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Abstract: In this paper, based on a p53 gene regulatory network regulated by Programmed Cell Death
S5(PDCDS5), a time delay in transcription and translation of Mdm2 gene expression is introduced into
the network, the effects of the time delay on oscillation dynamics of p53 are investigated through
stability and bifurcation analyses. The local stability of the positive equilibrium in the network is
proved through analyzing the characteristic values of the corresponding linearized systems, which
give the conditions on undergoing Hopf bifurcation without and with time delay, respectively. The
theoretical results are verified through numerical simulations of time series, characteristic values and
potential landscapes. Furthermore, combined effect of time delay and several typical parameters in the
network on oscillation dynamics of p53 are explored through two-parameter bifurcation diagrams. The
results show p53 reaches a lower stable steady state under smaller PDCDS level, the production rates
of p53 and Mdm?2 while reaches a higher stable steady state under these larger ones. But the case is the
opposite for the degradation rate of p53. Specially, p53 oscillates at a smaller Mdm?2 degradation rate,
but a larger one makes p53 reach a low stable steady state. Besides, moderate time delay can make
the steady state switch from stable to unstable and induce p53 oscillation for moderate value of these
parameters. Theses results reveal that time delay has a significant impact on p53 oscillation and may
provide a useful insight into developing anti-cancer therapy.
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1. Introduction

The most important tumor suppressor pS3 has a key role in regulating a number of cellular responses
upon various stresses including DNA damage and oncogene activation [1,2]. Depending on the type
and severity of the damage, p53-mediated responses include cell cycle arrest, cellular senescence and
apoptosis, which can be triggered through regulating the expression of different downstream genes |3,
4]. These responses are closely related to pS3 dynamics, where p53 keeps low level in unstressed
cells, whereas a high level of p53 induces apoptosis to destroy irreparably damaged cells [5, 6]. More
interestingly, the oscillation dynamics of p53 may initiate cell cycle arrest or apoptosis depending on
the number of p53 pulses [7,8]. Therefore, it is meaningful to explore pS3 dynamics for understanding
cellular response in response to different conditions. Furthermore, p53 dynamics can be investigated
through simulating the mathematical models of pS3 gene regulatory network with p53, it upstream
regulators, downstream target genes and feedback loops [9, 10].

A number of mathematical models depicting p53 gene regulatory network have been established
to explore p53 dynamics in response to different conditions from theoretical analyses and numerical
simulations [7,8,11]. Typically, an integrated model of p53 gene regulatory network with four modules
was proposed by Zhang et al., who demonstrated that the number of p53 pulses determined cell fates
upon DNA damage [7,8]. Based on the integrated model and experiment results, a mathematical model
of p53 gene regulatory network regulated by Programmed Cell Death S(PDCDS5) has been developed
so as to reveal that PDCDS5 modulates cell fate decisions as a co-activator of pS3 [12,13]. Furthermore,
the effects of rate constants in the p53 gene regulatory network on p53 dynamics are explored through
bifurcation analyses and potential landscapes [14, 15]. However, the transcriptional and translational
processes in the model are seen as instant. Actually, slow and complex transcriptional and translational
processes as the basic steps of gene expression in cells are usually related to long time delay [16].
Time delays in various networks, such as neural networks and disc dynamos with viscous friction, have
important impact on the dynamics in the network, which are explored through stability and bifurcation
analyses [17-20]. Also, more researches explore the effect of time delays in some p53 gene regulatory
networks on p53 oscillation [21]. However, the effect of time delay on p53 oscillation in pS3 gene
regulatory network regulated by PDCDS has not been considered.

Inspired by these considerations, we introduce a time delay of the transcriptional and translational
processes of Mdm?2 activated by p53 into pS3 gene regulatory network regulated by PDCDS in ref.
[22]. The local stability of positive equilibrium of the model are demonstrated through analyzing the
characteristic equations of the corresponding linearized system for two cases without and with time
delay. Also, these stability are verified through time series, the distribution of characteristic roots, one-
parameter bifurcation diagram and potential landscapes. Then, two-parameter bifurcation diagrams of
time delay with the concentration of PDCDS and four typical rate parameters, v,s3, d,s3, Vyame and
dyam are carried out to explore their effect on the oscillation dynamic of p53.

This paper is organized as follows. The p53 gene regulatory network regulated by PDCDS is given
in Section 2. In Section 3, we analyze the local stability of positive equilibrium of the model by
means of stability theory for two cases without and with time delay. Then numerical simulations and
bifurcation analyses are given in Section 4. Finally, we conclude the paper in Section 5.

Electronic Research Archive Volume 30, Issue 3, 850-873.



852

[ P — Mdng’gfp Mdm2y; | &

VAR

/
DSB @
V4
——e| p53

T
v Kk\\\\ PDCD5

@ Nucleus

Cytoplasm

L T P P PP TP PP

Figure 1. (Color online) Illustration of the PDCD5-mediated p53-Mdm?2 pathway. State
transitions are represented by arrow-headed solid lines, degradation is represented by dashed-
lines, and the promotion and inhibition are separately denoted by solid-circle headed and
bar-headed lines, respectively.

