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ABSTRACT. The incompressible Boussinesq system plays an important role in
modelling geophysical fluids and studying the Raleigh-Bernard convection. We
consider the regularized model (also named as Boussinesq-a model) to the
Boussinesq equations. We consider the Cauchy problem of a two-dimensional
regularized Boussinesq model with vertical dissipation in the horizontal regu-
larized velocity equation and horizontal dissipation in the vertical regularized
velocity equation and prove that this system has a unique global classical so-
lution. Next, we consider a two-dimensional Boussinesq-a model with only
vertical thermal diffusion and establish a Beale-Kato-Majda type regularity
condition of smooth solution for this system.

1. Introduction. The Boussinesq equations describe the influence of the convec-
tion (or convection-diffusion) phenomenon in a viscous or inviscid fluid, which are
used as modelling many geophysical flows, such as atmospheric fronts and ocean
circulations [18, 22]. The standard two-dimensional Boussinesq equations read as:

Ou+ (u-V)u — pAu+ VP = feg,
0 + (u- V)0 — kAO =0,
V-u=0,

u(z,y,0) =up, 6(z,y,0) = by,

(1)
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where u = (u1(x,y,t), us(z,y,t)) denotes the fluid velocity vector field, P = P(x, y,
t) is the scalar pressure, § = 6(z,y,t) is the scalar temperature, the nonnegative p
and k denote respectively the viscosity and the thermal diffusivity, e = (0,1) is the
unit vector, while ug and 6y are the given initial velocity and initial temperature
respectively, with V - ug = 0. In order to model anisotropic flows with different
diffusion properties in the horizontal and vertical directions, the system (1) can be
generalized to the following form:

Oy + u10zu1 + u20yuy + 0 P = 1105517 + a0y,
Opug 4 u10,u2 + u0yus + Oy P = 11 05,Us + 120y us + 0,
Ol + 11020 + w200 = K105,0 + K20y,

Ozu1 + Oyug =0,

(2)

where u; and us are the horizontal and vertical components of u. In fact, when
H1 = pa = 1 = vp and K3 = Ko, the system (2) reduces to the system (1).
When all six parameters are zero, the system (2) reduces to the inviscid Boussinesq
equations. Yet, whether or not the solution of the inviscid Boussinesq can develop
finite time singularities remains open since the 2D inviscid Boussinesq equations are
identical to the Euler equations for 3D axisymmetric swirling flows [19]. The global
regularity has been obtained for the case that all four parameters are positive [5].
On the other hand, for the intermediate cases between two extreme cases (namely,
the full dissipation case and the inviscid case), the Boussiesq equations (2) with
partial viscosities or partial diffusivity have been attracting much more attention
in the recent few years and important progress has been made (see, for example
[7, 8,9, 13, 14, 15, 23] and the references therein).

Most of the kinetic energy in turbulent fluid flows lies in the large scales, whereas
the mathematical and computational difficulties lie in understanding the dynamical
interaction between the significantly wide range of relevant scales in this multiscale
phenomenon. To overcome this obstacle, much effort is being made to produce re-
liable turbulence models which parameterize the effect of the active small scales in
terms of the large scales. Over the last years, the viscous Camassa-Holm equations
have been proposed as a subgrid turbulence model (also known as the Lagrangian-
averaged Navier-Stokes-a (LANS-«) model). Motivated by the remarkable perfor-
mance of LANS-a model as a closure model of turbulence in infinite channels and
pipes, whose solutions give excellent agreement with empirical data for a wide range
of large Reynolds numbers, the alpha subgrid scale models of turbulence have been
extensively studied in recent years [11, 12, 21].

An extension of the LANS-a model to the Boussinesq equations is given in [24],
which is named as the Lagrangian averaged Boussinesq equations:

v+ (u-V)o+ 30 v;Vu; + VP — pAv = be,,
Ol + (u- V)8 — kAO =0,
v=(1-a?A)u, (3)
V-v=V-u=0,
(v(z,0),u(x,0),0(x,0)) = (vo,u0,0p), z€R™ n=23,
where e; = (0,1) and e3 = (0,0,1), V-vg = V - ug = 0 and the constant o > 0
is a length scale parameter which represents the width of the filter. In [24], the

inviscid case (namely, y = k = 0) to the system (3) is considered and the regularity
criterion Vu € L'(0,T; BY, . (R™)) (n = 2,3) is obtained. As mentioned above
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that the system (2) is the generalized version of(1), the 2D Lagrangian averaged
Boussinesq equations in (3) can be generalized to the following form, where we
call it the anisotropic Lagrangian averaged Boussinesq equations (also named as
Boussinesq-a equations):

Oy + (u - V)vy + 25:1 Vj0ptlj + Op P = 11105201 + H20yyv1,

Opva + (u - V)vg + 25:1 0jOyuj + Oy P = 1105402 + 120y,v2 + 0,
00 + (u - V)8 = k1050 + K20,,0,

v=(1-a?A)u,

Vv=V-u=0,

(v(z,y,0),u(z,y,0),0(x,y,0)) = (vo,u0,60), (z,y,t) € R? x RF,

where v = (v1,v2) and u = (uy, ug) with V-vg = V-ug =0. When p; = ps =14 =
Vo, k1 = k2 and a \, 07, the system (4) reduces to (1) in dimension two.

