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1. Introduction and main results

1.1. Background

In the past two decades, many attentions have been devoted to the investigation of the quasi-linear
Schrédinger equation:

i0,z = —Az + W(x)z — I(121)z + yzA(Iz]), x € RY, (1.1)

where z : RY xR — C, W : RV — R is a given potential, vy is a real constant and [ is real functions.
Equation (1.1) appears in various fields of physics (see [1,2]), and is known to be more accurate in
many physical phenomena compared with the semi-linear Schrodinger equation.

i0,z=-Az+ W)z - 1|2z, x € RV.

The additional term yzA(|z|*) appears in various physical models and arises due to:
a) the non-locality of the nonlinear interaction for electron [3],
b) the weak nonlocal limit for nonlocal nonlinear Kerr media [4],
c) the surface term for superfluid film [5].
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In particular, the standing wave solution of Eq (1.1) is also a solution of the form
7(t, x) := exp(—iEt)u(x) with E > 0, we are led to study the following elliptic equation

—Au+ V(x)u + yAwu = f(u), x e RY, (1.2)

where V(x) = W(x) — E and f(¢) := I(|t]*)t. The parameter y represents the strength of each effect and
can be assumed to be positive or negative in different situations.

Notice that, for 7 = 0, the Eq (1.2) is a Schrodinger-type equation, which is fundamental in modern
physics and many other fields, see e.g., [6-11].

1.2. Motivation

In the last decades, scholars have obtained existence and multiplicity of solutions for Eq (1.2)
with vy < 0, based on variational methods. To the best of our knowledge, Poppenberg, Schmitt and
Wang proved the existence of positive solutions for the first time in [12] by means of a constrained
minimization argument. By using a change of variable and converting the quasi-linear Eq (1.2) into a
semi-linear one in an Orlicz space framework, Liu et al. in [13] obtained existence of solutions for a
general case. Subsequently, Colin and Jeanjean chose the classical Sobolev space H'(R") in [14], then
they can use a simpler and shorter proof than [13] to get the same conclusion. We refer the readers
to [15-22] for more results.

For y > 0, in [23], Alves, Wang and Shen used the change of known variables s = H~'(¢) for
t € [0, M], where

H(s) = fs V1 —ydr, (1.3)
0

and H'(t) = —H !(~1) for t € [-M,0). Since y > 0 small enough, Eq (1.3) is well-defined and the
inverse function H!(¢) exists. They established the existence of weak solutions for Eq (1.2) based on
variational methods, for ¥ > 0 small enough and f(u) = |[ul"~u (p € (2, %)).

For the case y = 1, notice that 1 — > may be negative, for this possibility, the change of variables
Eq (1.3) is no longer suitable for dealing with such problems. Recently, in [24] we considered the
existence of a positive solution for Eq (1.2) withy = 1 and A large enough:

—Au+ V(x)u + Aw)u = 1f(u), x e RY, (1.4)

where N > 3, f(¢) € C(R) and superlinear in a neighborhood of ¢ = 0. There is a more in-depth study
of this idea in [25], where treated the case that 4 = 1. However in [24,25], we were mainly interested in
obtaining the existence and multiplicity of solutions for Eq (1.4), leaving nodal properties of solutions
unconsidered.

Motivated by [23—-25] mentioned above, in this paper, we focus on the existence and multiplicity of
sign-changing solutions for Eq (1.4).

Compared with [24], the aim of this paper is two-fold. The first purpose is to investigate the
existence of a sign-changing solution for Eq (1.4). The second aim is to obtain infinite sign-changing
solutions for Eq (1.4) with symmetric condition.
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1.3. Our problem and main results

In this paper, we try to consider sign-changing solutions for the following one-parameter
supercritical quasi-linear Schrodinger equations:

—Au+ V(x)u+ A = Af(u), x € RY,

where N >3, 1> 0and V € CR",R) satisfying:
(Vo): V(x) > Vi > 0 for all x € RY;
(V1): V(x) £ Vy = |llim V(x) = +oo.
We assume that the nonlinearity satisfies the following conditions: f(¢) € C(R);
(f1): there exists a € (2,2%) such that

lim sup
t—0

(f>): there exists B € (2,2%) with 8 > a such that

|t|a—2t

F
fiminf 22 5 0,
t—0 |[|r3
where 2* = % is the critical Sobolev exponent and F(r) = fot f(s)ds;
(f3): there exists 6 € (2,2%) such that
0 < 0F (1) < tf(¢), for |¢| small;

(fa): f(=t) = —f(1), for |t| small.
Remark 1.1. An example of the nonlinearity satisfying (f1) — (f3) can be taken as

f@) = Cll*t + Col™2s,
with2 < @ < 8 < 2" < gand C,, C, are positive constants. Notice that q > 2*, hence our method in

this paper can be used to deal with the supercritical problems.

