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Abstract: In this paper, we construct a kind of new braided monoidal category over two Hom-Hopf
algerbas (H, @) and (B, ) and associate it with two nonlinear equations. We first introduce the notion of
an (H, B)-Hom-Long dimodule and show that the Hom-Long dimodule category 5L is an autonomous
category. Second, we prove that the category 2L is a braided monoidal category if (H, @) is quasitri-
angular and (B, B) is coquasitriangular and get a solution of the quantum Yang-Baxter equation. Also,
we show that the category #IL can be viewed as a subcategory of the Hom-Yetter-Drinfeld category

ZggHYD Finally, we obtain a solution of the Hom-Long equation from the Hom-Long dimodules.

Keywords: Hom-Long dimodule; Hom-Yetter-Drinfeld category; Yang-Baxter equation; Hom-Long
equation

Introduction

The study of Hom-algebras can be traced back to Hartwig, Larsson and Silvestrov’s work in [1],
where the notion of Hom-Lie algebra in the context of gq-deformation theory of Witt and Virasoro al-
gebras [2] was introduced, which plays an important role in physics, mainly in conformal field theory.
Hom-algebras and Hom-coalgebras were introduced by Makhlouf and Silvestrov [3] as generalizations
of ordinary algebras and coalgebras in the following sense: the associativity of the multiplication is
replaced by the Hom-associativity and similar for Hom-coassociativity. They also defined the struc-
tures of Hom-bialgebras and Hom-Hopf algebras, and described some of their properties extending
properties of ordinary bialgebras and Hopf algebras in [4,5]. In [6], Caenepeel and Goyvaerts stud-
ied Hom-bialgebras and Hom-Hopf algebras from a categorical view point, and called them monoidal
Hom-bialgebras and monoidal Hom-Hopf algebras respectively, which are different from the normal
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Hom-bialgebras and Hom-Hopf algebras in [4]. Many more properties and structures of Hom-Hopf
algebras have been developed, see [7-10] and references cited therein.

Later, Yau [11, 12] proposed the definition of quasitriangular Hom-Hopf algebras and showed that
each quasitriangular Hom-Hopf algebra yields a solution of the Hom-Yang-Baxter equation. The Hom-
Yang-Baxter equation reduces to the usual Yang-Baxter equation when the twist map is trivial. Sev-
eral classes of solutions of the Hom-Yang-Baxter equation were constructed from different respects,
including those associated to Hom-Lie algebras [11,13—15], Drinfelds (co)doubles [16—18], and Hom-
Yetter-Drinfeld modules [19-26].

It is well-known that classical nonlinear equations in Hopf algebra theory including the quantum
Yang-Baxter equation, the Hopf equation, the pentagon equation, and the Long equation. In [27],
Militaru proved that each Long dimodule gave rise to a solution for the Long equation. Long dimodules
are the building stones of the Brauer-Long group. In the case where H is commutative, cocommutative
and faithfully projective, the Yetter-Drinfeld category #YD is precisely the Long dimodule category
HL. Of course, for an arbitrary H, the categories 7YD and #/LL are basically different. In [28], Chen et al.
introduced the concept of Long dimodules over a monoidal Hom-bialgebra and discussed its relation
with Hom-Long equations. Later, we [29] extended Chen’s work to generalized Hom-Long dimodules
over monoidal Hom-Hopf algebras and obtained a kind solution for the quantum Yang-Baxter equation.
For more details about Long dimodules, see [30—33] and references cited therein.

The main purpose of this paper is to construct a new braided monoidal category and present solu-
tions for two kinds of nonlinear equations. Different to our previous work in [29], in the present paper
we do all the work over Hom-Hopf algebras, which is more unpredictable than the monoidal version.
Since Hom-Hopf algebras and monoidal Hom-Hopf algebras are different concepts, it turns out that our
definitions, formulas and results are also different from the ones in [29]. Most important, we associate
quantum Yang-Baxter equations and Hom-Long equations to the Hom-Long dimodule categories.

This paper is organized as follows. In Section 1, we recall some basic definitions about Hom-
(co)modules and (co)quasitriangular Hom-Hopf algebras .

In Section 2, we first introduce the notion of (H, B)-Hom-Long dimodules over Hom-bialgebras
(H, @) and (B, B), then we show that the Hom-Long dimodule category ZL forms an autonomous cate-
gory (see Theorem 2.6) and prove that the category is equivalent to the category of left B**”? @ H-Hom-
modules (see Theorem 2.7).

In Section 3, for a quasitriangular Hom-Hopf algebra (H, R, @) and a coquasitriangular Hom-Hopf
algebra (B, (|),8), we prove that the Hom-Long dimodule category 5L is a subcategory of the Hom-
Yetter-Drinfeld category ZggHYD (see Theorem 3.5), and show that the braiding yields a solution for
the quantum Yang-Baxter equation (see Corollary 3.2).

In Section 4, we prove that the category zM over a triangular Hom-Hopf algebra (resp., “M over
a cotriangular Hom-Hopf algebra) is a Hom-Long dimodule subcategory of 2L (see Propositions 4.1
and 4.2). We also show that the Hom-Long dimodule category JL is symmetric in case (H, R, @) is
triangular and (B, (), 8) is cotriangular (see Theorem 4.3).

In Section 5, we introduce the notion of (H, @)-Hom-Long dimodules and obtain a solution for the
Hom-Long equation (see Theorem 5.10).
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1. Preliminaries

Throughout this paper, k is a fixed field. Unless otherwise stated, all vector spaces, algebras, mod-
ules, maps and unadorned tensor products are over k. For a coalgebra C, the coproduct will be denoted
by A. We adopt a Sweedler’s notation A(c) = ¢;®c,, for any ¢ € C, where the summation is understood.
We refer to [34,35] for the Hopf algebra theory and terminology.