In this paper, we consider the anisotropic Lagrangian averaged Boussinesq equa-
tions with partial dissipations. Firstly, we study the Cauchy problem of the
Boussinesq-a model with vertical dissipation in the horizontal regularized veloc-
ity equation and horizontal dissipation in the vertical regularized velocity equation,
namely
ooy + (u- Vv + 25:1 0035 + Op P = po0yyv1,
Ova + (u- V)vg + 2521 0jO0yuj + Oy P = 110502 + 0,
O+ (u-V)0 =0,
v=(1-a?A)u,

Ozpv1 + ay’l)z = O0yuq + ayUQ =0,

(u(x7y70)v9(xayao)) - (u0790)a ('ra?ﬁt) ERQ x RY.
We obtain the global existence of smooth solution to the above system (5), which
is stated as follows.

Theorem 1.1. Consider the 2D Boussinesg-o system (5). Assume (vg,0p) €
H3(R?) x H3(R?) with V -vg = V -ug = 0. Then the system (5) has a unique
global classical solution (v,0) satisfying
(v,0) € L>((0,T); H*(R?)) x L*=((0, T}; H*(R?)),
ve L*([0,T); H'(R?)),

for any given T > 0.
Remark 1. Asa N\ 07, the Lagrangian averaged Boussinesq equations (3) (namely,
the Boussinesq-a) reduce to the standard Boussinesq equations (1). And the
anisotropic Lagrangian averaged Boussinesq equations (5) reduce to the anisotropic
Boussinesq equations (2) with u1 = v5 =0, pue > 0 and v1 > 0, namely,

Oyuq + u10,u1 + Ugayul + 0, P = Mzayyul,

3tu2 + u181u2 + U28y’u,2 + 8yp = 1/18mu2 + 6,

010 + 110,0 + u20y0 = k10220 + K20y,0,

Ozpu1 + 8yUQ =0,
which is considered in [1] and the global regularity of classical solution is established.
From this standpoint, our result in Theorem 1.1 can be viewed as an improvement

for the regularization version of the Boussinesq equations to the anisotropic Boussi-
nesq equations.
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Remark 2. For the proof of Theorem 1.1, we adapt the approach of “weakly
nonlinear” energy estimate approach introduced by Lei and Zhou in [17].

Next, let us revisit (3). When u = x = 0, Zhou-Fan [24] proved the following
regularity criterion of smooth solution to the inviscid Boussinesq-« system (3) with
pw=0and Kk =0:

V6 € L*0,T; L™= (R?)). (6)
Now we consider the following 2D anisotropic Boussinesq-a equations with only one
dissipation term k20, 0:

Opv1 + (u- Vv + 2521 v;0zu; + 0, P =0,

Opva + (u - V)vg + 25:1 vj0yu; + Oy P =0,

0,0 + (u- V)0 = kD0,

v=(1-a?A)u,

V-v=V-u=0,

(v(z,y,0),u(r,y,0),0(z,y,0)) = (vo,u0,00), (z,y,t) € R? x RT.

We establish a Beale-Kata-Majda type regularity criterion to the system (7). More
precisely, our second main result in this paper is stated as follows:

Theorem 1.2. Assume (vo, o) € H3(R?) x H3(R?) with V -vg = V - ug = 0 and
let (v,0) be a smooth solution to the system (7) on [0,Ty] for some positive time
To > 0. If, for T > Ty, 0 satisfies

M(T) = / 10,0()]| it < oo, (8)

then the solution can be extended to [0,T).

Remark 3. Compared to (6), our result in (8) is dependent of the derivative of z
for 6. The reason is that this comes from the contribution of 9,6, which can help
lead to the cancellation between the J,-type terms.

Remark 4. As a N\, 07, the model (7) reduces to the corresponding anisotropic
Boussinesq system, which was introduced in [1]. Theorem 1.2 can be seen as a
generalization of their work.

2. Preliminaries. In this section, we provide some notation and basic facts used
in the proof.

Notation. Throughout the paper, C stands for some real positive constants which
may be different in each occurrence and independent of the initial data unless we
give some special explanation. For sake of simplicity, we denote [, dzdy by [p. dz
for (z,y) € R? and write > for Z?:y

Now, we start with the well-known Gagliardo-Nirenberg inequality.

Lemma 2.1. Suppose that f € LY(R™) N W™"(R"),1 < ¢q,r < oo. Then for
0<j<m,L<0<1,1<p<o0and

1 4 1
— - _ = 1—0)=
L= a0

there exists a constant C such that

IV flle < CIFIECINV™F11S
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Let us introduce the well-known commutator estimates proved by Kato-Ponce
[16].

Lemma 2.2. Let s > 0,1 < p < 00, and suppose that f,g € S(R™). Then we have
1A°(f9) = fAglle < CUIV fllios A gllLas + [[A° fll o2 [lgll a2),

1A*(Flr < CUA fllzellgllza + [1F]ze2 [A°gllLa2),

where % =Ly L L 1L A_ (—A)2, S(R") denotes the Schwarz class of

) P1 Q1 P2 q2’
rapidly decreasing functions.