Inspired by Costa, Wang [26] and Huang, Jia [24], we establish a sign-changing solution for the
following quasi-linear Schrodinger equation

—div(i?(u)Vu) + h(u)h' @)|\Vul* + V(x)u = Af(u), x € RY, (1.5)

where h(f) = V1 —2¢2, for || < V1/6 and f(t) is a modified nonlinearity such that Eq (1.5) possess
variational framework. Next, we show Eq (1.5) has a sign-changing solution by using the methods of
invariant sets. Then, a regularity argument shows an L™-estimate for this sign-changing solution which
depends on parameter A. Finally, take A large enough such that the solution of Eq (1.5) is the solution
of the original Eq (1.4).

Our main results are as follows.

Theorem 1.1. Assume that (Vy), (V1), (fi) — (f3) hold. Then Eq (1.4) possesses at least one sign-
changing solution u € E for all sufficiently large A.

Theorem 1.2. Assume that (Vy), (V1), (fi) — (f4) hold. For any given n > 1, then Eq (1.4) possesses at
least n — 1 pairs sign-changing solutions u € E for all sufficiently large A.

From our results, we obtain the existence and multiplicity of sign-changing solutions for
supercritical problems.
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1.4. Outline of this paper

The outline of this paper is as follows. In Section 2, we describe the modified equation associated
with the Eq (1.4). We are devoted to the proofs of Theorems 1.1 and 1.2 in Section 3.

2. The modified problem

When viewed from the perspective of variational, one of the difficulties in treating Eq (1.4) lies
in without the behavior of nonlinearity at infinity. Hence, we first give the precise definition of the
modified problem.

The conditions (f1) and (f>) imply that there exist positive constants ¢ € (0, %), A and B such that
for =26 <t < 26,
F(1) < Alf|* and F(t) > Bltf’. (2.1)

For fixed 6 > 0, let d(¢) € C'(R,R) be a cut-off function satisfying:

NERTEY
dr) = { 0, if 1| > 26,

ltd’ (1) < % and 0 < d(r) < 1 for t € R. Using the truncation argument introduced by Costa and
Wang [26], we define

F() = d(0)F(r) + (1 - d(t)) Fo (D),

where
F.(t) = Alt|*.

And ]7([) = F'(7). In what follows, we recall the properties of f(t):

Lemma 2.1. [26] If (f1)-(f3) are satisfied, then we get
(1) f € CR,R) and f(t) = o(1) as t — 0;
(2) lim 22 = +oo;

t—+00

(3) there exists C > 0 such that If(t)l < Cl* Y, forall t € R; N )
(4) for all 6 € (0, 1), there exists a constant C5 > 0 such that | f ()] < 6lt| + Cslt !, where Cs = C6z;
(5) for all t # 0, it implies 0 < kF(t) < tf(t), where k = min{«, 6}.

The technique to prove our main results deeply relies on the work of [23, 24, 26]. It should be
pointed out that we need to modify the equation as follows in order to adapt to the variational method:

—div(h*(u)Vu) + h(h' W) Vul* + V(x)u = Af(u), x € RY, (2.2)

where h(f) : R — R is given by

1 1 : 1
—a'f‘% lffﬁ—%,
o ={ VI=22 iffl <,
1 1 : 1
&+76 lfIZTE

Next, we define

H(t):fh(s)ds.
0
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Then, we will state the properties of the variable H~!(¢) after it changes, which plays an important
role in proving our main conclusions.

Lemma 2.2. [23](1) nngH‘T‘(f) =1;
—
(2) lim 0 = 6;

t—+o00

(3)t < H (1) < V6t, forallt > 0, V6r < H™'(t) < t, forall t < 0;

(4) -3 < ﬁ ") <0, forallt e R.

Direct calculations show that if |u|., < min{6, V1/6}, then h(u) = V1 —2u? and f(u) = f(u).
Therefore, our mission is to prove the existence of sign-changing solution u for Eq (2.2) satisfying

lule < min{d, V1/6}.