We now recall some useful definitions in [3-5, 12,36, 37].

Definition 1.1. A Hom-algebra is a quadruple (A, u, 14, @) (abbr. (A, @)), where A is a k-linear
space, it : A®A — A'is a k-linear map, 14 € A and « is an endmorphism of A, such that

(HAL) afad’) = a(@)a(d); a(la) = 1g4,
(HA2) a(a)d'a’) = (aa)a(ad"”); aly = 14a = a(a)

are satisfied for a,a’,a” € A. Here we use the notation u(a ® a’) = aa’.

Definition 1.2. Let (A, @) be a Hom-algebra. A left (A, @)-Hom-module is a triple (M, >, v), where
M is a linear space, > : A® M — M is a linear map, and v is an endmorphism of M, such that

(HM1) v(a>m) = a(a) > v(m),
(HM2) a(a)> (a'>m) = (ad’) > v(m); 14>m = v(m)

are satisfied fora,a’ € A and m € M.
Let (M, >y, vy) and (N, >y, vy) be two left (A, @)-Hom-modules. Then a linear morphism f :
M — N is called a morphism of left (A, @)-Hom-modules if f(h>ym) = h>y f(m) and vyo f = fovy,.

Definition 1.3. A Hom-coalgebra is a quadruple (C, A, €,5) (abbr. (C,p)), where C is a k-linear
space, A : C — CQC, € : C — k are k-linear maps, and 3 is an endmorphism of C, such that

(HC1) B(c)1 ®B(c)y = B(c1) ®P(c2); €of =€,
(HC2) B(c1)®cy ®cxn =ci1 ®cin®P(cr); €lci)er = cre(cr) = B(c)

are satisfied for c € C.

Definition 1.4. Let (C,) be a Hom-coalgebra. A left (C,8)-Hom-comodule is a triple (M, p, u),
where M is a linear space, p : M — C ® M (write p(m) = m_;, ® m), Ym € M) is a linear map, and
u is an endmorphism of M, such that

(HCM1)  p(m) 1) ® u(m)y = Blm1) ® u(my), €(mr))meg, = p(m);
(HCM2) B(m-1)) ® my-1) @ Moy0) = M-1y1 ® M-1y2 ® p(myo))

are satisfied for all m € M.
Let (M, p™, uy) and (N, oV, uy) be two left (C, 8)-Hom-comodules. Then a linear map f : M — N
is called a map of left (C, 8)-Hom-comodules if f(m)1)® f(m)) = m® f(m)) and uyo f = fopupy.
Definition 1.5. A Hom-bialgebra is a sextuple (H, i, 1y, A, €,7) (abbr. (H,vy)), where (H, u, 1y, y) is
a Hom-algebra and (H, A, €, y) is a Hom-coalgebra, such that A and € are morphisms of Hom-algebras,
ie.,
A(hh') = A(WAMR); A(lp) = 1 ® 1y; e(hh’) = e(he(h'); (1) = 1.

Electronic Research Archive Volume 30, Issue 1, 362-381.



365

Furthermore, if there exists a linear map S : H — H such that
S(h)hy = S (hy) = e(h)1 and S (y(h)) = y(S (),

then we call (H,u, 1y, A, €,v,S5) (abbr. (H,v,S)) a Hom-Hopf algebra.

Definition 1.6. ( [36]) Let (H,B) be a Hom-bialgebra, (M, >, u) a left (H, 8)-module with action
>: HOM — M,h®m — h>mand (M,p,u) a left (H,)-comodule with coactionp : M —
H®M,m — m_;) ® mg. Then we call (M, >, p,u) a (left-left) Hom- Yetter-Drinfeld module over
(H, p) if the following condition holds:

(HYD) hiB(m1) ® (B*(hy) > moy = (B°(hy) > m)pyha ® (B°(h1) > m) ),

where h € Hand m € M.
When H is a Hom-Hopf algebra, then the condition (HY D) is equivalent to

(HYDY p(B*(h) > m) = B~*(h1B(m1))S (ha) ® (B> (h12) > my).

Definition 1.7. ( [36]) Let (H,3) be a Hom-bialgebra. A Hom-Yetter-Drinfeld category ZYD is a
pre-braided monoidal category whose objects are left-left Hom- Yetter-Drinfeld modules, morphisms
are both left (H, §)-linear and (H, 8)-colinear maps, and its pre-braiding C_ _ is given by

Cun(m®n) = B(m1)) > v~ (n) ® " (my), (1.1)
forallme (M,u) € #YD and n € (N, v) € 4YD.
Definition 1.8. A quasitriangular Hom-Hopf algebra is a octuple (H,u, 15,A,€,S,5,R) (abbr.
q g pl alg p
(H,B,R)) in which (H,u, 14, A,€,S,[) is a Hom-Hopf algebra and R = RV @ R® € H ® H, satis-
B M B pt alg
fying the following axioms (for all 2 € H and R = r):
(QHA1) e(RM)R® = RDe(R®) = 1y,
(QHA2) ARY) ® BR?) = BRY) ® f(r'") ® R¥r?,
(QHA3) BR") ® AR®) = RVr © B(r™) ® AR?),
(QHA4) A“°P(h)R = RA(h),
(QHA5) BRM) ® BR?) = RV @ R?,
where A“?(h) = h,®h, for all h € H. A quasitriangular Hom-Hopf algebra (H, R, §) is called triangular
if R7!' = RP @ RV,

Definition 1.9. A coquasitriangular Hom-Hopf algebra is a Hom-Hopf algebra (H, §) together with
a bilinear form (|) on (H, ) (i.e., {|) € Hom(H ® H, k)) such that the following axioms hold:

(CHA1) <hglB(D)) = BMIL)BQIL),
(CHA2) (B(h)Igly = (h1|B(g)){h2lB(D)),
(CHA3) (hlg1)82h2 = h1g1{halg2),
(CHA4) (1|h) = (h|1) = €(h),
(CHAS) (B(M)IB(8)) = (hlg),

for all h,g,l € H. A coquasitriangular Hom-Hopf algebra (H, (|), ) is called cotriangular if (|) is
convolution invertible in the sense of (/|g;){g2|h2) = e(h)e(g), for all h,g € H.
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2. Hom-Long dimodules over Hom-bialgebras

In this section, we will introduce the notion of Hom-Long dimodules and prove that the Hom-Long
dimodule category is an autonomous category.

