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Abstract: In this paper we study the existence of multiple nontrivial solutions of the coupled
Schrédinger system with external sources terms as perturbations. This type of the system arises from
Bose-FEinstein condensate. As these external sources terms are nonlinear functions and small in some
sense, we use fibre map to divide the Nehari manifold into threes parts, and then prove the existence of
a nontrivial ground state solution and a bound state solution.
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1. Introduction and main results

In this paper we consider solitary wave solutions of the time-dependent coupled nonlinear
Schroédinger system with perturbation

—l& - Aq)] = /,tllq)]lzq)l +,8|(D2|2q)1 + fl (X), X € Q, r> 0’
—i%%2 _ AD, = 115|052 Dy + BIOPDs + H(x), x€Q, t>0, (1.1)
D(t,x) =Dy(t,x) =0, x€9Q, t>0, j=1,2,

where Q ¢ RY is a smooth bounded domain, i is the imaginary unit, u;, > > 0 and 8 # 0 is a coupling
constant. When N < 3, the system (1.1) appears in many physical problems, especially in nonlinear
optics. Physically, the solution j denotes the j-th component of the beam in Kerr-like photorefractive
media (see [1]). The positive constant y; is for self-focusing in the j th component of the beam. The
coupling constant 3 is the interaction between the two components of the beam. The problem (1.1) also
arises in the Hartree-Fock theory for a double condensate, that is, a binary mixture of Bose-Einstein
condensates in two different hyperfine states, for more information, see [2].
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If we looking for the stationary solution of the system (1.1), i.e., the solution is independent of time
t. Then the system (1.1) is reduced to the following elliptic system with perturbation

—Au+ ju = wlulu + Buv* + fi(x), x€Q,
—Av + v = Py + Butv + fo(x), x€Q, (1.2)
u=v=0, xedQ.

In the case where N < 3 and f; = f, = O, then the nonlinearity and the coupling terms in (1.2)
are subcritical, and the existence of solutions has recently received great interest, for instance, see
[3—11] for the existence of a (least energy) solution, and [12—-16] for semiclassical states or singularly
perturbed settings, and [17-22] for the existence of multiple solutions.

In the present paper we consider the case when N = 4 and p = 2* = 4 is the Sobolev critical
exponent. If fi = f, = 0, the paper [23] proved the existence of positive least energy solution for
negative 3, positive small S and positive large S.Furthermore, for the case 1, = A,, they obtained the
uniqueness of positive least energy solutions and they studied the limit behavior of the least energy
solutions in the repulsive case § — —oo, and phase separation is obtained. Later, the paper [24] studied
the high dimensional case N > 5. The paper [25] proved the existence of sign-changing solutions of
(1.2). Recently, the paper [26] considered the system (1.2) with perturbation in dimension N < 3. By
using Nehari manifold methods, the authors proved the existence of a positive ground state solution
and a positive bound state solution. To the best of our knowledge, the existence of multiple nontrivial
solution to the system (1.2) with critical growth(N = 4) is still unknown. In the present paper we shall
fill this gap.

Another motivation to study the existence of multiple nontrivial solution of (1.2) is coming from
studying of the scalar critical equation. In fact, the second-order semilinear and quasilinear problems
have been object of intensive research in the last years. In the pioneering work [27], Brezis and Niren-
berg have studied the existence of positive solutions of the scalar equation

-Au=u’+f, xe€Q, (13)
u>0, xe€Q, u=0, xeoQ, .
where Q is a bounded smooth domain in R¥, N > 3, p = %—3, f(x,u) is a lower order perturbation

of u”. Particularly, when f = Au, where 4 € R is a constant, they have discovered the following
remarkable phenomenon: the qualitative behavior of the set of solutions of (1.7) is highly sensitive to
N, the dimension of the space. Precisely, the paper [27] has shown that, in dimension N > 4, there
exists a positive solution of (1.3), if and only if A € (0, 4;); while, in dimension N = 3 and when
Q) = B is the unit ball, there exists a positive solution of (1.7), if and only if 1 € (4,/4, 4;), where
A1 > 0 i1s the first eigenvalue of —A in Q. The paper [28] proved the existence of both radial and
nonradial solutions to the problem