2. A model of p5S3 gene regulatory network with time delay

The model of p53 gene regulatory network regulated by PDCDS is illustrated in Figure 1, which
was established in Ref. [22]. Double strand breaks (DSBs) induced by various stresses activate ATM
monomers, which further phosphorylate p53 at Ser-15 in the nucleus(p53) and Mdm?2 at Ser-395 in the
cytoplasm (Mdm223t5p). Phosphorylated p53 in the nucleus inhibits ATM activity through activating
it inhibitor Wipl [23-25]. Additionally, Mdm2 protein in the cytoplasm(Mdm2.,,) transforms with
Mdm23?" and Mdm2 protein in the nucleus (Mdm2y,.). Furthermore, Mdm22%" stimulates p53 trans-
lation through interacting with p53 mRNA while Mdm?2,,,. promotes p53 degradation by binding p53
and increasing it ubiquitination [26]. Besides, PDCDS5 functions as a positive regulator of p53 through
accelerating the degradation of Mdm?2,,,. and inhibiting the degradation of p5S3 by Mdm2,,. [22]. Here,
phosphorylated p53 accelerates the production of Mdm2,,, through promoting the expression of Mdm?2
gene. As we know, it takes some time from gene transcription to protein production, so we introduce a
time delay into the interaction of p53 with Mdm2.,,. The model equations of the p53 gene regulatory

network with time delay are given as follows.
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dfl(tt) = vps3f1(m(0) f2(2(1)) = dps3 f(w())x(),

% = Vatam2 fs (Xt = T)) = dygamy (@) = kinY() + kouw(2) = Ky fs(m(0))y(2) + ky2(2),

? = ky fs(m())y(2) — kyz(?) — godmam (1), 2.1)
% = kiny(t) = kouw(t) = (1 + rap)dpamw(t),

d’ZEt) = va — darm fo(x())m(2),

where

mt
Sim() = (1 = po) + Po—(tl(t)
2(0)
H@®) =0 -p1) +P1—4(t)
W(©) = (1= py) + py b
SO = =P g ey
- 4
Ko(p) = To((1 = 1) + rl%>,
4(t)
Ja(x(1) =1 —p3) + 103 x4(t)
2
Fsm(@) = (1 - pa) + p4—(t)2(t)
4
fox(0) = (1= p9) + ps— (Z =

Here x(1), y(t), z(t), w(z) and m(r) represent the concentration at time ¢ of active p53, Mdm2,,
Mdm237", Mdm2,,,. and ATM proteins. The biological significance and values of all parameters in the

model are given in Table 1.
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Table 1. Typical parameter values. C; = simulated concentration units [22].

Parameters Description Value

Vps3 Maximum p53 production rate 0.8 C,min~!
00 Regulation strength of p53 activation by ATM 0.9

Ko ECS50 of p53 activation by ATM 0.3 C;

o1 Regulation strength of p53 translation by Mdm2?" 0.98

K, EC50 of p53 translation by Mdm23>" 0.057 C;
dps3 Maximum degradation rate of pS3 0.53 min~!
02 Regulation strength of p53 degradation by Mdm?2,,,,. 0.97

ko Maximum EC50 of p53 degradation by Mdm?2,,,,. 0.09 C;

ry Strength of EC50 K, by PDCD5 0.8

a Regulation efficiency of PDCDS to the EC50 K, 33C;!
Vddm2 Maximum production rate of Mdm2.y, 0.135 min™!
03 Regulation strength of Mdm?2 production by p53 0.98

K; EC50 of Mdm?2 production by p53 4.43 C,

kin Shuttle rate of Mdm? into nucleus 0.14 min~!
Kous Shuttle rate of Mdm?2 out of nucleus 0.01 min~!
k, Maximum phosphorylation rate of Mdm?2 at S er — 395 0.65 min™!
04 Regulation strength of Mdm2 phosphorylation by ATM 0.9

K4 EC40 of Mdm?2 phosphorylation by ATM 1C;

kg ATM dephosphorylation rate 0.24 min™!
dyiam Mdm?2 degradation rate 0.034 min™!
g0 Increase factor of Mdm?2 degradation rate by phosphorylation 3.58

r PDCD5 dependent Mdm?2 degradation rate coeflicient 1.5 Cy!

p PDCDS level during DNA damage 1.6 C;
darm Active ATM degradation rate 0.53

0s Regulation strength of active ATM degradation by p53 0.9

Ks EC50 of active ATM degradation by p53 1C;

VA Active ATM production rate during DNA damage 1.2 min™!

3. Local stability analysis

In this section, the local stability of positive equilibrium E* = (X*,Y*,Z*, W*, M*) are analyzed
through stability theory for without and with time delay. Let x(r) = x(r) — X*, y(t) = y(t) — Y~,
72(t) = z(t) — Z*, w(t) = w(t) — W*, m(t) = m(t) — M, the linearization of system (2.1) at E* is given as
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follows,

where

% = B]%(Z) + BzZ(l’) + B3W(Z) + B4m(l),

% = Biex(t — ) + Bsy(t) + Bez(t) + B7w(t) + Bgm(t),

% = Bgy(t) + BIOZ(t) + B]ﬂ’T’l(l‘), (31)
g

% = Buy(t) + Buaw(a),

-

% = BuyX(1) + Bysin(h),

B = —dys3 (W),

B, = vys3 fi(M") f,(Z"),

By = —dys3 fy (W)X,

By = vs3 f{(M) (2,

Bs = —(dyam + kin + kp fs(M")),

B6 = kq,
B7 = kouh
By = —k,f;(M")Y",

By =k, fs(M"),

Bio = —(ky + godmama)-

Bii = kpfs(M)Y",

By = kin,

B3 = —(kows + (1 + r2p)dpgamn)
Biy = —daru f(X)M",

Bis = —darm fs(X),

Big = Viam f1(X).

