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Abstract: In this paper, we consider the time-fractional telegraph equation of distributed order in
higher spatial dimensions, where the time derivative is in the sense of Hilfer, thus interpolating between
the Riemann-Liouville and the Caputo fractional derivatives. By employing the techniques of the
Fourier, Laplace, and Mellin transforms, we obtain a representation of the solution of the Cauchy
problem associated with the equation in terms of convolutions involving functions that are Laplace
integrals of Fox H-functions. Fractional moments of the first fundamental solution are computed and
for the special case of double-order distributed it is analyzed in detail the asymptotic behavior of
the second-order moment, by application of the Tauberian Theorem. Finally, we exhibit plots of the
variance showing its behavior for short and long times, and for different choices of the parameters
along small dimensions.
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1. Introduction

Distributed-order fractional calculus (DOFC) is a branch of fractional calculus important for the
modeling of complex systems. It generalizes the constant fractional operators by integrating the frac-
tional kernel of these operators over an extended range of orders. The fractional differential operator
of distributed order, for orders not great than 2, is given by
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where % stands for a single-order fractional derivative and b (@) is a non-negative weight function
or generalized function. DOFC takes into account the superposition of orders and is a useful tool
for modeling decelerating anomalous diffusion, ultraslow diffusive processes and strong anomaly (see
e.g., [1,2]). DOFC models systems whose behavior stems from the complex interplay and superposi-
tion of nonlocal and memory effects occurring over a multitude of scales [3]. Over the last two decades,
a significant number of papers appeared focusing on mathematical aspects and real-world applications
of fractional partial differential equations with distributed order, see e.g., [2,4—15] for mathematical
aspects, [16, 17] for applications, and the review paper [18] about the mathematics of DOFC, includ-
ing analytical, numerical methods, and the extensive overview of the recent applications of DOFC to
fields like transport processes, and control theory. Moreover, DOFC was applied also in the study of
composite materials [19,20] and viscoelastic materials having spatially varying properties [21].

The classical telegraph equation was first derived by Lord Kelvin in the 19th century [22]. Itis a
hyperbolic partial differential equation of the form

czﬁftu(x,t)+ c 6,u(x,t)—c(z)aixu(x,t)+du(x,t) =q(x,t), xeR, t>0.

This equation was proposed by Cattaneo in 1958 (see [23]) to overcome the problem of infinite prop-
agation velocity in heat transmission. Over the years, this equation and its time-fractional versions
appeared in the study of several phenomena such as transmission lines for all frequencies [24], random
walks [25], solar particle transport [26], oceanic diffusion [27], wave propagation [28], damped small
vibrations, anomalous diffusion and wave-like processes [29—-32], scalar part of the Maxwell equations.

The TFTE with time-fractional derivatives of orders a; €]0,1] and @, €]1,2] was studied from
the analytical, numerical, and probabilistic points of view by several authors. In [33], Cascaval et al.
discussed the well-posedness of some initial-boundary value problems for the TFTE as well as the
asymptotic behaviour of their solutions. In [31], the authors studied the neutral case of the TFTE and
obtained an explicit Fourier representation of the fundamental solution (FS) and made a probabilistic
interpretation of the FS in terms of stable probability density functions. Particular attention was given
to the case a@; = 1/2 and @, = 1 due to its connection of the telegraph process with Brownian motion.
Some of these results were generalized by Camargo et al. in [34] for general @, and @, and studied
later by Boyadjiev and Luchko in [29]. In [35], the authors considered a generalized telegraph equation
with time-fractional derivatives in the Hilfer and Hadamard senses and space-fractional derivatives are
in the sense of Riesz-Feller. Gorska et al., (see [36]) considered various types of generalized telegraph
equations and determine the conditions under which solutions can be recognized as probability density
distributions.

The works [32,37—41] are examples of works devoted to the study of the TFTE in the multidimen-
sional case with n space variables, where in some cases the second derivative in space is replaced by
the Euclidean Laplace operator. In [32] the authors solved the multi-dimensional TFTE with multi-
term time-fractional derivatives and proved that its fundamental solution is the law of a stable isotropic
multi-dimensional process time-changed. Ovidio et al., [41] constructed compositions of vector pro-
cesses whose distribution is related to space-time fractional n-dimensional telegraph equations. We
refer also the works of Masoliver and his co-workers about the TFTE and its connections with random
walks (see [42-45]), and the recent survey paper [30] where is presented a very complete review of
the fractional telegraph process. In [38,40] were employed Fourier, Laplace and Mellin transform
techniques to obtain the first and second FS. Moreover, the application of the Residue Theorem allows
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obtaining double series representation for the FS of the TFTE in higher dimensions. Connections of
the TFTE with fractional Clifford analysis and Sturm-Liouville theory were presented in [39] and [37].

In our recent paper [46] we studied the time-fractional telegraph equation with generalized dis-
tributed order in R” X R* finding a representation of the fundamental solution in terms of convolutions
involving Fox H-functions. In this work, we extend our analysis to time-fractional telegraph equations
of distributed order with Hilfer (or composite) time-fractional derivatives. Hilfer’s derivative ;D] was
defined by Hilfer as a two-parameter family of fractional derivatives of order y > 0 and type v € [0, 1]
given by

(D)@ = (Igim‘”% (131‘”<'”‘”f)) 0,

where IJ. denotes the left Riemann-Liouville fractional integral of order y > 0 (see Eq (2.1) in Section
2). The Hilfer fractional derivative allows to interpolate smoothly between the Riemann-Liouville and
the Caputo fractional derivatives (see [16,47,48]). These special cases are obtained when v = 0 and
v = 1, respectively. The type-parameter produces more stationary states, provides an extra degree of
freedom on the initial condition, and increases the flexibility for the description of complex data. It
was first used by Hilfer to describe the dynamics in glass formers over an extremely large-frequency
window [49]. During the last years fractional differential equations with composite derivatives were
studied by several authors, see e.g., [35,50-56]. In these works the equations are considered in R X R*,
i.e., one single space variable and one time variable. Here, we consider the telegraph equation of
distributed order with Hilfer time-fractional derivatives in the higher dimensional case, i.e., R” X R".

The paper is organized as follows. In Section 2 we recall some basic facts about fractional deriva-
tives, integral transforms, and special functions, which are necessary for the development of this work.
In Section 3 we formulate the problem of generalized distributed order telegraph equation for general
density functions. Following the ideas presented in [46], we use a combination of Laplace, Fourier
and Mellin transforms to obtain a representation of the solution of our equation via convolution inte-
grals involving Fox H-functions. The key points to obtain our main result are the use of the classical
Titchmarsh’s Theorem to invert the Laplace transform, and the use of the Mellin transform to invert the
Fourier transform. Some particular cases of our equation are analyzed by considering specific choices
of the parameters of the equation. In Section 4 we compute the expression of the fractional moments
of arbitrary order of the first fundamental solution in the Laplace domain. For the particular case of
single-order derivatives, we invert the Laplace transform of the second-order moment obtaining an ex-
pression in terms of the three-parameter Mittag-Lefller function. For numerical purposes, we study the
corresponding asymptotic behavior of the second-order moment in the time domain for the long and
short time limit, by using the Tauberian Theorem. In the final part of the paper, we present and ana-
lyze some plots of the second-order moment for this particular case. As it will be shown the graphical
representations support the analytical conclusions obtained via the Tauberian Theorem.
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2. Preliminaries

Leta,b € R with a < b and @ > 0. The left Riemann-Liouville fractional integral IZ+ of order y > 0 is
given by (see [57])

Y fw)
F(Y) a (X—W)l_y

w, x> a.

(L.f) @ =

The left Hilfer (or composite) fractional derivative ;D)7 of order y > 0 and type 0 < v < 1 is given by
(see [16,47,48])

(D f) 0 _( oy j (110 f)) 0. 2.1

where m = [y] + 1 and [y] means the integer part of v. We observe that in the case when v = 0 we
recover the left Riemann-Liouville fractional derivative and in the case when v = 1 we have the left
Caputo fractional derivative. The previous definitions of fractional integrals and derivatives can be
naturally extended to R” considering partial fractional integrals and derivatives (see Chapter 5 in [58]).

In this work, some integral transforms are used, namely, the Laplace, the Fourier and the Mellin
transforms. The Laplace transform of a real-valued function f (¢) is defined by (see [57])

UﬂM®=ﬂ9:f oS F(@) dr. Re(s) € C
0

and when it is applied to Eq (2.1) leads to (see [50])

L{DYf0)(s) =5 f(s) - Zs’" J=vim=y-1 [jﬂ( (7= ”f)] (0%), (2.2)

where the initial-value terms [ o (I(l Ve f)] (0%) are evaluated in the limit + — 0*. Concerning the
inverse Laplace transform of functions involving a branch point, we have the following theorem from
Titchmarsh (see [59]).