We recall the well-known Calderon-Zygmund operators, which will be used to
get the control between the gradient of velocity and the vorticity (see [10]).

Lemma 2.3. (Biot-Savart law). There exists a universally positive constant C such
that for every 1 < p < oo, holding

2
V|| e < C-L— |V x ul .
p—1

Next, let us recall the following logarithmic Sobolev inequality (see [3, 4]).

Lemma 2.4. Letn > 2 and s > 1—1—%. The following logarithmic Sobolev embedding
theorem holds for all divergence free vector fields f with f € L*(R™) N WSJ’(R”):

197wy < C (1 1 2y + 1AS ey 10801+ [1f e -

We also need the following well-known Osgood lemma [2], which will be a crucial
ingredient to establish the global in time a priori estimates in the proof of Theorem
1.1.

Lemma 2.5. Let ¢ be a measurable, positive function, v a positive locally integrable
function, and p a continuous and nondecreasing function. Assume that, for some
nonnegative real number c, the function ¢ satisfies

¢w3c+/w@mwmw.

to

If ¢ is positive, then we have

—MMW+M@§K7@%WMM@:/A$y

If ¢ is zero and u(s) satisfies fol #”é:) = 400, then ¢ = 0.

The following lemma, which has been firstly introduced in [6] to deal with the
2D MHD equations with partial viscosity, will play an important role in the proof
of our second main result.

Lemma 2.6. Assume that f,g,0,9,h and d,h are all in L*(R?). Then,

/RZ |[fghldz < C| 209113 18yg13 [|p1I3 110215
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3. Proof of Theorem 1.1.

Proof. This section is devoted to the proof of Theorem 1.1. For simplicity, without
loss of generality, we assume pgy = 7 = 1 in what follows.

Firstly, for the third equation of (5), according to the divergence free condition
V - u = 0, we obtain immediately

10)]|ze < [|6ollzr, V¥p € [1,00], (9)

for any t € [0, o0].
Multiplying both sides of the first and second equations of (5) by u; and wus
respectively, it is easy to get

57 (lu®IL: + o[ Vut)l|72) + 10yu1l72 + 105 u2]| 2 (10)
+0?||VOyur|[zs + o®(|VOsua|Z < [16]| 2 [luz]| 2,

where we used the fact:

/(u-V)u-udsz,

R2

/(u-V)v-udm—&—Z/ v;Vu; - udr = 0,
R? T R

by the incompressible condition V - u = 0.
Integrating in time and using (9), then for any 7' > 0 and ¢ < T, one have from
(10) that

t
lu(@)IIZ2 + o[ Vu()|7- +/0 (10yu1 (7172 + [[Oaua (7122
+0?|| VO, ur (7)l[72 + || Vpua(7)|[Z2)dr < C,

where C' = C(T, ug, 0y, @).
/ / lv|?dzdt < C. (12)
RZ

(11)

So we obtain

The first and second equations of (5) can be rewritten as:
15) (%1 0
Ov + (U-V)U+Zj:vjvuj - <azivg> + VP = (0>. (13)

Applying the operator curl = Vx to the first equation of (13), and using the fact
curl(u - V)v + curl(z v;Vu;) = (u- V)curly,
J
then we have
Oreurlv + (u - V)curlv — (0pgz2 — Oyyyv1) = 050. (14)
Testing (14) by curl and using the incompressible condition V - u = 0, then we get

1d

— ||curlv(t) |2 :/ (Ozzav2 — Oyyyvn) - curlvde + [ Opfcurlvde
2dl -

R (15)
=1+ Is.
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For the first term I; in (15), integrating by parts and using —Awv = curlcurlv and
Ozv1 + 8yv2 =0,

I :/ curl <5yyv1> - curlvdzx
R2 (%m’l)g
- / (3yyv1> - curlcurlvdz
R2 (‘%Ivg

= —/ (8yyv1) - Avdzx
R2 8195@2

:7/ ayylevldxf/ OpaVa Avadx

R2 R2

:f/ ayyvlamvldxf/ 8yyvlayyv1dxf/ OpaV2044V2dx
R2 R2 R2

— ./11@2 022020y Vodx

z—/ (Bmyv1)2d:r—/ (8yyv1)2dx—/ (8mzv2)2dx—/ (8zyv2)2dac

R2 R2 R2 R2

:—/ (ayyvg)Qdm—/ (ayyvl)de—/ ((“)mvg)Qd:E—/ (Dpev1)?de,
R2 R2 R2 R2

which implies that

—I :/ (6yyU2)2dx+/ (ayyvl)zder/ (5m1’2)2d$+/ (Oaav1)*d
R2 R2 R2

RQ
1 2 1 2
>— (Ozgv1 + Oyyv1)de + — (Ozgv2 + Oyyv2)“dx
2 R2 2 R2
1 2
= l1Av]3:.
For the second term I, similarly,

I :/ curl (0> - curlvdx = / <0> - curlcurlvdz
R2 0 R2 9

<||0|| z]|curlcurlv]| 2
<718vlEs + Clel
Inserting the above estimates for I; and I into (15), one has
%llcuﬂv(t)lli2 +[|Av[|7 < Cllfo]Z-- (16)
Integrating in time, then it follows from (16) that
T
Jeurlo(T)l+ [ A0 Eaat < C.
Hence, according to Lemma 2.3, at last we have
[vllzee o, 7380y + [0l L2((0,7;82) < C, (17)