(1.4)

—Au = b(r)u” + f(r,u), xe€Q, r=|x|,
u>0, xeQ, u=0, xeiQ

under some assumptions on b(r) and f(r,u), p = %—fg, where Q = B(0, 1) is the unit ball in R". In the

paper [29], G. Tarantello considered the critical case for (1.3). He proved that (1.3) has at least two
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solutions under some conditions of f: f # 0, f € H™! and

4 N—2NT+2

-1 S%’ = - N
Ifllg < cn CN N—2(N+2

(1.5)

and

: Vul3
S = inf >
ueHy Q\(0} |ul;

(1.6)

is the best Sobolev constant of the imbedding from Hé () to LP(€2). For more results on this direction
we refer the readers to [30-35] and the references therein.

Motivated by the above works, in the present paper, we are interested in the critical coupled
Schrodinger equations in (1.2) with 4; = 4, =0

—Au = i + B + fi, x€Q,
—Av =V +Butv + fr, x€Q, (1.7)
u=v=0, xedQ.

where Q is a smooth bounded domain in R*, A is the Laplace operator and p = 2* = 4 is the Sobolev
critical exponent, and y; > 0,1, > 0,0 < 8 < min{u, uo}.
Obviously, the energy functional is denoted by

I(u,v) = 1 f (|Vul* + [Vv[>)dx — 1 f (uilul* + vt + 2Bu*v*)dx — f (fiu + fov)dx (1.8)
2 o) 4 Q Q

for (u,v) € H = H&(Q) X Hg(Q). So, the critical point of I(u,v) is the solution of the system (1.7).
We shall fill the gap and generalize the results of [26] to the critical case. Our main tool here is the
Nehari manifold method which is similar to the fibering method of Pohozaev’s, which was first used
by Tarantello [29].

We define thee Nehari manifold

N ={(u,v) € H| I'(u,v)(u,v) = 0}. (1.9)

It is clear that all critical points of 7 lie in the Nehari manifold, and it is usually effective to consider the
existence of critical points in this smaller subset of the Sobolev space. For fixed (u,v) € H \ {(0,0)},
we set

A B
g(t) = I(tu, tv) = Etz - Zt“ - Dt, t>0.

where
A= f (|Vul* + |Vv|P)dx, B = f (i lul* + povl* + 28u*v?)dx, D = f (fiu + fov)dx. (1.10)
Q Q Q

The mapping g(7) is called fibering map. Such maps are often used to investigate Nehari manifold for
various semilinear problem. By using the relationship of / and g(#), we can divide .4 into three parts
as follow:

N ={w,v)e N | A-3B >0},
N0 ={u,v) e N | A-3B =0},
N ={u,v) €N | A-3B<0).
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In order to get our results, we assume that f; satisfies

3

S2
fi#0,f € L@, |fls < TRt 2 (L11)

where K = max{u, s}, S is defined in (1.6). Then we have the following main results.

Theorem 1.1. Assume that 0 < 8 < min{uy, 1o}, and fi, f> satisfies (1.11). Then
{rAl/fI:}Ar}lfI:co (1.12)

is achieved at a point (ug, vo) € AN". Furthermore, (uy, vy) is a critical point of I.

Next we consider then following minimization problem

inf/=cp. (1.13)

Then we have the following result.

Theorem 1.2. Assume that 0 < f < min{uy, 42}, and fi, f> satisfies (1.11). Then ¢, > co and the
infimum in (1.13) is achieved at a point (uy,vy) € A =, which is the second critical point of I.

Remark 1.3. We point out that to the best of our knowledge, the existence of multiple nontrivial solu-
tion to the system (1.2) with critical growth(N = 4) is still unknown. In the present paper we shall fill
this gap and generalized the results of [26] to the critical case.

2. Variational setting and preliminary results

Throughout the paper, we shall use the following notation.

e Let (-,-) be the inner product of the usual Sobolev space H,(€2) defined by (u,v) = fQ VuVvdx,
and the corresponding norm is |[u|| = (u, u)%.