Definition 2.1. Let (H, @) and (B, 8) be two Hom-bialgebras. A left-left (H, B)-Hom-Long dimodule is
a quadruple (M, -, p, u), where (M, -, ) is a left (H, @)-Hom-module and (M, p, ) is a left (B, 8)-Hom-
comodule such that

p(h-m) = B(my)) ® a(h) - m), (2.1)
for all h € H and m € M. We denote by 5L the category of left-left (H, B)-Hom-Long dimodules,
morphisms being H-linear B-colinear maps.

Example 2.2. Let (H, @) and (B, ) be two Hom-bialgebras. Then (H® B, ®p) is an (H, B)-Hom-Long
dimodule with left (H, @)-action h-(g®x) = hg®[S(x) and left (B, 5)-coaction p(g®x) = x; ®(a(g)®x,),
where h,g € H,x € B.

Proposition 2.3. Let (M, u), (N, v) be two (H, B)-Hom-Long dimodules, then (M ® N,u ® v) is an
(H, B)-Hom-Long dimodule with structures:

h-(m®n)=h -m®h;-n,

p(m ®n) = B (mCpn-1)) ® mo) ® ng),
forallme M,ne Nand h € H.

Proof. From Theorem 4.8 in [21], (M ® N, u ® v) is both a left (H, @)-Hom-module and a left (B, 58)-
Hom-comodule. It remains to check that the compatibility condition (2.1) holds. Foranym € M,n € N
and h € H, we have

pth-(m@n)) = P((h - m)-1y(hy - n)-1)) ® (hy - m)) ® (ha - 1))
= B (myncn) ® ahy) - mgy, ® a(hy) - ng,
= B((m@n)-1) ® a(h) - (m & n)q)),
as desired. This completes the proof. O

Proposition 2.4. The Hom-Long dimodule category #LL is a monoidal category, where the tensor
product is given in Proposition 2.3, the unit I = (k, id), the associator and the constraints are given as
follows:

apyw :(UV)OW - U (VOW),udv)®w — u ' (u)® (e ww)),
ly :k®V > Vk®@v > kv(v),ry : V®k - V,v®k — kv(v),
foru e (U,p) € zL,v e(V,v)e fIL,w e Wuw)e gL.
Proof. Straightforward. O

Proposition 2.5. Let H and B be two Hom-Hopf algebras with bijective antipodes. For any Hom-
Long dimodule (M, u) in ZL, set M* = Hom(M, k), with the (H, @)-Hom-module and the (B, 5)-Hom-
comodule structures:

O - HOM* — M", (h- f)(m) = f(Spa™ (h) - u™(m)),
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pur i M — B M*, fi_1)® fio)(m) = S5' B (mn) ® f(u*(m)))s

and the Hom-structure map u* of M* is u*(f)(m) = f(u~'(m)). Then M* is an object in ZL. Moreover,
BL is a left autonomous category.

Proof. It is not hard to check that (M*, 8-, u*) is an (H, @)-Hom-module and (M*, pys-, 1*) is a (B, 8)-
Hom-comodule. Further, for any f € M*, m € M, h € H, we have

S8 m1) ® (h- f)(u>(m)))
= S3B7m1) ® F(S pa (h) - 1 (m))),
B(fi-r) ® (ah) - fo)m) = B(fien) ® fiy(S u(h) - 7> (m))
= BB m1) ® f(u (S path) - ™ (m)))
= 3B me1) ® F(S pa™ (h) - 1 (mo)))-

(h- - ®(h- fo(m)

Thus M* € JL.
Moreover, for any f € M* and m € M, one can define the left evaluation map and the left coevalua-
tion map by
evy : f®mr— f(m), coevy : 1; +— Ze,-@e’}

where e; and e’ are dual bases in M and M* respectively. Next, we will show that (M*, ev, coevy) is
the left dual of M.

It is easy to see that evy, and coevy, are morphisms in 21L. For this, we need the following compu-
tation

(rm o (idy ® eviy) © ay - m © (coevy ® idy) o I, )(m)

= (ry o (idy ® evyy) aM,M*,M)(Z(ei ® ) @ i (m))
= (ry o (idy ® evM))(Z 1 (e) ® (¢l © m))
= () 1 () ® €lm))
= rM(,ul_l(m) ® 1) = m.
Similarly, we get

(Iy+ o (evy ® idy+) o a‘Ml*,M’M* o (idy+ ® coevy) o r;j*)(f)

= (I o (evy ® idy-) o a;,}*,M,M*)(Z ) ® (e ® €'))
= (- o (v ®@idy )Y f® ) ® 1 ()

= () fle)®u ™ @)

= lM*(li ®u () =T
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So 2L admits the left duality. The proof is finished. O
Theorem 2.6. The Hom-Long dimodule category 2L is an autonomous category.