1wl Lo (0,73 m3) + lull L2(j0,73;m1) < C. (18)
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Here, we should point out that we can’t obtain a global bound for the H'—norm
of @ at this stage. In fact, using the Holder inequality, the incompressible condition
V -u =0, Lemma 2.2 and (18), we have

3Vt == [ Vi v vods

:/ ((u-V)-VO—=V[u-V)d]) Vo
R2
<[IV[{(w-V)0] = (u-V) - VO 2[|VO] > (19)
<C|[Vull L[ V0|7
<O|IVul ;2 [IVul 72 - VO]
<C||Vo|3..
Here we used the following Gagliardo-Nirenberg inequality in Lemma 2.1
lull = < Cllull2:[V?ull 72 (20)
in the third inequality of (19). Then we get
IVO(t)]|z2 < e“*[IVboll 2 = C(t, 6p).

Now, we apply “weakly nonlinear” energy estimate approach introduced firstly
by Lei and Zhou [17] to obtain the higher global regularity. For any T > 0, we
assume that the solution (v(t),6(t)) is regular for t < T' and show that it remains
regular at ¢t = T. More precisely, we define

o(t) = sup (|[V30(r)l|7= + [IV?0(7)]|72) < o0,
0<r<t

and assume that ®(t) < oo for t < T and show that
d(t) < 0. (21)
It follows from the equation of V@ that, for any 0 < s < ¢,

1IN0 < O VO(s)||z~ exp ( / ||Vu<7>|LoodT) | (22)

Then, choose T close enough to T' (Ty < T') and let Ty < t < T, we have from
Lemma 2.4 and (12) that
t

IV6(0) |2~ <CIVO(Tlexp (€ [
Tt
t

L+ Jullz> + | Aul| L2 log(1 + |V3UIIL2))>

| Au(r) 22 Log(1 + [VPo(r mw)

+

<C||VO(Tp)||r=exp | C

To
|Au(r)] 1 log(1 + B(t)dr )
To

BN

<C||V9 TO HLoo exp <C

<C||VO(Tp)|lr~exp { C | ||Au(T)| p2d7log(1l + @(t))) .
To
(23)

According to (18), we know that

T
/ | Au(t)]|3.dt < oo,
0
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then we can choose T close enough to T such that, for small € > 0,

¢
/ |Au(t)|2adt < e.
To
It then follows from (23) that, for Ty <t < T,
V0] < C(1+ (D)) (24)

Now applying the operator A on both sides of (14), multiplying the resulting
equation by Acurlv and integrating over R?, we have

Acurlv(t)||z2 = A OpzzV2 — Oyyyv1) - Acurlvdz
3 dt yyy

— | Al(u-V)curly] - Acurlvdx + | A, - Acurlvdz (25)
R2 R2
I, + I, + Is.

For the first term IT; in (25), integrating by parts and using —Aw = curlcurlv, one
has

I, = A(Ogzz2 — Oyyyv1) - Acurlvdz
]RQ

:/ curlA (gyyvl) - Acurlvdz
R2 vz U2
&lyvl
= Al - Acurlcurlvdx
R2 Oz V2 (26)

=— / A<8yyv1> - A%vdx
R2 aJJ.'L'UQ

= —/ A(?yyleQvldx — A8, v A2 voda
R2 R2
=111 + 11s.

Integrating by parts and using the condition 0,v1 + 9yve = 0, we have
I, =— / 6yyAv1 (6sz’l)1 + ayyA’Ul)dJ}
R2
=— / (0yyAv1)2dx — / Oz AV10yy Avida
R2 R2
/ (DyyAvy ) dr — / Oy Av1 0y Avidx (27)
R
= / (OyyAvy)?dz — / Oyy Av20yy Avadx
R2
/ (OyyAvy) dz — / (0yyAvo)?da
R R2

and

O AV 0y Ava + OyyAvy)dx

/.
= /(6a;a;AU2 dx—/ O AV20yy Avadx
R2 R2
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:—/ (GMAUQ)QCZ:B—/ Oy D020,y Avada
R2 R2

:—/ (OMAUQ)QCZ:U—/ Ope A1 0pr Avidx (28)
R2 R2
:—/ (amAvg)de—/ (OpeAvy )2 de.

R2 R2

Inserting (27) and (28) into (26) implies that
1

Next we estimate the term II,. By the incompressible condition V - v = 0, Lemma
2.2 and the Young inequality,

Il =— | Al(u-V)curly] - Acurlvdz
R2

= /2 ((u-V)Acurlv — Af(u - V)curlv]) - Acurlvdz
gH(ﬂi - V)Acurlv — Af(u - V)curlv]|| gz || Acurlv|| 2
<CIVul~ | F2eurlo]2: + CIV2ul o [Veurlo| 2 Acurtv] o %)
<C||Vul| L |V3ul 2, - [ V2eurlv|2,
+ O V2ul 22 V4l . - [ Veurlo] 2| Acurlol] 2
<C||VZewrlv|3, + C||Vicurly 1z.

