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Abstract: In this paper, we consider the three-dimensional non-autonomous micropolar equations
with damping term in periodic domain T°. By assuming external forces satisfy certain condtions, the
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1. Introduction

In this paper, we study the following 3D non-autonomous micropolar equations with a damping
term
u+ - Vyu— v+ )Au+olufu+Vp =2kV xw+ f(x,1),
we+ (- Vyw +4kw — yAw — uVV - w = 2kV X u + g(x, 1),
(1.1)
V-u=0,
u(X, Dli=r = e, WX, Dli=r = wr,

where (x,7) € T° X [1,+00) and 7 € R. T> ¢ R? is a periodic domain. In system (1.1), the fluid
velocity and the micro-rotational velocity are represented by u = u(x,t) and w = w(x, 1), respectively.
p = p(x,1) is the scalar pressure. f = f(x,¢) and g = g(x, t) denote the given external forces. v, x and
o denote kinematic viscosity, micro-rotational viscosity and damping coefficient, respectively, which
are all positive constants. S > 1 is a constant. y and u, representing the angular viscosities, are also
positive constants. For convenience, letv =k =y =u=0 = 1.
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Eringen firstly introduced microfluids in [4] and showed a complete theory for micropolar fluids in
[5]. For physical background and mathematical theory, we can refer [12] and [18]. Galdi and Rionero
proved the existence and uniqueness of weak solutions for the micropolar equations in [6]. In [24], the
existence of strong solution for 3D micropolar equations was proved for § = 3 and 40(v + k) > 1 or
B > 3. And there were also many works with magneto-micropolar equations, we can refer [9-11, 20].
In [20], global well-posedness of a 3D MHD system was studied in porous media.

Asw =0, Egs (1.1) are Navier-Stokes equations. Cai and Jiu [1] firstly considered 3D incompress-
ible Navier-Stokes equations with damping a|u/’"'u and they proved the existence of weak solution
with 8 > 1 as well as strong solution with 8 > %, and uniqueness for strong solution with % <p <5,
In [25], the regularity and uniqueness for three-dimensional incompressible Navier-Stokes system with
damping term were studied. The generalized Navier-Stokes equations with damping were researched
in [13] and the existence of weak solution was proved in R", n > 2. The uniform global attractor
and trajectory attractor for 3D Navier-Stokes equations were considered in [3]. In [8], L, decay of
weak solutions for > 2 with @ > 0 and the asymptotic stability of the solution to incompressible
Navier-Stokes equations with damping for 8 > 3 with @ > 0 or 8 = 3 with a > % were proved.

In this paper, we devote to research pullback attractors for three-dimensional non-autonomous
micropolar equations (1.1) with damping term. Recently, attractors have been interested many au-
thors (2,7, 10, 17, 19, 21-23]. Caraballo, Lukaszewicz and Real considered pullback attractors of
two-dimensional Navier-Stokes system in [2]. In [7], the existence of pullback attractors for nonau-
tonomous reaction-diffusion equation was proved in R", n > 3. In [17], the existence of pullback
attractors for 3D Navier-Stokes problem with damping was proved in V and H? for 3 <8 < 5. In [19],
Sun and Li have studied global pullback attractors and pullback exponential attractors for the 2D non-
autonomous micropolar fluid system. Global attractor of the 3D magnetohydrodynamics equations
with damping was considered in [10]. However, the existence of pullback D-attractors for Eqs (1.1) is
not obtained in V; x V, and H? x H>.

To obtain our main results, we need to deal with nonlinear terms (u - V)u, (1 - V)w and oulf’'u.
Hence, we should show some estimates by using Sobolev and uniform Gronwall inequalities. To prove
the existence of pullback D-attractors, we should restrict 3 < 8 < 5 from (3.20) and (3.47).

In this paper, the structure is organized as follows. In section 2, some definitions as well as notions
are recalled and our main results are given. In section 3, we show some estimates to overcome the
difficulties of nonlinear terms. In section 4, the existence of pullback D-attractors for Eqs (1.1) is
proved in V; X V, and H?> x H?> with 3 < 8 < 5.

2. Preliminaries

In this section, we will show some definitions and lemmas. We also give some notions and assump-
tions which we will use in the following. Finally, we give our main results.

Firstly, assumed X is a complete metric space, (X) represents the family of all nonempty subsets
of X and D is a nonempty class of parameterized sets D ={D®) : t € R} c P(X). In the following, we
give the definition of pullback D-attractor which we can refer [17] to get.

A

Definition 2.1. A family A = {A(¢) : t € R} € P(X) is called a pullback D-attractor for the process
(U, D)} in X, if
(1) A(¢) is compact for every t € R,
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(2) A is invariant, that is, U(z, T)A(t) = A(f), for —co < 7 < 1 < +0o,
3) Ais pullback D-attracting, that is,

lim dist(U(z, 7)D(1), A(1)) = 0, VD € D and Vt € R.

And A is said to be minimal if A(7) ¢ C(¢) for any family C = {C(t);t € R} c P(X) of closed sets
such that for any B € D,

lim dist(U(z, 7)B(7), C(1)) = 0.