Note that Eq (2.2) is the Euler-Lagrange equation associated to the natural energy functional

E(u):% f hz(u)IVulzdx+% f V(x)uPdx — A f F(u)dx. (2.3)
RN RN RN

Taking the change variable
v=H®@u) = f h(s)ds,
0

we observe that the functional 7,(x) can be written by the following way

J,l(v):% |Vv|2dx+% f V)IH '(v)Pdx — A f F(H'(v))dx.
RN RN RN

From Lemmas 2.1 and 2.2, we can get that J,(v) is well-defined in E, J, € C'(E,R) and

) oy — H'0) fH )
<]A(V), QO) = fRN VVVQOdX + ‘[RN V(X)m@dx -A ox m@d){f, for all (S E,

where
E ={ue D" *R"): f V(x)u*dx < oo}

RN
1
with the norm [Jull = ( [, (IVul? + V(x)u?)dx)’.

Remark 2.1. From condition (V)), it implies that embedding E — LI(RM)(2 < g < 2*) is compact.
This compact result was firstly introduced by Bartsch, Pankov and Wang [27].

Lemma 2.3. Ifv € E is a critical point of J,, then u = H-'(v) € E and this u is a weak solution for Eq
(2.2).

Proof. Using the fact that H~'(v) € C? and Lemma 2.2, we can show that u = H~!(v) € E through a
direct computation. If v is a critical point for J,, we have that

H\(v) fHO)
LN VVVQOdX + V[RN V(X)h(H_—l(v))Qde -4 . mQOdX = 0, for all @ E E.
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Taking ¢ = h(u)y, where y € C° (RM), in the above equation to get

vaVuh’(u)zﬁdx+f Vth//h(u)dx+f V(x)m//dx—/lf ]T(u)t,//dx:O,
RN N N N

R R R

or

f (—div(h*(u)Vu) + h)h @) Vul® + V(x)u = Af(u)) ydx = 0.
RN
This ends the proof.

To find the sign-changing solutions of Eq (2.2), it is sufficient to discuss the existence of the sign-
changing solutions of the following equation

H'(») f(H*(v))

—Av + V(x)h(H‘l(V)) - Th(H\(v))’ *

e RV, (2.4)

3. Proofs of Theorem 1.1 and Theorem 1.2

In this section, we shall use two abstract critical point theorems based on classical Mountain Pass
theorem and Symmetric Mountain Pass theorem to prove the existence and multiplicity of
sign-changing solutions for Eq (1.4). The two abstract critical point theorems are developed by Liu,
Liu and Wang in [28]. In order to prove Theorem 1.1, we make use of the following notations. Let E
be a Banach space, I € C'(E,R), P,Q C Ebeopensets, M = PNQ,X=0PNAQand W = PU Q.
ForceR, K.={ueE:Iu)=c,I'(u)y=0}and I ={u € E : I(u) < c}.

Definition 3.1. [28] Suppose we have the following deformation properties: if K.\ W = 0, there exists
&o > 0 such that for € € (0, &), there exists o € C(E, E) satisfying
(1)o(P)c P, o(Q) C Q;
(2) olpe—2e = id;
(3) oI\ W) C I
Then, {P, Q} is called an admissible family of invariant sets with respect to I at level c.

To obtain sign-changing solutions for Eq (2.4), the positive and negative cones as in many references
such as [28,31] are defined:

P :={ueE:u>0land P~ :={u€ E:u<0}.
For £ > 0, consider
P! :={ueE :dist(u, P") < e}and P, := {u € E : dist(u, P") < &}.

Now, we are ready to prove that there exists a sign-changing solution for the modified Eq (2.4), and
for this we take P = P}, Q = P, and I = J,.

Lemma 3.1. Assume that (f1) — (f3) and (V) hold. Then the Palais-Smale sequence of J, is bounded.
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Proof. Since {v,} C E is a Palais-Smale sequence, then

1 1 ~
L) == | [VvPdx+ = f V()IH ™ (v,)Pdx — A f F(H™'(v,))dx
2 RN 2 RN RN
=dy + 0,(1)

(3.1)

and for any ¢ € E, (J|(v,), @) = 0,(D|l¢l], that is

H'(v,) fH'V)
jl;N (VVnVQO + V(X)}Z(H_—I(V))QO) dx — ﬂjl;N mQde = On(l)”QO” (32)

Fixing ¢ = H~'(v,)h(H'(v,)), it follows from Lemma 2.2-(4) that

W o ol < (14 01| 1) < 190, (33)
! ST h(H () " = '
Notice that, Lemma 2.2-(3) implies that
IH ' w)h(H™ v,)] < V6l . (3.4)

Combining Eqs (3.3) and (3.4), we have
IH' W)RH @) < V6[Iv,l.