The system (3.1) can be written as the form of matrix:

Electronic Research Archive

x(0) x(1) Xt -1)
¥(0) y(®) y(t-1)
z0) |=D| z¢) |+D,| zt-1) |, (3.2)
w(r) w(r) Wt — 1)
m(r) m(r) mt — 1)
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where

B 0 B, B; B
0O Bs Bs By Bg

D=1 0 By By 0 By |,
0O B, O Bz O
By 0 O Bis
0O 0 0 0O
B 0 0 OO

D=1 0 00 0O
0O 00 0O
0O 00 O00O0

Using Laplace transform,

LIf(t=T)] = T F(s),
LIf(O] = F(s),
LIf" (0] = sF(s) - F(0),

Eq (3.2) can be given as follows:

x(1) x(0) x(1) X(1)
() 3(0) () ()
A 20 |-| 20) |=Di| 20 |+ D] 20
w(r) w(0) w(?) w(r)
m(t) m(0) m(t) m(t)
Without loss of generality, let
x(0)
¥(0)
m(0) [ =0.
w(0)
5(0)

Then, the characteristic equation of the linear system (3.1) is give as follows:
det(Al — Dye™ — D) = 0.

That is:
X+ a2+ el + a2 + asd + as + (A5 + Aj A+ Ag)e ™ =0,
where
a, = —(By + Bs + Bjp + Bj3 + Bys),
ay = —B4By4 — B7B1, — B¢B9 + B13B5s + B1oBi5 + BigBi3 + BiBj5s + B|Bjy + BsB;5
+ B5Bl3 + BSBIO + BIB5 + BIBIBa

(3.3)

(3.4)

(3.5)
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a3 = —ByBy B4 + B4BsB4 + B4B\gB14 + B4B13B14 + B;B12B15s — B1B1oBi5s — B1B13B;5
— B1B¢B13 — BsB13B15 — BsB1oBis — BsB1gB13 + B1B7B12 + BiBsBy — B1BsB;s
+ B¢ByB13 + BsByoB1s — BioB13B15 — B1BsB13 — B1BsBjo + B7B10B12,

ay = —B12B3BgB14 + B12ByB1B1y + B2BsB1 1 B14 + ByB11B13B14 — B4BsB19B14 + B1BsBoBi3
— B4BoB13B14 — B1B19B12B15s — B1B7B19B12 — B1BsBoB13 — B1BsByB15s — ByBg By B4
— B¢ByB13B15 + BsB19B13B1s + BiBsB13B15s + B1BsB1gBis — B4BsB13B14 — BiB1B12B)5
+ B1B19B13B15 + ByBsBy B4,

as = —B3B¢B11B12B14 — ByBsB11B13B14 + ByBgByB13B14 + B4BsB1oB13B14 + B1B7B19B12B;5
+ B1BsByB13B5 + B12B3BsB1oB14 — B12B4B7B19B14 + ByB7B11B12B14 — B4BsByB13B14
— B1BsBoB13Bis,

Ao = —=B3B10B12B15B16 — B2ByB13B)5B;s,

A1 = B3B12B5Bis + B3B19B12Bis + B2ByB13B1s + B2BoBi5Bjs,

Ay = =B3B13Bis — B2ByBig.

3.1. The caset =0
For = 0, Eq (3.5) becomes

X+ a2+ @l + (a3 + A + (ag + A)DA +as + Ay = 0. (3.6)

The conditions for local stability of E* = (X*, Y*, Z*, W*, M*) are give in Theorem 3.1 according to
the Routh-Hurwitz criterion [27].

Theorem 3.1. E* = (X*,Y*,Z*, W*, M) is locally asymptotically stable when all roots of Eq (3.6)
have negative real parts, the following conditions (H) should be satisfied.
(H):
A =a; >0,
AN =aja, —az — A, >0,
Az = (a3 + Ax)(aja; — a3 — Ary) —a(ai(ag + Ay) —as — Ag) > 0,
Ay = (as + Ao)(aras + axAs — as — Ao — a1 (a5 — as — A)) + (as + Ap)(ay(@as + axAs)
—di(as + Ay) — (a3 + A)* + ai(as + Ag)) > 0,
As =as+Ap > 0.

3.2. Thecaset #0

For 7 # 0, let iw(w > 0) be a root of Eq (3.5), so w satisfies the following equation:

i + a0 — a0 — 4307 + iasw + as + (Ag — Arw” + iAw)(cos(wT) — i sin(wT)) = 0.

Separating the real and imaginary parts, we have

5 (3.7)

a1w* — a30° + as = —(Ag — Arw?) cos(wt) — A w sin(wT),
W — W + ayw = —A w cos(wT) + (A — Arw?) sin(wT).
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Squaring both sides of each equation and then adding them up leads to
W' + (a? - 2a,)w® + (ag +2a4 - 2a1a3)0° + (ag —2aza4 + 2aas5 — A%)w4
+(az — 2azas — A7 + 2A0A)w” + al — A = 0. (3.8)
Letz = w?, p = ai—2ay, ¢ = a5+2as—2a1a3, r = a3—-2axas+2ayas— A3, u = a;—2azas— A} +2A0A,
and v = af — Aj. Then Eq (3.8) can be written as
2+plt+ gl +r +uz+v=0. (3.9)

Some lemmas for establishing the distribution of positive real roots of Eq (3.9) are given as follows
[28].

Lemma 3.2. Ifv <0, then Eq (3.9) has at least one positive root.