Theorem 2.1. Let f(s) be an analytic function which has a branch cut on the real negative semiaxis,
which has the following properties

_ 1
f(s)=0@1), Is|— +oo, f(s) = (II) Is| — 0,

for any sector |arg (s)| < m—n, where 0 < n < n. Then the inverse Laplace transform of f(s) is given
by

-1 [F 1 e —rt ry in
F@ =L FEl0 = - fo e Im(f (re™)) dr,
where Im (-) denotes the imaginary part.
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The convolution of two integrable functions f and g with support in [0, +00) is defined by

!
(f+g® = f f=w) g(w) dw, teR” (2.3)
0
and the Convolution Theorem for the Laplace transform is given by

LA(f g} (s) = L{f}(s) L{gl(s). 2.4)

The n-dimensional Fourier transform of a real-valued integrable function f in R" is defined by (see

[57)
?1ﬂmum:f0>:f"ﬂ%ﬂMd& ceR",

RH

while the corresponding inverse Fourier transform is given formally by

—1 (7, 1 —ixKk n
f@ =F{fw}w :—nf e f(k) dk,  xeR. (2.5)
)" Jgn
The convolution operator of two functions in R” is defined by the integral
(fx @) = | flx—2)g)dz, x€eR’ (2.6)
R}’L

and the Convolution Theorem for the Fourier transform is given by
FAS =@ )} &) =F {1 () F{g} K. (2.7)
For the n-dimensional Laplace operator A, = 7, (;% we have (see formula (1.3.32) in [57])

FAAS (O} (W) = I F{f (0} (1) - (2.8)

Another integral transform that we use in this work is the Mellin transform. For f locally integrable on
]0, +oo[ it is defined by (see [57])

MFI) =) = [ whreman  sec, 2.9)
0
and the inverse Mellin transform is given by
Fw) = MTUF ()} (w) = ﬁ fy. - w* £ (s) ds, w>0, vy=Re(s). (2.10)
y—ico

The condition for the existence of Eq (2.9) is that —p < y < —¢ (called the fundamental strip), where p,
q are the order of f at the origin and oo, respectively. The integration in Eq (2.10) is performed along
the imaginary axis and the result does not depend on the choice of y inside the fundamental strip.
For more information about this transform and its properties, see e.g., [57]. The Mellin convolution
between two functions is defined by

+oo d
Uw@mzf 7(2) s <, @.11)
0 u u
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and satisfies the Mellin Convolution Theorem (see formula (1.4.40) in [57])

MAS sm gt (s) = M{f}(s) M{g}(s).

The following relation holds (see (1.4.30) in [57])

M{f(i)} (s) = M{f}(=s). (2.12)

The solution of the time-fractional telegraph equation of distributed order obtained in this work

involves the Fox H-function H,;, which is defined, via a Mellin-Barnes type integral, by (see [60])

7% ds, (2.13)

| | ados(an @) |y f [T T (b +B5s) T T = ai = ais)
P e = 5
U B (b ) | NI T @) T1, T (1= b Bys)

where a;,b; € C, and ;,5; € R", fori = 1,...,pand j = 1,...,q and C is a suitable contour in the
complex plane separating the poles of the two factors in the numerator (see [60]). The expression of
the second-order moment in Section 4.1 is presented in terms of the three parameter Mittag-Leffler
function Egiﬁz (z) (see [61]), which is defined, in terms of power series, by

(2
El () = Zk'r(kmﬁ) z€C, a,fy€R, a>0, (2.14)

where (), is the Pochhammer symbol.

Throughout the paper, we assume that all the involved functions are Laplace and Fourier trans-
formable.

3. Generalized time-fractional telegraph equation of distributed order

In this work we consider the following generalized time-fractional telegraph equation of distributed
order

fsz(ﬁv) fvu(xt)dﬁdv +affb1(ay)t8 Hu(x,t) dadu
— A Aux, D) +du(xn =q(x,1), (3.1

for given weight functions b, (8,v) > 0 and b, (@, i) > 0, satisfying

1 2 1 pl
f f b, (B,v) dBdv = C,, f f by (a,u) dadu = Cy, 3.2)
o Ji 0o Jo

and subject to the following initial and boundary conditions
(" u) (00 = @), (P u) (x.07) = g1 (x) (33)
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[gw&mwwkmm=&ux Jim (0 =0, (3.4)
where (x, 1) € R" XR*, A, is the classical Laplace operator in R”, the partial time-fractional derivatives
of order 8 €]1,2] and a €]0, 1], and types u, v € [0, 1] are in the Hilfer sense and given by Eq (2.1),
ae€ Rg, c € R\ {0},d € R, and Cy,C, € R*. The positive constants C; and C; can be taken as 1 if we
assume the normalization condition for the integrals Eq (3.2). Moreover, g belongs to L; (R" X I), and
£, 81,82 € L (R"). We look for solutions u (x, ) of our problem in the space C? (R") x C? (0, +o0) with
possible exception at x = 0.

3.1. Solution in the Fourier-Laplace domain

In order to analytically determine the solution of Eqgs (3.1) and (3.2) in the space-time domain we
start applying the Fourier and Laplace transforms to Eq (3.1) and solve the equation in the Fourier-
Laplace domain. After that, there are two alternative strategies related to the order in carrying out the
inversions of the Fourier and Laplace transforms are performed (see [2]):

(S1) invert the Fourier transform, yielding u (x, s), and then invert the Laplace transform of the result.
(S2) invert the Laplace transform, yielding u («, t), and then invert the Fourier transform of the result.

In this work, we consider the strategy (S2) where the inversion of the Laplace transform is performed
via the classical Titchmarsh’s Theorem, and the inversion of the Fourier transform is performed via the
Mellin transform.

we start by applying in Eq (3.1) the Laplace transform with respect to the variable t € R* and the
n-dimensional Fourier transform with respect to the variable x € R”. Taking into account relations Eq
(2.2) and Eq (2.8), and the initial conditions in Eqgs (3.3) and (3.4), we obtain

. 1 2 1 2
u(k,S) f f by (B,v) L dBdv g, (k) f f by (B,v) s' P dBdv
0 1 0 1
1 M2 . 1 pl
-2 ) f f by (B,v) s P dBdv + au(k,s) f f b (a, ) s® da du
0 1 0 0

1 1 . - .
—af (k) f f by (a, 1) s* 7 dadu + ¢ |k* u(k,s) + d*u(k,s) = q(k,s),
0 0

which is equivalent to

_ &) B (s) 21 () (By(s) - &)
u(k,s) = +
By(s)+ By (s) + k2~ s7' (B2 () + By (s) + k)
D) (By(s) - %) 7k, 9)

B, (s)+ By (s)+ kP ¢ (B2(s) + By (s) + |kP2) (3.5)

where fand@ are the Fourier transforms of the functions f and g;, respectively, and

1 2 1 1
B, (s) = 6—12 ( f f by (B,v) s° d,de+d2), Bi(s) = % f f by (a,p) s®dadu,  (3.6)
0 1 0 0
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1 1 2 1 1
B; (s) =3 ( fo f1 by (B,v) s‘v<2‘ﬂ)dﬁdv+d2), B (s) :% fo fo by (o, 1) s da du.
(3.7)

Remark 3.1. When u = v = 1, i.e., the telegraph equation has only Caputo fractional derivatives, we
have the following relations between Eqs (3.6) and (3.7)

d? d?
BT (S) = s_l Bl (S) and B; (S) - — S—2 (32 (S) _ _2) )
c c
The previous relations combined with the fact that Eqs (3.3) and (3.4) reduce to

0
u(x,0)=f(x)), u(x,0) =g (x)), a—btl(x,O):gz(X),

i.e, f =gy whenv =pu =1, allow us to reduce the expression (3.5) to the correspondent one obtained

in [46].

3.2. Solution in the space-time domain

In this section we perform the inversion of the Laplace and Fourier transforms in order to obtain
our solution in the space-time domain. Let us consider the following auxiliary functions in the Laplace
domain

T () = 5 ® (3.8)
T T By (8)+ By (9) + kP ‘

= B; (s)

»S) = , 3.9
S = B )+ B () + k) G2
= 1

,S) = , 3.10
S = S B e + B o) + kD) G10)

with p = 0 or p = —1. To further proceed we make the following additional assumption:
(H1): The functions /ﬁ\j (K, rei”) ,J =1,2,3 are in the conditions of Theorem 2.1. (3.11)

Assumption (H1) holds for the particular cases we consider later on. Applying Theorem 2.1, we have
1 [ .