In following, we give lemmas and definitions which we can refer [17], and these play important
roles in the proof of our main results.

Definition 2.2. Assumed X is a complete metric space, a two-parameter family {U(¢,7) : —c0 < 7 <
t < +oo} of mapping U(z,7) : X — X, > 7,7 € R is called evolutionary process if

(H U@ s)U(s,t) =U(t, 1), forall T < s < t,

(2) U(r, 1) = Id is identity operator for all T € R.

Lemma 2.3. Assume {U(t,7)};>; is a process in X satisfying the following conditions
(1) {U(t, 7))} is norm-to-weak continuous in X,

(2) there exists a family B of pullback D-absorbing sets {B(f);t € R} in X,

(3){U(t, 7)} 1> s pullback D-asymptotically compact.

Then there exists a minimal pullback D-attractor A = {A(t) : t e R} in X given by

Aw =" Jue.nBw).

s<t 1<s

Definition 2.4. It is said that a process U(t, 7) is norm-to-weak continuous on X if for all 7, 7 € R with
t > 7 and for any sequence x, € X,

x, — x strongly in X = U(t,7)x, — U(t, 7)x weakly in X,

where — and — represent strong convergence and weak convergence, respectively.

And we can easily get that it is norm-to-weak continuous process as it is a continuous process.
Next, we give the following lemma which can help us complete the proof of norm-to-weak contin-
uous.

Lemma 2.5. Assume X, Y are two Banach spaces. Let X*, Y* be dual spaces of X and Y, respectively.
Suppose that X is dense in Y, the injection i : X — Y is continuous, its adjoint i* : Y* — X" is
dense, and {U(t, T)};>; is a norm-to-weak continuous process on Y. Then {U(t, T)};»; is a norm-to-weak
continuous process on X if and only if U(t, T) maps compact sets of X into bounded sets of X, for every
TeRandt>r.

Definition 2.6. B € D is said to be pullback D-absorbing for the process {U(t, T)} ., if for every t € R
and D € D, there exists a To(f, D) < ¢ such that U(t, 7)D(t) c B(¢) for every T < 1y(t, D).
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Definition 2.7. It is said that the process {U(t, 7)};s. is a pullback D-asymptotically compact, if se-
quence {U(t, T,)x,}, is relatively compact in X for all 7 € R, D € D and every sequence T, — —co as

well as x, € D(t,).

In the following, we give notions of function spaces

VYV, = {u € (C(T?))? : divu = 0, f udx = 0},

™

YV, = {w e (CZ(T)* : f wdx = 0},

T
H, = the closure of V, in (L*(T%))*,

H, = the closure of V, in (L*(T?))?,
Vi = the closure of V; in (H'(T%))*,
V, = the closure of V, in (H'(T?))>.

Let the norm of the space (L”(T%))? be represented by || - || p»» particularly, || - || represents the norm
of the space H, and the space H,. H® means the usual Sobolev space and its norm || - ||gs = A3 - |,
particularly, as s =2, || - ||;2 = ||A - |

In the periodic space, we recall that

Lemma 2.8. [I4] The Leray projector P on the torus and on the whole space commutes with any
derivative:

P(Oju) = 0jPu, j=1,2,3, 2.1)
forallue H'.
In the following, let
Au = -PAu = —Au, Aw = —Aw, Y(u,w) € H* x H*,
B(u) = B(u,u) = P((u - VYu), Blu,w) = (u-Viw, Y(u,w) € Vi X V5,

where P represents the Helmholtz-Leray orthogonal projection from (L*(T*))? onto H; and Pu = u on
the torus. Then we can rewrite the Eqs (1.1) as following

u; + B(u) + 2Au + G(u) =2V X w + f,

w; + Bu,w) + 4w + Aw —VV - w =2V X u + g,
V-u=0,

(X, D=z = s, W(X, li=r = Wy,

(2.2)

where let G(u) = Pluff'u.
In this paper, to complete our proof, we should assume

fell . (R;H)), g€ L (R; Hy),

loc loc

and

o 0
G—J; = f, € L(R; H)), 8—‘? = g € Li(R; Hy),
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where Li(R; H,) represents the collection of functions that are translation bounded in leoc(R; H;). Note
that function f(¢) is translation bounded in L? (R; H,) if

loc

1+1
2 2 2
A, = 113 5., = SUP f If(s)IPds < co.
4 teR Jt

And for L3(R; H,), we have similar definition.
We also assume f(x, #) is uniformly bounded in H;, g(x, 7) is uniformly bounded in H,, that is, there
exists a positive constant C such that

sup(Ilf DI + llg@)I) < C.

teR

Please note that C is a positive constant and it could mean different numbers in different places.
Further suppose that f(x, f) and g(x, t) satisfy following inequalities

Gi(1) := f eI +llg()IP)ds < oo, (2.3)

o

G (1) :=f f e (If NI + llg(IP)drds < o, 2.4)

for any ¢ € R, where A is given in the following.
Next, let D be the class of all families D = {D(¢) : t € R} ¢ P(H'(T?))*) such that

[l_i>r_rio e'[D()] = 0, (2.5)

where [D(1)] = sup{llu(t)ll%,1 + ||w(t)||%,2 :u,w € D(¢)} and A > 0 is given in the following.
And we can use the Poincaré inequality, i.e., there exists a constant 4 > 0 such that

Au@I + w@IP) < IVu@IP + [IVw(@)IP, ¥(u,w) € Vi X Vs, (2.6)

where A is the minimum of the first eigenvalues of Stokes operators Au and Aw.
Then, we give our main theorems.