Proof. Denote h(z) = 22 + pz* + gz° + rz? + uz + v. Since h(0) = v < 0 and [im h(z) = +oco. Hence,

z—+00

there exists a zo > 0 such that i(zp) = 0. The proof is complete. O
For v > 0, considering the following equation:
W (z) =5z +4p7 + 3¢ + 2rz +u = 0. (3.10)

Let z = y — £, then Eq (3.10) is changed into:

Y Hpy +qy+r =0, (3.11)
where
P11 = 25P Sq’
8 3 N 6 N 2
=—p +—= —r
qi 1251? 2517(] 5"
3 4 N 3, 2 N 1
r=—-—— — — —pr+ —u.
1= 5P 5P 1T 5T s
If g; = 0, then the four roots of Eq (3.11) are as follows:
_ [t VAy _ —p1 + VAy
1= » Y2 =~ )

g V= —
_ —Pl—\/A_o _ —Pl—\/A_o
y3 = T Y4 = - T’

where Ay = p% —4ry. Thus z; = y; — g—’, i = 1,2,3,4 are the roots of Eq (3.10). Then we have the
following lemma.

Lemma 3.3. Suppose that v > 0 and g, = 0.

(i) If Ay < 0, then Eq (3.9) has no positive real roots.

(ii) If Ag > 0, p1 > 0 and r; > 0, then Eq (3.9) has no positive real roots.

(iii) If (i) and (ii) are not satisfied, then Eq (3.9) has positive real roots if and only if there exists at
least one 7* € {z1, 22,23, 24} such that 7* > 0 and h(z*) < 0.
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Proof. (i) If Ay < 0,then Eq (3.10) has no real roots. Since lim h'(z) = +oo, so h'(z) > 0 for z € R.

Hence, h(0) = v > 0 leads to h(z) # 0 when z € (0, +c0). o

(i)If Ag > 0, p; > 0 and r; > 0, then /() has no zero in (—co, +00). It is similar to (i) that i(z) # 0
for any z € (0, +00).

(ii1) The sufficiency holds obviously. We will prove the necessity. If Ay > 0, then Eq (3.11) has only
four roots y1, y, y3, ¥4, s0 Eq (3.10) has only four roots z1, 25, 23, z4 at least z; is a real root. We assume
that z;, 25, 73, 4 are all real. This means that /4(z) has at most four stationary points at z;, 25, 73, 24. If it
is not true, we will have that either z; < 0 or z; > 0 and min{h(z;) : z; > 0,i = 1,2,3,4} > 0. If z; <0,
then /#'(z) # 0 in (0, +o0). Since A(0) = v > 0 is the strict minimum of &(z) for z > 0 which means
h(z) > 0 when z € (0, +00). If z; > 0 and min{h(z;) : z; > 0,i = 1,2,3,4} > 0, since h(z) is the derivable
function and lim h(z) = +oo, then we have mm hz) = min{h(z;) : z; > 0,i = 1,2,3,4} > 0. The proof

zo+eo

of the necessity is done. We finish the proof O

If g; # 0. Thinking about the solution of Eq (3.11):

2

S
qi =4 = p)(7 =) =0, (3.12)
that is
53 —p1s2 —4ris+4pir — q% =0.
Let
1
pr= =3P -4,
= r .
q2 27P1 3P1 1~ 4
1 1
Al =—=pi+—q;
I, V3.
o=—-+—I.
2 2

So, Eq (3.12) has the following three roots

Let s* = 51 # p; (since p; 1s not a root of Eq (3.12)). Equation (3.11) is equivalent to

. (s*)? . (s*)?
¥+ sty + TG - Py —qiy + 1

— ] =0. (3.13)
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For Eq (3.13), Eq (3.12) indicates that the formula in square brackets is a perfect square.
If s* > py, then Eq (3.13) is

5" 9 2
0+ 57 = (Vs = piy— 5—=)"=0.
2 24/s* — py

After factorization, we get

VAT —py -+ 2 =0
2 \/S* — D1 2
and
st —p1y+ —— s* =0
- D1
-+ \/7
Let
2
Ay=—s5"—p1 + £l ,
s* = P
Ay = -5 —p _2a
Then we obtain the four roots of Eq (3.11)
R e i 8 )
1= 2 =
m+ V& R VA
Y3 = Y4 = )
Sozi =y —%,i=1,2,3,4 are the roots of Eq (3.10). Thus we can get the following lemma.

Lemma 3.4. Suppose thatv > 0, g, # 0 and s* > p;.

(i) If A, < 0 and A; < 0, then Eq (3.9) has no positive real roots.

(ii) If (i) is not satisfied, then Eq (3.9) has positive real roots if and only if there exists at least one
7" € {21, 22,23, 24} such that z7* > 0 and h(z*) < 0.

Proof. We omit the proof since it is similar to Lemma 3.3. O

Finally, if s* < py, then Eq (3.13) is

2, S q1 2
+ + B A — = O 314
O+ )+ (Ypi=sy -3 e =) (3.14)
Letz = 7L we have the following lemma.

2pi—s) 5 ’

Lemma 3.5. Suppose that v > 0, g1 # 0 and s* < py, then Eq (3.9) has positive real roots if and only
lf4(p] 7 +——O z>0and h(z) < 0.
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Proof. 1f Eq (3.13) has a real root y,, which satisfies

Yo = q1 yz_ s
0_—.’ ___’
20pi-s) 02
SO
2 %
l S oo

A —sP 2

2 £
Therefore, Eq (3.13) has a real root y, if and only if 4(1):’—_‘S*)2 + % = 0. The rest of the proof is similar
to Lemma 3.3, we omit it. m]

Lemmas 3.2, 3.3, 3.4 and 3.5 give the sufficient and necessary conditions of existence of positive
roots of Eq (3.9).