Proof. By Proposition 2.5, it is sufficient to show that L is also a right autonomous category. In fact,
for any (M, u) € ZL, its right dual (*M, coevy, evy,) is defined as follows:
e “M = Homy(M, k) as k-modules, with the Hom-module and Hom-comodule structures:

(h- f)(m) = f(S e (h) - =2 (m)),
fien ® foy(m) = S B~ (m_1)) ® f(u~*(mp))),

where f € *M, m € M, and the Hom-structure map u* of *M is u*(f)(m) = f(u~'(m));
e The right evaluation map and the right coevaluation map are given by

vy m® f — f(m), coevy : 1k|—>Zai®a,-,

where a; and @' are dual bases of M and *M respectively. By similar verification in Proposition 2.5,
one may check that #IL is a right autonomous category, as required. This completes the proof. O

Recall from [17] that for any finite dimensional Hom-Hopf algebra B, B* is also a Hom-Hopf algebra
with the following structures

(f * Q) = FB2G)EB (1), Ap(f)(xy) := f(B(xy)),
lp =€ e(f):=f(y), Sp:=S*, ap(f):=fop!,

where x,y € H, f,g € B".

Theorem 2.7. If B is a finite dimensional Hom-Hopf algebra, then the Hom-Long dimodule category
PLL is identified to the category of left B*”? ® H-Hom-modules, where B*? ® H means the usual tensor
product Hom-Hopf algebra.

Proof. Define the functor ¥ from gwrgyM to gL by
Y(M) := M as k-module, Y(f):=f,

where (M, u, —) is a B*? ® H-Hom-module, f : M — N is a morphism of B*” @ H-Hom-modules.
Further, the H-action on M is defined by

h-m:=(®h)—m, forallmeM, heH,
and the B-coaction on M is given by
m-p) ® meoy := Z e (ei ® IH) — m,

where ¢; and ¢’ are dual bases of B and B* respectively.
First, we will show (M, u, -) is a left (H, )-Hom-module. Actually, for any m € M, h,g € H, we
have 1y -m = (eg ® 1) — m = u(m), and

ah)-(g-m) = (®ah) — (g — m)

Electronic Research Archive Volume 30, Issue 1, 362-381.



369

= (eg®hg) — u(m) = (hg) - u(m),

which implies (M, u, -) € g M.
Second, one can show that (M, u) € BM in a similar way.
At last, forany m € M, h € H, we have

(h-m)cn®(h-m)g = > e®(e®ly)— (h-m)
2, @ ®alh) — um)
> Ble) ® (e ® L)€' ® h) — pa(m)
D Ble) ® (e ® h)(e' ® 1) — pu(m)

> Ble) ® ath) - (€' @ 1) — p(m))
Bim-1)) ® a(h) - m),

which implies (M, u) € ZL.
Conversely, for any object (M, ), (N, v), and morphism f : U — V in gL, one can define a functor
@ from BL t0 peoreuM

O(M) := M as k-modules , D(f) := f,
where the (B*” ® H,5* ® a)-Hom-module structure on M is given by

(p®h) — m = p(m_p)h - u " (mg)),

forall p € B*, h € H, m € M. Itis straightforward to check that (M, u, —) is an object in ZL to proreuM,
and hence @ is well defined.
Note that @ and ¥ are inverse with each other. Hence the conclusion holds.

3. New braided momoidal categories over Hom-Long dimodules

In this section, we will prove that the Hom-Long dimodule category 2L over a quasitriangular
Hom-Hopf algebra (H, R, @) and a coquasitriangular Hom-Hopf algebra (B, (|, 8) is a braided monoidal

subcategory of the Hom- Yetter-Drinfeld category ZSgHYD

Theorem 3.1. Let (H, R, @) be a quasitriangular Hom-Hopf algebra and (B, (|), 8) a coquasitriangular
Hom-Hopf algebra. Then the category 2L is a braided monoidal category with braiding

CM,N TM®ON > N® M,m ®n — (m(_l)ln(_1)>R(2) : V_z(l’l(())) ®R(]) : /,L_Z(Wl(())), (31)

forallme (M,u) € 5L andn € (N,v) € 8L.

Proof. We will first show that the braiding Cj,y is a morphism in gL. In fact, forany m € M,n € N
and h € H, we have

CM,N(hl -me® h2 . n)
((hy - m)_p)|(hy - ) 1))RP - v 2(hy - n)oy ® RV - w2 (hy - m) g
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= (Bm)Bn-)YR? v (a(hy) - ng) @ RV - 17 (a(hy) - mg))

=" (meplncyye (RPh) - v (ng) @ a (R Phy) - 7 (mgg),
h-Cyn(m®n)

= (meplnepyh - (R® v (ng) @ RV - 1> (mp)))

= (meplncyh - (@ RP) v () @ by - (@7 (RD) - w7 (mg)

(HM2) _ _ _ _
=" (meplncyye (MRP) v (ng) ® a7 (hRWY) - 1™ (mg))

(QHA4) - - _ _
= (meplncyye (RPh) v (ng) ® e (RVhy) - 5 (me)).

The third equality holds since (|) is S-invariant and the fifth equality holds since R is a-invariant. So
Cyy 1s left (H, @)-linear. Similarly, one may check that Cy, y is left (B, §)-colinear.

Now we prove that the braiding Cy,y is natural. For any (M,u),(M',u’), (N,v),(N',V') € ZL,
let f: M - M and g : N — N’ be two morpshisms in 5L, it is sufficient to verify the identity
(E® f)oCyn = Cyyn o (f ® g). For this purpose, we take m € M,n € N and do the following
calculation:

(m-plnn)(g ® HR v (ng) @ RY - 1>(myg)))
= (meplnen)gR? v () ® fFRY - 1™ (mg))
= (meplnen)R? - g(v2(ne) @ RV - f(u™>(mp))),
Cyuno(fegmen) = Cyy(f(m)®gn)
= (fm)1lg(m)1)R? - v (g(n)e) ® RV - u~>(f(m)0))
= (meplnen)R? - v (g(ne) @ R - u™*(f(m())
= (meplnen)R? - g(v 2 (ne) @ RV - f(u™>(mp)).