From (J,(v,)), H™' (v, )R(H ™ (v,))) = 0,(D]Iv,ll, we get

_ H'v) o0 ) )
on(Dlvll —fRN (1 + —h(H—l(vn))h(H (V) [1Vval"dx

+ f V(OIH ' (v,)lPdx - 2 f FH )H (v,)dx (3.5)
RN RN
< f IV, 2dx + f VEOIH™ (v,)Pdx - A f FH G )H (v,)dx.
RN RN RN

Therefore, by Eqgs (3.1), (3.2) and (3.5), Lemma 2.1-(5) and Lemma 2.2-(3), we have

kdy + 0,(1) + 0,(DIVall = kJa(vi) = (J3(v)s H v)R(H ™ (v,)))
k=2
>

_2
> — f IanIde+KT f V)IH ™ (v,)Pdx
RN RN

-2
> KTmin{l, Vollvall,

which implies ||v,|| < +co.

Lemma 3.2. Up to subsequence, the Palais-Smale sequence {v,} converges to a critical point vy of J,
with J,(vy) = co.
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Proof. Since {v,} C E is bounded and the embedding E < L*(R") is compact with a € [2,2*), up to a
subsequence, we get

v, — vo weakly in E, v, — v strongly in L*RM), v, = v a.e. in RY.

We rewrite . |
Jov) = = IVvPdx + = f V(x)vidx — f F(x,v)dx,
2 RN 2 RN ]RN

where {
Fx,0) = V) (r2 - |H‘1(t)|2) + AF(H™\(1)).

Using Lemmas 2.1 and 2.2, we have that for all x € RY

1im 2% _ 0 and 1im

t—0 t t—0o0 |l‘|“‘1

Fenl _

—_ 2

dF (x,1)

where ?(x, n ==

Thus, for all 6 > 0, there exists a constant Cg, such that

f ()] < 6l + Colrl™™". (3.6)

From Eq (3.6) and v, — v strongly in L*(R"), we have

lim [ (FGeva) = F(x,v0)) (v = vo)dx = 0.
n—00 JpN
Thus,
0,(1) =(,(vy) = J1(vo), Vi — Vo)

= f (1Y, = v0)P + V(@) = v9)*) dx
RN

- f (Fx,v) = F(x,v0)) (v = vo)dx + 0,(1)

RN
2
>|[v, = voll” + 0,(1),

which implies v, — vy in E and vy is critical point of J,.

3.1. Properties of operator ‘A

We now define an auxiliary operator A as follows: for any v € E, assuming w = A(v) € E is the
unique solution to the following equation

—Aw+ V(x)w = ?(x, V), wE€ E, 3.7

where f(x,v) = A0 — () 0 4 V(x.
We can use the auxiliary operator A to construct a descending flow for the functional J,(v).
Actually, the following three statements are equivalent:
e vis a solution of Eq (2.4),
e v is a critical point of J,(v),

e v is a fixed point of A.
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Lemma 3.3. The operator A is well defined as well as continuous and compact.

Proof. We firstly show that (A is continuous. Assume that v, — v in E. Up to a subsequence, suppose
that v, — v in L*(RY) with s € [2, 2*]. Set w, = A(v,) and w = A(v), we have

—Aw, + V(X)w, = f(x,v), (3.8)

and
—Aw + V(x)w = f(x,v). (3.9)

Testing with w,, in Eq (3.8), by Eq (3.6) we have

lwall* = f F(x, v)w,dx
RN

< Slvallllwall + Csllval ™ llwall.
Then {w,} is bounded in E. After passing to subsequence, suppose w, — w* weakly in E, w, — w*
in strongly L*(RY) with s € [2,2%). From w, — " weakly in E, it is easy to see that w* is a solution

of Eq (3.9) and then w* = w by the uniqueness. Moreover, testing with w, — w in Eqs (3.8) and (3.9),
one has

lw, - wl = fR (Fv) = ) (@, - w)dx. (3.10)

Next, we are ready to estimate the right term of Eq (3.10). Let ¢ € C7°(R) be a cut-off function such
that ¢(¢) € [0, 1] forr € R, ¢(¢r) = 1 for [¢| < 1 and ¢(¢) = O for |t| > 2. Setting

hi(t) = (O f (1), ha(t) = f(t) — hi(D.