Theorem 2.9. Suppose (2.3)-(2.5) hold, f € L> (R;H,), g € L> (R;H»), f, € Li(R; H)) and g, €

loc loc

Lf}(R; H,). Let 3 < B < 5 and v € R, then there exists a pullback D-attractor A, of the process
{U(t,7)}isc for system (1.1) in Vy X V5.

Theorem 2.10. Suppose (2.3)-(2.5) hold, f € L> (R;H,), g € L> (R;H>), [, € LZ(R; H)) and g, €

loc loc

Li(R; H,). Let3 < B <5andt € R, then{U(t, T)}». for system (1.1) has a pullback D-attractor A, in
H? X H.

Now, let recall the existence of weak and strong solutions for Egs (1.1).

Theorem 2.11. Suppose f € L}(R; H)), g € Ly(R; H,), u. € H,, w, € H, and 3 > 1. Then for every
given T > 1, there exist at least one solution (u, w) of (2.2),

ue L(t, T H)) N L*(1,T; V) N [P (x, T; (P (T))), 2.7)
w e L1, T; Hy) N L*(1, T; Va). 2.8)
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Proof. In [1], the existence of weak solution for Navier-Stoke equations with damping has been proved,
we can use the similar proof to get the existence of weak solutions for Eqs (2.2) and omit it. O

We say that (u, w) is a strong solution of (1.1), if it is a weak solution of (1.1), and satisfies

ueL™(t,T; V)N L*t,T; H*) N L™(x, T; (L 1(T?))), (2.9)
we L, T; V) N LA (r, T; H). (2.10)

Theorem 2.12. Suppose B> 3, f € L,%(R; H)), g€ Li(R; H>), u; € Vi n (IP*Y(T?))? and w, € V,. Then
there exists a strong solution (u,w) of Eqs (1.1),

uel®(,T; V)N LA, T; H) N L (1, T; (LFY(T?))?), (2.11)
we L>(t,T; Vo) N L*(r, T; HY), 2.12)
Vu|u|‘? e lX(1,T:H)), u, € L*(t,T: H,), w, € L*(1, T; H,). (2.13)

Proof. Due to [24], we can take similar method to prove the existence of strong solution for Eqs (1.1)
and omit it. o

3. Estimates of solutions

In this section, some estimates will be given. These estimates play an important role in the proof of
our main results. In the following, we give some lemmas we will use.

Lemma 3.1. Assume (2.3)-(2.5) hold, f € LIZUC(R; H)) and g € LIZOC(R; H,). Let 3 < B < 5 and
T € R, and (u,w) be the solution of system (1.1). For every t € R and D € D, there exists a constant
70 = To(t, D) < t such that

lu(@)|* + [IwII* < Ce ™Gy (p), (3.1)
and

f UV + VWP + IV - WS + u(s)l2)ds < CGi(1) + Ga(), (3.2)

for every u, € D(1), w. € D(1) and T < 7(t, D).

Proof. Multiplying the first equation and the second equation of (2.2) by u and w, respectively, and
integrating over T°, we can have

1d
Ea‘,—t(llu(t)ll2 + W) + 2Vu@)|? + VWOl + 4lw@)?

+ IV - W)l + eIl (3.3)

S%IIVM(t)II2 + %IIVW(t)II2 +dw()I” + %(Ilf(t)ll2 +lg®IP).

So, we easily get

d +
—(lu®I* + [WOIP) + [IVuOI* + [[Vw@)I* + 21V - w@)|* + 2||M(f)||ﬁ+}
dt g (3.4)

1
s;(llf(t)ll2 +llg®IP),

Electronic Research Archive Volume 30, Issue 1, 314-334.



320

and
d 1
d—t(llu(t)ll2 + wOI?) + Au@)|* + [Iw@)l*) < /—l(llf(t)ll2 +1Ig®IP). (3.5)

Multiplying (3.5) by e and integrating over [7, t], then we obtain

1

1
(@I + 1IwOIP) < e el + o) + Ef e UIF$IP +llg()Ids. (3.6)

—00

Due to u, € D(t) and w, € D(1), for any ¢ € R, we can have there exists a constant 7y < ¢ such that

1
e (llucllP + lwel?) < 2610, YT <70, (3.7

T s 2 2
11 o eBAF@IPHIGOIP)ds
Eln

where 1y = AP +wl?)