Ui (k1) = —— Im(u; (k, re”)) dr, j=1,2,3. 3.12

u;(k, 1) ﬂj; e m@](K re )) r, ( )

To evaluate the imaginary parts of the functions fj (K, rei”), j = 1,2,3, along the ray s = re™, with
r > 0, we consider the following polar decompositions

. pr = ‘Bz (rei”)
By (re™) = pi(cos (yim) + i sin (yim)) = 1 | , 1=1,2 (3.13)
v = - arg (B, (rel”))
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. o, =|B; (rei”)
B (re’”) = p; (cos (y/m) + i sin(y;n)) = 1 ' , 1=1,2. (3.14)
Y, = - arg (B}k (re’”))

After straightforward calculations, we obtain the following expressions

o [(A + |/<|2) sin (’)/Tﬂ') — B cos (’)/Tﬂ)]

tm {3, (x, re™)) = Ky (1) = [(A . BZ] : (3.15)
" 2\ i (i) .
Im {Fb%z (K, rei”)} =Ky (p,l«l,r) = 2 [(A " )Sm (YZH) 3 b cos (Vzﬂ)] , (3.16)
(=) [(A +IP) + Bz]
— i\ B -B
tm (i (k. re”)} = K (p. el 1) = ST ve) (3.17)
where
A = p;y cos (yam) + py cos (Y1) and B = p; sin (y,m) + p; sin (y 7). (3.18)

Remark 3.2. Taking into account Remark 3.1, when u = v = 1 we have, by straightforward calcula-
tions, the following relations

P =17p pi =r"pi
and
Y; =72 Y =1+n

Applying the inverse Laplace transform to Eq (3.5) and taking into account Eqgs (3.12), (3.15), (3.16)
and (3.17), we obtain

T

0

Uk, 1) = e K, (|, r) dr

— oo 42
_ 81 (k) f e [Kz(_1,|/<|,r)——2K3(—1,|K|,V)] dr
T 0 ¢

_ roo &
% f o [Kz O, 1], 7) = — K3 (0, |«], r)] dr
/s 0 ¢

- t —+00
Rl f e K (0.l 7) dr, (3.19)
0

Tc

where *, is given by Eq (2.3) and in the last term me made use of Eq (2.4). For the inversion of the
Fourier transform, taking into account Egs (2.5) and (2.7), we obtain

u(x,t)=—f(x), F! {711 f+°° e K, (k| ,7) dr} (x, 1)
0
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1 +00 d2
_gl (.X) *XT_I {_ f e_rt [KZ(_lalklar)_EKS(_19|K|ar):| dr}(-xat)
0

T

3 l +00 ~ d2

— & (X)) # F 1{; f e [Kz O, |«l, r) - 2 K5 (0, IKI,r)] dr} (x, 1)

0

1 +00
—q(x, 1) % 5, F! {7? f e " K30,k ,7) dr} (x). (3.20)

0
Using the following formula presented in [58] for the inverse Fourier transform of L;-functions
o () d lll_;fm W) w? Ja_y (xlw) d (3.21)

— e "ok dk = ~ w) w2 Ja_; (x| w) dw, .
' Ju© ¥ ety ¥ !

and since we are dealing with radial functions in «, Eq (3.20) can be rewritten as

u(x,t)

1 |x|1—% +00 +00 . .
= —7—Tf(x) * s )% f f e K (w,r) drw? Joy (Ix|w) dw
b 0 0

'

1 —+00 +00 d2 .
— = g1 (x) *x - f f e Ky (=1,w,r) = = Ky (=1,w,r) | drw?> Jz_; (Ix| w) dw
s 2m)2 Jo 0 c? :

1 |x|1—% +00 +00 d2 .
SETHO [(2 g f f o [Kz 0w, = S K Ow, r)] drw Ty_y (Il w) dw]
T 0 0

1 |x|1—% +00 +00 ;
-—q (x, 1) %, %, [ n f f e " K3 (0,w,r) drw? Juy (|x| w) dw]
nc 2mz Jo 0

1 +00 |x| -7 +00 ;
= S (x) %, [f e —— f Ky (w,r) w2 Ju_y (x| w) dw dr]
0 0

I

I e & n
— — g1 (x) *, [f e —— f le(—l,w,r)——2K3(—l,w,r)] w2 Ju_y (Ixlw) dw d”]
T 0 2 0 C

I

1 SN B L S d? ;
— =82 (x) *, [f e —— f [Kz 0,w,r) = = K5 (0, w, r)] w2 Ju_y (Ix|w) dw dr]
T 0 0 C

I

1 +00 |x|1—% +00 .
-—9q (x, 1) *, *, [f e’ —— f K; (O, w,r) w2 Ju_y (Jx|w) dw dr]. (3.22)
nc 0 2m?2 Jo ’

Iy

To compute explicitly Iy, I,, I3, and I in Eq (3.22) we are going to use the Mellin transform. First, we
rewrite these integrals as a Mellin convolution Eq (2.11). In fact, considering the following auxiliary
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functions

d
giw) =K, (w,r), gw) =K (-1,w,r)— C—2K3 (=1,w,r),

d2
g3(W) :KZ(O’W’F)_ EK:J,(O,W,I"), g4(W) :K3(O7W7r),

1 1
fw) = n o Ji (—),
o " i 7w

we have fori =1,2,3,4

1
Il (gl Mf)(_)
&
oo 1 d
=f gz(W)f(—)—w
0 |x|w)] w
_fm o0 B 22
e Y i T
1-5 +00 .,
- '(;'ﬂ),, [ wom i Gadw aw.

From the relations Eqs (2.12) and (2.11), we have fori =1,2,3,4

1
ML} (s) = M{(gi *m f) (m)} (8) = M{gi} (=) M{f}(=s)

which is equivalent to

ML} (=s) = M{gi}(s) M{f}(s), i=1,234.

2

(3.23)

(3.24)

Now, we compute the Mellin transforms that appear in (3.24). The Mellin transform of the function f

was already calculated in [46] (see formula (43)):

1 I'(n-ys)

a7 " 2 T (=) 1 (3)

M{fI(s) =

(3.25)

To compute the Mellin transform of the function g;, we take into account Eqgs (2.9), (3.15) and (3.18),

obtaining

Migi}(s) = f " ! Ky (w,r) dw
0

- (A+w?)’ + B2

Ws+1

+00
= pj sin (yj7) f ——dw
1 1 0 (A+w?) + B

o o} [(A + wz) sin (y’fﬂ) — B cos (y’lkﬂ)]
= f w dw
0
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Ws—l

+00
+ p; |A sin(yjm) — B cos (y 7 f —dw. (3.26)
P [ (y1m) (vim)] o A+ w2)2 B

Considering the change of variables w? = z in Eq (3.26) we obtain

N 22
Migi}(s) = pi sin(vim) fo Y Pl
Is
. oo 727!
+p; [A sin (yjn) — B cos (y;7)] j; AT A B dz. (3.27)
Ie

Integrals Is and I were already calculated in [46] (see formulas (49) and (50)). Therefore, we have
that

_x T(eyr-(1+3) (e ) .
wO (-2 |
and
T r)r-s) e
TS T(EGo))r(-t(E o) (A2+ B, (3.29)
where
Y = arccos (\/ﬁ) (3.30)

Hence, from Eqs (3.28) and (3.29) we conclude that Eq (3.27) takes the form

—np} sin (7’1‘71) F(l + %) F(l - (1 + %))

M{gl}(S) = ZSIH(lﬁ) F(%ﬂr) F(l _ %) (A2 +BZ)Z_§
_miltintrin) Besti]l __ TOT0Z8) o e g
2sin () rE(z-1))r(i-£(;-1) o

Now, we calculate the Mellin transform of g,. Taking into account Eqgs (2.9), (3.16)—(3.18) and (3.30)
we get

Mg} (s)

—+00 d2 ~+00
= f WK (=1, w, 1) dw — _2f w Ky (=1, w, 1) dw
0 ¢ Jo

- d
()" [(A +w2)’ + Bz] e 0 " (-n! [(A +w2)’ + Bz] "
(3.32)

B L i b o ek V| P
0
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+1 s—1

w

+00
w — rp, [A sin (y;m) — B cos (y5m) f ———dw
! 2 )l o (A+ w2)2 + B2

= 7 sin W)f md

rd*B [ w1
-— 5 dw
¢ 0o (A+w?)" +B?