Here we used the Gagliardo-Nirenberg inequality (20) and (18) in the third and
fourth inequalities of (30), respectively.
For the term II3, by the Young inequality, we have

I13 < ||A0.0]| 2| Acurly| 2 < C(||[V?0]|22 + ||Acurlv||2:). (31)
Inserting the estimates (29)-(31) for II; — I3, it gives that
d
a\|Acur1v(t)||%2 + |A%0]2, < C(IV30)22 + || Acurlv||2,) + C||Acurlv|[ 2. (32)

Applying the operator V3 on both sides of the third equation of (5), by the incom-
pressible condition V - u = 0, Lemma 2.2 and the Young inequality, one has

37V = [ V- V)6 V0da
:/Rz((u V)V — V3[(u-V)0)) - V30dx
<OVl = V8]l 2 + V1] o< [ V0] 12) V36 2
<C|IVull 1= [V?0]22 + ClIVO] 1 - [Vl 5[V 4ul§s - V3612
<19 al + CITOI < IVl 2201 + ClTull o 702
< IVl + CIVull =961 + CIVOI I Vullf V201 L

1 3 3
§1||V4v||%z + C|[Vull L= V2072 + C|[VO ;< | V*0]| 7.,
(33)
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where we used the following Gagliardo-Nirenberg inequality of Lemma 2.1 in the
first inequality of (33):

IV fllze < CIUV AV
Combining (32) with (33), it gives that
1d (
2 dt
3 3
<C(1+ [[Vullz)([Acurlv]|72 + [|V0]3) + Cl| Acurlv|| 2 + C|[ V|7 V0|7
Thanks to Lemma 2.3 and Lemma 2.4 and by the definition of ®(t), it infers from
the above inequality that
1d
2 dt
<C(1 + || Vul|p=)®(t) + CO(t)> + C(1 + d(t)) T ()7
<O+ |lull g2 + | Aul 2 log(1 + ®(1))) 8 (t) + CP(t)
+O(L+0(t) T o)
SO+ [Jull g2 + [ Aullz2 Jog(1 + 2(6))(t) + C(1+ B(1)) ¥ B(1)
<C(1+ |lullrz + [[Aull 2 log(1 + ©(2))) (1 + (1))
<O+ [|Auf L2 log(1 4 @(2)))(1 + (1)),

where we have taken € to be enough small (smaller than %) and used the assumption
®(t) > 1 (otherwise, if ®(¢) < 1, we here have got (21)).

Integrating in time over (Tp,t) and noticing that the function ®(¢) is monotoni-
cally increasing, one can get from (34) that

t

1+0(t) <C+ C/T (1 + [JA(T)| 2 log(1 + @(7)))(1 + ®(7))dT.

[Acurlu(®)[Z: + [V2O®)II3) + 1A%0]1Z,

(lAcurlo(®)[[72 + [V2O(1)[13) + | A%0]|7

(34)

Using Lemma 2.5, namely the Osgood inequality, one can conclude that
O(T) < Cexpexp(Ce) — 1 < o0,
which (21) holds. This completes the proof of Theorem 1.1. O

4. Proof of Theorem 1.2.

Proof. This section is devoted to the proof of Theorem 1.2. For simplicity, without
loss of generality, we assume k5 = 1 in what follows.

The existence and uniqueness of local smooth solutions can be done without any
difficulty as in the case of the Euler (see, e.g., [19]), thus it is sufficient to establish
a priori estimates for (v, ), namely, for t < T,

[(w(®),0()) || = (r2) < C,
under the condition (8). Here the constant C' depends on T, vy, 6o, M (T).
Firstly, multiplying both sides of the first, second and third equations of (7) by
u1,us and 6, respectively, it is easy to get that

t
lo)172 +/0 10,0(7) | Z2d7 = [160]Z2 (35)

and
lu@®)l|72 + 2 IVu®)||72 < lluollZz + [ Vuoll72 + t60] 22 (36)
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Applying the operator curl = Vx to the first and second equations of (7), namely,

0
8tv+(u~V)v+ZvjVuj—|—VP: (9>,
J

then, one has
Orcurlo + (u - V)curlv = 9,0, (37)
where we used the fact that
curl|(u - V)v] + curl(z v;Vu;) = (u- V)curlo.
J
Then, from (37) and under the condition (8), we have that, for ¢t < T,

t
lcurlv(t) || L < [Jcurlvg]| e —|—/ [|0:6(T)|| Lo dT < 00. (38)
0
Using Lemma 2.1, Lemma 2.3 and (36), one has
1 1
[vllzee < [Jo]3 [leurlv]|f o < o (39)
As a consequence, according to (39),
l[ullee < lvl| Lo (40)
Multiplying both sides of (37) by curlv, integrating by parts in R? and using the

incompressible condition V - u = 0, we have

1d

5 gllewrlv@IZ: < flowlo] 2 0:0] 2 < [leurlo]|Zz + [ VO|[Zz. (41)
On the other hand, we multiplying the third equation by 9,,6 and 9,0, respectively,
and adding the resulting equations up, then integrating by parts in R? gives that

1d
Sd (100172 + 10,01 Z2) + 102401172 + 119yl
:/ (u~V)9-(‘3m9dx—|—/ (u- V)0 - By, 0dx
R2 R2

=— . Ox[(u - V)00, 0dx — . Oy[(u - V)0]0,0dx (42)

=— Oy (0,0)dx —/ O0zu20,400,0dx
R2 R2

— / 0yu10,00,0dx — / dyuz(0,0)*dx
R2 R2
=Ji+Jo+ J3+ J4.