Let S = infueH(l)(Q)\{O} (qul% / |u|ﬁ) be the best Sobolev constant of the imbedding from Hé (Q) to
LA(Q).

jul, is the norm of LP(€) defined by lul, = ([, lul’dx)7, for 0 < p < co.

Let ||(u, v)|* = fQ(Wul2 + |Vv|*)dx be the norm in the space of H = H(Q) X Hy(Q).

Let C or C;(i = 1,2, ...) denote the different positive constants.

We shall use the variational methods to prove the main results. In this section we shall prove some
basic results for the system (1.2). The next lemma states the purpose of the assuptions (1.11).

Lemma 2.1. Assume that the conditions of Theorem 1.1 hold. Then for every (u,v) € H\{(0, 0)}, there
exists a unique t, > 0 such that (tyu, t;v) € N . In particular, we have

A 12
Hh>t:=|=—= 2.1
b [33] 1
and g(t;) = maxs,, g(¢), where A and B are given in (1.10). Moreover, if D > 0, then there exists a
unique t, > 0, such that (tyu, t,v) € A, where D > 0 is given in (1.10). In particular, one has

h <ty and I(tu,tv) < I(tu,tv), Yte|[0,1]. 2.2)
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Proof. We first define the fibering map by

A, B,
)= —=t"——1" —Dt, t>0.
g(0) 7 )

Then we have
g'(t)=At— B — D = ®(@) - D.

We deduce from ®@’(¢) = O that

1

r=0=|5]

3B
If 0 <t < ty, we have g”(r) = @’(r) > 0, and if ¢ > 1, one sees g"” (1) = ®'(¢) < 0. A direct computation
3
shows that ®(¢) achieves its maximum at 7, and ®(zy) = #A—f
5 B2

From the assumption (1.11), Sobolev’s and Holder’s inequalities, we infer that

D= [ Ghus fonidx < il + Vol < JORE + B+ V)
Q 3 3
VIS + -
33K

On the other hand, since 0 < 8 < min{u;, u,}, it follows that

< V2max{|fils. | folslul} + M)? <

2 A} 2 (o (Vul + [VvPydx)?
D(tg) = —=— = .
3V3B:  3V3([y(uilul* + polvl* + 2Butv?)dx)?
2 S 2 (ul? + )3

. 3V3 K2([(lul* + vI* + 2Bu2v?)dx)?
__28%  (ulj+ b3

~3V3KE V2(lulf + M

L VESE QA DE VIS o
T 3N3Kk: WE+PE 343k Y

where K = max{u;, u,}. Hence we get
gty =Dty)—D >0 and g'(f) > —o0, as t— +oo, 2.4)

Thus, there exists an unique #; > f, such that g’(¢#;) = 0. We infer from the monotonicity of ®(¢) that
fort; > 1y

g'(t) = () <0, £O(t;)=t:(A-3Bt) <0.

This implies that (t;u, t,v) € A4 ~. If D > 0, then we have g’(0) = ®(0) — D = —D < 0. Furthermore,
there exists an unique #, € [0, ty] such that g’(,) = 0 and ®(#,) = D. A direct computation shows that
(thu,t,v) € N and I(tu, t,v) < I(tu, tv), VYt € [0, 1]. O

Next we study the structure of 4.
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Lemma 2.2. Let f; # 0(i = 1,2) satisfy (1.11). Then for every (u,v) € A\ {(0,0)}, we have
f (Vul* + |Vv|P)dx - 3 f (i lul* + vt + 2Bu*v*)dx + 0. (2.5)
Q Q

Hence we can get the conclusion that /° = {(0, 0)}.

Proof. In order to prove that .#° = {(0,0)}, we only need to show that for (u,v) € H \ {(0,0)}, g(¢)
has no critical point that is a turning point. We use contradiction argument. Assume that there exists
A(u, v) # (0,0) such that (fou, tyv) € A° and 1, > 0. Thus, we get

g(t) =Aty—B —D=0 and g"(1)=A—-3B2=0.

