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Abstract: The periodic measures are investigated for a class of reaction-diffusion lattice systems
driven by superlinear noise defined on Z*. The existence of periodic measures for the lattice systems
is established in /> by Krylov-Bogolyubov’s method. The idea of uniform estimates on the tails of
solutions is employed to establish the tightness of a family of distribution laws of the solutions.
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1. Introduction

This paper deals with periodic measures of the following reaction-diffusion lattice systems driven
by superlinear noise defined on the integer set Z* :

du;(t) + A u(t)dt — V(O Wi, -1 in,..i0)(E) + Uiy iy, i () + oo+ Uiy i—1(F)

= 2k, jy....ioy () + Uiy 1,0y i) () F Uiy ip+1,i) () + oo+ Uy i+ 1) (D)dE

© (1.1)
=fi(t, ui(0))dt + gi(D)dt + Z(hi, (D) + 06,0 (t, ui(2))dW (1),

J=1

along with initial conditions:
ui(0) = uo,i, (1.2)

where i = (i1, iy, ...,i) € ZF, A(f),v(t) are continuous functions, A(t) > 0, (f;);czx and (G j)iezk jen
are two sequences of continuously differentiable nonlinearities with arbitrary and superlinear growth
rate from R X R — R, respectively, g = (g)iezx and h = (h; j)iezx jen are two time-dependent ran-
dom sequences, and 6 = (0; ;)iezx jen 18 @ sequence of real numbers. The sequence of independent
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two-sided real-valued Wiener processes (W;) av is defined on a complete filtered probability space
(Q, F ,{F }ier, P). Furthermore, we assume that system (1.1) is a time periodic system; more precisely,
there exists 7 > 0 such that the time-dependent functions 4, v, f;, g, h, o j(i € 7k, j € N)in (1.1) are all
T -periodic in time.

Lattice systems are gradually becoming a large and evolving interdisciplinary research field, due to
wide range of applications in physics, biology and engineering such as pattern recognition, propagation
of nerve pulses, electric circuits, and so on, see [1-6] and the references therein for more details. The
well-posedness and the dynamics of these equations have been studied by many authors, [7-10] for
deterministic systems and [11-19] for stochastic systems where the existence of random attractors and
probability measures have been examined. Especially, the authors research the limiting behavior of
periodic measures of lattice systems in [15].

Nonlinear noise was proposed and studied for the first time in [19], the authors researches the long-
term behavior of lattice systems driven by nonlinear noise in terms of random attractors and invariant
measures. Before that, the research on noise was limited to additive noise and linear multiplicative
noise, which can be transformed into a deterministic system. However, if the diffusion coefficients are
nonlinear, then one cannot convert the stochastic system into a pathwise deterministic one, and thereby
this problem cannot be studied under the frameworks of deterministic systems aforementioned. As an
extension of [19], a class of reaction-diffusion lattice systems driven by superlinear noise, where the
noise has a superlinear growth order g € [2, p), is studied by taking advantage of the dissipativeness of
the nonlinear drift function f; in (1.1) to control the superlinear noise in [20].

In the paper, we will study the existence of periodic measures of reaction-diffusion lattice systems
drive by superlinear noise. One of the main tasks in our analysis is to solve the superlinear noise terms.
We remark that if the noise grows linearly, then the estimates we need can be obtained by applying the
standard methods available in the literature. We adopt the ideas that take advantage of the nonlinear
drift terms’ the polynomical growth rate p (p > 2) to control the noise polynomical rate g € [2, p).
Furthermore, notice that [ is an infinite-dimensional phase space and problem (1.1)—(1.2) is defined on
the unbounded set Z*. The unboundedness of Z* as well as the infinite-dimensionalness of I introduce a
major difficulty, because of the non-compactness of usual Sobolev embeddings on unbounded domains.
We will employ the dissipativeness of the drift function in (1.1) as well as a cutoff technique to prove
that the tails of solutions are uniformly small in L*(Q, [?). Based upon this fact we obtain the tightness
of distribution laws of solutions, and then the existence of periodic measures.

