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1. Introduction

Let N and Z be the sets of natural numbers and integers, respectively. For integers a, b, define
Z(a,b) := {a,a + 1,...,b} with a < b. Given the integers Ty, T, > 2, we write Q := Z(1,T;) X
Z(1,T,). Consider the existence and multiplicity of nontrivial solutions to the following discrete elliptic
problem:

Afui = 1, j) + Au(i, j = 1) + f(G, ), uGi, ) = 0, (i, )) € Q, (1.1)

with Dirichlet boundary conditions
u@,0) =u(i,To+1)=0 iez(l,T), u@O,)=uTi+1,j)=0 jeZl,T), (1.2)

where A, A, are the forward difference operators defined by Ayu(i, j) = u(i + 1, j) — u(i, j), Au(i, j) =
u(i, j + 1) — u(i, j), and A%u(i, j) = A(Au(i, j)). Here, f((i, j),u) is continuously differentiable with
respect to u and f((i, j),0) = 0.

Advances in modern computing devices have made it increasingly convenient to determine the
behavior of complex systems through simulations, contributing greatly to the increasing interest in
discrete problems. As a result [1-7], difference equations have been widely investigated and numerous
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results have been obtained [8—16]. With the development of science and technology in modern society
and the progress of mathematical research, the study of difference equations has gradually shifted to the
study of partial difference equations. For example, [17—-19] deal with discrete Kirchhoff-type problems,
whereas [20-22] present several results on multiple solutions to partial difference equations.

Equation (1.1) is a partial difference equation involving bivariate sequences with two independent
integer variables over Q. It is elementary, but illustrative of many problems that are of interest in
various branches of science, such as chemical reactions, population dynamics with spatial migration,
and even the computation and analysis of finite difference equations [23,24]. Therefore, Eq (1.1) has
attracted considerable attention. For example, [24] shows that Eq (1.1) possesses at least two nontrivial
solutions, while Zhang [25] studied Eq (1.1) using the extremum principle. Moreover, Eq (1.1) is
regarded as a discrete analog of the partial differential equation

0*u 62

8x2 dy a5 oy ulx,y) = (x,y) € Q,

which has been extensively studied. Consequently, investigating problem (1.1)—(1.2) is of practical
significance.

Morse theory is a very powerful tool for studying the existence of multiple solutions to both dif-
ferential and difference equations having a variational structure [26—30]. Very recently, Long [18-20]
studied partial difference equations via Morse theory and obtained rich results on the existence and
multiplicity of nontrivial solutions. This encourages us to consider the existence and multiplicity of
nontrivial solutions for problem (1.1)—(1.2) using Morse theory.

The remainder of this paper is organized as follows. In Section 2, the variational structure and the
corresponding functional are established according to (1.1)—(1.2). Moreover, we recall some related
definitions and propositions that are beneficial to our results. Section 3 displays our main results and
the corresponding proofs. Finally, two examples and numerical simulations are provided to illustrate
our main results in Section 4.

2. Variational structure and some auxiliary results

Let E be a T T,-dimensional Euclidean space equipped with the usual inner product (-, -) and
norm | - |. Let

S ={u:7Z0, T, +1)xXZ0, T, +1) > R suchthat u(i,0)=u(@,T,+1)=0
i€20,Ty+1) and u(,j)=u(T,+1,j)=0, jeZO,T,+ 1)}
Define the inner product (:,-) on S as

Ti+1 Ty T Tr+1

vy= YN muli= 1, )awi=1,5)+ D> squl, j— DagvG, j= 1), Vu,ves,

=l Jj=1 i=1 j=1

and let the induced norm be

T\+1 T T, Tr+1
i = Vawy =| 7> laguti =1, j)P +ZZ|A2M(ZJ—1)| . Vues.
i=1 j=1 i=1 j=1
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Then, S is a Hilbert space and is isomorphic to E. Here and hereafter, we take u € S as an extension
of u € E when necessary.
Consider the functional / : S — R in the following form:

Ti+1 T, T, Tr+1 T T>

1 1
1) =5 Y ) M= 1P+ 5 3 > 1Aautij = DF = 37 > F(. j).uti, )
i=1 j=1 i=1 j=1 i=1 j=1
1 — 2.1)
=sllf = ) > F (G ). uti, ). Vues,

i=1 j=1

where F((i, j),u) = fou f((, j), T)dr. Note that f((i, j), u) is continuously differentiable with respect to
u. It is clear that I € C*(S,R) and solutions of the problem (1.1)—(1.2) are precisely the critical points
of I(u). Moreover, for any u, v € S, using the Dirichlet boundary conditions gives