1
Then we have 1, = [3%]2. This contradicts (2.4). This finishes the proof. O

In the next lemma, we shall prove the properties of Nehari manifolds ./".

Lemma 2.3. Let f; # 0(i = 1,2) satisfy (1.11). For (u,v) € A\ {(0,0)}, then there exist € > 0 and a
differentiable function t = t(w,z) > 0, (w,z) € H,||(w, 2)|| < &, and satisfying the following conditions

10,0) =1, 1w, 2)((u,v)—w,2) €A, Vw2l <e,
and
< £(0,0), (w,2) >=
2 L(VMVW + VvV2)dx — 4 fQ[;unIZuw + o vPvz + Buviw + utvz)dx — fQ(flw + fHz)dx
Jo(Vul? + [VvR)dx = 3 [ (uilul* + palv|* + 28uv?)dx '

Proof. We define F : R X H — R by
F(t,(w,2)) = V(= w)ll; + IV = 2)ll; = £ fg(,ullu —wi*
+ pialv = 2l* + 2B(u = w)* (v = 2)*)dx — fg (filu =w) + fo(v = 2))dx.
We deduce from Lemma 2.2 and (u, v) € .4 that F(1, (0,0)) = 0. Moreover, one has
F.(1,(0,0) = fg (Vul* + |[VvP)dx -3 fg (uilul* + wvl* + 2Bu*v*)dx # 0.
By applying the implicit function theorem at point (1,(0,0)), we can obtain the results. O
3. The Proof of Theorem 1.1

In this section we are devoted to proving Theorem 1.1. We begin the following lemma for the
property of inf /.
Lemma 3.1. Let
co=1infl =inf I.
N N*

Hence I is bounded from below in A" and c( < 0.
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Proof. For (u,v) € A4, we have (I'(u,v), (u,v)) = 0. We infer from (1.10) that A — B — D = 0. Thus,
one deduces from (2.3) and Holder inequality that

D < C(lul> + W2)? < C1(\Vul2 + |VvP)? = C,A7.

Hence, one deduces that

o A_B_p A DA
WV=y Ty T T Ty Ty T

Thus, the infimum c¢( in 4" is bounded from below. Next we prove the upper bound for ¢y. Let
w; € H(l)(Q)(i = 1, 2) be the solution for —Aw = f;, (i = 1, 2). So, for f; # 0 one sees that

f (fiwy + fowa)dx = [Vwi[5 + [Vwal3 > 0.
Q

We let 1, = t,(u,v) > 0 as defined by Lemma 2.1. Thus, we infer that (f,wy, f,w;) € A* and

2 f (Vw2 + [V — £ f (alwil* + polwal® + 28w wd)dx - b f (fiw + fowa)dx = 0.
Q Q Q
Furthermore, it follows from (2.2) that

Co = ( 1)1’15/+ I(u,v) < I(thwy,tow,)) < 1(0,0) = 0.

This completes the proof. O
The next lemma studies the properties of the infimum c.

Lemma 3.2. (1) The level ¢y can be attained. That is, there exists (ugy, vo) € N such that I(ug, vy) =
Co.
(2) (ug,vo) is a local minimum for I in H.

Proof. From Lemma 3.1, we can apply Ekeland’s variational principle to the minimization problem,
which gives a minimizing sequence {(u,, v,)} C -4 such that

(@) L(tty, vy) < Co + 1,
(i) Iw,2) = Iy, v) = 2(VW = u)h + V(2 = vi)h),  Y(w,2) € A

For n large enough, by Lemma 3.1 and (i)-(ii) of the above, we can get
AC, >0,C, >0, 0<Cy < |Vu,|; +|Vv,[3 < C,.