In the next section, we discuss the well-poseness of solutions of (1.1) and (1.2). Section 3 is
devoted to the uniform estimates of solutions including the uniform estimates on the tails of solutions.
In Section 4, we show the existence of periodic measures of (1.1) and (1.2).

2. Global well-posedness of reaction-diffusion lattice systems with superlinear noise

In this section, we prove the existence and uniqueness of solutions to system (1.1) and (1.2). We
first discuss the assumptions on the nonlinear drift and diffusion terms in (1.1).
We begin with the following Banach space:

I = {u = ()i Z ;" < +o0} with norm [Ju||, = (Z |u,~|’)%,Vr > 1.

iezk iezk
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The norm and inner product of /> are denoted by (-,-) and || - ||, respectively. For the nonlinear drift
function f; € C!(R x R, R) in the equation we assume that for all s € R and i € Z¥,

fi(t, )s < =yilsl” + 14y 1 = (P tiens € 1', (2.1)
1fit, I < doilslP ™" + By b2 = {poibiczr €17, ¢3 = {3.hiczr € I, (2.2)
It )| < GailslP ™+ b5y da = (Paidienr €17, ¢5 = {Ps.i}iezs € IV, (2.3)

where p > 2 and y; > 0 are constants. For the sequence of continuously differentiable diffusion
functions & = (67 j)iezx je, We assume, for all s € R and j € N,

A g 2

|67i,(2, $)| < QLlSIE + @i @1 = (@1t € 17, @1 = (@a)ies € B, (2.4)

16 (8, )| < @3l + @ais 03 = {@3diezr € 1, @4 = {pailiczr €1, (2.5)
j

where g € [2, p) is a constant. For processes g(1) = (g(?))iczx and h(t) = (h; j);ez+ jen are both continuous
in ¢ € R, which implies that for all 7 € R,

IgOIP = > lgi()F < 0o and R@IF = > " i j(O < co. (2.6)

iezk ieZk jeN

In addition, we assume 6 = (6;,j)jez+ jew Satisfies

csi= ). Y16, < oo, 2.7)

JEN jezk

We will investigate the periodic measures of system (1.1)—(1.2) for which we assume that all given
time-dependent functions are T-periodic in ¢ € R for some T > 0; that is, forallt € R,i € ZF and k € N.

At+T)=A0),  ve+T)=v®),  ht+T)=hQ),
ge+T)=g(,  fa+T,)=ft),  o@+T,)=0(,").

If m : R — R is a continuous T-periodic function, we denote

m = max m(r), m = min m(t).
0<t<T - 0T

We want to reformulate problem (1.1)—(1.2) as an abstract one in /2. Given 1 < j < k,u = (u;);ezx € I?
and i = (i1, i,...,Ix) € Z. Let us define the operators from /* to > by

and

(Arl)i = = Uiy~ iyooit) = Wiirig—Tomit) — -+ = — Uiy igomip—1)

+ 2KUGiy i) = Uiy +igei) = Wiy igLomit) =+ » — Wiy gyt 1)-
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Forall 1 < j<k,u= )izt € P and v = (v;);ex € I> we see

k
1Bjull < 2llull, (Bju,v) = (u, Bjv), Aj = B;B} and A, = )~ A;. (2.8)

=1
Again, define the operators f,o; : R x > - I* by
f(t,u) = (fit, ui)ieze and o j(t, u) = (6; ;0 j(t, U;))iezs, V1 € R,Vu = (u;)jezx € .

It follows from (2.3) that there exists 6 € (0, 1) such that for p > 2 and u,v € P,

D) = fiev)P = Y 1f O+ (1= 0wl = vif

i€zk iezk
< > (s illow + (1 = Ol + s 1)l = vif*
ieZk (2.9)
< > @ g PP + P + 2gs Pl — viP
iezk

2411 1 12 (Al 2P~ 2p-4 2 2
< 2P allis uel 27 + 1V + 2lleps e = VI

This together with f(z,0) € I* by (2.2) yields f(t,u) € I* for all u € [?, and thereby f : R x > — [ is
well-defined. In addition, we deduce from (2.9) that f : R x > — % is a locally Lipschitz continuous
function, that is, for every n € N, we can find a constant c;(n) > 0 satisfying, for all u,v € > with
llul| < nand |v|| < n,