(&® f)oCyn(me®n)

The sixth equality holds since f, g are left (B, 5)-colinear. So the braiding C,,y is natural, as needed.
Next, we will show that the braiding C,, y is an isomorphsim with inverse map

Cony : NOM > M@N,n@m — (S~ (mc1)In-1y)S RY) - u™*(m)) ® R? - v>2(ng)).
For any m € M,n € N, we have

Cyiy © Cun(m®n)
= (meplnen)CiyR? v (ng) @ RY - 17(mg))
= (menlnenXS B mo )BT (o)1)
STV - w2 (@®RP) - u(my0) © r'? - v 2 (a®RY) - v (noyo))
B~ m B~ nen)XS T B mc))IB™ (nc12))
ST - (@' R?) - > (my) @ ' - (@7 (RY) - v ()

(HCM2)

(HM?2) »
= (meylnen)XS T (me)neg)

a ' (S (FRD) - w2 (m) ® @' P RD) - v (ng))

2V (5B )BT o) B - 1 m) @ i v ()
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= (BAS meypmen)lnendly - pme) ® 1y - v (ng)
= (eme)luln i (mg) ® v (ng)

= E(m(—l))e(n(—l))ﬂ_l(m(O)) ® V_l(n(O))

= mQ n.

The second equality holds since p(R® - v2(n())) = B (n0)1)) ® a(R®) - n(), and the fifth equality
holds since R™! = S (r'") ® r®.

Now let us verify the hexagon axioms (H;, H,) from Section XIII. 1.1 of [38]. We need to show
that the following diagram (H;) commutes for any (U, u), (V,v), (W, w) € gL:

auvv,w UVvew

UeV)eW Ug(VeW)—2 _veW)eU

Cu,v®idWL lav,w,u
idv®CU’w

Veol)eW—2" _yveUeW) Ve ((Wae ),

For this purpose, let u € U,v € V,w € W, then we have

avuw © Cyvew © ayyw((u®v) ®w)
= ayuw © Cuyew(™ (1) ® (v ® w(W)))
= (B BB wen)avuw
(R® - (v ® w™)(v(0) ® w(w() ® RV - 1™ (ugq))
= Bluc)lve-pBwen)havuw
(R? - (7 (0) @ 0™ (W) ® R - > (uo)))
= Buc)lvenBwen))
o 'R v () ® (RY - w7 (W) @ a(R™Y) - (1))
Bu)lvenBwen))
r? v () ® (@R?) - 0™ (W) ® RVFY) - 1 (u)))

(QHA3)

and

(idv ® Cyw) © ayyw o (Cyy ® idw)(u®v) @ w)

= (ueplven)idy ® Cuw) o ayuw((R? - v (vg) @ RV - 1 () @ w)
= (ucnlven)idy ® Cywa™ (R?) - v (ve) ® RV - 1 () ® w(w))
= Cueplven)B wo-n)IBwWE))

' (R?) - v (v0) ® (' - ™ (wio) @ r'V - 1 (@(R™M) - 1 (uioyo))
B DB U Bwer))

@' R?) v (o) ® (r® - w (we) ® @ (rVRD) - 1 (u(g)))
(B~ ven)wen)

a ' (R®) - v (o) ® (P - w ™ (wo)) ® &' (r*"RWY) - 17 (uge)))
= BucylvenBwen))

(HCM2)

(CHA?)
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R® v () ® (@(?) - 0™ (w) ® *"RY) - 1 (ug)))

Since r = R, it follows that avuw © Cyvew © ayyw = (idy ® CU,W) oayyw © (CU,V ® idy), that is, the
diagram (H;) commutes.
Now we check that the diagram (H;) commutes for any (U, u), (V,v), (W, w) € f]L:

-1
UgV.w

Us(VeW)—2 _ UeV)eW —2 _we(WeV)
idU®C\4wj la;V}U,V
a_lWV woidy
UaWeV)—2™ __ UeW)eV—2""_ wel)sV.

In fact, forany u € U,v € V,w € W, we obtain

a;VTU’V o Cygvw © a{]}‘,’w(u ®(Vew))
= dyyy © Cosvw((u(u) ®v) @ w™' (W)
= B ucn)B )BT wen)ayyy
(R? - w7 (W) ® RV - (™' (u0)) ® v*(v(0)))
= BUucn)venlBwen)ayyy
(R? - 0™ (wo) ® R - 1™ (ue) ® Ry v (v0))
= Bucn)venBwern))
(@R - w2 (wo) @ R - 1 (o) ® @ (RY) - v ()
= Bucp)vnlBwern))
(@ 'R®) - 0 (we) @R - 1 (u)) ® A(Ry) - v(v(0))
Bucn)vnlBwern))
(@ '"(RPr?) - w(we) ® RV - 5 () @ & (1) - v (vo)).

(QHA)

Also we can get
(Cuw ® idy) o ayy,y o (idy ® Cyw)(u® (v ®w))
= Wenwen)XCuw ®idy) o aglyy(u® (R - w™(we) ® RV - v>(v)))
= ep)wen)X(Cuw ® idy)((uw) ® R? - w™(w) @ @™ (RY) - v (v()))
= e)Wen)BucyB woy-1))
(r? - w(@(R?) - 0 Wy0) ® IV - 1™ () ® @' (RY) - v (1))
TS BT e Buc)IBT W)

(@ '(R?) - 0 (we) @ IV - 1 (u) ® @' (RY) - v (vg))

(CHA1) »
= (uenB (venlwern)

(@' (rR?) - w(we) ® 'V - 1 () @ @ (R - v (v)).
So the diagram (H,) commutes since r = R. This ends the proof.