In the following we shall prove that ||I’(u,, v,)|| = 0 as n — oo. In fact, we can apply Lemma 2.3 with

(U, v) = (tty, v,)) and (w, z) = 6Llhlltid) (5 > (). Then can find 7,(5) such that

(L(up, Vi), 1, (1, vy))

(W ,Z):tn((s) (Mn,Vn)—6 eN.
ne 177 Gt v
Thus, we infer from the condition (i7) that
1
Iy, vi) — I(ws, 25) < - (IV(ws = up)la + V(25 = v)l2) - (3.1

Electronic Research Archive Volume 30, Issue 7, 2730-2747.
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On the other hand, by using Taylor expansion we have that

1(tty, vi) = I(ws, 25) = (1 = 6,()UT' Ws, Z5), (U, Vi) + 61,(0) [ I' (s, Z5), % +0(6).
Dividing by ¢ > 0 and letting 6 — 0, we get
% (2 + 1,(0)(Vila + 1VV4l2)) = =10 (tty Vi), (s Vi) + 1 (s Il = I (tty vl (3.2)
Combining (3.1) and (3.2) we conclude that
I (ut, vl < %(2 +1,(0)).
We infer from Lemma 2.3 and (u,,v,) C .4 that (0) is bounded. That is,
,0) < C.
Hence we obtain that
1, v)ll = 0 as n — oo, (3.3)

Therefore, by choosing a subsequence if necessary, we have that
(Un, V) = (uo,vo) in H and I'(uo,vo) =0,

and
1
co < I(up,vp) = Z(|VM0|§ +|Vvol3) — f(fluo + favo)dx
Q

< lim I(u,,v,) = cy.

n—oo

Consequently, we infer that

(U, Vi) = (ug,vo) in H, I(ug,vo) = co = iilVfL

From Lemma 2.1 and (3.3), we deduce that (ug, vo) € A 7.

(2) In order to get the conclusion, it suffices to prove that Y(w, z) € H,de > 0, if ||(w, 2)|| < &, then
I(ug — w, vy — 2) = I(ug, vo). In fact, notice that for every (w, z) € H with fQ( fiu+ frv)dx > 0, we infer
from Lemma 2.1 that

I(su, sv) > I(tju, tv), ¥ s € [0, 1p].
In particular, for (1, vo) € A4+, we have

1

Jo(Vuol® + [Vvo)dx }
3 J(uurluol* + palvol* + 2Budviydx | -

Let &€ > 0 sufficiently small. Then we infer that for ||[(w, 2)|| < &

l‘2:1<l():[

3 [ oIV Gto = W) + 19 — )P )dx ] .
3 foeutlitg — wl* + pialvy — 2l + 2BGutg — wP(vo — 2P)dx|

(3.4)
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From Lemma 2.3, let t(w,z) > 0 satisfy t(w,z)(uy — w,vy — z) € A for every ||(w,z)|| < &. Since
tiw,z) — 1 as||(w, 2)|| = 0, we can assume that

t(w,z2) <fy, Yl|w,2) <e.
Hence we obtain that #(w, z)(ug — w, vy — z) € A and
I(s(ug — w), s(vo — 2)) = I({t(w, 2)(ug — w), t(w,2)(vo — 2)) = I(ug, vo), Y 0 < s < fo.
From (3.4) we can take s = 1 and conclude
I(uo — w,vo — 2) = I(ug, vo), Y(w,z) € H, |[(w,2)ll <e.

This finishes the proof. m|

Proof of Theorem 1.1. From Lemma 3.2, we know that (u, vo) is the critical point of 1. O
4. Proof of Theorem 1.2

In this section we focus on the proof of Theorem 1.2. The main difficulty here is the lack of
compactness(due to the embedding H — L*(Q)x L*(2) is noncompact). Motivated by previous works
of [27,29,37], we shall seek the local compactness. Then by using the Mountain pass principle to find
the second nontrivial solution of equation (1.7). The pioneering paper [29] has used this methods to
find the second solution of the scalar Schrodinger equation. To this purpose, we first begin with the
following lemma to find the threshold to recover the compactness.