+00 s+]
= —rp2 sin (’)/27'[) f m dw

rp; ¢ [A sin (’}/;ﬂ') — Bcos (7371)] + rd*B f+oo w1
0

(3.33)
c? (A+w?) + B2
Considering the change of variables w? = z in Eq (3.33), we obtain
M rp; sin (y;n) +00 7 p
{82}(5)—_f‘[0‘ 2 +2A7+ A2 + B? z
o, c? [A sin (y;ﬂ) — Bcos (yjn)] +rd*B e 7371
- dz. 3.34
2¢? fo 2 +2Az+ A% + B? ¢ (3-34)

The two integrals in Eq (3.34) correspond to Is and Is. Hence, from Eqs (3.28) and (3.29) we arrive to

arpysin (ysm) T(1+4) T(1-(1+3%))
2sin (¢) r(g)r(i-)

2n

Mg} (s) = (424 5)

(A2 + Bz)%_l

nr [p§ 2 [A sin (yéyr) — Bcos (7§7r)] + dzB] r (
2¢? sin () r (% ( 1
(3.35)

For the calculation of the Mellin transform of g; we use Egs (2.9), (3.16)—(3.18) and (3.30) to get

Mg} (s)

—+00 d2 +00
= f w K, (0, w, 1) dw — — f w K5 (0, w, 1) dw
0 ¢ Jo

o 05 [(A + Wz) sin ()/371) — B cos ()/Sn)] 2o B
B f W dw — — w .

’ (=" [(A +w?)’ + Bz] 2 Jo (-r)° [(A +w2) + BZ]
(3.36)

Expression Eq (3.36) is very similar to Eq (3.32) with a difference in the power of —r. However, this
exponent does not affect any of the performed calculations in obtaining Eq (3.35). Then we get

—mpysin(yim) D(1+3) D(1-(1+3))
2sin@)  r(Y)r(i-)

D=

Mgz} (s) =

(A2 + Bz)%_
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n [pz c? [A sin ()/;n) — Bcos (y;ﬂ)] + dzB] r (%) r (1 -
2¢? sin (¥) r(% (5 _ 1)) F(l _

n\2

(5-1))
Finally, we calculate the Mellin transform of g,. Taking into account Egs (2.9), (3.17), (3.18) and
(3.30) we get

(a2+ 8. (337

SERSH NI

+00 +00 s—1
Mig)(s) = f W Ky (0,w,r) dw = —B f — L _aw (3.38)
0 o (A+w?) +B
Considering the change of variables w? = z in Eq (3.38), we obtain
B +00 Z%_]
=-—= dz. 3.39
Migat(s) = -3 fo Ry (3.39)

The integral in Eq (3.39) corresponds to the integral Is. Hence, from Eq (3.29) we arrive to

Br F(%)F(l—%) ) S\ 3-1
2sin@) T (L (s 1) T(1-£(:-1)) (42 +8)". (3.40)
Now, using the inverse Mellin transform Eq (2.10) applied to (3.24), we obtain the representation of the

integrals Iy, I, I3, and 14 in terms of Mellin-Barnes integrals and, consequently, as Fox H-functions.
For the integral I, taking into account Eqgs (2.10), (3.18), (3.31) and (3.25), we obtain

Mgl (s) =

1 -8

_-pj sin (vir)(A2+B) 7 fwoo F(1+3)Tn—9)T(-3) (A2+B%) "

b 27 Q) sin() 27 Jyie r(3)rE)rt-5)ri-2) |x] as
pi[A sin(y;x) - B cos (vir)| (42 + B2)
) 77 21x)" sin ()
1 yico I'rn-y) F(l - %) (A2 + Bz)_% B
X—_f ds
2 Jyieo T(-2+2)T(%-4)T(1+4-2) x|
which is equivalent, by Eq (2.13), to the following expression in terms of Fox H-functions
1 1 W
s [ eyt |00 03] 03) 050
e sinw | T LI (Lmn 1) (v
(1 3)- (55 5) 52
a i (o N (a2 2 2! _la—mm( )( Z)
A [A sin (717r) — B cos ()/17r)] (A + B ) 02 (Az " BZ) 4
77 (21al)" sin (¥) LT | (len 1) (v
(55 3) (5 5)
(3.41)
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For the integral I, taking into account Eqs(2.10), (3.18), (3.35) and (3.25), we obtain

)

oy sinfym) (R + B) " 1 e T(eyTa-9r()  ((@em) )
C AT QW) sin@) 2 fy_ioo r(3)rE)rt-5)ri-2) ] ’
T [03 ¢ (A sin (y3x) - B cos (vn)) + Bd2| (42 + BY)
AT (2|x])" sin ()
1 e T(n-s5)T(1-3%) (42 + Bz)_% h
X — f - - ds
i Jyieo T(-2+2)T(-45)T(1+4-2) |x|
which is equivalent, by Eq (2.13), to the following expression in terms of Fox H-functions
1 1 1 W
s (@ B) L eyt | (1’ 5)’ (0’ E)’ (05
77 (21x])" sin () A AN A
r [pz c? (A sin (y;ﬂ) — B cos (y;ﬂ)) + de] (A2 + B2)_l
' ' (2|x])" sin ()
1 v
Y (o, —), (——, —)
«ro2| (A28 S (3.42)
) B (1—" l) (_ﬂ i)
2 '21’\ 1’ 2n
Due to the similarities between g, and g5 (and consequently between I, and I3) we have that
1 1 W
s @) eyt T [12)-(o-2)-(0-57
B e Y R B R B R AN O VA A i)
(1 3)- (55 3) o5
[o5 2 (A sin (y3x) - B cos (v7)) + Bd2| (42 + BY)
) &' 21al)" sin (1)
1 vy
Ll d=n ), (0, —) Y —)
x HY2 (4 +5) " A (3.43)

(-
SR e A
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Finally, for the integral I, taking into account Eqgs (2.10), (3.18), (3.40) and (3.25), we obtain

1\—S

B(A2+ B | (e F(n-sT(1-3) (a2 + B?) "
I4 = T3 —f dS
7T QI sin@) 20y T(E4 ) T(H ) T+ E-5) | W
which is equivalent, by (2.13), to the following expression in terms of Fox H-functions
1 vy
-1 | (1=n, 1),(0, |, |-—, =—
B(A? + B? 2, p2\7# ’ ’(’2)’( 7r’27r)
L= — ( ) H3; (e5) " . (3.44)
T 2" sin(y) ] 1-n 1 (_ﬂ i)
2 72\ 1’ 2n

From Eqgs (3.41)—(3.44) we conclude that the representation (3.22) of the solution u (x, f) of Eqs (3.1)
and (3.2) corresponds to the sum of convolution integrals involving Fox H-functions.

In the next subsection we summarize our calculations in the main result of the paper.

3.3. Main result and corollary

Taking into account Eqgs (3.22) and (3.41)—(3.44) we obtain our main result.

Theorem 3.3. The solution of the time-fractional telegraph equation of distributed order Eq (3.1)
subject to the conditions Eqs (3.3) and (3.2) and the additional assumption Eq (3.11) is given, in terms
of convolution integrals, by

u(x,t)=ff(z)Gl(x—z,t)dz+fgl(Z)Gz(x—z,t)dz
RVL R)l

+f 2 @) Gs(x—2z,1) dz+f f q(z,w) G4(x—z,t —w) dwdz, (3.45)
Rn n Jo

where the functions G, G,, G; and G4 are given by

=

| +oo (A2 + Bz)_ e
G ()= f i
72 @l Jo sin ()
_1 i
(a2 4B 4| BY)
X sin (yim) H | S |+ A sin (i) = B cos () (4% + B) * | e |,
. X
. o (A2 4 B) e " (Az +B2)_Z
G(x’t):n——f . ssin (Vi -
2 22 x])" Jo sin (y) 2 72 ||
1
2 2) 4
1 x 2 . % * 2 2 2 _% * (A +B)
+ 3 [3 € (A sin(im) = B cos (i) + BE) (4% + B) © H' | S |
C
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D=
Bl

1 o (A24B) e (a2 +B?)
G3(x,1) = m fo sin (%) o5 sin (yyn) H| ————

|x]

_1
L., . " * 2 2 \E g (A2+Bz)4
gz 3 4 sin (7m) = B con @im) + BE| (47 + B A ||
B _1
_1 +00 B(A2 + Bz) : e’ (A2 + BZ) 4
s @y’ Jo sin () 8

where p}, ¥|, p5, and y;, A and B, and sy are given, respectively, by Eq (3.14), (3.18) and (3.30).
Moreover, the functions H and H* are expressed in terms of the following Fox H-functions

| | v
7% 1 1_ 91 ) 19_ ’ s Al ’_)
(e 8)) | eyt | (130 3)- o 5

al Y | x| 11 l—nl (() K)
20100 2 721\ 2

1 vy
i | =n D, [0, =), (-5, =
H M :Hé)’; (142.{.32)_1 ( n D ( 2) ( Vi 27-()
| x| ’ x| (l—n 1) (_f i)
2 72\ o’ 2n

Remark 3.4. If we consider
FO =6 =]]s(), gW=qxn=0, a=c=1, d=Va
i=1

with A € R* in Egs (3.1) and (3.2), then the solution u(x,t) given by Eq (3.45) corresponds to the
eigenfunctions of the generalized time-fractional telegraph equation of distributed order in R" X R*.
Moreover, if additionally b, (8,v) = 0 (resp. by (a,u) = 0) we obtain the representation of the gen-
eralized eigenfunctions of the time-fractional diffusion (resp. wave) equation of distributed order in
R" X R*.