Suppose that Eq (3.9) has five positive roots zz,i = 1,2, 3,4, 5. Then Eq (3.8) has five positive roots
wr = Vi, i = 1,2,3,4,5. From Eq (3.8), we obtain the corresponding T§k> > (0 and the characteristic
equation (3.5) has purely imaginary roots.

w _ 1 (Ara; — AP (A1az — Apay — Araz)w*
7, = —larccos( 212 2.2 22 2,2
W (Ag — Arw?) +A10.) (Ag — Arw?) +A1(,L)
(A0(13 + Aras — A1a4)a)2 — Apas
(Ap — A2w2)2 + A%U)2
k=1,2,3,4,5,j=0,1,2,---.

)+ 2jn],

It is obvious that /im T;k) =oofork=1,2,3,4,5. Next we can define

k k
To=T7.= ™,
Jo 1<k<5,j>1
Wy = Wk,
20 = Zky- (3.15)

On the basis of the above analysis, we obtain the conditions that all roots of Eq (3.5) have negative
real parts in the following lemma.

Lemma 3.6. (i) If one of the followings holds:(a) v < 0; (b)v >0, q; =0, Ag > 0and p; <0orr, <0
and there exist 7* € {z1,22, 23,24} such that 72 > 0 and h(z") < 0; (¢)v =20, g # 0, s* > p;, A, > 0 or
Az > 0 and there exist 7° € {z1,22,23, 24} such that z* > 0 and h(z") < 0; (d)v 20, ¢; # 0, s* < py,
4(177—1*)2 + % = 0,7 > 0and h(z) < 0, then all roots of the characteristic equation (3.5) have negative
real parts when T € (0, 7).

(ii) If the conditions (a)-(d) of (i) are all not satisfied, then all roots of Eq (3.5) have negative real

parts for all T > 0.

Proof. Lemmas 3.2, 3.3, 3.4 and 3.5 shows that Eq (3.5) has no roots with zero real part for all 7 > 0
if the conditions (a)—(d) of (i) are not satisfied. If one of (a)—(d) holds, when t # 7', Eq (3.5) has
no roots with zero real part and 7, is the minimum value of 7, which make equation (3.5) has purely
imaginary roots. We get the conclusion of the lemma. O
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Next, we want to prove the system (2.1) can undergo Hopf bifurcation at 7 = 7.
Let

A7) = a(7) + iw(T) (3.16)

be the root of Eq (3.5) satisfying a(7y) = 0, w(1y) = wy. We have the next lemma.

Lemma 3.7. Suppose h'(zy) # 0. If T = 10, then *iwy is a pair of simple purely imaginary roots of Eq
(3.5).

Proof. If iw, is not simple, then wy must satisfy

d
d_/l[/ls + 01/14 + 612/13 + a3/12 + 614/1 + as + (Az/lz + A]/l + Ao)e_/”]l/lz,-wo =0.

This implies that

Swg — 3a2w(2) +ay = (TAg — Azw(z)r — Ay) cos(wgTy) + (A woT — 2A5w0) Sin(wyTy), (3.17)
—da Wy + 2a3wp = (A woT — 2A,w0) cos(woTy) — (TAg — Asw(T — Ay) sin(woTo). '
Meanwhile, from Eq (3.7) we konw that w satisfies
alwg - 613(1)% +as = —(Ag — Azw(z)) cos(wyT) — Ajwy sin(wyT), (3.18)
w(s) - agwg + agwy = —A1wg cos(woT) + (Ag — Aza)(z)) sin(wyT). '
Thus, we have
(Ajwg + Alwy — 2A0Arw5 + AD50S + 4a; — 2ay)wb + 3(a5 + 2a4 — 2a1a3)w,
+2(a3 — 2a2a4 + 2a1as — AS)wj + (a; — 2azas — A7 + 2A0A2)] + (240A,
—2A§w(2) - A%)[a)éo + (a% - 2a2)wg + (a% +2a4 — 2a1a3)w8 + (a% —2ara,
+2a,as — AJ)wy + (a5 — 2azas — AT + 2ApA)wh + (a3 — A)] = 0. (3.19)
According to Eq (3.9) and w(z) = 20, Eq (3.19) becomes
2.2 2 N 3 2 2
(A3z" + ATz — 2A0A0z + AY)(5Z" + 4pz” + 3qz° + 2rz +u) + (2A0A, — 2A5z
—ANG + pt g + 1 Fuz +v) = 0. (3.20)

Notice that h(z) = 2° + pz* + qz° + rz?> + uz + v and h'(2) = 5z* + 4pz® + 3qz* + 2rz + u, Eq (3.20)
becomes ((Ag — Arzp)* + Afzo)h'(zo) = 0. we obtain a contradiction to the condition /'(zy) # 0. This
proves the conclusion. m|

dRe(A(1))
dr

Next, we will get the conditions for > 0 in Lemma 3.8.

Lemma 3.8. If the conditions of Lemma 3.6 (i) are satisfied, then @ > 0.
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Proof. Differentiating both sides of Eq (3.5) with respect to 7 gives

(d(/l(T)))—l S+ 40 8 43 + 2030 + ag + e T(2A A+ A) T G
dt - e (A3 + A1 2% + Apd) A :

Therefore

d(Re(A(1) 1!
=
_5a)g + 4pw8 + 3qwg + 2rw§ +u
(Ap — Azwg)z +A2w)
_ h (z0)
(Ap — Azwg)z + A%wg

=Ty

# 0. (3.22)

If % < 0, then equation (3.5) has a root with positive real part for T < 7y and close to 7y, which
contradicts Lemma 3.6 (i). This completes the proof. O

To sum up, we get the following theorems.