Lemma 4.1. For every sequence (u,,v,) € H satisfying

(i) I(u,,v,) — cwithc < ¢y + ‘—I‘min{i—f, %}, where c is defined in (1.12), S is the best Sobolev

constant of the imbedding from Hy(Q) to LY(Q),
(@) 1’ (tn, v)ll > 0 as n — oo

Then {(u,,v,)} has a convergent subsequence. This means that the (PS). condition holds for all level

1. [s? S2}
< = {_ .
¢ < co+ gmin -, o

Proof. From condition (i) and (i), it is easy to verify that ||(u,, v,)|| is bounded. So, for the subsequence
{(u,, v,)}(which we still call {(u,,v,)}, we can find a (wy,z9) € H such that (u,,v,) — (wy,z9) in H.
Then from the condition (ii), we obtain that

(I'(wo, 20), (W, 2)) =0, VY(w,z) € H.
That is, (wg, Z9) is a solution in H. Moreover, (wy, z9) € -4 and I(wy, zo) > co. Let
(Un, Vi) = (Wo + Wy, 2o + Zn)-
Then (w,,z,) — (0,0) in H. Then it suffices to prove that
Wy, 2,) — (0,0) in H. 4.1)

Electronic Research Archive Volume 30, Issue 7, 2730-2747.
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We use the indirect argument. Assume that (4.1) does not hold. Then we divide the following three
cases to find the contradiction.
Case 1: w, —» O and z, - 0 in H. Since ||(u,, v,)|| is bounded, it follows that

fwizﬁdx = o(1).
Q

by (1.7), we can get

1 ) 2 2
Co + — min {—, —} > I(u,, vy) = Iwy + Wy, 20 + 20)
4 M1 H2

1
= I(wo,20) + = f |Vz,|*dx — H2 f lz.l*dx + o(1)
2 Ja 4 Jo
1 H2
>co+ EIVanﬁ - lenli +o(1),

and then )

1 M2 S
~|Vz.2 = Bzt < —. 4.2
SIVanh = -z |4<4M2 (4.2)

We infer from the condition (i) that
0(1) = (I' (U, Vi), (U, Vi) = (I' (W0, 20), (W0, 20)) + V2zul3 — palzaly + o(1).
That is, we get
IVzul5 = palzali + o(1).

By using the embedding from Hj(Q) to L*(Q), we get
ﬂZlanj = |Vzn|% = Slznlzzt + 0(1)

Since z,, -» 0, we infer that Iznlf1 > S /uy + +o(1). That is,

SZ
zaly > = + o(1).
2

Hence we get
1 o J25) 182
—|Vzul3 = S lzalt = Zlzalt + 0(1) > ——. 4.3
51Vank = rlaly = 7 lal 0()_4#2 (4.3)
This contradicts with the fact (4.2).
Case 2: w, - 0O and z, — 0 in H. This can be accomplished by using same argument as in the
proof of the Case 1.

Case 3: w, -» 0 and z, -» 0 in H. Similar to the Case 1, we infer from condition (i7) that
o(1) = (I' (s V), (ty, 0)) = [Vitu* = pii sl = B f vpdx — f frundx
Q Q

= (I'(Wo, 20), (W0, 0)) + [Vw, I3 — w1 lw,l; — B f wizadx + o(1).
Q
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2740

Then we have
IVwal3 = ilwali + B f w2z2dx + o(1).
Q

One infers from Holder and Sobolev inequality that

Stwaly < Vwal3 = pilwaly + B fQ wazadx + 0(1) < pi|wl} + Blwal3lzal3 + o(1).
Since w,, -» 0, we have
S < puilwalg + Blaaly + o(1) < pi(wali + 12413 + o(1).
Similarly, we obtain that
S < wolzali + Biwaly + o(1) < pa(wali + 12413) + o(1).