Corollary 3.2. Under hypotheses of Theorem 3.1, the braiding C is a solution of the quantum Yang-
Baxter equation

(idw ® Cyy) o awyy © (Cyw ®idy) o agv?v,U o (idy ® Cyw) © ayvw
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= awyy ° (Cwy ®idy) o aﬁ/}v,l/ o (idy ® Cyw) © ayyw © (Cyy ® idy).

Proof. Straightforward.

Lemma 3.3. Let (H,R, @) be a quasitriangular Hom-Hopf algebra and (B, (|),5) a coquasitriangular
Hom-Hopf algebra. Define a linear map

(H®B)®M — M,(h®x) — m = (xlm_1))a>(h) - ' (m)),

forany h € H,x € Band m € (M, i) € L. Then (M, 1) becomes a left (H ® B)-Hom-module.

Proof. It is sufficient to show that the Hom-module action defined above satisfies Definition 1.2. For
any h,g € H,x,y € Band m € M, we have

(1g ® 1) = m = (Iglm_ 1)1y - w ' (mg)) = €(me_1)mey = p(m).
That is, (15 ® 1g) — m = u(m). For the equality u((h ® x) — m) = (a(h) ® (x)) — u(m), we have

(a(h) ® B(x)) — u(m) BOBmM1))a>(h) - m,
= (dmepya > (h) - my = u((h ® x) — m),

as required. Finally, we check the expression (h7®x)(g®y)) — u(m) = (a(h)®L(x)) — ((g®y) — m).
For this, we calculate

(a(h)®pB(x) — (g®y) — m)
Glmn)ah) ® B(x)) - (a7 (g) - ' (m()))
OlmenXBE)Imey -1y 2(h) - (@(g) - 1> (myo)))
e OB mn)XHB™ (1)) (hg) - myo
(CHA1) 3
= (eylB(m-1)))a " (hg) - m)
= (h®x)(g®y) — u(m).

So (M, ) is a left (H ® B)-Hom-module. The proof is completed.

Lemma 3.4. Let (H,R, @) be a quasitriangular Hom-Hopf algebra and (B, (|),5) a coquasitriangular
Hom-Hopf algebra. Define a linear map

p:M— (H®B)®M, p(m) =m_;; ®myg = R® ®B>(m1)) ® R - 1™ (m(p)),
for any m € (M, u). Then (M, 1) becomes a left (H ® B)-Hom-comodule.
Proof. We first show that p satisfies Eq (HCM2). On the one side, we have

A(my_17) @ u(myoy)
RY & 7 (m11) ® (RY ® B (m(12) ® a(RD) - myg,
(a(r®) ® B2 (m(_1)) ® (@(R®) ® B> (m(oy-1))) ® A(RVYHY - 1> (moy0))-

On the other side, we have
(a ® B)(m_1) ® p(myq)
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= (a(r®) ® B2 (m-1)) ® RP @ (" - ™' (m(0))) 1)) ® RV
TR (G (m©)))0))
= (@(r?) @ B2 (m(_1)) ® (R® & B> (m(y-1))) @ R - ("' - 1™ (my0)))-

Since R is a-invariant, we have A(m_1;) ® u(my;) = (@ ® B)(m—1;) ® p(myg)), as needed.
For Eq (HCM1), we have

en(R®)ep(m_1))RYV - ™' (mp))
= 1y -m = u@m),

(@®Am-1) @ umo) = (@R?) @B (m-1) @ (R - 1™ ()
= R?2@B3Bm 1) ® RV - 1 (u(mo)))
= pu(m)),

(en ® €p)(m_11)myo

as desired. And this finishes the proof.

Theorem 3.5. Let (H, R, @) be a quasitriangular Hom-Hopf algebra and (B, (|), ) a coquasitriangular
Hom-Hopf algebra. Then the Hom-Long dimodules category £1L is a monoidal subcategory of Hom-
Yetter-Drinfeld category pesYD.

Proof. Let m € (M,u) € 5L and h € H. Here we first note that p(h - u™'(mq))) = my-1) ® a(h) -
w1 (moy0)). Tt is sufficient to show that the left (H ® B)-Hom-module action in Lemma 3.3 and the left
(H ® B)-Hom-comodule structure in Lemma 3.4 satisfy the compatible condition Eq (HYD). Indeed,
forany h € H, x € B,m € M, we have

(h ® x1)(a ®B)(mi_1}) ® (@’(hy) ®ﬂ3(xz)) — my)
= haR?)® x> (m1) ® B (xR - ™ (mo))-1yYha - = (R - ™" (mo)))0))
= haR?) @ xiB7(m1y1) ® B (x)lmipdhs - RV - 1 (o))
= ma(R?)® x5 (m_1y1) ® (B> (m_ i)y (hya(RM)) - my
= RPh, ® B3 (m_1)x2(x1 |82 (m_1y1)) ® (@' (RM)a ™ (hy)) - myp
= (@ (x)Imey)RPh ® B (mgy-1)x ® (@ (R () - ™" (moy0))
= (?(x)lm)R? ® B () - (m) 1)) © x2)

@R - u (@ (hy) - 17 (my) )

(@*(hy) ® B(x1)) = my_yy(hy ® x3) ® (&P () ® B*(x1)) = myg.

So (M, u) € HEPHYD. The proof is completed.

Proposition 3.6. Under hypotheses of Theorem 3.5, 1L is a braided monoidal subcategory of ZggHYD.

Proof. It is sufficient to show that the braiding in the category 5L is compatible to the braiding in
ASBITYD. In fact, for any m € (M, 1) and n € (N, v), we have

H®B
Cunm®n) = (@R®)®B  (m_p)) = vV ®a (RV) - u *(m))

B m)B () (RP) - v 2 (ng) ® @ ' (RD) - 17> (myg)
(mplnp)R? - v2(ng) ® RV - ™ (my)),

as desired.This finishes the proof.
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4. Symmetries in Hom-Long dimodule categories

In this section, we obtain a sufficient condition for the Hom-Long dimodule category ?L to be
symmetric.