So we easily get

@I + w@)I* < %e_”Gl(t) (3.8)
Integrating (3.6) over [7,t], we have
f e (lluls)IP + Iw(s)IP)ds < %Gz(t)- (3.9)
Multiplying (3.4) by e and integrating over [, ¢], then using (3.9), we can get
f t U (IVu(IP + [Vw(IP + IV - w(I + lus)llsds < C(Gi(8) + Ga(r)). (3.10)
By (3.8) and (3.10), the proof of Lemma 3.1 is completed. O

Lemma 3.2. Under the assumption of Lemma 3.1. For every t € R and D € D, then there exists a
constant T, = 1,(t, D) such that for every T < 1y and u, € D(1), w, € D(1),

f M ()N + [Iws)IIPds < CGa(¢), (3.11)
-1
and
f S (IVu()IP + IVw(s)I* + IV - wis)II* + IIM(S)Ilgi})dS < C(G(1) + Ga(D)). (3.12)
-1

Proof. Multiplying (3.5) by ¢! and integrating over [, s], then we can have for any s € [r — 1, 7], there
exists a constant 7; = 79 — 1 < ¢ — 1, such that for every 7 < 7y,

e (lu(s)IP + ws)II»)
1 A
<" (Ilucl® + lIw-II*) + Zf e"(IFOIF + lgr)IPdr
1 2 2 1 p) 2 2 (.13)
<e" " (|lucll” + |lwelI) + /—1f eC(lfF I + llgIIHds

—00

2
<=G ().
2610
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Integrating (3.13) over [r — 1, ¢] with respect to s, we can obtain

! 2
fl e (lu(s)I + Iw(s)IP)ds < 2620

(3.14)

Multiplying (3.4) by e and integrating over [r — 1,7], then using (3.14), we can have for every

T<1,

1
f U (IVus)IP + IVwIF + IV - w(s)IP + llu(s)Ilds
-1
<C(G1(1) + G2(1)).
This completes the proof of Lemma 3.2.

Lemma 3.3. Under the hypothesis of Lemma 3.2, for every t € R and D € D, we have

f (I + ws)IPds < Ce ™" Ga(t),
-1
and
f V()P + IVwIP + IV - w(IP + (I Dds
-1
<Ce (G (1) + Ga(1)),

fort < 1 and u, € D(1), w, € D(1).

Proof. By using Lemma 3.2, we can directly get the result.

(3.15)

(3.16)

(3.17)

O

Lemma 3.4. Assume (2.3)-(2.5) hold, f € L; (R;Hy)and g € L} (R;H,). Let3 <p <5andt € R,

loc

and (u,w) be the solution of system (1.1). For every t € R and D € D, then there exists a constant

T3 = T3(1, ﬁ), such that for any T < 13 and u, € D(1), w; € D(7),

!
IVu(| + f (AU + lul ™ VulP + [Vl |P)ds
-1
<Ce™(G1 (1) + Go (1)),

and
t
VWOl + f (AW + 1YV - w(s)IP)ds < Ce (G (1) + Ga(t)).
-1
Proof. Inspired by [24], we can get for § > 3,

d B Bl
EIIVW)II2 + Au@)I* + lllul = Vul* + [V]ul = |
<C(IVu@)I* + IVw®I + LI,

(3.18)

(3.19)

(3.20)
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then by using uniform Gronwall Lemma on [z — 1, #], we can obtain that there exists a constant 7, =

71— 1, forany 7 < 15,
A
-1 el
IVu(@)I? +f (NAu(IP + = Vull* + [[V]ul = |P)ds
-1

<Ce™M(G,(t) + G1(1)),

where we use the following inequality

! !
f IF(s)IPds = e f S F(s)lds
t—1 t—1

!
< CenHeD f eMIf(s)IPds
t—1
< CeG(1).
Multiplying the second equation of (2.2) by Aw and integrating over T°, then we can get

1d
Ea,—tllVW(t)ll2 +IAw@)? + HIVwOIP + VY - w)l?

<| u - VwAwdx| + 2| f V X uAwdx| + (g(t), Aw(t))
T3 TS
1
< IAw@IF + CUIBw, w)II* + IVu@I + llg®I).
Since
ClIBu, wI* < Cllud)IIZ|IVw (@)
< ClIVu@lllAu@IIVwOII?
< C(IVu@I* + lAu@PIIVw)II*.

By using above inequalities, we easily get

d
EIIVW(I)II2 +[[Aw@)IP + 2/IVV - w(o)|I?
<CUIVu@I? + [Au®IPHIVwOIF + CAVu@I? + llg®I)-

Then by using uniform Gronwall inequality on [z — 1, 7], we can obtain there has a constant 73 =

7, — 1, for any 7 < 73,
IVwOI? + ft_tl(llAW(S)ll2 +IVV - w(s)P)ds < Ce™ (G (1) + Go(1)).
Hence, we complete the Lemma 3.4.
Lemma 3.5. Under the hypothesis of Lemma 3.4. Then for any t € R and D € D,
lu(llys; < Ce™(G1(0) + Ga(0)),

and
IV - w@)|* < Ce ™ (G (t) + Ga(2)),

for every T < 13 and u, € D(1), w, € D(1).

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

O

(3.26)

(3.27)
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Proof. Multiplying the first equation of (2.2) by u, and integrating over T, then we can obtain

d 1
2 2 B+1
||t (O + E(IIVu(t)II +ﬁ?||u(t)llﬁ+1

1
lu DI + CUB@WII* + IVwOI* + L @)I).