I1Lf @) = fFWIl < 1)l = v (2.10)

For g € [2, p) and u € 2, one can deduce from(2.4), (2.7) and Young’s inequality that for all @ > 0,

@ ) o wlP =@ Y > 1667 u)P

JjeN JEN jezk
<2w )" 16, P 0o Plul? + lpa i) < 2ws Y (1 Plul” + o)
€N jezk ie7k
JEN iez ~ by L, ) €Z ., (2.11)
< 2 2wl + EA(ER) TR Q) Yl + 2w ) el
iezZk p q iezk iezk
Vi P=4q/PY1\ 55 .
< Sl + —=(52) 7 Qaen)rallgll, + 2wesllelP,
2 P ‘2 v

where 7y is the same number as in (2.1). From (2.11) and * C I” for p > 2, we find that o ;(¢,u) € I*
forall u € I*. Then o; : R X I — [* is also well-defined. In addition, it yields from (2.5) and (2.7) that
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there exists n € (0, 1) such that for ¢ € [2, p) and u, v € I,

o N 2 21 A A 2
Z Z 0,07 j(t, u;) — 6, ;67 j(t, v~ = Z Z |0 1107 j(2, u;) — 61 (2, vi)l

JeN iezk iezk jeN
= > D 18iP16 s + (1= v Pl = vif
iezk jeN
q_
< s ) (gailime + (=il + 1yl = vif
iezk
< ¢ 3 @ 2o Pl + il + 2 Pl vt 312
i€zZk
4 -2 -2
< 3 (27 (S lpsilt + Lo Z e + L= Zp)
= q q q
+ 2a il Jlu; = vil?

< s (llalld + Nuell? + M) + 2llepal i)l = viP.

This implies that o; : Rx > — % is also locally Lipschitz continuous, more precisely, for every n € N,
one can find a constant c,(n) > 0 satisfying, for all u, v € I* with ||[u|| < n and ||v|| < n,

Dl < ). (2.13)
jeN
and
D o) = o 0IP < Sl = vIP, (2.14)

JEN
By above notations one is able to rewrite (1.1)—(1.2) as the following system in [* for ¢ > 0 :
du(t) + v(iOHAwu(t)dt + A(Du()dt = f(t, u(t))dt + g(tH)dt + Z(h () + o (1, u(r)dW (1), (2.15)
=1

with initial condition:
u(0) = up € P, (2.16)

in the present article, the solutions of system (2.15)—(2.16) are interpreted in the following sense.

Definition 2.1. Suppose uy € L*(Q, I?) is Fy-measurable, a continuous />-valued 7,-adapted stochas-
tic process u is called a solution of equations (2.15) and (2.16) if u € L*(Q,C([0,T],)) N
LP(Q,LP(0,T;1P)) forall T > 0, and the following equation holds for all # > 0 and almost all w € Q:

u(r) =uo + f (—v($)Agu(s) — Asu(s) + f(s,u(s)) + g(s))ds
o (2.17)
> f (h(s) + o (s, u()))dW,(s) in P.
j=1 Y0

Similar to Ref. [20], we can get (2.15) and (2.16) exist global solutions in the sense of Definition 2.1.
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3. Uniform estimates

In this section, we derive the uniform estimates of solutions of (2.15)—(2.16). These estimates will
be used to establish the tightness of a set of probability distributions of u in /2.
We assume that
a(t) = A(t) — 16k|v(r)| > 0. 3.1

Lemma 3.1. Let (2.1)—(2.7) and (3.1) hold. Then the solutions u(t,0, ugy) of system (2.15) and (2.16)
with initial data ug at time 0 satisfy, for all t > 0,

E(|Ju(t, 0, up)||*) + f 2" E(||u(r, 0, uo)lly)dr
’ 32)

N2 — 2p.
< Li(Eluol® + "Wl + Tl + il + llgall? + ligll),
j=1 pP—q

where Ly > 0 is a positive constant which depends on a, p, q,, cs, t, but indepentent of u.