Let C be a monoidal category and C a braiding on C. The braiding C is called a symmetry [38,39]
if Cyx o Cxy = idxgy for all X, Y € C, and the category C is called symmetric.

Proposition 4.1. Let (H,R, @) be a triangular Hom-Hopf algebra and (B, ) a Hom-Hopf algebra.
Then the category zM of left (H, @)-Hom-modules is a symmetric subcategory of 5L under the left
(B, B)-comodule structure p(m) = 15 ® u(m), where m € (M, u) € yM, and the braiding is defined as

Cun :MON > N@M,m®n — R? v (m)@ RV - ™' (m),

forallme (M,u) € yM,n € (N,v) € yM.

Proof. It is clear that (M, p, u) is a left (B, 8)-Hom-comodule under the left (B, 8)-comodule structure
given above. Now we check that the left (B, §)-comodule structure satisfies the compatible condition
Eq (2.1). For this purpose, we take h € H,m € (M, u) € yM, and calculate

p(h-m) = 1@ u(h-m) = 15 ® a(h) - u(m) = B(m_1)) ® alh) - m).

So, Eq (2.1) holds. That is, (M, p, u) is an (H, B)-Hom-Long dimodule.
Next we verify that any morphism in zM is left (B, §)-colinear, too. Indeed, for any m € (M, u) €
gMand n € (N,v) € gM. Assume that f : (M, u) — (N, v) is a morphism in zM, then

(idp ® fp(m) = 15 ® f(u(m)) = 1 @ v(f(m)) = p(f(m)).

So f is left (B, B)-colinear, as desired. Therefore, zM is a subcategory of flL.
Finally, we prove that ;M is a symmetric subcategory of 8. Since Cyy(m ® n) = R® - v''(n) ®
RY .y~ Y(m), for all m € (M, u) € yM and n € (N, v) € yM, we have

CymuR? v () @ RV - ™ (m))

= 1@ RV )y @ iV v R T ()

= /@' RD) - pPm) e rV - (@ (RP) v (n)
= o (("PRY) -y (my@ o (VR - v (m)

= 1y ',u_l(m)® ly-vin)=men.

Cnm o Cyn(m®n)

It follows that the braiding C,,y is symmetric. The proof is completed.

Proposition 4.2. Let (B, (|),5) be a cotriangular Hom-Hopf algebra and (H, @) a Hom-Hopf algebra.
Then the category ®M of left (B, 8)-Hom-comodules is a symmetric subcategory of #L under the left
(H, @)-module action & - m = e(h)u(m), where h € H,m € (M, 1) € BM, and the braiding is given by

CM,N T MON > N® M,m ®n — <I’I1(,1)|I’l(,1)>v_2(l’l(o)) ®,u_2(m(o)),

for all m € (M, ) € BM,n € (N, v) € BM.
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Proof. We first show that the left (H, @)-module action defined above forces (M, u) to be a left (H, a)-
module, but this is easy to check. For the compatible condition Eq (2.1), we take h € H,m € (M, u) €
BM and calculate as follows:

ph-m) = 1@ u(h-m) =1 ® e(h)u(m) = B(m1) ® a(h) - m).

So, Eq (2.1) holds, as required. Therefore, (M, p, u) is an (H, B)-Hom-Long dimodule.
Now we verify that any morphism in #M is left (H, a)-linear, too. Indeed, for any m € (M, ) € ®M
and n € (N,v) € BM. Assume that f : (M, ) — (N, v) is a morphism in M, then

f(h-m) = f(e(hu(m)) = e(u(f(m)) = h - f(m).

So f is left (H, a)-linear, as desired. Therefore, M is a subcategory of ZL.

Finally, we show that ®M is a symmetric subcategory of L. Since Cyny(m ® n) =
<I’I’l(_1)|n(_1)>v_l(n(0)) ®/.I_I(I’I’L(0)), for all m € (M,/.l) eBMandn € (N,v) € BM, then

Cnm o Cyn(m®n)
= (mcplney)Crn(v (o) ® u™ (mg)))
= (meplnen)B oy -n)IB ™ (Mo 1)) (> (moy0) ® v~ 2(noy0))
= (B mey)B en)XB ™ (nc)IB i) (my) @ v (1))
= e(me e (me) ® v ' (ne) =men,

where the fourth equality holds since (|) is S-invariant. It follows that the braiding Cy is symmetric.
The proof is completed.

Theorem 4.3. Let (H, @) be a triangular Hom-Hopf algebra and (B, (), 8) a cotriangular Hom-Hopf
algebra. Then the category 8L is symmetric.

Proof. For any m € (M, ) € 2L and n € (N, v) € 5L, we have

Cym o Cyn(m®n)
= (meplnen)CrmR? v (ng) ® RV - u™(mg)))
= (meplnen)XBney-1)Bmey-1)
- @2 @®RY) - 1 moy0) ® 1V v @R v (o)
= B mey)IB (DB (n)IB~ (m10))
o (rPRY) - 2 (m) ® ' (rVRP) - v ()
= e(me e ly - 12 me) ® 1y - v ()
= e(meyenyu (me) ® v (n))
= men,

as desired. This finishes the proof.
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5. New solutions of the Hom-Long equation

In this section, we will present a kind of new solutions of the Hom-Long equation.
Definition 5.1. Let (H,a) be a Hom-bialgebra and (M, u) a Hom-module over (H,®). Then R €
End(M ® M) is called the solution of the Hom-Long equation if it satisfies the nonlinear equation:

Rlz OR23 — R23 OR12, (51)

where R> = R®u,R* = u®R.