Theorem 3.9. Let wy, 2o, 79, and A(7) be defined by Eq (3.15) and (3.16), respectively.

(i) If the conditions (a)—(d) of Lemma 3.6 are not satisfied, then all the roots of Eq (3.5) have
negative real parts for all T > 0.

(ii) If one of the conditions (a)—(d) of Lemma 3.6 is satisfied, then all the roots of Eq (3.5) have
negative real parts when T € (0,7y); when T = 1 and h'(z9) # 0, then +iwy is a pair of simple purely
imaginary roots of Eq (3.5) and all other roots have negative real parts. In addition, w > 0 and
Eq (3.5) has at least one root with positive real part when T € (19, T1), when Ty is the first value of
T > 19 such that Eq (3.5) has purely imaginary root.

Theorem 3.10. Let wy, zo, To, and A(7) be defined by Eq (3.15) and (3.16), respectively.

(i) If the conditions (a)—(d) of Lemma 3.6 are not satisfied, then the positive equilibrium point
E* =X, Y",Z",W*, M") of system (2.1) is asymptotically stable for all T > 0;

(ii) If one of the conditions (a)—(d) of Lemma 3.6 is satisfied, then the positive equilibrium point
E* = (X", Y",Z", W*, M) of system (2.1) is asymptotically stable when T € (0, 1);

(iii) If conditions (a)—(d) of Lemma 3.6 is satisfied, and h' (zy) # 0, system (2.1) undergoes a Hopf
bifurcation at E* = (X*,Y*,Z*, W*, M*) when T = 1.

In summary, Theorems 3.1 and 3.10 give the local stability of positive equilibrium E* =
(X%, Y*,Z*, W*, M) of system (2.1) and the conditions undergoing Hopf bifurcation without and with
time delay, respectively. In the following, some numerical simulations are given to verify the correct-
ness of these theorems.
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4. Numerical simulation and bifurcation analysis
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Figure 2. (Color online) (a) Time series of the concentrations of active p53(x), total Mdm?2
(v + z+w) and ATM(m) without time delay(r = 0). (b) Roots of characteristic equation (3.6)
at E* = (X*,Y*,Z*, W*, M*). R(A) and J(Q) are real and imaginary parts of these roots.

4.1. Numerical simulation

In this section, Theorems 3.1 and 3.10 are verified through time series of the concentrations of
active p53(x), total Mdm2(y + z + w), ATM(m) and the eigenvalues of Eq (3.5) for 7 = 0 and 7 # O.
Besides, one-parameter bifurcation diagram of the concentrations of active p53(x) with respect to T
and potential landscapes of active p53(x) and total Mdm2(y + z + w) are given to verify the correctness
of Theorem 3.10. These figures are realized by MATLAB software.

In case I of 7 = 0, a positive equilibrium E* = (3.0492,0.0770,0.1184, 0.0858, 2.2877) of system
(2.1) is obtained for parameters in Table 1. Substituting these parameters into A;(i = 1,2,3,4,5), we
have A; = 1.9910 > 0, A, = 2.2370 > 0, A; = 0.6136 > 0, A, = 0.0197 > 0 and As = 0.0134 > 0.
The condition (H) in Theorem 3.1 is satisfied, so the positive equilibrium E* is asymptotically stable,
which is verified through numerical simulations in Figure 2. Figure 2(a) shows that the concentrations
of x, y+z+w and m firstly increase and then converge to the positive equilibrium E*. Also, all roots of
the characteristic equation (3.6) at the positive equilibrium point E* have negative real parts, as shown
in Figure 2(b).

For case II 7 # 0, substituting the same positive equilibrium E* with 7 = 0 and the parameters in
Table 1 into Eq (3.8), we get

W' + 1.2866w° + 0.3695w° + 0.0246w* — 4.4345 x 107*w? — 1.2282 x 10™* = 0. 4.1)

Electronic Research Archive Volume 30, Issue 3, 850-873.



865

HB=2.1217 HB=2.1217
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0 i > s
Figure 3. (Color online) (a) One-parameter bifurcation diagram of the concentration of active
p53(x) with respect to 7. Black solid and dashed lines are stable and unstable equilibria, and
green solid dots are the maxima and minima of the stable limit cycle. (b) The maximum
real part of the eigenvalues of the characteristic equation (3.5) with respect to 7. HB is Hopf
bifurcation point.
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Figure 4. (Color online) Time series of the concentrations of active p53(x), total Mdm2
(v + z+ w) and ATM(m) for T = 1(a), 7 = 2.1217(b), T = 2.5(c).

Equation (4.1) has a positive root wy = 0.2342, then zo = w% = 0.0548 and 79 = 2.1217 from
Eq (3.8). Note that v = —1.2282 x 10~* < 0 and h'(z0) = 0.0065 # 0, the conditions (ii) and (iii) in
Theorem 3.10 are satisfied, so the positive equilibrium E* is asymptotically stable when 7 € (0, 7y) and
system (2.1) undergoes Hopf bifurcation at 7o = 2.1217, where E* loses stability and a stable limit
cycle appears. The correctness of Theorem 3.10 is verified by the following numerical simulations in
Figures 3—6. Figure 3(a) describes one-parameter bifurcation diagram of x with respect to 7, where
black solid and dashed lines are stable and unstable equilibria, and green solid dots are the maxima
and minima of the stable limit cycle. As is shown in Figure 3(a), system (2.1) converges to the positive
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equilibrium E* for 7 < 7y and undergoes Hopf bifurcation at HB point with T = 7, then the positive
equilibrium E* loses stability and a stable limit cycle appears for 7 > 7. Also, the stability of the
positive equilibrium E* is further verified through the maximum real part of the eigenvalues of the
characteristic equation (3.5) in Figure 3(b), where maximum real part is negative for 7 < 7y and zero
at T = 7 then positive for 7 > 7.