By Lemmas 2.1 and 2.2, there exists C > 0 such that |h;(¢)] < C|¢| and |h, ()| < CJt|*~! for t € R.
Then,

f (h(v) = hi(vp))(w — w,)dx + f (ha(v) = ha(vp))(w — wy)dx

(f I (v) = By (v, dx) (f lw — w,|* dX)
( f o (v) = By (v,)]T dX) ( lw — w,|” dX)
RN
< Cllw—wnll[(f I (v) = iy (v,))? dx) (f ha(v) = ha(v,)]7T dX) ' ]
RN

And it implies
(f () = hy (V)P dX) +(f o (v) = ha(v,)]T dx) ]
RN RN

Therefore, we can conclude that ||w — w,|| — 0 as n — oo by the dominated convergence theorem.

RI=

lw — wyl| < C
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Finally, we give the proof of the compact of A. Assume that {v,} is a bounded sequence, we can get
the boundness of {w,} C E due to the continuous of A. Passing to a subsequence, we may assume that
v, — vand w, — w weakly in E and strongly in L*(R") with s € [2,2*). From Eq (3.8), we have

f Vw, Vo + V(x)w,p) dx = f ?(x, v,)edx, for all ¢ € E. 3.11)
RN RN

Taking limit as n — oo in Eq (3.11) yields

f (VwVe + V(x)wp) dx = f 7(x, v)edax.
RN RN

This means w = A(v) and thus

lw, — wl* = fR (Fav) - ) @, - w)dx.

Using the similar method as before, we can get ||w, —w|| — 0, i.e., A(v,) = A(V)in E as n — oo.

Lemma 3.4. There exists gy > 0 such that A(P;) C P, for all € € (0, &y) and every nontrivial solution
v € P_ (v € P}) is negative (positive).

Proof. Due to the similarity of the above two conclusions, we only prove v € P_. Let v € E and
w = A(v), for all g € [2,27], there exists S, > 0 such that

Ivll, = inf |lv —ull, < S, inf |lv —ul| = S ,dist(v, P7).
ueP+ ueP+
Since dist(u, P7) < ||u*||, we have

dist(w, P))llw*|l < llw*|

= (w, w")

= f VoV dx + f V(x)ww*dx
RV RV

_ ?(H-l(v>>w+ "
— Jav W(H1(v))

<C f (5|v+| +C5|v+|"_l)w+dx
RN

-1
< SIV Il + Cslv iy llw ™l

< C(odist(v, P7) + Cs(dist(v, P7)* Hllw*]|.

In consequence,
dist(A(wv),P )< C (6dist(v, P7) + Cs(dist(v, P‘))‘H).

Therefore, if we choose ¢ small enough, there exists &) > 0 such that for € € (0, &), it implies
1
dist(AWv), P7) < zdist(v, P)
for any v € P_. It implies that A(OP,;) C P,. And if v € P_ with A(v) = v, thenv € P".
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Lemma 3.5. (1) (J}(v),v = AW)) > |lv - AW)|)? for all v € E;
2) Il < Clly = AW)|| for some C > 0 and all v € E.

Proof. Because A(v) is the solution of Eq (3.7), we have that

H-!
(Jyw),v —AW)) = fRN WVl — AW))dx + f Vix )h(H 1(( )))( — A(v))dx
fH )
- m(v - ﬂ(v))dx

g
= \[RN WV — AW))dx + f V(x )h(H 1(( ))) (v —AW))dx

H-!
_ f VO H W ( ))) (v — AW))dx + fR VM = AW)dx

- f VAWV — AWv))dx — f V() AW (v — A(v))dx
RN RN

= f V(v — AW))Pdx + f V(x)(v — AW))*dx
RN

RN

= |lv = AW)II”.
For any ¢ € E, we get

H'(v)

)P

(J;(v),@:f VvVgpdx+f V(x)—————
RN

JH )
o WCHTW) Y

_ H'(v)
= LN VvVgodx+f V(x)—h(H o) edx

H-!
- f V(x )h(H 1(( )))(pdx + LN V(x)vedx — (AWV), p)

=(v=AW), @)
< v =AWl

wdx

Lemma 3.6. Forv e E, a <banda > 0, if J;(v) € [a,b] and ||J\(V)|| > e, then there exists B > 0 such
that |lv — AW)|| = B.