T, Ti+1 T Tr+1

@),y =0 > Auli=1, ) Ay =1, )+ D D (Bouli, j= 1) - Aavli = 1, )

=1 =1 =1 j=1

T, T»

= > D (G, P ut, ) - v, ) (2.2)
i=1 j=1
T JTZ

== > D Al = 1, )+ Audi, j = D) + £, ), utis IV, j).

i=1 j=1

Let E be the discrete Laplacian, which is defined by Zu(i, j) = Afu(i — 1, j) + Aju(i, j — 1). Ac-
cording to the conclusion of [31], we know that —= is invertible and the distinct Dirichlet eigen-
values of == on [1,7,] X [1,7T,] can be denoted by 0 < A4; < A, < A3 < -+ < Ay, Let
O = (dr(1), dr(2), -+ , (T T))", k € [1,T,T,], where each ¢, is an eigenvector corresponding to
the eigenvalue A;. Let W= = span{¢y, ..., ¢y_1}, W° = span{¢;}, W = (W~ & W°)*. Then, S can be
expressed as

S=W eweWw.

T, T; 2
For later use, we define another norm as ||u||, = (Z > |udi, j)|2) . Then, for any u € §, we have that
i=1 j=1

2 2 2
Allully < flull” < Az, 7, llull>.

Next, we recall some preliminaries with respect to Morse theory.

We say that the functional 7 satisfies the Cerami condition ((C) for short) if any sequence {u,} C S
satisfying I(u,) — ¢, (1 + ||lu, DI’ (u,)|l = 0 as n — oo has a convergent subsequence. Note that if (C)
is satisfied, then the deformation condition ((D) for short) is satisfied [32].

Definition 2.1. [28, 33] Let uy be an isolated critical group of I with I(uy) = ¢ € R, and U be a
neighborhood of uy. The group

C,(Lup) :=H,(I°NU,I'NU\uy), q€Z
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is called the g-th critical group of I at ug. Let k = {u € S|I'(u) = 0}. For all a € R, each critical point
of I is greater than a and I € C*(S,R) satisfies (D). Then, the group

Cy(I,00) := Hy(S,I?), q€Z
is called the g-th critical group of I at infinity.
To calculate the critical group at infinity, we need the following auxiliary proposition.

Proposition 2.1. [34] Suppose that S is a Hilbert space, {I, € C*(S,R)|t € [0, 1]}. I] and 0,1, are
locally continuous. If Iy and I, satisfy (C), and there exist a € R and 6 > 0 such that

I(u) < a = (1 +[lulDll )l =6, r€[0,1],

then
C, Iy, ) = C,(1;, ), qEl. (2.3)
In particular, if there is some R > 0 such that
inf (1 + |ulDIZ; ()| > O (2.4)
te[0,1],]lul|l>R
and
it (L Dl )l > oo, 2.5)

then Eq (2.3) is satisfied.
The following three propositions are important in obtaining some nonzero critical points.

Proposition 2.2. [26] Let S be a real Hilbert space, I € C*(S,R). Suppose that uy is the isolated
critical point of I with limited Morse index u(uy) and null dimension v(uy). 1"(ugy) is a Fredholm
operator. Moreover, if uy is the local minimizer of 1, then

Colluo) = 6402, q=0,1,2,---.

Proposition 2.3. [34] Assume that I € C*(S,R) with S = S* ® S~ and 0 is the isolated critical point
of 1. If I has a local linking structure at 0 with k = dim S~ < oo, then

C,1,0) = 0,42, k=puy or k=puy+vy.

Proposition 2.4. [35] Let I € C*(S,R) satisfy (D). Then,

(J1)  if C,(,00) % 0 holds for some q, then I possesses a critical point u such that C,(I, u) % 0;

(J2)  if Ois the isolated critical point of I and there exists some q such that C,(I,o0) % C,(1,0), then
I has a nonzero critical point.

In our proofs, we also require the following Mountain Pass Lemma.

Proposition 2.5. [33] Let S be a real Banach space and I € C'(S,R) satisfy the Palais—Smale condi-
tion ((PS) for short). Further, if [(0) = 0 and
(J3)  there exist constants p, a > 0 such that 1|y, > a,
(J4)  there is some e € S\B, such that I(e) < 0.
Then, I possesses a critical value ¢ > a given by
c =1inf sup I(h(x)),
hel’ xel0,1]

where
I'={h e C(0,1],5)|h(0) = 0,h(1) = ¢}.