Proof. Applying Ito’s formula to (2.15) we get
k
d(lu)I?) + 2v(1) Z 1B ju()|*dt + 22DNlu(0)|Pdr = 2(f(t, u(t)), u(r))dt
=1

+ 2(g(1), u(t))dt + Z hj(2) + o(t, u(®)|Pdt + 2 Z u(t)(h (@) + o j(t, u(®)))dW;(1).
j=1 j=1
This implies

d k
EE(IIM(I)IIZ) + 2v(1) ; E(IBju(®I) + 240 E(llu®I)

N N (3.3)
< 2E(f(t, u(0), u(D) + 2E((0), u(®) + 2 ) EQ;0IP) +2 ) Edlor(t, ue)IP).

j=1 j=1
For the second term on the left-hand side of (3.3), we have
k
2v(2)] Z E(1B;u(d)I*) < 8kIVOIE(lu@)I). (3.4)
j=1
For the first term on the right-hand side of (3.3), we get from (2.1) that
2E(f @, u(n), u(®) < =271 E(lu@)II}) + 2lig1ll:. (3.5

For the second term on the right-hand side of (3.3), we have

1
2E(g(1), u() < ADE(u(®]) + EE(IIg(t)IIZ) (3.6)
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For the last term on the right-hand side of (3.3), we infer from (2.11) with w = 2 that

P9V e Bl +dcsligalP. GT)

2 )" Elllerste,unlP) < S-EQuI}) + %
j:l p= l]

By (3.3)—(3.7) we get
d 3
d—tE(Ilu(t)Ilz) + aE(lu(t)|) + —%E(Ilu(t)IIZ)

(3.8)
(ZZIIh OIF + )Ilg(t)ll )+C1,

implies that

d 3
EE(IIM(I)IIZ) + aE(|lu()]*) + SNE(u®I)

o ) 1 5 (39)
<2 P + < IEIF +C.
j=1 =

2p
where C; = p;q(py') - q(4c(5)v illgill % + 4csllgall* + 2ligpill. Multiplying (3.9) by €%’ and integrating
over (0, ¢) to obtain a

3 o
E(||M(t,0,uo)||2)+§?’1 f 2 VE(u(r, 0, up)lID)dr
0 (3.10)

!
< Bl + C [ eV
0
where C, =2 317, 17112 + 3|igl* + C,. This completes the proof. o

Lemma 3.2. Let (2.1)—~(2.7), and (3.1) be satisfied. Then for compact subset K of I, one can find a
number Ny = No(K) € N such that the solutions u(t,0, uy) of (2.15) and (2.16) satisfy, for all n > N

andt > 0,
!
E( > .0, u0)|2) + f e"(”)E( > 0, uo)l”)dr <e, (3.11)
[ 0 =
where uy € K and |[i|| := max,<j< il.

Proof. Define a smooth function € : R — [0, 1] such that

&(s) =0for |s| < 1 and &(s) = 1 for |s| > 2. (3.12)
Denote by
£ = (g(M)) and £,u = (f(”l”)ul) Vit = )iz n € N (3.13)
)] ez n iezk
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Similar notations will also be used for other terms. It follows from (2.15) that

d(&uu(0)) + V(D& Au(t)dt + ADEu(t)de

N 3.14
= & flt Ui + £,80d1 + Y (€D + &0 (0, D)W 1), G149
=1
By Ito’s formula and (3.14) we have
dlIEu@I? + 2v(O)(Ax((D), Equ(®))dr + 2A()||E,u()|*ds
= 2 (1, u(®)), Eu()d1 + 2(g(1), £ u(®)dt
oo oo (3.15)
+ D NEhi(0) + Euo (6, u@)IPdt +2 ) (1) + oyt u(), Exu(e)dW;.
J=1 J=1
This yields
d
d—tE(Ilfnu(t)llz) + 20D E(Au(D)), £qu(D) + 24D E(Eu()I?) = 2E(f(t, u(t)), £xu(t))
o e (3.16)
+ 2E(3(0, Eu() +2 ) EQEROIP) +2 " EI€,0(t, ul0)IP)ar.
=1 j=1
For the second term on the left-hand side of (3.16), we have
k
2/ EALu(D), E2u(0)) = 2v(1) Y E(B,u(t), Bi€2u(1)
=1
k
= 2V(I)E( Z Z(uzl ..... Lj+1,.,0k uz)
Jj=1 iezk
(i1, ..., ij+1,..., il 5 ¢ MMl
X-fz UGy it i) — €\ Ui
= 2v(E Z Z fz(l%l)(uil ..... f+ i M,)Z)
Jj=1 iezk
k v s i+ 1., ] j
oo 33 (Mt ey 1)
J=1 iezk
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We first deal with the first term on the right-hand side of (3.17). Notice that