Using the incompressible condition d,u; + dyus = 0 and integrating by parts, by
the Holder and Young inequalities, one has

J1 :—/ Bmul(ﬁmG)Qd:v:/ Dy (0,0)*dr = —2/ U204 00, 0dx
R? R2 R2
<Clluzl| Lo [0yl L2[|020]] 2

1
< 10201172 + Cllua ||z 10,0117

1
< 10201132 + Clul < 0263,
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—/ D0 1130,00,0dz < 0,0 1< 19stia | 129,01 2
RQ
<C10,0] 1 eurlu] 1212, )
<C110,]| o curto]| 1218, 0] 2
<C|82 0| oo ([|curlv]|72 + [|0,0]72),
—/ 0,u10,00,0dz < 9,6]| 1118y w1 |12 19,01 1
RQ

<C)10,81| 1 llcurla] 12110, 6]l )
<C||020|| o= ||curlv]| 2|0, 0] L2
<C||020]| Lo (||curlv[|72 + 1|0,0]17.2)-

For the last term Jy in (42), using Lemma 2.6 and the Young inequality, we have

/8UQ89

1 1 1
<CByus | 110,013 19201 £ 19,011 £ 19y 011 -
1 1
<Cllcurlul| 2[00 2 - |02yl £2 - |0y Ol L (46)
1 1
<*||5wy9|\%2 + *Ilayyﬁ’llia + Clleurlul[7.110,0]Z-
||5wy9|\L2 t5 ||3yy9||Lz + Clleurlv]|72[10,6]| 7.

Inserting the above estimates (43)-(46) into (42), it gives that

d
7 Ulearo@®)[[Z2 + [VO@)IIZ:) + 10, VOIIZ:

SCAA+10:0] Lo + ullzee + [18,01172) ([lcurlv]|Z> + [[VO]Z2).

(47)

Using the Gronwall inequality and according to (8), (35) and (39), it follows from
(47) that, for any ¢ € [0, 7],

t
leurlu(t)[[Z> + [VO()]IZ +/O 10, VO(7)II72 < oo. (48)

Next, we establish the H3—norm bound for (v,6), namely, for any t € [0, T,
|Acurlv(t)||22 + [|V20(1)[32 < oc.
Applying the operator A to (37), multiplying the resulting equation by Acurlv,
integrating by parts in R?, we have

1d

bp | Acurlv(t)||32 = f/ Al(u - V)curly] - Acurlvdz + ABL0 - Acurlvde = K1 + Ko.
R2

R2
(49)
Using the incompressible condition V-u = 0, the Holder inequality and Lemma 2.2,
one can get

K, :/ [(u-V)Acurlv — A((u - V)curlv)] - Acurlvdx
R2

<JA((u - V)curlv) — (u - V)Acurly|| 2| Acurlv|| 12
<C||Vul|p=||Acurlv||72 + C||Aul| = || Acurlv||7
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1 1
<C|Vullz2V?ul 22 - [| Acurlv|[7z + Cllvl L || Acurlv]Z,

<C||Acurlv||3,

where we used the following Gagliardo-Nirenberg inequality in Lemma 2.1

Ifllz < ClIANIZNIV2F1 22

in the third inequality, and (36), (40) and (48) in the fourth inequality.
For the term K5, we have

Ko <||0:A0]| g2 || Acurly|| 2 < C(||0.A0]|%2 + || Acurlv||2,)

51
SC(HVBGH%Q + HACurlvH%z). (51)

Plugging (50) and (51) into (49), one has
d
3 acuro(®)32 < OV, + [ Acuriv]2a). (52)

Applying the operator V3 to the third equation of (7), multiplying the resulting
equation with V36 and integrating over R?, we have

1d
S IV3OI2: + 110, 7011
= - / V3[(u- V)] - V30dx
R2 (53)
=— 0:Al(u - V)0]0, Abdx — OyAl(u- V)00, Abdx
R2 R2
=Ly + Lo.
The term L can be written as
Li=— Oz A (110,08 + u20,40)0, Abdx
R2
=— Op Au10,00, A0dx — 0z Au20,00, Abdz
R2 R2
— Au10,,00, A0dx — A0,y 00, Abdz
R2 R2
_ 2/ Opzt1 05,00, A0dx — 2/ Oyt 0py00, ABdx (54)
R2 R2

9 / D12, 00, Ad — 2 / Dy 120,00, A0z
R2 R2

_ / (2051100l + Dy 11Dy + DutinDy 0 + Oyytizy )
R2
+ 0, u1 0, A8 + 0, u20, A0, Abdz
=M, + -+ M.
Now we bound the terms of L; one by one. Using the Holder inequality, we have