Putting a = 0 in Theorem 3.3, we have the following simplifications
Bi(s) =Bj(s) =0,  A=pcos(yn), B=psin(yn), A’+B=p’, y=vm

which give the following result.

Corollary 3.5. The solution of the generalized time-fractional wave equation of distributed order in
R" x R*

1 2
f f by (B,v) O u(x, 1) dBdv — ¢* A (x, 1) + d* u(x,1) = q(x,1)
0 1
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for a given density function b, (B, V), subject to the following initial and boundary conditions

(tl(()i—v)(Z_:B)M) (x’ 0+) =g ()C) , |:§t (l‘l(()i_v)(z_ﬂ)u)] (x, 0+) =g (.X') , | lhm u (x, l) — O,
x| > +00

is given, in terms of convolution integrals, by

u(x,t)= gl(Z)Gz(x—z,t)dz+fgz(z)Gg(x—z,t)dz+ffq(z,w)GAx—z,t—w)dwdz,
rr Jo

R R

where the functions G,, Gs, and G4 are given by

-1 oyt 1 d? 1
0 <z|x|)nfo psin (ym) [p e (|x| \@) @ S (|x| \/ﬁ)] "
1 oo et 1 d? 1
G L) = R — Ee— * s * 7‘{ + — si 7‘[* — d s
D = oy fo psin (y7) [p sin{y'z) (|x| @) 2 Snom (|x| p)] ’

-1 S A
Gy(x,f) = —— H dr
oz QI Jo P x| o

with p and vy, p* and y* given by Eqs (3.13) and (3.14), respectively, and the functions H and H* are
expressed in terms of the following Fox H-functions

1 Y
( 1 )_ e (1—n,1),(1,§), 0’5)

b

W = W (l—n 1)’(0’ )

2 2
1 Y
o] [
PR R (1—11 1)( y) '

(

2 2\ "2

2

Remark 3.6. If we consider v = u = 1 in Theorem 3.3 (i.e., the telegraph equation has only Caputo
fractional derivatives) we obtain the main result in [46]. For that we need to take into account Remarks
3.1 and 3.2 and to combine the first two integrals in Eq (3.45) into a unique integral. Hence, the
solution u (x,t) is given by

u(x,t)=f @G (x—z,0)+Gy(x -2z, 1) dz

1
+f 8 (@) Gis(x—2z 1) dz+f f q(z, w) G4 (x —z, t —w) dwdz, (3.46)
R R Jo
where forv =pu =1
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Gi(x,))+Gy(x, 1)

1 1

-1 (A2 B) e | . (22"
f [o1 sin (y7) + pp sin(yom)] H|———
0

a7 QY r sin () x|
-1 (A2 + Bz)_Z
+[Apy sin(y1m) = Bp; cos (y17) + A p, sin (y27) — B p, cos (yom)] (A2 + Bz) H* T
X
_1
d°B 1 A2+ B?)*
+—(A*+B%) * ( ) dr. (3.47)
c? ||
By Eq (3.18) we have that
A py sin(y;m) — Bp; cos (y1m) + A py sin (yom) — Bp, cos (y,m)
= A[p; sin(y;m) + pa sin (yom)] — B[p1 cos (y17) + pa cos (yo7)]
=AB—-BA =0,
and, hence, Eq (3.47) simplifies to
Gl (x9 t) + G2 (-x’ t)
_1 _1 _1
1 +o B(A2+ B*) " e A2+ BY) | 2 1 A2+ B?) "
— — f ( . ) 7_{ ( ) +_2(A2+B2)27_{* ( ) dr
7z 2x))" Jo r sin () | x| c |x]

which corresponds to the function G| presented in the main result of [46]. Moreover, in Eq (3.46)

1 1

1 oo (AZ + Bz)‘z et » (A2 + Bz)‘z
G3(x,1) = — f , sin (y,7) ~ 7
’ 77 2 )" Jo 2sin() |22 I

A? + Bz)_%

+% [pz c? (A sin (yamr) — B cos (y,m)) + de] (Az n Bz)—% H* ( dr.

|x]

Gy(x,t) = dr

-1 _1
1 f+oo B(A’+B?) e ” (a2+B?)
AT 2" Jo sin (1) B
which correspond, respectively, to the functions G, and Gs that appear in the main result of [46].
Therefore, we can claim that there is consistency in our results.

Remark 3.7. The telegraph equations studied in [38, 40] are particular cases of the equation studied
in this paper, for the choices v = u =1, b, (B,v) =6 (B— 1), b1 (a,u) = 6 (@ —ay), with 1 < B, <2
and) < a; £1d=0,and g(x,t) =0.
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The numerical implementation of Eq (3.45) is possible, however, depends substantially on the study
of the asymptotic behaviour of G, G,, G; and G4 through the study of the asymptotic behaviour of the
associated Fox H-functions. We would like to remark also that Eq (3.45) is a very general solution, but
for particular cases of the dimension, of the fractional parameters, and/or of the density functions, it is
possible to get simpler expressions.

4. Fractional moments

In this section we obtain the expression for some fractional moments of the first fundamental solu-
tion G; of the time-fractional telegraph equation of distributed order Eq (3.1) withd = ¢g(x,7) = 0,
and subject to the initial and boundary conditions

n

fW=g@=56=]]6(x) ad =0 (4.1)

J=1

Then Gq is given by Gy (x,1) = Gy (x,1) + G, (x, 1), where G| and G, are given in Theorem 3.3.

It 1s well known that the Mellin transform (2.9) can be interpreted as the fractional moment of

order s — 1 of the function f (see [62]). Therefore, we can calculate the fractional moments Mﬁ;’f‘;ﬁ v

of arbitrary order y > 0 of Gy, where G; denotes the Laplace transform of G;. Denoting by s the
variable in the Laplace domain and by r the radial quantity |x|, we have, from the definition of the
Mellin transform, that

+00 +0oo
M5 (s) = f " Gy (r,8) dr = f PG (rs) dr = M{P Gr ()} (y—n+ 1). (4.2)
0 0

From Eq (3.5), we have that

= = d* =
Gi(n1)=L" {7—‘—1 {u1 (c8) + T (k.5)| = T k) ‘pz_l} r, s)} (r,1)

which is equivalent to

2

= = = d-=
Gi(8) = L{G1 (0} (1) = F' {u1 (8) + ()| = ST (k,9) ‘p:_l} r,s).

To calculate the inverse Fourier transform we are going to use the Mellin transform, similarly as it was
done in Section 3. Taking into account Eq (3.21), we have that

= = d*=
7! {m () + T (8)| | = k) L:_l} (r,s)

1-2 2

r = = d = n
= oot fo [ul (8) + T ()| | = ST (,s) ‘p:_l] widg (dw)dw  (43)
1
= (85 *Mf)(—),
r
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where * 5 denotes the Mellin convolution given by Eq (2.11) at the point % with

2

—_

g =1 (k9 + I (k9| - S ks)
p=—1 ¢ p=-1

and

1 1
f(W) = — p, J%_l (—)
@m? 1 witt 7w

Denoting by I the integral in Eq (4.3), we have, by relations Eqs (2.12) and (2.11), that

1
M{Iz}(s) = M{(gs *m f) (;)} (5) = Migs} (=) M{f}(=9)
which is equivalent to

MiI7} (=) = M{gs}(s) M{f}(s). (4.4)
From Eq (3.25) we have that
1 I'ln-y)

ST () 1)

M{f}(s) = 4.5)

Now, we calculate the Mellin transform of the function gs. Taking into account Eqs (2.9) and (3.8)
with p = 0, Egs (3.9) and (3.10) with p = —1, we get

2

—

M{g5}(s):f W [ﬁl(K,s)ﬁg(K,s)'_ -S| ]dw
0 p=—1 C p=-1

— | S 2B d* h o d
‘[1@*2[0 2(8) - ]]fo B+ Bi(s)+w

The integral in the previous expression was already calculated in [46] (see formula (84)). Therefore,
we have that

'-s)I'(s)
e

From Eqgs (4.5), (4.6), (4.4) and (4.2) we conclude that

Migs) (5) = | Bi 9+ [ By (5) - B+ B ). (46)