<

N |

For 3 < 8 < 5, we can have the following inequality
2 2 4 o4
ClIBw)| scjﬁmnwmqwm 7Tdx
sl

p-1
< C(lllul = Vull* + IV u@)IP).

Taking (3.29) into (3.28), we can have
1

B+1
<C(llul Vall? + IVu()|? + IVw(OIP + ILFOI).

d
VuOIF + ——— Ol
For (3.30), using uniform Gronwall Lemma, we get

2 o B+1
IVu(®)l| +,3+ lllu(t)llﬂﬂ

<C[ f l(uw(s)uz + ()l ds

+ f 1(Illul@wllz+IIVw(s)II2+||f(s)||2)ds]
<Ce™M(G,(t) + Gy(1)).

Next, multiplying the second equation of (2.2) by w, and integrating over T°, we have

Wi OIP + ditanw(t)nz + TR + SV WOl

1
Sillwz(t)ll2 + C(IB(u, WP + IVu®I* + llg®I*)

1
Sillwz(t)ll2 + C(IVu@I + 1 Au@I) IV wo)I
+ C(IVu@)IP + llg@)IP),

where we use inequality (3.23). Then applying uniform Gronwall Lemma, we obtain

1 1
20wl + EIIVW(I)II2 + 51V w(o|?
<eC LTI HIAuIPs f [ (w(SIP + IVw(s)IP
t—1
+ IV w)P)ds + Cf (IVu(I? + llg(I)ds]
t—1

<Ce™(Gi(1) + Ga(D)).
So, the proof of Lemma 3.5 is finished.
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Lemma 3.6. Assume (2.3)-(2.5) hold, f € L?> (R;H)), g € L2 (R;H,), f, € Li(R;Hl) and g, €

loc loc

Li(R; H)). Let3 < B <5 and 1 € R and (u,w) be the solution of Eqs (1.1). Then for every t € R and
D € D, there exists a constant T4 = 14(t, D), such that forany T < 4 and u, € D(1), w, € D(1),

DI + W DI < ri (), (3.33)

where r|(t) is a positive constant which is independent of the initial data.

Proof. According to (3.28), (3.29) and (3.32), we have

2 2 i 2 2 L B+1
eI + i OIF + — CIVu@IF + IVwOI + B el

+ Hw@I? + IV - w@)I)

<C( +[[Vu@)I? + lAu@IP)(Vu@I? + IVw(@)l?) o
+ C(ll T Vull? + £ O + IgDIP),
then integrating over [f — 1, ¢], we can get there has a constant 74 = 73 — 1, for every 7 < 74,
¢
f,_l(lluS(s)||2 + lIws()I*)ds
<2|Vu(t = DI + [Vw(r = DIF + ﬁi (e = DI
+ 4wt = DIP + IV -wz = DIP +C f,tl(l + [[Vu(s)I® (3.35)

+ |Au()IH)AIVu()II + IVw(s)II*)ds
+ Cf (|||M|I%VM||2 + IFOI* + llg(s)II*)ds
t—1
<ra(t) + ro(b),

where ro(f) = Ce™(G1(t) + G,(1)).

Applying 9, to the first and the second equations of system (2.2), and multiplying u, and w,, respec-
tively, we have

1d
EE(IIMII2 + WilP) + 20Vl > + [I9wil > + 4w > + IV - wil?

=— f G (w)uudx — f u; - Vuu,dx — f u, - Vww,dx
T3 T3 T3

+ 2f V X wu,dx + 2f V xXuwdx + (f;,u,) + (g, w;)
T 3

T

(3.36)

7
I;.
i=1

For I, according to the Lemma 2.4 of [16], we obtain that /; < 0.
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For I,, by using Holder and Young inequalities, we easily get
1
L < Cllu 2 IVu 21 Vu@)ll < EIIVutII2 + Cllu| P V(o). (3.37)

Similarly, we have

I5 < Clluglllwila[Fw(®)]
< Cllall Va1 w1 V() (3.38)

1
< Z(IIVMIII2 + VW ®) + CUludl® + [Iw HIVwII,
and

1
Iy + 15 < L—L(IIVMIII2 + VW) + Clul? + lIwil ), (3.39)
Is + I < C(lludl + il + AP + llgd ) (3.40)

By using above inequalities, we can get

d
E(Iluzll2 +1Will) + IVul > + 19wl + 11V - wil?

(3.41)
<C +[Vu@I* + IVwOIH Ul + wol) + CAAIE + N1l
Then using uniform Gronwall Lemma, we can obtain
(DI + w0
! !
Sea”[f (s + lwy(s)IP)ds + Cf (AN + llgs(IP)ds]
! . . (3.42)
<Clrg(@) + ro(1) + f AP + llgs()IP)ds]
-1
:=ri (1),
where we let C(¢) = C ftil(l + [Vu()||* + [|Vw(s)|[H)ds.
By inequality (3.42), the proof of Lemma 3.6 is completed. m|

Lemma 3.7. Under the assumption of Lemma 3.6. Then for every t € R and D € D, we obtain that for
any T < 174 and u, € D(1), w, € D(7),

Au(@)® < ry(0), (3.43)
and

IAW@I < r3(2), (3.44)
where ry(t) and r5(t) are all positive constants which are independent of the initial data.
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Proof. Here, applying Minkowshi inequality to the first equation of system (2.2), then we can obtain

lAu@| < C(llu I + 1B + [l ull + IVw@)| + | F D).
For term ||B(u)||, using similar method of (3.23), we have
1
CIBwIl < CIVu@| 3l Au@)? < leAu(t)II + ClIVu@)|.