Electronic Research Archive Volume 30, Issue 7, 2681-2699.



2685

3. Main results and proofs

In this section, we state our main results and provide detailed proofs. First, the following as-
sumptions are required:
(f;)) There exists k > 2 such that

[u|—00 u

< A1, (i, ) € Q.

|| >0 u

1
[

lleen ]|

(f;) There exists a subsequence { “;111

01, N1 > 0 such that

} C span{¢y} such that — 1 as ||u,|| — oco. Then, there exist

T, T»

>, (f((i, s i ) = At (i, j))ui,{,i(i, D26, n=N, (G, )eQ

i=1 j=1

N
(f3) There exists a subsequence {uﬁll,)( +1} € span{¢y,} such that % — 1 as ||u,|| = oo. Then, there
exist 6, N, > 0 such that

T, T»

> (mlun(z‘, D= 10 1y uati j)))u,&{,i+1<i, D26 nzNy  ()EQ

i=1 j=1

We are now in a position to state our main results.

Theorem 3.1. Let (fy), (f,), (f3) hold. Moreover, for all (i, j) € Q,

(Vi) F7((0, j),0) < 4,

(Vo)  F”((,j),u) >0 forallueR

are satisfied. Then, problem (1.1)—(1.2) possesses at least three nontrivial solutions, among which one
is positive and one is negative.

Consider the following sign condition:
(F;)  There exists ¢ > 0 such that

+(2F (i, j), u) = A4nii®) 2 0, lu(i, I <6, (i, J) € Q.

Then, we can state the following theorem.

Theorem 3.2. Suppose (fy), (f;), (£3) are satisfied. For all (i, j) € Q, let

(V3)  f((G )),0) = A,

(Vy4)  there exists uy # 0 such that f((i, j), ug) = 0.

Then, problem (1.1)—(1.2) possesses at least four nontrivial solutions if one of the following conditions

s met:
(i) (F(J;) with2 <m # k, (ii) (Fa) with2 <m # k + 1.

Theorem 3.3. Assume (fy), (f,), (f3), and (V3) are true. Further, if k = 1 and either
(iii) (Fjy) withm # 1, (iv) (F)) withm # 2,
then problem (1.1)—(1.2) admits at least two nontrivial solutions.
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To prove our results, (C) is necessary. First, we present a detailed proof to show that / satisfies (C).
Lemma 3.1. Let (fy), (f2), and (£3) hold. Then, I satisfies (C).

Proof. Suppose that {u,} € S and there exists a constant ¢ such that
I(u,) = ¢, (1 +luDI ()l = 0, as n— oo,

Because S is a T T,-dimensional space, it suffices to show that {u,} is bounded. Otherwise, we can
assume that
llets|| — o0, as n — oo,

Denote u,, = ”Z—” Then, ||u,|| = 1, which means that {u,} has some subsequences. Without loss of
generality, we set the subsequence to be the sequence. Moreover, there exists u € S with |[u|| = 1 such
that

U, > U, as n— oo,

For any ¢ € S, we obtain

I s B T, T» .,.’n.’.
L), @) _ <un,¢>—ZZ(f((l 7> Un(i ])),go(i,j) .

llus| [l

i=1 j=1

From (fy), there exist b > A;,.; and N > 0 such that

LfCGE, 1), ualis D < DA+ Jun (i, D, ueS,  n>N, (i, ) € Q.

Set b, = -2 such that, for n > N, we have

llzen|

Lf (G, ), un(is D)

[l

< bi(1 + [, j), ues, (i, j) € Q. (3.1)

If n < N, then because f((i, j), ) is continuous in -, we have

(G ), un (G DI _ max{ Lf (G, ), un(i, DI

el - llu|

1, ues, i, )) € Q. (3.2)

Therefore, Egs (3.1) and (3.2) ensure that {JM} is bounded. Consequently, {M} has a conver-

lleen| et |

gent subsequence. We still denote this by {%} Using (f;) once more, we can assume that there

exists some p satisfying 4; < p < A4 such that

G iw)

pu, as n — oo,
|IZA]

Hence,
A =1, j)+ s3uGi, j— ) +pu=0,  (i,j)eQ,

which means that u is the nontrivial solution of
Au(i— 1, j) + 2dui, j— 1)+ pu =0, (i, /) €Q
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with boundary conditions
u(@i,0) =u@i,T,+1) =0, ie€Zl,T), u, ) =u(Ty +1,)) =0, jeZ(,Ty).