M{r”7: {u1 (k.8) + 10 (K, s)' - d—Z’Jg(K s)‘ }(r,s)}(y—n+ 1,s)
(B,S)+ B, )" Tm+s)T(+s) [ (-s)
) ) P T

By the duplication formula of the Gamma function I' (2z) = % ' (z + %) we have the following
equalities for the Gamma functions that appear in (4.7)

[B*(s)+ [ By (5) - dz]] @)

I'(n+s) _2”“‘1 (n+s)

Fem) Ve L2 o
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I'l+s) 2 s
rE) ﬁr(1+2), 4.9)
I'(-s) _2‘3‘l s
o r(—i). (4.10)

Taking into account Eqs (4.8)—(4.10), expression Eq (4.7) simplifies to

2

—

M{r" F! {:bf] (k,s) + i (K, 5) ‘,;:-1 - g% (x,8) p:_l} (r, S)} (y—n+1ys)

(B> (s) +fgl (s)27! 55 1F(n+ s) F(l .\ %)

[B* (s) + = [B* (s) - dz]]

s=y—n+1

and, consequently, the fractional moments of arbitrary order y in the Laplace domain are given by

]] (B.(5) + B, IR r(

‘”‘ﬁV(s)_[B (5)+ = [ B 9)- L 7+1)r(3+7_”
T2

> > ) (4.11)

If we restrict (4.11) to the time-fractional telegraph equation of distributed order with Caputo frac-
tional derivatives, i.e., if we consider 4 = v = 1 (which implies that Bj(s) = s”!'B; (s) and
B; (s) - fC’—j =g2 [32 (s) — ‘C’—i] by Remark 3.1), then (4.11) becomes equal to

2 _
al,Bl()_CBl(S)+C B, (s) (B, (s) + B, (s)

’ d =L R y+1 r 3+y—-n
n3c?s 2 2 ’

which coincides with the correspondent expression deduced in [46]. Let us now analyse expression Eq
(4.11) for some special cases:

e When y = n — 2k — 3, with n > 2k + 3 and k € N, the correspondent moments in the Laplace
domain become infinite.
e When y = 1 (mean value), we have

B B, (s))272
M @) = [Br9+ 5[ me - @] BRI gr (e 0) @)
T2 2
which becomes infinite when n = 4 + 2k, with k € N,,.
e When y = 2 (variance), we have
n-5
B B z —
M ) = [ B0+ 3 [ B9 - | 2O 23_"r(5 2 n) (4.13)
T2

which becomes infinite when n = 5 + 2k, with k € N,,.

4.1. Tauberian analysis for the second-order moment (variance)

When the fundamental solution is a positive function, it is possible to classify the diffusion process
by analysing the correspondent second-order moment, also called the mean squared displacement of
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a particle. This is obtained by comparison with the variance in the normal diffusion process. In
this subsection we consider the particular case of double-order distributed fractional derivatives, and
we analyze the second-order moment for short and long-time. We separate our analysis between the
diffusion and the wave cases. The following Laplace inversion formulas will be needed in the sequel:

e Formula (2.1.1.1) in [63]

" l B tv—l
L {sv}(’) oy V¢ (4.14)
e Formula (5.1.26) in [61]
ay—pB
L_l {(Sj——/l)y} (l) = Z’B_1 Eg,ﬁ (ﬂl‘(l) , Re (Q’) ,Re (ﬁ) >0, 1€C, (415)

where EZ 5 18 the three parameter Mittag-Leffler function given by (2.14).

4.1.1. Two composite time-fractional derivatives in the diffusion case

Here we consider b, (8,v) = 0, which implies that B, (s) = B; (s) = 0. In this case, the second-order
moment in the Laplace domain becomes

_ _ 21 (32 .
M7 (s) = M2 (s) = ( ) Bi(s) (Bi(5)7, n#5+2k keN,. (4.16)
Tz
Further, we assume
bi(a,p) =kié(@—ay) 6(u—p)+kd(e—a) du—po) 4.17)

withO<a; <a < 1,0 <y, <1, un <,u]t—Z;,k1,k2 > 0, and k; + k, = 1. For this b; (@, 1) we get

ak; ak,
JR— Sa/l P SQZ

k k
= = and Bi(s) = a1 sl-an) 4 a2 gral-az) (4.18)

By (s) = 2 2

Considering Eq (4.18) in Eq (4.16) we get

_ 217 "7 T (352) s
Mgg,az),(ﬂl»ﬂz) (s) = _ (kl g=an) ks S—#z(l—az)) (ky s + ky 82)'T (4.19)
’ a2 "3
To invert the Laplace transform of M;(,YZI’QZ)’(”“” 2 we first rearrange the expression Eq (4.19):

-3
Zl_n ak)? F(S;n) erw_ (1-ay)
1'\7[((!1,(12),(#1,#2) (S) — ( 2) 2 ]ﬂ S ’ 8 p

;2 n=1 5-n
" Tz 3 k2 (saz—m — (_Iﬂ)) 2

ky

n=3 an—a —n)  as(n—
2 (aky)' T(52) 542 o
+ — —. (4.20)
e ()
ky
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Taking into account Eq (4.15) with

5-n k]
A=—
27 k)

@ i (l—ap) (Istterm),  f= @

a=qaq—a, Y=

B= + 1y (1 — ;) (2nd term),

we get from Eq (4.20) that

1-n 13 (5;'1)
M(m,az),(ﬂl,ﬂz) (f) = 2 (akz) r 2 ﬁ th(s ")+,u|(1 —ap)-1 E lﬂ (e
n;2 7'(% -3 k2 ar—ai, 220~ ")'Hll(l —-ay) kz

(5—n) k

2 0/2(5 n) 1 _

— 2 ali-a)-1 g s —— ™ (4.21)
7'[7”2 Cn—3 ar—ay, Rl +/Jz(1 @) k2

Remark 4.1. For n = 1, the expression Eq (4.21) reduces to the expression (28) in [51] with suitable
identification of the parameters, which indicates consistency in our results.

The graphical representation of M(“l @2:42) 9 a function of ¢ using Eq (4.21) is not an easy pro-

cedure due to the presence of the three parameter Mittag-Leffler function E” o p The numerical imple-
mentation of this special function is possible for some range of the parameter « (see [64]), which do
not include all the cases studied in this work. Therefore, we will make an asymptotic analysis of (4.19)
using the Tauberian analysis. Since s™2(!me2*ul=a) 5 () and §*27 — (0 as s — 0 then, we get the
following asymptotic behaviour of K/Ig;"‘m i) (gyass — 0

1'\'/['(12121,02),(/11,/12) (S) —

(4.22)

Concerning the symbol ~ in the previous and subsequent expressions, we say that f and g are asymp-
totically equivalent as w — oo (resp. asw — 0), i.e.,, f ~ g, if and only if lim,,_,, {g% = 1 (resp.

lim,, o £55 = 1).

Using (4.14) to invert the Laplace transform in (4.22), we obtain the asymptotic behavior of
Ml(;fz"‘”)’(”"” ? for t — 400, with 0 < u; < 1 and n and a; according to the following cases:

27 (ak) T T(32) il
s} oGy A1 < @2, n=1234
nz 3 F(,u + '—’“)
M;('lzl,dz),(/lhm) (t) ~ .
’ 21 (ak) ™ F(S%n) tll1+7al(5_;_2“1)—] 2u
— RN g <———Aaq; <ay, n=6,8,...
nT 3 l"(,ul - —a'(s_;_ ’“)) 2uy+n->5

(4.23)
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To classify the type of diffusion process we need to compare M(C’l @2 142) \with the moment of the
normal diffusion process which is given by

(ako” o

(LD(p2) _
M =
T 2 C

(4.24)

According with the dimension n we have the following cases:

o n = 1,2,3: M@ (1) (MU U42) (1) — 0, as t — +oo, for all 0 <y < 1, and all admis-
sible @y and n, which corresponds to a subdiffusion process in the long time. In the limit case,
u; = 1 (Caputo case), for n = 1,2 we still have a subdiffusion process while for n = 3 holds
Mg‘,’z‘m)’(‘“’“ 20 /M(1 D) (7 5 k> 0, as 1 — +oo, thus the process coincides with the normal
diffusion in the long time;

e n = 4: The classification of the type of diffusion depends on the type u;.

» For 0 < u; < 1/2 holds M(a1 @224 (g /M(1 DR) (1) 5 (), as t — +oo, thus corresponding
to a subdiffusion process in the long time;

» For y; = 1/2 holds Mfz"az)’(’“’”” ) /M(1 D) (1) 5 k> 0, as t — +oo, thus the process
coincides with the normal diffusion in the long time;

» For 1/2 < u; < 1 holds Mle’“z)’("“’“” () /M(1 D) (1) 5 4o, as t — +oo, thus correspond-
ing to a superdiffusion process in the long time.

e n = 6+2k: The moment M%"”)’(’”’” ? (1) is positive when n = 8+4k and negative when n = 6+4k,
k € Z*. This is due to the change of sign of the gamma function in the numerator. In the second
case, a probabilistic interpretation is no longer possible.