40 Lla) 20 (b) 20 (f)

T

=1 { 1=2.1217 i =25

30 ' 15 ] 15
'

h '
20 vy 10 [ 10

h
= L -2 L -2
5 10 5 0 5 10 15 % 4 2 0 2 4 6 T E—

RO R(A) ‘h‘(ol\> : ¢ °

Figure 5. (Color online) The roots of characteristic equation (3.5) at E* =
(X*, Y*, 25, W, M*) for T = 1(a), 7 = 2.1217(b), 7 = 2.5(c). R(A) and J(A) are real and
imaginary parts of the roots. Green, blue and red dots represent the roots with negative, zero

and positive real part, respectively.

Next, Figures 4 and 5 show time series of the concentrations of active p53(x), total Mdm2(y +z+w),
ATM(m) and the eigenvalues of Eq (3.5) for three typical time delays 7 = 1 < 79, 7 = 2.1217 = 7
and 7 = 2.5 > 1) to further verify the stability of system (2.1). As shown in Figure 4, system (2.1)
converges to the stable equilibrium E* at 7 = 1 (Figure 4(a)) and shows damped oscillation at 7 = 7
(Figure 4(b)), then is in a continuous oscillating state at 7 = 2.5 (Figure 4(c)). Accordingly, all roots
of the characteristic equation (3.5) have negative real part at 7 = 1 (Figure 5(a)), and a pair of roots
with zero real part appear at 7 = 2.1217 (Figure 5(b)), and some roots have positive real part at
7 = 2.5(Figure 5(c)).

=1 ™=2.1217 =23
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5 4 = 06 y 06 )
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0.2 55 4 02 4
y+ztw 04 2 v ytztw 2 T y+z+w ’ 2 T

Figure 6. (Color online) The potential landscapes of the concentrations of active p5S3(x) and
total Mdm2 (y + z+ w) at T = 1(a), 7 = 2.1217(b), T = 2.5(¢c).
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Figure 7. (Color online) (a) Two-parameter bifurcation diagram with respect to 7 and the
concentration of PDCDS5(p). hb, and hb, represent Hopf bifurcation curves. Typical one-
parameter bifurcation diagram of the concentration of active p53(x) with respect to 7 for
p = 0.6(b), p = 0.8(c), p = 1.6(d), p = 13(e). Black solid and dashed lines are stable and
unstable equilibria, and green solid dots are the maxima and minima of the stable limit cycle.
HB is Hopf bifurcation point.

Furthermore, the global stability of p53 dynamics are explored through the potential landscapes of
active p53(x) and total Mdm2(y + z + w) in Figure 6. The potential landscape U = —In(Py;) proposed
by Wang et al. is related with the the steady state probability distribution P, of the system (2.1) [29].
Py, can be obtained through simulating the corresponding stochastic differential equations of system
(2.1) for a long time over many independent runs. The stochastic differential equations are obtained
through adding Gaussian and white noise () into right hand of each equation of system (2.1), where
< L)L) >= 2Do(t — t'), and < (1) >= 0, D is noise strength.As shown in the Figure 6(a), the
potential landscape has a global minimum that corresponds to the global stable steady state. However,
the potential landscapes in Figure 6(b) and 6(c) exhibit closed ring valleys which correspond to the
stable limit cycle in system (2.1). The potential landscape at 7 = 2.1217 has wider attractive regions
than the one at 7 = 2.5 since system (2.1) shows damped oscillation at 7 = 2.1217 and continuous
oscillation at 7 = 2.5 > 1.

Numerical simulations in this section are in agreement with the theoretical results in Section 3. In
the following, we will further explore the effect of time delay 7 and typical parameters on the oscillation
dynamics of p53 from bifurcation perspective.

4.2. Bifurcation analyses

To investigate how time delay 7 affect p5S3 oscillation, we perform two-parameter bifurcation
analyses with respect to time delay 7 and several typical parameters, including the concentration of
PDCD5(p), maximum production and degradation rates of p53 and Mdm?2: vs3, dps3, Viame, dmame-
Figures 7-11(a) show two-parameter bifurcation diagrams, where black solid lines hb represent Hopf
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bifurcation curves. For each two-parameter bifurcation diagram, several typical one-parameter bifur-
cation diagrams are given in Figures 7—11(b)—(e), where black solid and dashed lines are stable and
unstable steady states, respectively, and green solid dots are maxima and minima of stable limit cycles.

(a)

101

Lower Stable
Steady State

hb

Oscillation

hb

Higher Stable
Steady State

Figure 8. (Color online) (a) Two-parameter bifurcation diagram with respect to 7 and the
maximum production rate of p53(v,s3). hb represents Hopf bifurcation curve. Typical one-
parameter bifurcation diagram of the concentration of active p53(x) with respect to 7 for
Vps3 = 0.5(b), v,53 = 1(c), vps3 = 1.8(d). Black solid and dashed lines are stable and unstable
equilibria, and green solid dots are the maxima and minima of the stable limit cycle. HB is

1

Ups3

Hopf bifurcation point.