Together with the maximum principle and unique continuation property, this implies that p = A; or
p= Aka1 for A < p < Ais1-

If p= A, thenu € W° and
(1)”

llut,
, n — oo,
et
In fact, if w ¢ WP, then pu = 0, which leads to |[u]| = 0. In view of |[u]| = 1, this is a contradiction.

Therefore, as n — oo, we have that

T T

DD )y 1)) = Autniy IDUG, ) = = @), 1) < Nl @)l = 0. (3.3)

i=1 j=1

Obviously, Eq (3.3) is inconsistent with (f;).
If p = Aiy1, then u € span{¢;,} and

%

n,k+l||
— 1, n — oo,
It
Thus,
T, T»
D Qurttnlis ) = £ sy DU G ) = T )l < I @)l] = O
i=1 j=1

as n — oo, which contradicts (f3). Therefore, {u,} is bounded.

To calculate critical groups at infinity, we have the following lemma.
Lemma 3.2. Let i, = dim(W° @ W~). If (£)), (f,), and (£3) are satisfied, then C,(l,00)=6,,.Z
Proof. First, fort € [0, 1], let I, : S — R be given as

Ti1+1 T, T Tr+1 T T>

_1 . 12 1 .o 2 l_t cowg2
() =5 Zl ; a1 = 1 )P + 5 Z ; |Asui, j— DI — Tﬂk; ,Z‘ lu(i, j)|
l—l T, T» T, T»
RN . . . .
— A Zl ;] lui, I - er] ;] F((i, j) u(i, j))
1, 11— , A
=l — =+ A lllly = £ 3 > F (G i ).
i=1 j=1

In the following, we prove that Eq (2.4) in Proposition 2.1 is true. Otherwise, there exists {u,} C S,
t, € [0, 1] such that
lluall = 00, (1 + llual DI} ()l — O, n— oo,
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Denote u, = ” " Then, ||u,|| = 1 and there exists u € S satisfying ||| = 1 such that u, — uasn — oco.
From Lemma 3.1, we know that

fG i)

el

n — oo,

b

Suppose that 7, — #;, whereby is easy to show that u is a solution subject to

Au(i— 1, )+ 83uli, j— D = &t)u =0, (G, )) € Q,
ﬁ(h 0) = ﬁ(h T2 + 1) = 0 i € Z(l’ Tl)’ ﬁ(oa J) = ﬁ(Tl + 19]) = 0 ] € Z(la TZ)a

where £(t)) = = t‘)/l + 1 /lk+1 + top and Ay < &(ty) < Agy1. By the maximum principle and unique
continuation property, we ﬁnd that

&) = A or &(fy) = Ay

Furthermore, t, = 1 means that , — 1 as n — oo. Therefore,

1 1
“|| [

||Lt nk+1

0
||un|| et
Note that (f) and (f3) are valid, and so

T, T»

Z (G st ) = i, D)uNi ) 28>0, n> Ny
i=1 j=1

or
T, T»

DD (ettnlis ) = F(Gs ot PG ) 2 62> 0, 0> N

=1 j:l
Considering A; < A4, we have

T, T»

(G ) = A D106 ) + == DDl GIF = 0. = oo,

i=1 j=1

which implies that

T, T»
- RN 1-
(G n) = At )it 260 ) + (1) = — "= AP <0, oo,
i=1 j=1 n
Therefore,
T, T»
timsup - 3 (G ) = dani )3 ) < 0

n—oo

i=1 j=1
or

lim supZ Z Nrttn(i ) = FCG ) un))ully, G ) <0,

n—oo

i=1 j=1
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which guarantees that Eq (2.4) is satisfied.
It is easy to show that Eq (2.5) is satisfied and [, I; satisfy (C). In fact, because

1 1
Io(u) = §||M||2 - Z(/lk + A )|ulf3, ues,
we have that 1
AT = 1, j) + 5uG, j— 1) + 5+ )l =0, () €9,

which is impossible for ||u|| = 1. Consequently, /, satisfies (C). Moreover,

T T

1
0udy = 3+ A )llll = Y > F(Go j)outi, )

i=1 j=1
is continuous. According to Proposition 2.1, we have that

Cyl, ) = Cy(I1,00) = Cy(lp,00),  qeZ.