Finally, we note a different behaviour of the monotonicity of the second-order moment along the
dimensions, depending on the values assumed by the several parameters in the expression. When

= 1,2,3,4, if we assume that ¢ > 0, then the following conclusions about M;‘?’z"”)’("”’” 2 for large
values of ¢ can be drawn:

en=1: M(”l @)Wk 4o an increasing function when % < @y < 1, is constant when @; = é:—Zi,
and is a decreasing function when 0 < @ < % <0.5,withO <y < 1.

on=2: M(alm)’(’”’” 2 is an increasing function when 3 2= ” L < @y < 1, is constant when a; = §:§Z g
and is a decreasing function when 0 < a; < = ZZ: < 3, w1th O<u <1.

o n=3: M(“1 @) io g decreasing functlon when 0 < @; < 1and 0 < y; < 1, and is constant
when a; = 10r0<a/1 <landpy, =1.

on=4: M(a1 @)Wk §o g decreasing function for all 0 < @; < 1 and 0 < y; < 1, and is constant
when a; = 0 and y; = 1.

Now, we study the asymptotic behaviour of M;(S’”)’(’“’” ») for small values of ¢. From Eq (4.19) we
have the following asymptotic behaviour when s — +oco:

2GS T 5%

—~ n=5
M:;lzl,(lz)s(lll,ﬂz) (s) = ) (kl S—#l(l—m) +ky S—ﬂz(l—az)) (ko s 4+ k> Sdz) 3

1-n 3 S3—n
2T @R)T IR e (4.25)
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Using Eq (4.14) to invert the Laplace transform in Eq (4.25), we obtain the asymptotic behavior of
M@ e2-642) for ¢ 5 0%, with O < pr < 1 and n and @, according to the following cases:

n;2
n=3 -
217 (aky)T T(352)  part2igdo
n—l (5-n—2u2) a“/2>al9 n= 1’2’3,4
(@1.0). 0 2) mren (o + 20522
ay,a2),(u1,
Mn;2l ’ e (t) ~ n=3 3 a(5-n-2uy)
21—n (a kz)T F(%n) tﬂ2+%ﬂz_l 2/,(2
2 a3 ey 2 ia5/®>@n=638...
T2 C F(ﬂ2+T) Mo + 1

(4.26)

M’(:.Yzl,az),(m,#z) with M511~’21)’(M#2)

Comparing when t — 0, we have the following conclusions:

o n = 1,2,3: MG (1) MLPUH) () — too, as t — 0F, for all 0 < gy < 1, and all
admissible a; and n, which corresponds to a superdiffusion process in the short time. In the limit
case, u; = 1 (Caputo case), for n = 1,2 we still have a superdiffusion process while for n = 3
holds M;‘;"”)’(‘“’“Z) ) /M(1 DWR) (1) 5 k> 0, as t — +oo, thus the process coincides with the
normal diffusion in the short time;

e n = 4: The classification of the type of diffusion depends on the parameter ;.

» For 0 < u; < 1/2 holds M(al @22 (usm) (g /M(1 D42) (1) 5 too, as t — 0*, thus correspond-
ing to a superdiffusion process in the short time;

» For u; = 1/2 holds M(a' a2kt (7 /M(1 D@0 (1) 5 k> 0, as + — 07, thus the process
coincides with the normal diffusion in the short time;

» For 1/2 < u; < 1 holds Mfﬁz"”)’(“"’“) ) /M(1 D) (7 0, as t — 0%, thus corresponding
to a subdiffusion process in the short time.

e n = 6 + 2k: As happen in the long time case the moment is not always positive, and hence also
here it is not possible to perform a probabilistic interpretation for all the values of n.

4.1.2. Two composite time-fractional derivatives in the wave case

Here we consider by (a,u) = 0. Hence, B; (s) = Bj(s) = 0 and the second-order moment in the
Laplace domain becomes

()

2V SBi(s) (By(8) T, n#5+2k keN,. (4.27)
2

M, 55 (s) = M) (s) =
Let us now assume that

by(B,v) =kio(B—=B1) 0(v—=vi)+ka6(B =) 6(v—r)

Wlth1<,31 <ﬁ2<2 0<v,1m<l, V2<V12ﬁ L ki,ky >0,and k; + k, = 1. FOI‘thlez(ﬁ v)weget

k k k k
B, (s) = C—; P+ c—§ > and  Bi(s) = = sy C2 §722B) (4.28)
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Considering Eq (4.28) in Eq (4.27) we get
— n=5
Mr(féﬁz),(vwz) (s) = (k s @B 4 k> g2 ﬁz)) (k P+ k> Sﬁz) 2 (4.29)

Inverting the Laplace transform of Mgﬁ 2:0172) (g) following the same steps of the deduction of Eq
(4.21) we get

2l-n T 5-n
MP1£-01.72) (f) = ( 2 ) kl ﬁz(s B0 Ly (2-p1)-2 E 3 _ﬁ PP
n2 ,TT‘ k' BB, 2501\ ko
21T (%2
2 ) 5on ki o _
+ e ( ) P L= +2(2-B2)-2 E? 5o ['8 il (4.30)
17 o3 BB, 5 +v2(2—p2)-1 kz

First, we study the asymptotic behaviour of Mf&’ﬂ 20172 for large values of ¢. From Eq (4.19) we have
the following asymptotic behaviour whens — 0 :

] (i) ’
Mr(féﬁz)a(vlm) (S) — — S(kl S—vl(z—ﬂl) + k2 S—Vz(Z—ﬁQ)) (k Sﬁl + k2 Sﬁz) 2
” Tz o 3
n-3
21 fT T (552
1 > £109)
~— ( )s‘ @A (4.31)

Using Eq (4.14) to invert the Laplace transform in Eq (4.31), we obtain the asymptotic behavior of
Mr(fé’ﬁ 2017 for t — +oo, with By, v1, and n according to the following cases:

S
2k T(352) e

n'T o3 F(2v1 + m - 1)

Bi<B, 0<vi<1,n=1,2,3
M(ﬂl,ﬁz),(wn’z) (f) ~

n;2 n=3
21k () el

n'T o3 F(2v1 + Ao 1)’
2

Bi <P z<vi<l,n=4

(4.32)

To classify the type of diffusion-wave process we need to compare Mfgﬁ 2:0172) \with the normal diffu-

sion process. The situation here depends on the dimension and we have the following cases:
o n=1: MIBAOM (1) IMH2(1) — o0, as t — +oo, for 1 < 324 < By < 2and 0 < vy < 1,

which corresponds to a superdiffusion process in the long time and Mw1 A1)y M(1 D)
0,as 1 — +oo, for 1 < B < 324

<2and0 <v; <1, which corresponds toa subd1ffus1on process

in the long time. In the spec1al case 31 = 32_2V"11 the process coincides with the normal diffusion in

the long time.
on = 2: Mr(féﬁz),(w,vz) (t)/M(l 1)(/“#2)(;) — 400, a8t — +oo, for 1 < gjzl:]l < B < 2
and 0 < v; < 1, which corresponds to a superdiffusion process in the long time and
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M) () MG (1) — 0, as £ — +oo, for 1 < B < 352 < 2and 0 < v < 1,

2
which corresponds to a subdiffusion process in the long time. In the special case 8; = 222 the

process coincides with the normal diffusion in the long time. o

o n = 3 MO (1) ML (1) — 0, a8t — +oo, forall I < f; <2and 0 < vy < 1,
thus correspondmg to a subdiffusion process. For v; = 1 the process coincides with the normal
diffusion case.

o n = 4: MO (1) IMEDY)(1) — 0, a5 1 — +oo, forall 1 <8y < 2and 1/2 < v < 1, thus
correspondmg to a subdiffusion process.