R2
<C0:0] o< | Adzun | 12|02 A 2

<C|0:8]| L= | AV Ul 12]| VO 2
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<0501 L= | Acurlv]| 12| V20| 2

59
<Cl0.0]1 (| Acurlo]s + [ T8]3.). )
Thanks to Lemma 2.6 and the Young inequality, it gives that
My =— 0z Aus0,00, Abdx
]RZ
<C||Adyuz| 12104011 72 |02y 01l £ 2 [| 02 AB| 72 || Oy A7
1 1 1 1
<C|Acurlul| 2|0y ;2 |02y 0 72 |02 A0| 2 - |02y A7
1 2 2 2 4 2 (56)
<35 102y A0l + Cll0y0| 221100y 0 72 - | Acurlul| 22|10z Ab| 72
1 2 2
<5100y A0 72 + Cll8, 01|72 (10248172 (|| Acwrlul[F2 + [|0:28][72)

—32
1 2 2
§33||azyA9||%2 + C10,0117 21024011 > (| Acurlo]|72 + |0, 40] 7).
Noting that by dyu1 + Oyus =0
Auy = Ogzun + Oyyus = —0pyus + Oyyu1 = —0ycurlu,

then, integrating by parts and using the Holder inequality and Lemma 2.6, one has

M3 =— Au10,,00,.A0dx
R2
= Oycurludy, 00, Abdx
]R?
=— / curludyqy 00, Abdx — / curludy, 00,y Abdx 57
R? R? (57)
<Clcurlu|| o ||0y 0z 2|02 A8]| L2 + C||curlu|| Loc ||0328|| L2 || Ony Ab]| L2
1
S@”@cyAeH%Z + Cllcurlul|7 < [[ V30|72 + Cllcurlu|F | V?0]7 2
1
S@llamyAW\%z + Clleurlul| 7 [[V0]|72 + Clcurlo||F o [|6] 7
and
My =— Aug04,,00, A0dz
RZ
= Oy Aug0,00, A0dx + Aug0,00,,A0dz
R2 R2
<C|020]| L | ADyusz|| L2 | 0x AB|| 2
+ C| 00y A0|| L2 || Az | 7210z Aua | £2 (| 0201 72 1020 7 -
1
<00l o~ | Acurtul 12 [ V0] 2 + 00, D01 (59)

+ Ol A | 2| Acurlu]| 18,6 12 0., 8] 1

<108 (IAcutol[Fs + [V0]3) + =100y A0
+ Clo]l | Acurto]| 2 - V]| 2 )19, VO 2

<O, (IAcwlol[3: + [V0]3) + 102, A0
+ CIIVO 120, VOl 2 lleurlo] 3.
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For the term Ms, integrating by parts and using 0,u1 + dyus = 0 and Lemma 2.6,
we have

My = — 2/ Ozt 0pr 00, AOdx
R2
=— 2/ Opath1 000,00 0dx — 2/ Oz U1 02005y, 0dz
R2 R2
=— / Ozt Oy (O0)*dx — 2 / OzU1 O 00,4y, 0d:
R2 R2
_ / Opwntir (D2 0)2d + 2 / (O 10500y, 0 + Dptt1 D001y, 0)dt
R2 R2

- _ / amyuz(ﬁma)zd;z: + 2/ (0222U105005yy0 + 05y 161050055y, 0)dx
R2 R2 (59)

:2/ O221202200,,0dx
R2
+ 2/ Oraatt1 0200,y 0dx + 2/ O2t1 050054y, 0d
R2 R2
=—2 Oraat20,00,5,0dx — 2 Or2t205005 02y 0dx
R2 R2

+ 2/ Oraat1 0200,y 0dx + 2 Ot 05,0050y, 0dz
R2 R2
=Ms1 + Ms2 + Ms3 + Ms,.

Using Lemma 2.3, Lemma 2.6, the Holder inequality and the Young inequality, we
have

Mgy <C||0,0]| o || Oppcurlul| 2 |0pey 0| 12
<C)|0.0]| o~ (|0nzcurlv]|22 + [|0pey0122)
<C||020]| Lo (|| Acurlv||7> + [|V?0]72),

1 1 1 1

1
<110, V20122 + Cll Ausl| 2| Acurlul| 12 [|0:6]| 12| 0y O] 2

~64
1

<510 V7OllL: + Cloll 2| Acurlv]| 2 [10,6]| 2110y O] 2
1

<510 V7OllL: + Cll0:0] 12 10yl 2 lleurtol|Fe,

Mg <C1|0501] = 192 Vtl| 12 |02y 6] 1.
<C|0:0|| L[| 0z curlul 2| V0] 2
<C0,0]] 1= || Acurlo]| 2 | V3] .
<C110,8]| = (| Acurlo|32 + [[V76]22),

My, <C110y Dyl 2 100tur |2 |Dwwin | 2210201121105, 611 2

<C0, V0| 2| At |12, 10 V| 2, 10,01 2. 02y 01 2

1
<512Vl + CllAu | 2 Orcrrlul| 2]|020 12 | Oy O]l 2
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1
36—4||8yv39\|%2 + Cllvllz2 [|Acurlv]| L2 10201 2 [| 02y 0| >
1
36*4||3yV39H%2 + C1050]| L2 102y 01| 2 [l curlv]| 2.
Inserting the above estimates into (59), we have
1
M5 §3—2H69V30||2L2 + C|0:0]| L= (| Acurlv||F2 + [|V20]|72)
+ C||020]| £2]| 02y 0| 12 || curlo| 3 (60)
1
<3510,V 72 + Cll0.0]| = (| Acurlv|7z + [ V70]72)
+ C||V0) 1210, VO|| 2| curlv]| 3=