J=1 ieZk
k : .
= 2|V(l‘)|E( Z Z 'f(”nill)u(il ..... i+ ein) — f(”:l—”)ui‘z)
]:1 - il 1[¢ i+ 1 ol 19
I NI FIE 5 TR /4 2
< 4|v(t)|E(;;;'(§(7)—§( L ) o
k . . . .
. 4|V(t)|E( 3y 'g(”(ll’ L zj;r L., zk)ll)u(il _____ i — g(@)u'z)
J=1 iezk

By the definition of function &, there exists a constant C3 > 0 such that |€'(s)| < Cs for all s € R. Then
the first term on the right-hand side of (3.18) is bounded by

k . . . .
4|V(t)|E( Z Z ‘(f(llnill) ~ é:(H(ll, . ;li- 1,..., lk)ll))u(l-1 .... [+ it)

J=1 iezk
o ] sy ees b+ 1,000
_ 4|v(t)|E( Z Z ‘g(H;_H) _ f(”(l] lj": lk)“)'2|1/l(,'l ..... - ik)|2) (3.19)
J=1 iezk
4C2 k 4C%k
< n—;lv(t)lE(Z Z |M(i1 ..... ij+1,... ik)|2) < n23 VOIE(lul).
J=1 iezk

(3.20)
k
< AVOIE( D 1B Eu)IP) < 16KVOIE(EuIP).

J=1

Then we find from (3.18) to (3.20) that the first term on the right-hand side of (3.17) is bounded by

=1 ezt 3.21)

4C3k 5
5= VOIE([ull").
n

< 16kv()|E(I€,u@)|?) +
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In addition, we find that the last term on the right-hand side of (3.17) can be bounded by

k : _ _ .
2'V(I)E(ZZ(§2(”(H’...,lj:l' 1,...,lk)||) _gz(H;_”))

Jj=1 jezk
X Uiy i 1) — UDU Gy 1. ik))
X . . . .
S NG, + 1, il yaltl
<2piE( ) > [ )-€()
. . n n
Jj=1 iezk

(3.22)

k . : _ .
< 4|v(t)|E(Z Z 'f(”(“’---»lj;f 1. --’lk)”) _5(”,%”)‘

Jj=1 iezk

8k

C
<= 2 () E(ull).

By (3.21), (3.22) and (3.17), we infer that the second term on the left-hand side of (3.16) satisfied

1 1
2O EAu@), &u)] < Cavl( -+ — )Ell) + 16kVOIEI @), (3.23)

where C, = 4kC5(2 + C3). For the first term on the right-hand side of (3.16), we find from (2.1) that

2B ), o) < 27, B( Y 2 (o) + 26( 3 (D i)

ieZk ieZk

< —271E( Z fz(llni”)lui(t)l”) +2 Z |p1.il.

i€Zk li|=n

(3.24)

For the second term on the right-hand side of (3.16), we infer from Young’s inequality that

26(6, Eu(0) < A + S 3 (D)

n
— iezk

1
< A& + < > laif.