1.5

(1)2

Figure 7(a) shows two-parameter bifurcation diagram with time delay 7 and the concentration of
PDCDS5(p). Hopf bifurcation curves hb; and hb, on the figure divide the parameter region into three
parts. pS3 reaches a lower stable steady state for parameters on the left of the curve b1, where p is
less than 0.710 regardless of the value of 7. Then p53 oscillation appears for parameters between these
two curves hb; and hb,, where p53 always oscillates for any 7 when 0.710 < p < 0.974 while p53
can oscillate when 7 increases to certain value for 0.974 < p < 11.9. Also the value of 7 on Hopf
bifurcation curve is more larger for larger p. However, p53 reaches a higher stable steady state for
any 7 when p > 11.9. For intuitiveness, one-parameter bifurcation diagrams of p53 concentration with
respect to 7 for four typical p are given in Figure 7(b)—(e).
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Figure 9. (Color online)(a) Two-parameter bifurcation diagram with respect to 7 and the
maximum degradation rate of p53(d,s3). hb represents Hopf bifurcation curve. Typical one-
parameter bifurcation diagram of the concentration of active pS3(x) with respect to 7 for
dps3 = 0.2(b), dys3 = 0.4(c), dps3 = 0.6(d). Black solid and dashed lines are stable and
unstable equilibria, and green solid dots are the maxima and minima of the stable limit cycle.

HB is Hopf bifurcation point.
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Figure 10. (Color online) (a) Two-parameter bifurcation diagram with respect to 7 and the
maximum production rate of Mdm2(vym2). hb represents Hopf bifurcation curve. Typical
one-parameter bifurcation diagram of the concentration of active p5S3(x) with respect to 7 for
Viramz = 0.1(0), Vagamz = 0.4(¢), vigama = 0.75(d). Black solid and dashed lines are stable and
unstable equilibria, and green solid dots are the maxima and minima of the stable limit cycle.

HB is Hopf bifurcation point.

Electronic Research Archive

Volume 30, Issue 3, 850-873.



870

Figures 8—10(a) show similar two-parameter bifurcation diagrams with respect to 7 and v,s3, d,s3,
Viama2, respectively, where the Hopf bifurcation curves hb divides the parameter plane into two parts.
pS3 exhibits oscillation inside the curve hb and reaches a stable steady state outside the curve hb.
As shown in Figures 8—10(a), time delay can induce p53 oscillation for moderate value of the rate
constants while it has no effect on p53 dynamics for smaller and larger value of these parameters.
Also, the value of time delay on Hopf bifurcation curve increases with the increase of v,s3 and vyam
while the value of time delay decreases with the increase of dys3. Furthermore, from one-parameter
bifurcation diagrams in Figures 8—10(b)—(d), p53 reaches a lower stable steady state for smaller v 53
and Va2 and a higher stable steady state for larger v,s3 and vy4m2, While the case is opposite for d,s3.

Besides, two-parameter bifurcation diagram with respect to T and dj4,,2 1s shown in Figure 11(a),
where p53 exhibits oscillation for any 7 when dy4,,,2 1s less than 0.0146 and reaches a stable steady state
for any 7 when dy4m 1s larger than 0.0355 while p53 changes from a stable steady state to oscillation
with the increase of T when dj4,,» varies between 0.0146 and 0.0355. These dynamics are shown on
one-parameter bifurcation diagrams in Figure 11(b)—(d).
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Figure 11. (Color online)(a) Two-parameter bifurcation diagram with respect to 7 and the
maximum degradation rate of Mdm2(dy4,2). hb represents Hopf bifurcation curve. Typical
one-parameter bifurcation diagram of the concentration of active p53(x) with respect to 7 for
dyrame = 0.01(b), dagme = 0.03(c), dprame = 0.04(d). Black solid and dashed lines are stable
and unstable equilibria, and green solid dots are the maxima and minima of the stable limit
cycle. HB is Hopf bifurcation point.

Therefore, bifurcation analyses further explore the effect of time delay 7 on p53 oscillation.

5. Conclusions

The oscillation dynamics of p53 plays a key role in deciding cell fate after DNA damage. The time
delay in transcriptional and translational processes is an important factor to induce oscillation. In this
study, we explore the effect of time delay of Mdm?2 gene express in pS3 gene regulatory network reg-
ulated by PDCD5 on p53 oscillation through stability theory and bifurcation analyses. Firstly, we give
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theorems that provide the conditions on the appearance of p53 oscillation for without and with time de-
lays through stability analysis theory. Then, these theorems are verified through numerical simulations,
including time series of p53 concentrations, one-parameter bifurcation diagram of p53 concentration
versus time delay, the roots of the characteristic equations, and the potential landscapes of p53 and to-
tal Mdm?2 concentrations. Furthermore, the effect of time delay and several typical parameters p, v,s3,
dps3, Viamz and dyano in system (2.1) on p53 oscillation are explored through two-parameter bifurca-
tion diagrams, which give boundary curves of p53 oscillation. Our results show that time delay can
induce p53 oscillation for moderate value of most parameters while it has no effect on p53 dynamics
for smaller and larger value of these parameters. Taken together, analyzing the effect of time delay on
p53 oscillation will help us understand the mechanism of p53 oscillation.

In this study, we explore the effect of time delay of Mdm?2 gene express in p53 gene regulatory
network regulated by PDCDS5 on p53 oscillation. Our results have demonstrated that suitable time delay
can induce p53 oscillation for moderate value of most parameters. However, the effect of multiple time
delays in p53 gene regulatory network on p53 oscillation should be further explored. Besides, noise
1s common in gene regulatory work, it is worthwhile to explore the combined effect of noise and time
delay on p53 dynamics. Also, it is meaningful to investigate the dynamics of the other gene regulatory
networks or neural networks with time delay and noise for understanding their biological mechanism.
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