For term |||u}’'u||, using Sobolev Lemma, we get for 3 < 5 < 5,

3

_ 83 £+3 pe3
Clllul~"ull < ClAUON = IVu@®I = < —llAu(@)|| + ClIVu(@)|| .

5—

Taking (3.46) and (3.47) into (3.45), we obtain
2 2 6 B 2 2
lAu)II” < Clu DI + [[Vu@IP + [[Vu®| 57 + IVwOII” + I (D7)

B+3

< C(ri(t) + rg() + (@) + 1o + I FOIP)
= I”z(l).

Inspired by [15], we let
Lw(t) = Aw(t) — VV - w(?),
and we have
(Lw(0), Aw(®)) = [Aw(DII* = ClIVw(D)I.

Hence, multiplying the second equation of (2.2) by Aw, we have

IAwOI < Cw, DI + 1B, W + IwOI + VW@ + [Vu@IF + llg®I)-

By using (3.23), we get
AW <CLIw I + IwOIP + IVu@)IP + llg@)IP
+ (1 +[[Vu@)|? + IAu@IPIVwOIF]
<C(ro(1) + rg(®) + ro(Ora(1) + r1(1) + g (DI

=r3(1).

The proof of Lemma 3.7 is finished.

(3.45)

(3.46)

(3.47)

(3.48)

(3.49)

(3.50)

(3.51)

O

Lemma 3.8. Under the hypothesis of Lemma 3.7, for any t € R and D € D, then we get for every

T < 14 and u, € D(1), w; € D(1),
Vi (2 + DIP + [[Vwi(r + DI < r5(0),

where r5(t) is a positive constant which is independent of the initial data.

(3.52)
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Proof. Integrating (3.41) over [t,t + 1], we have
1+1
f (Vi DIP + VW (DI + IV - wy(s)IP)ds
t

t+1
<l I + w1 + Cf (L +[VuII* + IVwOI) s

1 3.53
+ Iwy()IP)ds + C UAOIP + llgs()IP)ds G->3)

t

<) + (1 + gt + D)ot + 1) + 15 + 1)) + C ‘[Hl(”fs(s)llz +llgs()I*)ds
=r4(1).
Then using Sobolev inequality and Lemma 3.7, we get
lu®IZ, < CIVu@llAu@®|l < CllAu@I® < ry(2), (3.54)
similarly,
W@ < CIIVw@IIAW@I < CIIAW®IP < r3(D). (3.55)

Applying 9, to the first and second equations of (2.2), then multiplying them by Au, and Aw,,
respectively, we obtain

1d
EE(HVMIHZ +IVwil?) + 20Au] > + 1A + 4IVwi P + IVV - will?

< u; - VuAu,dx| + | u - VuAu,dx| + | u; - VwAw,dx|
3 3 3

+ | f u- Vw,Aw,dx| + 2| V X w,Au,dx| + 2| f V X u,Aw,dx| 356
s s ( . )

4

+ (f;, Auy) + (g1, Awy) + | fg G (w)u,Au,dx|
T.

Next, we estimate right terms of inequality.
For Ji, using Sobolev embedding Lemma, we have

1 < CllugllolIVu(llllAu|
< ClIVu 1 1w |12 [ Vu(o)| (3.57)
< %nAu,n2 + ClIVu@) |V P
For J3, we can apply the similar method and obtain
I < CIVu = Au 2 IVw@lllAw,

1 2 2 4 2 (3.58)
< g(llAutll +IAWAI") + CIIVW@I V]I
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For others, using Holder and Young inequalities, we get

Jo < Cllu@®lloo V|| Aue|| < %IlAuzll2 + Cllu()% V|, (3.59)
Js < Cllu@®ll[[VwillllAw, ]| < %”AWIHZ + Cllu@IZIVwil, (3.60)
Js+Je < %(IIAMZII2 + AW ) + CIVil > + [Vwil ), (3.61)
J7+Js < %(IlAutII2 +1Awd?) + CALAIP + lgiP), (3.62)
and
Jo < Cllu)I  ludllll Al < %IIAMIII2 + Cllu(OI2Eluel . (3.63)

Taking (3.57)-(3.63) into (3.56), we deduce

d
a,—t(IIVuzll2 + IVwil) + 1A * + [|Aw]
<C( +[Vu@I* + IVwOII* + [lu@IE) UV + [Vw )
+ C(luIZE Nl P + AP + llgel ).
Then by using uniform Gronwall Lemma over [z,7 + 1], we obtain