= llill=n

(3.25)
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For the last term on the right-hand side (3.16), we infer from (2.4) and Young’s inequality that

INgE

23" B0t u)IP) 22 B( Y ("o 0, w0 )
J=1 iezk
<43 E( 2 (5o, (o1 ol + b))
j=1 ieZk
<acst( 3 (W) lorPhetol + o))
ieZk
<nB( 3 Dtor) + LY F ey 3 (M1 (3.26)
ieZk p q ieZk
||z|| °
+4es » & .
(Z& (L ,<r>|") PEAPNY S et 3l
P P4 il=n
+4c; ) lpail
[lil|=n
Substituting (3.23)—(3.26) into (3.16) we get
—E(ufnu(r)n )+ aBEwolP) + B ) & (L, Jiuo)
1 1 —;EZk 2p N (3.27)
< C4|V|(; + ;)E(Ilullz) + Cs( Z (lgil + 1|70 + o + |¢1,i|) + Z Z| ijl )
[lill=n llill=n j=1

where Cs = 2 + = + L "(” 1) q(4c5)p 4 + 4¢s. One can multiply (3.27) by ¢% and integrate over (0, 7)
in order to obtam

E(||é:u(r, 0, u0)lI*) + 1 f e ”E(Zf ” ” l(rOuo)V’)dr

iezZk
— 1 1 alr—
< e E(iuoll) + CabA(> + ) f 2D E(u(r, 0, uo)|P)dr (328)
0
Cs
+ — il + i + i~ + i hl )
- (%(lgl lo1l75 + leal? +11,) %ﬂ;ﬁ 7
Since K is a compact subset of /> we infer from (3.1) that
lim sup sup e E(|€,uo|) < lim sup £ lug ) = 0. (3.29)
n—o0 upeK >0 n—oo upeX llill=n
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By Lemma 3.1, we find that for all uyo € K andt > 0, as n — oo,

1 1\ ("
(-+=) f e PE(lu(r, 0, u)|)dr
n n 0
bl

T a'\n

)(Edol? )+Z||h I+ Tl + gl + el + 16111) (3:30)

L1 1 2
<Gt cﬁ+Z||h T+l +lipily +llealP + i) -

where L, is the same number of (3.1) and C¢ > 0 is a constant depending only on . By ¢ € lvapq, p €
P,¢, €', (2.6) and (3.1), we infer that

Sl + o7 +leal +1g1d) + Y. > Tl = Oasn - oo, (331)

llill>n llil=n j=1

It follows from (3.28) to (3.31) that as n — oo,

sup sup ( E(Igu(r, 0, o)) + f (Y (M0, w)l)dr) = 0 (332)

upeXK >0 P

Then for every £ > 0 we can find a number Ny = Ny(K) € N satisfying, for all n > Ny and ¢ > 0,

(E( Y b0, u00P) + fo s > luitt, 0, uo)")dr)

[li1>2n llill=2n (3.33)
< (E(lgwcr, 0. u0)lF) + f 53 (a0, ar) < e
0 i€zZk
uniformly for uy € K and ¢ > 0. This concludes the proof. O

4. Existence of periodic measures

In the sequel, we use L(u(t, 0, up)) to denote the probability distribution of the solution u(z, 0, ug) of
(2.15)—(2.16) which has initial condition u at initial time 0. Then we have the following tightness of a
family of distributions of solutions.

Lemma 4.1. Suppose (2.1)—(2.7) and (3.1) hold. Then the family {L(u(t,0, uy)) : 0} of the distri-
butions of the solutions of (2.15)—(2.16) is tight on I>.

Proof. For simplicity, we will write the solution u(t, 0, 1) as u(t) from now on. It follows from Lemma
3.1 that there exists a constant ¢; > 0 such that

E(lu®?) < ci, forall 0. 4.1)
By Chebyshev’s inequality, we get from (4.1) that for all # > 0,

c
Pl >R) < 25 >0 as R—oo.
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Hence for every € > 0, there exists R; = R;(€) > 0 such that for all # > 0,

P{llu(t)||2 > Rl} < %e. (4.2)

By Lemma 3.2, we infer that for each € > 0 and m € N, there exists an integer n,, = n,,(€, m) such that

forallt > 0,
(Z i (1)

[i1>7

22m+2 ’

and hence forall t > 0 and m € N,

1
P[{Z lu; (P> > ﬁ}] 2’"E(Z |u; ()] ) T 4.3)

[i1>7m [i1>nm,

It follows from (4.3) for all ¢t > 0,

B {Zmors ) dat =i

which shows that for all # > 0,

{{ D w0 < i for all m € N}] >1- 5 (4.4)

[i1>nm

,_.

