬂ(é: - Z)[lul + |u*|]Z),Z),dxa’n + f f €_wn(f — Z)(l + }/ZT*)D,D,dXdU
0 Ja, 0 Ja.
42 f t f e - 2)lul - || [l + lu* ey
2 Jo Ja.
! !
+ sz f e” (& — 2)D;Zu; dxdn —f f e (& — 2)DigiZdxdn
0 Jo, 0 JQ

t
+37f f e (¢ — 2)Tu,Ddxdn. (5.8)
0 Jo.

Using the Holder inequality, Young’s inequality and Lemmas 2.5 and 2.6, we obtain

f f "N u;Didxdn > —= f f “My;udxdn — —f f N 4+ Y. THDD,dxdn

ka(t i
24()T2372 f f (] 4y, TD,D,dxdn, (5.9)

Combining Egs (3.12), (3.13), (5.8) and (5.9), we obtain
!
——d)l(z, 1> —f f —en |u| + |u* I]Z)Z)dxdn + 2f f e (1 + v, THD;D:dxdn
0 Jo,

4 \/k Nk
72 sk f f e L X idxdn - —f f ~nY2dxdn
k4(f)

2T, (5.10)
2612
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Inserting Eqgs (3.18) and (5.10) into Eq (3.19), choosing w > T and the boundary data satisfies

8(y")* Vks(Dk, _ 1
<7 (5.11)

we have
9 b, (" _ 1 " .
——D(z,0) > —T4 e lul + || DiDidxdn + —=T 11 + v, T)D,D,dxdn
0z A r") Q,

1
fzzdx+ff “”’7 w22+422]dxd77

k“(’) T Fe® (5.12)
26127

Integrating Eq (5.12) from z to co, we obtain
b 2 ' —W * 1 2 ' —w %
D(z,1) > —Ty N = 2)|ul + || DiDidxdn + — T, e 11 + v, TH)D,D,dxdn
Y 0 Jo, r") 0 JQ

I ’ ! ! ~
b e f <§—z)22dx+f f eNE = | g + 738, |dd
0 JO, 4 477

k4(f)

ks Ty y e & (5.13)
24 2Y*

Similar to the calculation in Eqgs (3.33) and (3.37), we can get
D(z, 1) < ng(t)| — g@(z, D]+ nybe s, (5.14)
Z

for ng (1), n% (1) > 0.
After similar analysis as in the previous section, we can get the following theorem from Eq (5.14).
Theorem 5.1. Let (u;, T, p) and (u;, T", p*) be solutions of the Egs (1.1)—~(1.8) in Q, corresponding
to by and b,, respectively. Iffo3dA = 0, Equation (5.11) holds and f, ,—v1f5 = 0, H € L™ (Qx{t > 0}),
then
w;, T) = (u;, T"), as by — b,.

Specifically, either the inequality

b !
— T f f eNE = 2)|lul + ||| DyDydxdn
Y 0 Jo,

!
+ 2 T]%/I f f e_w”(f - Z)(l + ’}/*T*)Z),Z)ldxdn
(") 0 Jo,
—wt 2 ! —w 1 2 1
3¢ (& - )%2dx + e (e — z)[—wZ + S2%|dxdn
Q 0 Jo. 4
ka(t) | 4o —= , n(f) -i:
< kT 3
2612’)/ My € n6
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holds, or the inequality

b 1
T f f ¢E ~ 2)|lul + lu’| | D Dydxdn
Y 0 Jo,

+ #Tﬁf f e (¢ - 2)(1 +y'THDDidxdn

f (¢ — )X %dx + f f (¢ — z) w22+ ZZ]dxdn

ka(t
“()kﬂfwe 4P + T 7()

< - -
2ayy* 6(— — —)

by(D)e 5 — ¢ ]

holds.
6. Conclusions

In this paper, using a priori estimates of the solutions, we show how to control the nonlinear term,
and obtain the structural stability of the solution of the Forchheimer equation in a semi-infinite cylinder.
Meanwhile, the spatial decay results of the solution are also obtained. The methods in this paper can
bring some inspiration for the structural stability of other nonlinear partial differential equations.
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