Proof. Otherwise, there exists a sequence {v,} C E such that
Jivy) € la, b], V3wl = @, and [[v, — AW,)I| — 0.
But, by Lemma 3.5-(2), we have a contradiction.

Following from [29] and [30], we can construct a locally Lipschitz continuous operator B on E :=
E \ K which inherits the main properties of A.
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Lemma 3.7. The locally Lipschitz continuous operator B : Ey — E satisfying
(1) B(OP}) c P} and B(OP;) C P for g € (0, &));

(2) 5llv = Bl < [Iv = AW < 2llv = B)l| for all v € Eo;

(3) (J (), v =AW)) > %Ilv — AW for all v € E,.

By the proof of Lemma 3.5 in [28] and Lemma 3.7, we have

Lemma 3.8. {P}, P_} is an admissible family of invariant sets of the functional J, at any level ¢ € R.

3.2. Existence of one sign-changing solution

Next, we are ready to construct ¢, satisfying the hypotheses in the Theorem 2.4 in [28]. For
(t,s) € A,vi, vy € Cg"(RN) with supp(vy) N supp(v,) = 0 and v; < 0,v, > 0, define

@o(t, s) := R(tvy + sv7),

here R is a positive constant which be determined later. Actually, for 7, s € [0, 1], ¢o(0, s) = Rsv, € P}
and ¢y(z,0) = Rsv, € P_.

Lemma 3.9. Assume that (Vy), (V1), (f1), (f2) and (f3) hold. Then, for A > 1, problem Eq (2.4) has a
sign-changing solution.

Proof. We shall prove two claims as follows, which will be useful for us to prove Lemma 3.9.
Claim 1. For g € [2,27], there exists §, > 0 independence of & such that [|v||, < 2S5, forv e M =
PN P;.

In order to prove this claim, we consider

el . .
Ivll, = inf [lv = wll, < S, inf [Iv = wil = S ydist(v, P) < S,z

Claim 2. If £ > 0 is small enough then J,(v) > 82—2 forve X =0P. NoP;.
For v € 0P7 N dP_, then
vl > dist(v, P7) = &.

Since |[v¥|l, < S, & and |[v||* = [v*|]* + [[v7|]%, for &€ > 0 small enough, we have

1 .
L) > Euvuz — 8C|vli5 = CslvIl3-

1 o
> 282(E —6C) — CCsS5.6

Next, we are ready to verify the conditions (2) and (3) in Theorem 2.4 in [28]. Notice that p =
min{||tv; + (1 — H)w,], : 0 < ¢ < 1} > 0. Then, from the above Claim 1, we have ¢y(0oA) N M = (. In
fact, for R large enough, if v € ¢y(dpA), we have ||[v||, > pR.

By the definition of F, for any v € ¢y(0pA), denote A = {x : |[v| > 26}, B = {x: |v| < 26}, and let
Vva = V|a, vg = v|g. Then, we have

F(vg) = F(vg) = Clgl’, (3.12)
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F(va) = Fu(va) = Clval®. (3.13)

And then

1 1
Jav) < §||VA||2 + §||VB||2 — CAlall™ = CAvslP

1 1
< E”VAHZ + 5”"3”2 ~ Clvall* = ClivglP,

which togethers with the above Claim 2. One has for R large enough and & small enough,

sup Ja(v) <0 <c,.
VvEP(GpA)

Finally, from the Theorem 2.4 in [28], there exists v € E \ (P; U P,), which is a sign-changing
solution of Eq (2.4).

We observe that the weak solutions of Eq (2.4) with L*-norm less than min{ v'1/6, 8} are equivalent
to the weak solutions of Eq (1.4). Next, we turn to study the L™ estimates of the critical points of J, .

Lemma 3.10. Ifv € E is a weak solution of problem Eq (2.4), then v € L*(RY). Moreover,
Mo < CAZS I, (3.14)

where C > 0 only depends on a, N.