Thus, we conclude that

S S
Wl + 12413 > max{—, —} +o(1).
M1 M2

On the other hand, we infer from the condition (i7) that
o(1) = (I'(tn, Vi), (ttn; V)

= |Vita? + Vvl = sy lual? = palvall — Zﬂf uividx — ff]undx - ffzvndx
Q Q o
= (I'(Wo, 20), (W0, 20)) + [VWal3 + [V2al3 = g1 waly = palzaly - 2,3f wizidx + o(1).
Q

From (4.6)-(4.9), we deduce that

1 2 2
Co+ — min{—, _} > I(un’ Vn) = I(WO + Wy, 20+ Zn)
4 M1 M2

1 1 1
= 1000, 20) + 5IVwl} + SIV2lE = 2 Guilwal} + alal}

2 2 4

+28 f w2z2dx) + o(1)
Q
1
>cot+ Z(/lllwnli +,u2|zn|i + 2,Bfw,21z,%dx) +o(1)
Q

S
> Cco+ Z(lwnli + |Zn|42t) + 0(1)

1 2 2
> co+ —max{—, —} + o(1).
4 M1 M2

This is a contradiction.

(4.4)

4.5)

(4.6)

4.7)

(4.8)

4.9)

O

In order to applying Lemma 4.1 to get the compactness, we need to prove the following inequality

§2 S?
c1 =inf I < ¢y + = min{—, —}.
A 4 My p2
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Let

ug(x) = >0, xeR?

&2+ |x]?

be an extremal function for the Sobolev inequality in R*. Let u,, = u(x — a) for x € Q and the cut-off
function &, € Cj(Q) with &, > 0 and &, = 1 near a. We set

Ua,a(x) = ‘fa(x)ua,a(x)’ X € R4.

Following [37], we let Q; C Q be a positive measure set such that uy > 0, vy > 0, where ¢y = 1(ug, vo)
is given in Theorem 1.1. Then we have the following conclusion.
Lemma 4.2. For every R > 0, and a.e. a € Q,, there exists &y = €o(R, a) > 0, such that
1 2 SZ
mln{I(uo + RU&u, V()), I(M(), Vo + RU&Q)} <cCy)+— min {—, —} (410)
4 My M2

forevery (0 < € < &.

Proof. As in [37], a direct computation shows that

1 R? 1
I(ug + RU,. 4, vo) = 5|Vuo|§ +R f VugVU,dx + 7|VUW|§ + E|Vv0|§

Q

- %(luoli + RYU 4 + 4R f BU, udx + 4R f U? uod)
Q

Mooy B 2.2 Qz 2772 .2 1D
- Zlvol4 -3 fQ(uOvO + 2RugvyUg o + R7UZ vp)dx
- L(fluo + fovo)dx — RLfU&adx + 0(¢).
We infer from [27] that
VU3 = F + O(&%) and |U.,l; = G + O(&h), (4.12)

where

dx F
F=| VuPdx, G= | ———, §=—
L4| i)l dx fR 1+ P)* G

If we let uy = 0 outside Q2, then

g’ 1 x
U3 updx = (X)—————dx = (0)—(=)d
fg; a,auo X fR“ uO'f (X) (82 n |X _ (l|2)3 X ng4 uOf (X)84 "0(8) X

where
o(x) = ——— e L'®Y)
1+ Py |

Set
1

BTPTD
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Then we can derive |
X
f o)~ p()dx = uoa)E.
R4 E E

Since (ug, vo) is the critical point of /, it follows that

f (\Vuol* + [Vvol)dx — f (Ut + vy + 2Bugve)dx — f (fiug + frvo)dx = 0. (4.13)
Q Q Q

We infer from (4.11)-(4.13) that

RP R 3 3 BR? 5
I(up + RU,,,vo) = I(ug,vo) + —F — —u1G — 4R U, juodx ——— | U vodx + o(e)

| 24 o 2 Jo " (4.14)
2 4 ’

<co+ 7F — Z,ulG —/.118R3E1/t0(a) + o(e).

In order to get the upper bound of (4.14), we define

q1(s) = 595 - Ts4 — kes®, k= Eug(a) > 0,
and P G
q2(s) = Esz — 'uiTs“.

It is easy to get the maximum of g,(s) is achieved at sy = (/ﬁ)%. Let the maximum of ¢, (s) is achieved
at s,, so we can let s, = (1 — 6,)s¢, and get 6, — O(e — 0). Substituting s, = (1 — 6,)s¢ into g} (s) = 0,
we can get

F — F(1 - 6,)* = 3so(1 — 6,)ke.