Note that u = 0 is a unique nondegenerate critical point of I, with po = dim(W° & W~). Thus,

C,(Ip, ) = Cy(Iy,0) = 8,,. Z, e = pto = dim(W’ & W").

Further, we have that C,(1, o0) = 6, Z.

To gain some mountain pass-type critical points by applying the cut-technique, we verify the fol-

lowing compactness conditions.

Lemma 3.3. Let

o uso
£ (G ) = {f (D0

0, u<o,
such that e .
Ax < liminf]M < lim sup M < Apqr.
u—+oo u U—>+00 u

Then, the functional I : S — R defined by

1 T, T»
') = Sllf = ) > F (G ). uti, )
i=1 j=1

satisfies (PS), where F*((i, j), u) = fou (@, j), )dr.

Proof. Let {u,} C S be a (PS). sequence, that is,
I'(u,) = ¢, I'"(u,) =0, n— oo,
Similar to Lemma 3.1, assume that {u,} is unbounded. Then, we have

|1, (i, j)| — o0, n— oo, Y(@i, j) € Q.

(3.4)

(3.5)
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Denote v, = ”Z—” so that ||v,|| = 1. As S is a T T,-dimensional Hilbert space, there exists v € S
satisfying ||v|| = 1 such that v, — v as n — oco. Hence, for any ¢ € S, it holds that
" (un), @) 2 (¢ ) un(l ) ..
= >—ZZ ! o). (3.6)
n i=1 j=1
For any (i, j) € Q, write v*(i, j)) = max{v(i, j), 0}. Then, there exists a satisfying 4; < @ < A such
that
e .. PP ..
hm f ((l, ])’ I/ln(l, .])) — hm f ((l, ])’ ul:l(l’ J))Vn(i, ]) — (IV+(i, ])
n—eo et n—eo (i, j)
Together with Eq (3.6), this yields
T, T,
= D UANG = 1, )+ A, j = 1) + av G Dle, ) =0, n— oo,
i=1 j=1

which implies that v is the nontrivial solution of
A -1, j) + A, j— 1) + av' (G, j) = 0, (i, j) € Q (3.7)
with boundary conditions
V(Z’O) :V(i, T2+ 1) :0’ ieZ(laT1)7 V(O,]) :V(T] + I’J) :0’ JEZ(17T2) (38)

Denote v(iy, jo) := min{v(i, j)|(i, j) € Q}. We aim to show that v(iy, jo) > 0. Otherwise, av*(i, j) =
and
Atv(io = 1, jo) + Av(io, o= D=0, (i, ) e,
which means that A;v(ip — 1, jo) = Av(io, jo — 1) = 0. Moreover, v(ip — 1, jo) = v(io, jo) = v(ig, jo — 1).
Therefore, v = 0 for all (i, j) € Q. Additionally, v is the nontrivial solution of Eqgs (3.7)—(3.8), which

implies that v(iy, jo) > 0, and so v(i, j) > 0. Recall that 4, < @ < A4y, we so we have that {u,} is
bounded.

In the same manner as Lemma 3.3, we can state the following.

Lemma 3.4. If
J (G, ), ) S (G ), w)

A < liminf —————— < lim sup ——————— < A4,
U——00 u U0 u
where
. £, p,u), u<o,
S, J)u) = (3.9)
0, u>0,

then the functional I~ : S — R defined by

I"(u) = —||u||2 Z ZF (G, ), utiy )

i=1 j=1
satisfies (PS), where F~((i, j),u) = [1' f~(G, j), 7).
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Lemma 3.5. If all conditions of Theorem 3.1 are fulfilled, then I has a critical point u* > 0 such that
C,(I",u") = 6,1Z and I" has a critical point u~ < 0 such that C,(I",u™) = 6, Z.

Proof. We prove the case of I*; the proof of I~ is similar and is omitted for brevity. With the aid of
Proposition 2.5, we need only prove that I* satisfies (J3), (J4). According to (Vy), there exist p, p; > 0
such that F”'((i, j),0) < p; < 4; and

.. 1 ..
F((i, j),u) < Epuz, lu(@, )| < p.