Example 5.2. If R € End(M ® M) is invertible, then it is easy to see that R is a solution of the
Hom-Long equation if and only if R is too.

Example 5.3. Let (M, u) be an (H, @)-Hom-module with a basis {m,m,,--- ,m,}. Assume that u is
given by u(m;) = a;m;, where a; € k, i = 1,2,--- ,n. Define a map
R: MM — M®M, R(mi®mj) = bijmi®mj,

where b;; € k, i,j = 1,2,,--- ,n. Then R is a solution of Eq (5.1). Furthermore, if a; = 1, for all
i=1,2,---,n, then R is a solution of the classical Long equation.

Proposition 5.4. Let (M, u) be an (H, )-Hom-module with a basis {m,m,,--- ,m,}. Assume that
R,S € End(M ® M, ® ") given by the matrix formula

R(my @ my) = xzmi ®u ' (m)), S(m@my) = yzmi ®u~'(m)),

and u(m;) = zim;, where x;jl y;;]l', zt € k. Then §'2 o R® = R* o §'? if and only if

i jk.pq _ _p gk ij
LXowYij = L XY

for all k, p,q,u,v,w = 1,2,--- ,n. In particular, R is a solution of the Hom-Long equation if and only
if
i jk .pq _ _p gk ij
Zil'x\j/w‘xij =% xijiljv'

Proof. According to the definition of R, S, 1, we have

S2oRBm,®m,@m,) = S 12(sz,- ® x{'fvmj ®,u_1(mk))
= 2,000

RB o S%(m, @ m, ®m,) = R23(yf{'vm,- ®,u_1(mj) ® m,,)
= Y xj’.fv(mp ® 1~ (my) ® my).

(m, ® u" (my) ® my),

It follows that S > o R = R* 0§ '? if and only if Zi,ngvy,@" = zfx;{iyi{;,. Furthermore, R'> o R* = R¥oR"?

if and only if z,x/,,x] = z/ X x;\.. The proof is completed.

i7" jw
In the following proposition, we use the notation: for any F € End(M ® M), we denote F'*> =
FuF?=u®FF®=(id®1)o(F®u) o(id®T1),and 7'"Y(x®@y®2z) = (z,x,).
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Proposition 5.5. Let (M, i) be an (H, @)-Hom-module and R € End(M ® M). The following statements
are equivalent:

(1) R is a solution of the Hom-Long equation.

(2) U = 1t o R is a solution of the equation:

UBo U =112 6 3o U2,
(3) T = R o 7 is a solution of the equation:
T12 o 713 = 723 o 13 o £(123).
(4) W = 1t o Ro 7 is a solution of the equation:
T(123) o W23 o W13 — W12 o W13 ° T(123).

Proof. We just prove(l) & (2), and similar for (1) & (3) and (1) & (4). Since R = to U, Ris a
solution of the Hom-Long equation if and only if R'> o R = R? o R'?, that is,

20U 0P o UB =B o U 0120 U, (5.2)

While 720 U2 0B =12 o tPB o UB and 12 o UP 0 112 = 12 0 712 0 U3, (5.2) is equivalent to
PBotBoUBolU® =B oroyBoy

which is equivalent to U'3 o U?* = 7129 o U3 0 U'? from the fact 72 o 712 = 7129,

Next we will present a new solution for Hom-Long equation by the Hom-Long dimodule structures.
For this, we give the notion of (H, @)-Hom-Long dimodules.

Definition 5.6. Let (H, ) be a Hom-bialgebra. A left-left (H, @)-Hom-Long dimodule is a quadruple
(M, -, p, ), where (M, -, u) is a left (H, @)-Hom-module and (M, p, ) is a left (H, a)-Hom-comodule
such that

p(h-m) = a(m1)) ® a(h) - m, (5.3)

forallhe Hand m € M.

Remark 5.7. Clearly, left-left (H, @)-Hom-Long dimodules is a special case of (H, B)-Hom-Long
dimodules in Definition 2.1 by setting (H, @) = (B, f).

Example 5.8. Let (H, @) be a Hom-bialgebra and (M, -, u) be a left (H, @)-Hom-module. Define a left
(H, @)-Hom-module structure and a left (H, @)-Hom-comodule structure on (H @ M, @ ® u) as follows:

h-(g@m)=a(@®h-um), p(g@m) =g Qg ® u(m),
for all h,g € Hand m € M. Then (H® M,a ® u) is an (H, @)-Hom-Long dimodule.

Example 5.9. Let (H, a) be a Hom-bialgebra and (M, p, i) be a left (H, )-Hom-comodule. Define a
left (H, @)-Hom-module structure and be a left (H, @)-Hom-comodule structure on (H ® M, a ® u) as
follows:

h-(g®m) = hg®u(m), p(g®m)=m.y®ag)® m,
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forall h,g € Hand m € M. Then (H® M,a ® u) is an (H, o)-Hom-Long dimodule.

Theorem 5.10. Let (H, @) be a Hom-bialgebra and (M, -, p, u) be a (H, @)-Hom-Long dimodule. Then
the map

Ry M®M —> MM, m®nt n_y-m® ng, 5.4

is a solution of the Hom-Long equation, for any m,n € M.

Proof. For any [, m,n € M, we calculate

RijoRp(I®@men) = Ryf(ul)®n ;- m® ng)
= (neny -m)cr - p(d) ® (n-yy - m)o @ p(ng)
= a(mey) - u(l) @ a(nry) - my ® u(ng),
Rlz‘; ) R,lwz(l ®men) = Rlzj(m(_l) 1@ myQ u(n))
= u(meyy - D) ® a(ne-yy)) - mo ® ung)
= a(my) - u(l) ® a(ny)) - mo @ p(no).

So we have R}? o R% = R o R!Z, as desired. And this finishes the proof.
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