Finally, we study the asymptotic behaviour of M%’ﬁ 2007 for small values of ¢ knowing the asymptotic
behaviour of Eq (4.29) when s — +co. From (4.29), as s — +o00, we have

_ 2T (32) s
Mr(féﬁz),(vl,vz) (S) — - S (k2 S—V1(2—ﬁ1) +ky S—Vz(z—,Bz)) (k] Sﬁl +ky sﬁz) 2

T2 Cn3

21—n k% I (S;n) Br(n-5)
2 gl (4.33)

Tz Cn—3

Using Eq (4.14) to invert the Laplace transform in Eq (4.33), we obtain the asymptotic behavior of
Mr(fé’ﬂ 2012) for + 5 OF, with B>, v2, and n according to the following cases:
DT T(52)

ﬂ'T cn—3 r‘(zvz + m _ 1)a

Br>pB1,0<vm<1,n=1,273
M(ﬂlﬁz),(vl,vz) (l) -

n;2 n=3
21 k,T T () e

ﬂ'T Cn73 F(zvz + w _ 1)a

B>Pi, 3<wm<l,n=4

(4.34)

The analysis of Eq (4.34) is similar to the one performed for Eq (4.32). Regarding the classification of
the diffusion-wave process the following conclusions can be taken:

en=1: M(ﬂlﬂz),(vl,vz) () /M(l 1)(/11112)(1*) — 0,ast — 0%, for 1 < % <By<2and 0 <v, <1,

while M(ﬂ' AT (1) /M D625y y 4o as t — O, for 1 < Ba < 3};; <2and0 < v, < 1.
Hence, in the short time, the process 1s subdlffuswe in the first case and is superdiffusive in the

second case. In the special case 8; = 224 + the process coincides with the normal diffusion in the
short time.
en = 22 MOV /M) - 0, as 1 > 0%, for I < 8 < By < 2

and 0 < v, < 1, which corresponds to a subdiffusion process in the short time, and
ME P20 () IML; D) 5 too, as 1 — 0°, for | < f < S <2and 0 < vy < 1,
thus corresponding to a superdiffusion process in the short time. In the special case 8, = ; ‘2‘2 the
process coincides with the normal diffusion in the short time.

o n =3t MO () /M) - oo, ast — 0F, forall 1 < B < 2and 0 < vy < 1,
thus correspondlng toa superd1ﬁ“us10n process. For v, = 1 the process coincides with the normal

diffusion case.
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o n=4: MO () IMEDE)(5) 5 00, as 1 — 0%, forall 1 <8, <2and 1/2 < v, < 1, thus
corresponding to a superdiffusion process in the short time.

Remark 4.2. If we consider the Caputo case in Sections 4.1.1 and 4.1.2, our analysis of the diffusion-
wave process for the double-order case improve the results presented in [46]. Moreover, considering
single order derivatives and the one-dimensional case, it was proved in [65] that the fundamental
solution corresponds to a probability density function only when the fractional derivatives are in the

Caputo sense.

4.1.3. Graphical representations of the second-order moment for the long time

In this section we present and analyse the plots of the asymptotic behaviour of M%"‘m’(’“’“ 2 (),
when ¢ — +o0, for some of the cases studied previously separating the diffusion and the wave cases.
The plots were generated using Mathematica software and the commands available in it.

The diffusion case: In the following figures, we show the graphical representation of Eq (4.23) for
n=1,2,3,4, a; = 0.25,0.50,0.75, and different values y;, using a logarithmic scale in the axes when

needed.
—_— N. Diff.
106]- |~ m=000
-= m=025
== p=050
104+ =075
--  m=100

10 102 10° 10* 10° 10° 107
t t t

Mg g

Figure 1. Plots of the asymptotic behaviour of M(l‘fz"(”)’(’“”“‘ 2(f) when t — +oo for
a; = 0.25,0.50,0.75 (from left).

Migg b g

Mgy b g

Figure 2. Plots of the asymptotic behaviour of M;(,Yzl’az)’(’“’"” ? () when t — +co for n = 2 and
a; =025, n=3and a; = 0.50, n = 4 and a; = 0.75 (from left).

Looking at the plots we see that the classification of the diffusion process in each dimension agrees
with the analysis of Eq (4.23) performed previously. The plots show an interpolation between the
extreme cases y; = 0 and y; = 1, which correspond to the Riemann-Liouville (RL) and Caputo cases,
respectively. The extreme cases have different behaviour, e.g., the slope of the variance is different and
in the dimension, n = 3 the variance is constant in the Caputo case. In contrast, in the RL case, the
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variance decreases for large values of . Moreover, for @; = 0.25 we can observe a different behaviour
of the diffusion in dimensions n = 1 and n = 2 : in the RL case the variance decreases for large values

of ¢t while in the Caputo case the variance increases.

The wave case: In the following figures, we show the graphical representation of Eq (4.32) for
n=1,2,3,4,6 =1.25,1.50,1.75 and different values v;.

1010

10°

MR g
3
MEEH g

Mg

10' 102 10° 104 10° 10° 107 10" 102 10° 10* 10° 10° 107
t t t

Figure 3. Plots of the asymptotic behaviour of M(lﬁéﬁ 2017 (1) when t — 400 for

B1 =1.25,1.50,1.75 (from left).

Mg
3

MBI (g)

10 102 10° 10* 10° 10° 107
t

Figure 4. Plots of the asymptotic behaviour of M,(f;’ﬁ 2:012) (1) when t — +oo for n = 2 and
B1 =125 n=3and B, = 1.50,n = 4 and B; = 1.75 (from left).

For each dimension and different values of the fractional parameters, the process classification
agrees with the analysis of Eq (4.32). The range of the plots increases with the increase of 8, and
vi. Again it is interesting to observe the different behaviour of the variance for the extreme cases
vy = 0 (RL case) and v; = 1 (Caputo case) for the dimension n = 3. Also the slope of the variance is

different in the other dimensions.

4.1.4. Graphical representations of the second-order moment for the short time

In this section we present and analyse the graphical representation of the asymptotic behaviour of
M;‘g’”)’(’“’” 2 (1), when t — 07, for some of the cases studied previously separating the diffusion and
the wave cases. The plots were generated using Mathematica software and the commands available in
it.
The diffusion case: In the following figures, we show the graphical representation of (4.26) for
n=1,23,4, a, =0.25,0.50,0.75, and different values ..
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t t t

Figure 5. Plots of the asymptotic behaviour of M(l‘le’”)’("“’“ Y(t) when t — 0F for

ay = 0.25,0.50,0.75 (from left).

M) gy
°
s
S

0.0 0.2 0.4 0.6 0.8 1.0
t

Figure 6. Plots of the asymptotic behaviour of Mfﬁzl"“)’(‘“’” 2 (t) when t — 0* for n = 2 and
ay =025, n=3and o, = 0.50,n =4 and a, = 0.75 (from left).

Looking at the plots we see that the range of the plots decreases with the increase of a, and ..
The type of process is in accordance with the conclusion made in the analysis of Eq (4.26). Again, we
can observe a different behaviour of the variance for small values of ¢ in the extreme cases v, = 0 and
v, = 1, corresponding to the RL and Caputo cases, respectively. For a; = 0.25 and the dimensions
n = 1 and n = 2 the variance decreases in the RL case and increases in the Caputo case, for small
values of ¢. In the case v, = 1 the plots coincide with the correspondent ones obtained in [46].

The wave case: In the following figures, we have the graphical representation of Eq (4.34) for
n=1,2,3,4,5, =1.25,1.50,1.75, and different values v, and n.

e
3

14
P

o
o

0.8 |-

o
P

e
o
2
o
©

MG ) g)

o
a

Mg ) (g
°
S

bed
N
o

0.0

o
o

0.0 0.2 0.4 0.6 0.8 1.0
t

t

Figure 7. Plots of the asymptotic behaviour of Mﬁf‘zlm)’(”"“ Y (t) when t — 0F for
B = 1.25,1.50, 1.75 (from left).
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0200 b\

0.15]

0.10]

1 o b ) )
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Mgy k) gy
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0.05]

0.00|
1.0 0.0 0.2 0.4 0.6 0.8 1.0

0.0 0.2 0.4 0.6 0.8
t t

Figure 8. Plots of the asymptotic behaviour of MLO;’ZI’”)’(’“’” 2 (t) when r — 0* for n = 2 and
B =125 n=3and B, =0.50,n = 4 and 5, = 0.75 (from left).

Looking at the plots we see that the conclusions are similar to those already exposed. The behaviour
of the functions is in accordance with the conclusions made in the analysis of (4.34). When v, = 1 the

plots coincide with those presented in [46].

5. Conclusions

The results presented here generalize those obtained in [46] by the introduction of the Hilfer deriva-
tive, that allows a smooth interpolation between the Riemann-Liouvile and the Caputo fractional
derivatives. The solution of the Cauchy problem associated with the telegraph equation was expressed
as convolutions with functions that are expressed by Laplace integrals involving Fox H-functions. For
particular cases of the equation the solution can be simplified and we showed that we can recover
known results presented in the literature, which reveals consistency of our results. The classification of
the diffusion-wave process depends, not only on the spatial dimension, but also on the order and type
of the derivatives. This is very different from previous works on the literature since in most cases the
telegraph equation is studied only for Caputo or Riemann-Liouville fractional derivatives. It would be
interesting to consider other types of density functions in addition to those considered in this article,

but the calculations would become cumbersome.
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