Then, for any (i, j) € Q and u € S with |ju|| < VA,0,, we have

T, T»

1 1
+ __ 2 _ + . - . - _ _ 2 _ . . . .
I () =5 Zl ; F* (G, ) utic ) = 5 lul ;F((ld),u(ld))
1 1 1 1 & 1 1p
2 NP 2 NV 2 1 2
>l ~ i Z] juCi. )P = Sl = 50 21 JZ; i, DP = Sl = 55l
>0,
with U = {(i, j) € Qlu(i, j) > 0}, which ensures (J3) is valid.
Using (fy), there exist y > A;_(= A1), b, € R such that
.. )
F((, j),u) > Eu + b,, Yu € R.
For t > p, choose e € span{¢;}. Then, we have
1 LR 1 ylite|?
+ __ 2 _ . .. - 2 _ 2 _
1 (te) =5 ltell = 3 ) F((i, p.teli, ) < slltelf = === = b1 T

i=1 j=1
Ylite|?
24,

WHP b, T,T ﬂa ymw b, T, T
2 241472 2 /11 24147

<0.

Therefore, (J4) is satisfied.
By the Mountain Pass Lemma, I* possesses a critical point u™ # 0. Moreover, there exists a
sequence {u;} such that I'* (1)) — I'*(u") as n — oo. For any ¢ € S, we have

T, T

W), 0) = @) = D D (G s ), (s )

i=1 j=1
Letting n — oo,
V() R7M )]
uy (i, J)

lim f*((, j). u; G, ) = lim uy (i, j) = au™ (i, j), (i, ) € Q,

which leads to
Aut(i—1, )+ Au* (i, j— 1) +au*(i, j) =0
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with Ay < @ < Ay and u* (7, j) := max{u(i, j), 0}. Similar to the proof of Lemma 3.3, u™ is positive.
We now calculate C,(I", u"). Recalling Eq (2.1), we find that

A" (W, v) >0, YvesS
and there exists some vy # 0 such that

"Wy, vy =0, Yves,
which implies that vy is a solution of

A%v()(i - 17 .]) + Agv()(ia .] - 1) - F,,((i’ .])’ I/l+)V0(i, J) = 07 (l’ .]) € Qa
vo(i,0) =vo(i, T2+ 1) =0, i€Z(,T), vo(0, )) =vo(T1 + 1,)) =0, jeZ(1,Ty).

Combining this with (V5), it follows that

A — 1, j) + A2v(i, j— 1) = AF"((i, j), u* Vi, j) = 0, (i, j) € Q,
V(Z,O) = V(i, T2+ 1) :0a iEZ(19T1)7 V(O,]) :V(Tl + 15]) :07 JEZ(17T2)

admits an eigenvalue 4 = 1 such that dimker(/”(x")) = 1. Hence, we conclude that C (I, u") =
C,(I",u") = 6,,Z. This completes the proof.

It is time for us to give the detailed proof of Theorem 3.1 using Proposition 2.4.
Proof of Theorem 3.1 Given /’(0) = 0 and (V;), then

F"((G, ), 0)

Ml e,

" O, uy > (1 -

which implies that 0 is the local minimizer of /. From Proposition 2.2, we have
C,(1,0) = 6,0Z, qe. (3.10)
Furthermore, Lemma 3.2 ensures that
C,(I,00) =6,,.Z, q€Z.
Then, according to Proposition 2.4, there exists some critical point #; # 0 of I such that
Cu.(I,uy) 2 0. (3.11)

Consequently, we conclude that u*, u~ and u; are nontrivial critical points of / with u* > 0 and u~ < 0.
The proof of Theorem 3.1 is achieved.

Before verifying Theorem 3.2 using Proposition 2.3, we need the following lemma about local
linking.

Lemma 3.6. Let (V3) and (Fy) (or (Fy)) hold. Then, I has a local linking at 0 with respect to
S=S"®S",
where S~ = span{¢, ¢, ..., dp} (or S~ = span{dy, ¢z, ..., Pu_1}).
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Proof. Suppose that (Fy) is satisfied. Then, there exists 6 > 0 such that |u(i, j)| < 6, |[ull < 6 \/Ar,7,,
and

1
F((i, j),u) > Eﬂmbﬁ.

Foru € S~ with O < ||ul| < 6 +/A7,1,, we have

T, T»

1 1 1 1 A
1) = Sl = Y " F(G juti ) < Sl = S0l < 51 = 9P =0. (3.12)

i=1 j=1
Foru € §* with O < [lu|| < 6 \/Ar,1,, We obtain

1 1A 1
1 > Zull? = =l = =(1 -
(u) > 2||M|| 2/1m+1||u|| 2(

A

Mul* > 0. (3.13)
m+1

Obviously, 1(0) = 0. Combining this with Eqs (3.12) and (3.13), it is clear that / has a local linking at
0.