Va2 + DIP + Vw2 + DIP

t+1
<Ce®"| f (IVus (DI + IVwy ()P
t

r+1

+C (Il ()IP + LI + g (s)I)ds]

t

141
<ra(t) + 75+ Dot + D + gt + 1) + Cf (LOIP + llgo(I*)ds

:=rs(2),
where let C, () = ftm(l + [[Vu(s)|[* + [[Vw(s)|I* + [lu(s)||%)ds.
Hence, the proof of Lemma 3.8 is finished. O

4. Existence of pullback D-attractors

In this section, we devote to prove the existence of pullback D-attractors in V; X V, and H* x H?
for Eqs (2.2).
Firstly, we give the following lemma.
Lemma 4.1. Assume (uy, wy) and (4, w,) are two solutions of Egs (2.2) with the initial data (u;-, wi;) €
Vi X V,, i = 1,2 and the external forces (f;, g;), where (f;, g;) € LIZOC(R; H)) x LIZUC(R; Hy),i=1,2. Let
(i1, w) = (u; — uy, wi —wn), then for every t > 7, it holds
IVa@)I> + IVR@)I* <e“ Vil + IV

, ) ) (4.1)
+f(||f1(S)—f2(S)|| +lg1(s) = g2(9)IIN)ds].
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Proof. By using (2.2), we can get

1d
EE(IIW(I)II2 +IVR@IP) + 20Aa@IP + IAROIP + YV - W@ + 4V

sf ||u1|'8_1u1—qulﬁ_luzllAﬁldx+f |ii - Vi, - Adildx
T3 T3
+ | |up- Vii- Adildx + f lit - Vw, - AWldx + f luy - Vv - A|dx
T3 T3 T3
+2f|V><W~Aﬁ|dx+2 IV X i - Aw|dx
T3

sl

+1(f1(0) = £(0), Aa(@)] + 1(81(2) — g2(1), Aw(D))|
9
= Z Ki.
i=1

Inspired by [16], we can have for 3 < 8 < 5,

t
f Ulr ()13 1) + IV ()Pl (9)llge ) + lua(s)ligip a)ds < C(x, 1),

Then for K;, we can deduce

1, _ _
Ky <glIAGOIP + Cllur (0)lzg5_y) + VeI (s (Dl

+ 2 (D)l NIV
For other estimates, using Holder inequality and Young inequality, we get
K> < CIVa()|I1Aa(|12 |1V () IAz()|

< CIVa@) | A& [V (1)

< énAu(r)nz + ClIVuy (I IV,
K3 < ClIVu 0112l Au 011 IVa@| I Aa o)

< %nAa(r)nz + C(IVur DI + 1A OIPIIVEDIP,
Ky < CIVa@2IAa@|2 19w AR

< %(IlAﬁ(t)llz + AR + CIIVwi DIV,
Ks < ClIIVu 011 IAu Ol IV RO IIAwQ)|

< %nAwmn2 + C(IVu (I + APV,

Ko + K7 < 4| Aalll|Vwll < |AalP + 4V,

1
Kg + Ko < g(llAﬁ(t)Il2 +IARDIP) + CUA® ~ LOIP +lgi1 (1) = g2(0)IP).

(4.2)

4.3)

(4.4)

4.5)

(4.6)

(4.7)

(4.8)

4.9)
(4.10)
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Summing above inequalities, we can obtain

d
V@I + V)P

<Clllu IR} + V@Il (DIl 3, + lea (DIl 55) @.11)
+ IV I + IVwi OIF + IV @IF + Aua )P 1AV |

+IVROIP) + CUILA® = HOIP + llgi1(0) = g201P).
Then by using Gronwall Lemma on [7, t], we can get
IVa@)I? + IV@)I? <e IVt + [V

' s ) (4.12)
+f(||f1(s)—f2(s)|| + llg1(s) — g209)[")dssl,

where we use Lemma 3.4 and Lemma 3.7. Hence the proof of Lemma 4.1 is finished. O

According to Lemma 4.1, we know that {U(t, 7)},», 1s continuous in V; X V,. So, it is also norm-to-
weak continuous in V| X V;.

Proof of Theorem 2.9. By using Lemma 3.4 and Lemma 3.7, we obtain there exist pullback D-
absorbing sets in V; X V, and H?> X H?, respectively. According to compact embedding H?> x H?> <
Vi xV,, we can get {U(¢, T)},». 1s pullback D-asymptotically compact in V; X V,. Finally, due to Lemma
2.3 and Lemma 4.1, we obtain that {U(?, 7)};>, has a minimal pullback D-attractor A; in V; X V,. O

Lemma 4.2. The process {U(t, T)}- is norm-to-weak continuous in H*> x H>.