H'W  _ A fH0)

Proof. Let v € E be a weak solution of —Av + V(x) W) WH o) 1€

H'0)  ( fH'W)
fRN VyVedx + fR;N V(x)m<pdx =, Amgodx, forall p € E. (3.15)

Let T > 0, and define
=T, ifv<-T,
vr=<¢ v, if0< || < T,
T, ifv>T.

Choosing ¢ = va(”_l)v in Eq (3.15), where > 1 will be determined later, we have

f VPP Vdx + 2(p — 1) Vv D7 WyPdx
RN

{xlv()I<T}

H™'(v) 27-1) _ f(H_l(V)) 2(n-1)
* fR YOy = fR TR K

It follows from J . . . VQT(U_I)_1V|VV|2dX > 0, fRN V(x) thl((Vv)))va("_l)vdx > 0 and Lemma 2.1-(3),
that

. FH V) 50
Vo220 D gy < f f( 2-1)
fRN [Vv[v," Vdx <A » —h(H‘l(v)) vy vdx

|H (v 207-1)
o m\/]-n vdx (316)

<ac

<AC |v|“v§("_1)dx.
RN
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On the other hand, due to the Sobolev inequality, it implies

2%
( f (v|vT|’7—2vT)2*dx) <C f |V(vv';“)|2dx
RN RN

SCf |Vv|2v2T(’7_1)dx+C(n—1)2f IVvlzvi("_l)dx
RN RN
< cr f V3 Vdx,

RN

where we used that (a + b)? < 2(a®> + b*) and n*> > (i — 1)*> + 1.
From Eq (3.16), the Sobolev embedding theorem and the Holder inequality, it implies

2
2%
( f Wlvrl"?vr)? dx) < ACH f W22 D
RN RN
2% —a+2

% (YT_*Z 22* 2
< ACy? ( f vI* dX) ( f (IVIlvTI”‘])Z*MdX)
RN RN

2*—a+2

2 a=2 )17272* ¥
< ACH || [v|7=e2dx
RN

Next, taking ¢ = %, we obtain

2
( f vy’ dx) < ACTINVIE VI,
R

From the Fatou’s lemma, it follows that
. L
IVlle < QACTMI) 2 [[V]lye-

Let us define 77,1 = 2*n, where n = 0, 1,2, ... and o = 22=%. By Eq (3.17) we have

1 1

211 1@=2) T Tt a
Vllp2e < ACTIVIT )P Wil < ACIVI*)2 2030 )" [[V]]2-
It follows from Moser’s iteration method that

L v (L Len (LN 2% 1en 4N
2 3 im0 (57) = 2 o(3F) = 2o i5x)
[Vlly,20 < (AC|]|*77) %m0 == (170)70 2002 ({ )10 2= 13 [y

Thus, we have
1 2%¥-2
Ve < CAT=a||V]| 7.

(3.17)

Lemma 3.11. Assume that (f1) — (f3) and (V) hold. Let v, be a critical point of J, with J,(v,) = d,.

Then there exists C > 0 (independent of 1) such that

Ivall* < Cd,.

(3.18)
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Proof. From Lemma 2.1-(5) and Eq (3.4), we obtain
kdy = kJ, (V) = (Jy(v), H (W)h(H ™ (v))

- £ |Vv4|2dx+g f VOIH™ (v)Pdx — Ak f FH ' (v))dx

ZRN R R

- [ v wonc e ax- [ vl eopa
RN N

R
+2 f FH v ))H (v))dx
RN

K—2
>
2

_2
Vv Pdx + ~— = f V(OIH (v)Pdx
RN 2 RN

\%

k=2 .
Tmlﬂ{l, Volllvall®.
It implies that ||v,]|* < Cd,.

Proof of Theorem 1.1. Let vi,v, € Cg’(RN), vi < 0,v, > 0 with supp(vy) N supp(v,) =0 and R > 0
are large enough. Let ¢y(z, ) := tRv; + sRv, for (¢, s) € A. Define

dy=1inf sup J,(v),
Pl uepan\w

where I' := {¢ € C(A,E) : ¢(0,A) C P, (0,A) C O, ¢laga = olaoal-
By Lemma 3.9, J, has a sign-changing critical point v, and J,(v;) = d,. Furthermore, from Eqs
(3.12) and (3.13), we obtain

d; < max Jy(tRv; + sRv,)
(t,8)EA

r ~
< max (— (IVRvi]* + 6V(x)Rv))dx — f F(H‘l(thl))dx)
t€[0,1] RN RN

(3.19)
2
+ max (% f (IVRv,[* + 6V(x)Rv3)dx — A f F(H‘l(ssz))dx)