Proof of Theorem 3.2 Denote i, = dim span{@y, ..., ¢,,—1}, vo = dimspan{¢,,}. Let (V3) be true.
Then, 0 is degenerate. Taking account of Proposition 2.3, we find that

C,1,0) = 6,402, qEZ.

In contrast, Lemma 3.2 gives C (I, o) = 6,,. Z. Therefore, Proposition 2.4 guarantees the existence
of u* such that
Cu.(I,u) % 0.

Moreover, m # k implies that gy + vy # te. Thus, u* # 0.
From (Vy), there exists uy # 0 such that f((i, j), up) = 0. Without loss of generality, we can assume
that 1y > 0. In the sequence, we intend to obtain the local minimizer of /. Define

0, u <0,
F(G, )y w) = F(Gs o), u € [0, ), (3.14)
0, u > uy,

and let
T, T»

~ | =
1) = 5 lull* ~ Z] JZ; F(G, j)ul,j),  ues,
where Fi (@, jp,u) = fou f((i, J),T)dt. Then, 1 is coercive and continuous. Therefore, there exists a

minimizer %, of I. From the maximum principle, we deduce that uy = 0 or 0 < uy(i, j) < u for all
(i, j) € Q. Moreover, (V3) means that 0 is not a minimizer. Consequently, u, # 0 is a local minimizer
of I and Cy(1,up) = 6,40Z, q € Z.

Denote F((i, j),u) = [\ f((i. j), T)dr, where

F(G ). v) = f(Gs v +Tho) = £((, ). o), (i,)eQ, ves.
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The corresponding functional is then given by

T T

_ 1 _
10) = 5P = 3 ) FG. v ). ves.

i=1 j=1
If v is a nonzero critical point of 1, then Ty + v is a critical point of / with
C,(I,v) = C,(LTy + V).
Define

PG o) = {f @.v), v20, (3.15)
0, v <0,

and construct the corresponding functional as

T, T»

— 1 —
P =P =) ) Fr@pvip.  ves.

i=1 j=1

with F° (i, p,u) = fou F((i, J), T)dt. Then, u is a local minimizer of  for T satisfying (PS), which
leads to v = 0 being a local minimizer of T*. Thus, (J3) is fulfilled. Applying (f;) yields

T (te) < 0, t — +oo,

which ensures that (J4) is satisfied. By Lemma 2.5, T possesses a critical point v© > 0. Furthermore,
Tpossesses a critical point v* with Cq(z vh) = 6,1Z, q € Z. As aresult, ut = uy + v* is a critical
point of I satistying C,(I,u*) = 6,,Z, q € Z. Similarly, u~ < uy is a critical point of I satisfying
C,(I,u”) = 6,1Z. Therefore, u*, ugy, u* are four nontrivial solutions of I and uy, u* are positive.

For the case uy < 0, repeating the above steps shows that / has four nontrivial solutions, among
which there are two negative solutions. Therefore, / admits four nontrivial solutions and the proof is
finished.

Proof of Theorem 3.3  Similar to the proof of Theorem 3.2, we find that C,(1,0) = 6, +v,Z,
g € Z. Because k = 1, C,(I, ) = §,,Z and there exists some critical point " such that C;(/,u") # 0.
Moreover, u* is the critical point of I satisfying C,(I,u") = 6,,Z. From m # 1, we conclude that u” # 0.
If « = {0, u"}, the Morse equality implies that

(=1 4 (=) = (=D (3.16)

Of course, Eq (3.16) is impossible. Therefore, problem (1.1)—(1.2) possesses at least two nontrivial
solutions.

4. Examples
Finally, we present two examples to verify the feasibility of our results.
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Example 4.1. Take T\, = 3, T, = 2, and consider

A Ax+A, P
= %)M(l, .]) /lk + /lk+1

Au(i =1, j) + Au(i, j— 1) + = ,/)=0 4.1
u(i—1, ) + Asu(i, j— 1) T3 G )P 5 u.)) (4.1)
with the boundary value conditions of Eq (1.2).
co o (LG ) kA g s
Because f((i, j),u) = oo u(i, j), it follows that
u(i, j)l 2
e _/lk+/1k+1 4 3 Ay o A
F7((, j),u) = Tu + (E(ﬁk + A1) — E)M + 5 > 0.