For the terms Mg — Mg, integrating by parts and using the Holder inequality and
Young inequality and Lemma 2.6, one has

Mg = — 2/ Oyt Ogy 00, AOdx
R2

:2/ Oyu10pyy 00, AOdx + 2/ Oyu104300,0, A0dx

R2 R2

<Ollcurlul < [[V*0|[72 + Cllcurlul| 1= [|V?6] 2|0, V]| 12 (61)
1

S@H%Vgaﬂiz + Oflcurlu| o [ V0[[72 + C|leurlul|7 « [|V?6] 7

1
<5510y VPOllZ: + Clleurlul| < [ V20] 72 + Cllcurlul| 2 [16] 7o,

M7 = — 2/ 81$U26ry93zA0dIE
R2

:2/ 8myuQ5‘m98mA9dx+2/ Oz t20,,00,0, AOdx
]R2 RQ
<C||020]| Lo || Oz curlul| p2||0x Ab|| 1,2

+ C19,0; Ab|| 2|0y curlul| £, [|Ozp curlu| £, [| 0261 L2110y bl 2
<C||9,0]| Lo || Acurlv| 2] V3] | .2 (62)
+ Cl0y Vo0l 2 [[v]| 7 | Acurlo| 22 10201 22 102y 011 72
1
<35110yV70llZ: + Cll0:0] o= ([ Acurlol|Z2 + [[V?6]72)
+ €020 L2 102y 0] 2 [leurlv| 72
1
<5110y V70ll7: + 0] o ([[Acurlo]|Z2 + [[V?0]72)
+ CI V0|2 (10, VO L2 |eurlv| 32
and

Mg = — 2/ Oy 20y, 00, Abdx
RZ

:2/ 8qu3yy993$A9dx+2/ 0220y, 00,0, A0dx
R2 R2
<C|lcurlu|[ L [|Oyyy bl 2 |0: AB] 12
1 1 1 1
+ Cl|0y 0 A8|| 12 || Oz uz || 2| Ozztia]| 72 [|0yy Ol 72 | Oyyy Ol £ 2
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1 1
<Clleurlul| L[| V20|72 + Cl10, V0 2 [lcurlv| 2o [v]| 7216|172

1 63)
<35110uV7OllZ: + Cleurlo]| L= | V2072 + Cllewrlo]| 2 [o]] 12 |61 772
It is easy to estimate the term Mg that, by Lemma 2.4, we can get
My <O||Vul|=[V?0||7
<C(1+ [Ju 2 + | Aul L2 log(1 + [|V?ul| £2)) V6] L2 (64)

)|
<O+ [lullzz + [|v]l 22 log(1 + [ Acurly||£2)) [ V26| 2.
Inserting the above estimates (55)-(58) and (60)-(64) into (54) gives that
Ly <710,°00%: + O1L+ 0,8 2 + llewrlollz + V6110, 9] Fs + [l
+ ol 2 log(1 + [|Acurlvl| =)} (| Acurlv|2: + [V26]12.)
+ C(lewrlv|[Z + VO 2210, V0| 22 + [[ewrlv]| 2[|v]| 2) (|eurlv]| 32 + [160]7)
S%llayv?’en‘iz +C[L +1log(1 + [[Acurlo| )] ([ Acwrlv|[ 22 + [V20]Z2)
+ C(fleurlolFp + [10117),

where we used (8), (36), (38), (40) and (48).
The term Lo can be further written as

Ly=— [ 0,Au10,00,A0dx — | 0,Aus0,00,A0dx
R2 R2

[ Aud,,00,A0dz — 2 / By t11 D 00, A0z — 2 / B,y 11,00, A0 dx
R2 R2 R2

— / Oz t205y00, AOdx — 2/ Oy 207y 00, AOdz — 3/ Oyy 20y, 00, A0dz
R2 R2 R2
-2 O0zU1 Ogyy 00y Abdx — 2 Oyu1 0y 00, AOdz
R2 R2
-2 02205y 00, Abdx — 2/ Oyu20yyy 00, Abdx
R2 R2

- 8yu13xA98yA9da:—/ Oyu20y A00, Afdzx.
R? R?
(66)

Due to the existence of the “favorable” derivative 0, the estimates of Ly is simpler
compared with L;. Thus, we can obtain the estimates similar to L;. Therefore, we
omit the details here.

Now, combining (65) and the estimates of (66) with (53), it follows that
55 (lewlo(®)%s + 16 ss) + 10,9017
<O(1 +log(1 + [|Acurlv||2.))(|Acurlv||2. + || V30]|32)
+ C(|leurlv|[Zr2 + (0] 7).
This together with the Gronwall inequality yields that
lewrlo]|3> + [16]17 < oo,

which completes the proof of Theorem 1.2. O
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