RN RN

s€[0,1]

<Cl# + CU7e,
By Eqgs (3.14), (3.18) and (3.19), we have
il < C(AT7 + AT=567),
Hence, there exists A; > 0 such that for all 1 > 4,
il = 1H™' W)l < V6Ivilew < min{ y/1/6, 5},

where ¢ is fixed in Eq (2.1). Thus, for A > A;, u; = H™'(v,) is a sign-changing solution of the original
Eq (1.4).
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3.3. Multiplicity of sign-changing solutions

To prove Theorem 1.2, we make on further assumption, G : E — E is an isometric involution,
i.e., G* = id and d(Gu,Gv) = d(u,v) for u,v € E. We assume [ is G-invariant on E in the sense that
I(Gu) = I(u) for any u € E. We also assume Q = GP. If for any u € F, Gu € F, then the subset F C E
is said to by symmetric. y(F) can be called the genus of a closed symmetric subset F of E \ {0}.

Definition 3.2. If the following deformation property holds: there exist &y > 0 and a symmetric open
neighborhood N of K.\ W with y(ﬁ) < +o00, such that for € € (0, &), there exists o € C(E, E) meet the
following four conditions:

(1)o(P)C P, o(Q) C O

(2) olje2e = id;

(3)coG=Gooy,

(4) (I \ (N U W)) C I°=.

Then, we call P is a G-admissible invariant set with respect to I at level c.

We now assume that f is odd and we turn to prove the existence of infinitely many sign-changing
solutions to Eq (1.4). We plan to apply the Theorem 2.6 in [28], for this we take G = —id, P = P},
Q = P, and I = J,. Next, lemma is used to prove P is a G-admissible invariant set with respect to

&

J, € CY(E,R) at any level c.
Lemma 3.12. P} is a G-admissible invariant set for the functional J, at any level c.

Proof. The proof is similar to Lemma 3.8. Since J, is even, thus o is odd in u. Here, we omit the
details.

Proof of Theorem 1.2. Firstly, we shall use the Theorem 2.6 in [28] to get solutions for Eq (2.4) first.
Making use of estimates on the critical values, for any fixed n € N we shall show Eq (1.4) has n — 1
pairs of sign-changing solutions for large A.

For any n € N, let {v;}! | C C?(RN) \ {0} be such that supp(v;) N supp(v;) = 0 for i # j. Define
¢, € C(B,,E) as

() = R, Z tvi(+), t=(t,0, - t,) € By,
i=1

where R, > 0 will be determined later. Actually, ¢,(0) =0 € P, N P, and ¢,(—t) = —¢,(t) for t € B,.
Observe that

n
pu = min{lltyvy + vy + -+ vlla Y8 =11>0,
i=1

then ||v||? > p2R? for v € ¢,(0B,) and it follows from Claims 1 and 2 in Lemma 3.9 that ¢,(8B,) N (P} N
P) = 0. Similar to the proof of Theorem 1.1 (existence part), for large enough R, > 0 independent on
A we also have

sup Ju(v) <0< 11612f Jav).

Vv€P,(0By) v

For j=2,3,---,n,let

cja = inf sup J,(v),
Bel'j yep\w
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where
I'j={B: B=¢(B,\Y)forsomey € H, Y CB,n>jwith =Y =Y, y(Y)<n-j

and
H,={¢: ¢ € C(B,,E),p(—t) = —p(t) for t € B,, p(0) € M and ¢|sp, = ¢ulss,}-

Then, by the Theorem 2.6 in [28], we have that 0 < ¢, < ¢34 < -+ < ¢, are all critical values
of J, and there are at least (n — 1) pairs of sign-changing critical points at these critical values. Since
¢, € H,, we have

Cny < byai= sup JH(v).
VEPn(By)

Due to supp(v;) N supp(v;) = O for i # j, similar with Eq (3.19), we have

sup Ju(v) < CAT2 + CAT77,
VE€Pn(Bn)

Therefore, it follows from Lemmas 3.10 and 3.11, for A large that these (n—1) pairs of sign-changing
critical points of J, are also solutions of the original Eq (1.4).
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