It is not difficult to verify that f((i, j),0) = 0, F”((i, j),0) = %1 < Ay, and

1, < lim S, ), u) _ Ak + Aksr

< Agsts
lul—o0 u 2

1
lle 21

[leanll

3 2 /1_1 _ A+ A1 )u (l ]) /l " /1
2 2 1A k k+1 LN oD
232; T+ wG )P 2 %“J)'“Wﬁdﬁﬁﬂhﬁ

— 1 as ||u,|| — oo, then we obtain

which means that (f;), (V1) and (V) are satisfied. If

2 A A+ i1 ..
7 = =g (i, ]) ey — A
2 2 k+1 k N GO VT
+ n 2 2
Z [+ [ P 2 D)

AL At

3 2
> A1 — A .
:ZZ 12 2 + k+12 k[ufii(l,J)]z

— +o00.
L £ +
i=1 j=11 () i, j)1

Therefore, (f,) is satisfied. Similarly, (f3) is valid. Therefore, Theorem 3.1 guarantees that problem
(4.1)—(1.2) admits at least three nontrivial solutions, of which one is positive and one is negative.

Example 4.2. Take T\ = 3, T, = 2, and consider

2(/lm - /lk+;k+l )I/l /lk + /lk+1 U

=0 4.2
2 —u? 2 4.2)

Aju(i -1, j) + Au(i, j— 1) +

with the boundary value conditions of Eq (1.2).

Denote -
2(/1m — = 2k+1 u Ap + Ay

-2 T 2

J(@, p,u) =

Then, f((i, j),0) = 0 and there exists u = + ./ @?ﬂﬂ # 0 such that f((i, j), u) = 0, which means that

(Vy) is satisfied.
A direct computation yields

A + Ak

A+ 4
F((, j),u) = (T —2,)In(2 - ) + kT K+l 2

4
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and
ﬁ%ﬂx2+f)+h+ahl
(2 —u?)? 2

2(/lm -

J (G ) =

and so f'((i, j),0)

As |||l = oo, 1

= A,, and (V3) is valid.

1
Nl
Tl

B3

i=1 j=1

Ak+/lk+l )un(l ]) + /lk + /lk_,_]
un(l DI 2

2am—ﬂ%mmann+hﬂ-a
1+ [u,(i, )]? 2

%@ﬂ—@%@pyﬂ@ﬁ

M- 1
M- 1

kw@ﬁ)maﬁ

1

1

1j
/lk+1

A
> [y, P

— 400,

.MN

l
—_

l
—

[2/1 = (A + Ais1)

1
i=l [ufj,i(z e

Therefore, (f,) is satisfied. Similar to (f), we can show that (f3) is satisfied.
In the following, we verify (f;) and (Fy). If we write

4 -1 0 -1 0 O

-1 4 -1 0 -1 O

0O -1 4 0 0 -1
A=

-1 0 0 4 -1 0

0o -1 0 -1 4 -1

o o0 -1 0 -1 4

then A is positive-definite and the eigenvalues of A are

/11:3—\/5, A, = 3, /13:5—\/5, /14:3+\/§, /15:5, /16:5+\/§-

Letm =2,k =3. Then, 5 - V2 < hmlnff((’u’)”) = lim sup 5222 f((”)”) = 4 < 3 + V2, which means that

[ul—00 |u|—o0

(fy) is satisfied. Further, there exists § > 0 such that, when |u(i, j)| < &, the following holds for any
(i, j) € 2(1,3) X Z(1,2):

2F((i, j),u) = 3u* = 2In(2 — u?) + u*> > 0.

In fact, for any (i, j) € Q, we can choose § = 1 > 0, and then 0 < [u(i, j)]* < 1 for O < |u(i, j)| < 1. This
means that In(2 — u?) > 0 and 2F((i, j), u) — 3u* > 0. Thus, (F;) holds and all conditions of Theorem
3.2 are satisfied. Consequently, Theorem 3.2 ensures that (4.2)—(1.2) admits at least four nontrivial
solutions.

More clearly, using Matlab, we find that problem (4.2)-(1.2) has 36 nontrivial solutions.
Some examples of these solutions are as follows: (0.5061,0.6548,0.5061,0.5061, 0.6548,0.5061),
(—0.5061, -0.6548, —0.5061, —0.5061, —0.6548, —0.5061), (—1.9858,2.1015, 0.6084, 1.9858, —2.1015,
—0.6084), and (1.2137,-4.7492,1.2137,13.9612,—-1.5032, 13.9612).
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