As in [29], we infer that
0. ~¢, €—0.

Then we can get the upper bound estimation of /(g + RU, 4, vy):

R2 4
Iy + RUs g v9) < o + = F = -G = keR® + o(e)
1 - 6.)s0]? 1= 6.)s0]*
<o+ X : 5ol o K . 501 | G~ kel(1 = 6,)50F + o(e)
S2 S4
=Co + (EOF - Zo,ulG) + (sg,ulG — s%F)(S‘8 - kssg + 0(g)

2
<cg+— +o(e).
4

Thus, for gy > 0 small, we get
2

I(I/t() +RU€7a,V0) <cyp+—.
4
Similarly, we obtain that
2
I(l/to,VQ + RUg’a) <cy+-—.
4
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So, we prove

§2 852
min {I(uy + RU&Q,VQ),I(MQ,VO + RU&G)} <co+ Z min{—, —}, Y0<e<eg.
H1 M2

This finishes the proof. O

Without loss of generality, from above Lemma 4.2 we can assume

SZ
I(M0+RU8’a,V0)<Co+4—, R>0, V O0<e<eg.
M1

Now we are ready to prove Theorem 1.2.

Proof of Theorem 1.2. 1t is clear that there exists an uniqueness of #; > 0 such that

(tiu,tyiv) € A~ and  I(tyu,t,v) = max I(tyu, t;v), Y(u,v) € H, ||(u,v)|| = 1.
2411

Moreover, t(u,v) is a continuous function of («, v), and .4~ divides H into two components H; and
H,, which are disconnect with each other. Let

H, = {(u,v) = (0,0) or (wv): |[uv)] < tl( @, v) )}

TeRST
Hy = {(u, W < sl > rl(”EZ’ 3”)}

Obviously, we have H \ .4~ = H| U H,. Furthermore, we obtain that .4+ c H, for (uy, vy) € H,. We
choose a constant C such that

0 <t(u,v) < Co, V(v =1.
In the following we deduce that

W, 2) = (up + RoU, 4, vo) € Ha, (4.15)

1
where Ry = ( HICE = llGuo, )P |+ 1. Since

1w, DI = 110, vo)lI> + REIV Ul + 2Ro f Vil VU ald x
Q

2
= |(uo, vo)I* + RGF + o(1) > C§ > [tl(nx’ Zn)]

for € > 0 small enough. We fix £ > 0 small to make both (4.10) and (4.15) hold by the choice of R,
and a € Q. Set

I't = {y € C([0, 11, H) : ¥(0) = (o, vo), (1) = (o + RoUs,q, vo)}.
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We take h(t) = (ug + tRoU; 4, vo). Then h(¢) € I';. From Lemma 4.1, we conclude that
2

¢ = lgll"f; g&ﬁ I(h(t)) < co + %

Since the range of every & € I'y intersect .4 ~, we have
SZ
ci=infl <c" <cy+—.
A H

Set
I = {y € C([0, 11, H) : y(0) = (uo, vo), y(1) = (uo, vo + RoUca)}-
By using the same argument, we can get similar results
2

S
= inf 1 —_—.
c hlgl“z 2}&?} (h(®) <co + 1

Moreover, since the range of every & € I'; intersect .4 ~, we have
S2
ci=infI <" <cp+ —.
N 4/12
Combining (4.16) and (4.17), we obtain that

1 . {52 Sz}
ci<Cp+-mmnqy—,— .
4 Hi M2

(4.16)

(4.17)

Next by using Mountain-Pass lemma(see [36]) to obtain that there exist {(u,, v,)} C .4~ such that

I(uy) = cr, 1 ((uns v))ll = 0.

From Lemma 4.1, we can obtain a subsequence (still denote {(u,,v,)}) of {(u,,v,)}, and (u;,v,) € H

such that
(Ltn, Vn) g (ul,vl) in H.

Hence, we get (uy, vy) is a critical point for 7, (uy,v;) € A4~ and I(uy,v) = c;.
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