Given € > 0, set

Yie={vel:|vl<R (). (4.5)
1
Yo {v el Z lv; (r) < — forall me N} (4.6)
lil>np,
and
Ye = Yl,e N YZ,E‘ (47)

By (4.2) and (4.4) we get, for all r > 0,
Plu®eY))>1-e (4.8)

Now, we show the precompactness of {v : v € Y.} in [2. Given « > 0, choose an integer m, = mq (k) €
N such that 2™ > £ Then by (4.6) we obtain

1
Z W< — < % Yy e Y. (4.9)

[£1>7m,,

On the other hand, by (4.5) we see that the set {(V;)ji<m, : v € Y.} is bounded in the finite-dimensional
space R>™*! and hence precompact. Consequently, {v : v € Y.} has a finite open cover of balls with
radius 5, which along with (4.9) implies that the set {v : v € Y.} has a finite open cover of balls with
radius « in /> . Since k > 0 is arbitrary, we find that the set {v : v € Y.} is precompact in /2. This
completes the proof. O
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If ¢ : > — R is a bounded Borel function, then for 0 < r < r and u, € %, we set

(Pra)(uo) = E((u(t, r, uo)))

and
p(ra Uop; t7 F) = (pr,tlr)(MO)’

where I' € B(1%) and 1r is the characteristic function of I'. The operators p,, with 0 < s < ¢ are called
the transition operators for the solutions of (2.15)—(2.16). Recall that a probability measure v on [? is
periodic for (2.15)—(2.16) if

f (Po+1P)(uo)dV(uo) = fl (PosP)(uo)dv(uo),  V120.
2 2

Lemma 4.2. [2]] Let o(¥, w) be a scalar bounded measurable random function of ¥, independent of
F,. Let ¢ be an Fy-measurable random variable. Then

E(o(s,w)|Fy) = E(o(s,w)).

The transition operators {p,,}o<,<, have the following properties.

Lemma 4.3. Assume that (2.1)—(2.7) and (3.1) hold. Then:

(i) {Pri)o<r< is Feller; that is, for every bounded and continuous ¢ : I> — R, the function p,,¢ :
> — R is also bounded and continuous for all 0 < r < t.

(ii) The family {p,..}o<r<: is T-periodic; that is, for all 0 < r < t,

p(rougst,”) = p(r+ Toup;t +T,-),  Yug € P

(iii) {u(t, 0, up)} =0 is a I*-valued Markov process.
Finally, we present our main result on the existence of periodic measures for problem (2.15)—(2.16).

Theorem 4.4. Assume that (2.1)—(2.7) and (3.1) hold. Then problem (2.15)—(2.16) has a periodic
measure on [.

Proof. We apply Krylov-Bogolyubov’s method to prove the existence of periodic measures of (2.15)—
(2.16), define a probability measure u, by

1 n
fn =~ PO 0T, (4.10)
n
=1

By Lemma 4.1 we see the sequence {u,}* , is tight on /2, and hence there exists a probability measure
4 on % such that, up to a subsequence,

My — I, asn — oo. (4.11)
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By (4.10)—(4.11) and Lemma 4.3, we infer that for every ¢+ > 0 and every bounded and continuous
function ¢ : > - R,

(Po,z¢) (o) dp (ug) = f ( & () p (0, uo; t, dy))d,u (uo)
12

= lim - Z fl ( O PO ust, dy))p(o 0; IT, duy)
=1

= lim — Zf(fgb(y)p(kT upst +IT, dy))p(O 0; kT, duy)
n—oon R

= lim—Zf;¢(y)p(0,0;t+lT,dy)

e (4.12)
= lim — Zf¢(y)p(0 0;¢+IT + T, dy)
n—oo n
= lim - Zf(qu(y)p(o upt + T, dy)) (0,0 IT, duy)
n—oo n
= f( ¢ () pO,up;t+T, dy))du(uo)
12
= ﬁ (Pos+19) (o) dpt (uo),
[
which shows that u is a periodic measure of (2.15)—(2.16), as desired. O
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