Proof. Firstly, leti : H* X H* < V; x Vo and i* : Vi X V; < (H*)* x (H?)". i and i* are dense. Then,
{U(t,T)}isr : Vi XV = V| XV, is norm-to-weak continuous which we can get from Lemma 4.1. Next,
Lemma 3.7 can show that the process {U(t, T)},»- has a pullback D-absorbing set in H> x H*. In other
words, {U(t, 7)},»- maps a bounded set in V| x V, into a bounded set in H> x H?. Hence, {U(t,T)};s+
maps a compact set in H> x H? into a bounded set in H> x H*?. By using Lemma 2.5, we can finish
Lemma 4.2. |

Proof of Theorem 2.10. Firstly, according to Lemma 3.7, we can assume By = {B(t) : t € R} is a
pullback D-absorbing set in H? x H?. Let

un(Tn) = M([; Thnsy uOn) = U(t, Tn)”Ona Wn(Tn) = W(t; Tns WOn) = U(t, Tn)WOw (413)

Then, we prove that for every ¢ € R, every 7, — —oo and (ug,, Won) € C(7), {((70), wa(Tu))}52 18
precompact in H> X H.

By using the fact that V| x V, < H; x H, and H*> x H*> — V,; X V, are compact and estimates in
section 3, we can have {(u,(T,), wa(Ta)}22, and {(2u,(T,), Zwa(T,))}, are precompact in V; X V; and
H, X H,, respectively.

Nextly, we will show that {(u,(7,), w,(7,))}

(o)
n=1

is a Cauchy sequence in H> x H?. Let

Lwnk(Tnk) = Awnk(Tnk) -VV. Wnk(Tnk)- (414)
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By using (2.2), we get
2(Au(Tik) — Aty j(75,5))
d d
=- Eunk('z—nk) + Eunj(‘rnj) - B(unk(Tnk)) (415)
+ B(unj(Tnj)) - G(unk(Tnk)) + G(unj(Tnj))
=2V X Wi (Tir) + 2V X Wy, (7)),
and
Lw(Tar) = Lwy j(75)
= - Ewnk(Tnk) + Ewnj(Tnj) - B(unk(Tnk), Wnk(Tnk)) (416)

+ B(unj(Tnj)’ an(Tnj)) - 4wnk(7nk) + 4an(Tnj)
=2V X Ui (i) + 2V X 1y j(75,).

Multiplying (4.15) and (4.16) by Au,(T1) —Au, j(7,,;) and Aw, (T0) —Aw, (7, ), respectively, we obtain

”Aunk(Tnk) - Aunj(Tnj)”2 + ”Awnk(Tnk) - Awynj(Tnj)”2

d d
SCj[l|V"Vnk(7-nk) - V"an(Tnj)”2 + ”Eunk(Tnk) - _l’tnj(Tnj)”2

dt
d
+ ”Ewnk(Tnk) - Ewnj(Tnj)Hz + 1Bt (Ta)) = Bt (T )P
+ ”B(unk(Tnk)’ Wnk(Tnk)) - B(unj(Tnj)a an(Tnj))”Z + ||Wnk(Tnk) - "an(Tnj)”2
+ ”G(unk(Tnk)) - G(unj(Tnj))”2 + ”V X Wnk(Tnk) -Vx an(Tnj)||2 (417)

+ ”V X unk(Tnk) -V X unj(Tnj)llz]
SC‘[”VMnk(Tnk) - Vunj(Tnj)llz + ”ank(Tnk) - V"an(‘rnj)”2

+ ”Eunk(Tnk) - Eunj(Tnj)H2 + ||a,—[Wnk(Tnk) - Ewnj(Tnj)Hz

+ 1B (Tut)) = Bty {(Tup DI + NG Wi (Ta)) = Gt j(Tap DI
+ 1Bt (T, Wik (Ti)) = Bl j (T, Wi j(Tup))IE,
where we use (3.13) in [15].
By using Lemma 3.7 and Sobolev inequality, we have

etk (Tui)lloo + Wk (Tilleo < C. (4.18)
Inspired by [16], we get
1G i (T i) = Gt (TIPS Cllta(Ti) = e j@uPIF — 0, as k, j — +oo. (4.19)
By using Sobolev inequality, we have
1Bt (Tui)) = Batj(Tup)IIP
<CUIB (T e (Ta) = tn J(Tu I+ 1BCUnie (i) = 14 j (T )y e j(Tu)D)I)
<CUV TP NV e () = 14 (T DINA Qi () = 1t j (T )

+ IV Wt (T) = U T DIPIV st j T )INA U (T I
—0, ask, j = +oo,
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and

Btk (To)s Wok (Ta)) = Bt j (7)) W j(Ta DI
<CUIB U (T)s Wit (Tuk) = Wi @I + 1Bt (Tae) = 1 j (T )y Wi jTap DI
SCUV st @) IPIV Wi (Tt) = W @ DINA i () = W f (T ) (4.20)
+ IV @i (k) = tnj T DIPIV W T pIAW (T I
—0, ask, j = +oo.

By using above inequalities, we can obtain

”unk(Tnk) - unj(Tnj)”%{z + ”Wnk(Tnk) - an(Tnj)”ilz
SC‘(”A’/lnk(Tnk) - Aunj(Tnj)”2 + ”Awnk(Tnk) - Awnj(Tnj)”z) (421)

—0, ask, j = +oo.

Hence, {U(t,7)};s. is pullback D-asymptotically compact in H> x H?>. Finally, according to
Lemma 2.3, Lemma 3.7 and Lemma 4.2, the proof of Theorem 2.10 is completed. O
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