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ABSTRACT. This paper is concerned with three-dimensional compressible vis-
cous and heat-conducting micropolar fluid in the domain to the subset of R3
bounded with two coaxial cylinders that present the solid thermoinsulated
walls, being in a thermodynamical sense perfect and polytropic. We prove
that the regularity and the exponential stability in H2.

1. Introduction. The model of micropolar fluids which respond to micro-rota-
tional motions and spin inertia was first introduced by Eringen [16] in 1966. The
mathematical theory of micropolar fluids has been developing in two directions.
One explores incompressible and the other compressible flows. For more physical
background, we can refer to [2], [3], [39]. In this paper we consider the compressible
cylinder symmetric flow of the isotropic, viscous and heat-conducting micropolar
fluid which is in the thermodynamical sense perfect and polytropic. The mathemat-
ical model of the described fluid is stated for example in the book of G. Lukaszewicz
[32] and reads

p = —pV-v, (1)

pv = V- -T+pf (2)
pirw = V-C+ T, +pg, (3)
pE = —Vqg+T:Vv+C:Vw-T, w, (4)
Tij = (=p+ Mgr)diy + (Vs — vij) = 2lrEmijWm, (5)
C = cownkdi;+ ca(wij +wji) + ca(wyi — wiy), (6)
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q = 7k9vea (7)
p = Rpb, (8)
E = ¢bf. (9)

with notation:

p —mass density

v — velocity

w — microrotation velocity

FE —internal energy density

0 — absolute temperature

T — stress tensor

C — couple stress tensor

q — heat flux density vector

f—body force density

g — body couple density

p — pressure

jr — microinertia density (a positive constant)
kg — heat conduction coef ficien

ey Co, Cq and cq — coef ficients of microviscosity
R — specific gas constant

¢y — specific heat (positive constant)

T, — axial vector ((Tg): = €ijr - Tjx)

eijk — Levi Civita symbol

0;; — Kronecker delta.

Equations (1)-(4) are, respectively, local forms of the conservation laws for the
mass, momentum, momentum moment and energy. Equations (5)-(6) are constitu-
tive equations for the micropolar continuum. Equation (7) is the Fourier law and
equations (8)-(9) present the assumptions that our fluid is perfect and polytropic.
On account of the Clausius-Duhamel inequalities, they must have the following
properties:

>0, 3A+2p>0, p>0, (10)
g >0, 3co+2cq>0, |cg—co|l <cq+cq- (11)
For simplicity reasons, we assume that
f=g=0.
In this paper, we consider the three dimensional case of (1)-(9) with the as-

sumption of cylindrical symmetry, and we study the problem with homogeneous
boundary conditions as in [13]:

t=0: (p7 v, W, 0)(Ta 0) = (po(r),VO(T')7W0(7”),90(T)), re Gv (12)

a0
V|8G - 07 W|3G - 0; a. - Oa t> Oa (13)

o\ sa
where G = {(x1,72,23) € R3, 0 < a<r <b< +oo, 13 € R, r = \J/2? + 23} is
the spatial domain of our problem and v = (v1,v2,v3), W = (wy, wy, ws) denote
the velocity vector and microrotation velocity respectively. In the following work
we give the mathematical model with cylindrical symmetry, first in the Eulerian
description, which is then transformed to the Lagrangian description. The reduced
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system of the three-dimensional equations in the Eulerian coordinate is now of the
form [11] and [22]:

g o (R + G =0, (14)

p (Bt mf) = —RZ(o6) + (A2 (2 + ) 405, (1)
(B 0 20) = Gt )y (32 ) 22 22 (1)

P (‘%3 +u (%3) (1 + pir) %2:3 + %Lvrg) + 24 (851;‘2 52 (17)

pir (% + 1 %) = (co + 2ca) g (G- + %) + pir ™22 —dppwy,  (18)
pjz(6”2—rvlawz)::(cag%cu)é%( 5 +'%f) pir — 2ur33? 4prwz, (19)
pir (% Gus) = (ca + ca) (86;33 + 15 ) + 20, (G2 + %) — 4w, (20)

evp (5 +ui) = r (G4 + 180) Rt (G2 + %) + (o) (B2 + %)
A (k) (G2 4+ 2)° - 42 9 (it ) (32)

+(co + 2ca) (22 + %)2 —deq 2 4 (cq+c,) (222 + %)2

T

—4cq ™2 aw2 + (cq + ¢a) (%) + dprw?d + dppwd + 4w’
+4urw2% — 4ty (8“2 + ”2) ) (21)

To analyze the system and draw the desired results, it is convenient to transform
the system (14)-(21) to Lagrangian coordinates. The Eulerian coordinates (r,t) are
connected to the Lagrangian coordinates (£,t) by the relation

&) =ro(€)+ [ nu(er)ar (22)
where 01 (€, t) = v1(r(&, t),t) and

ro(€) =016, () = /Tspo<s>ds, reG. (23)

From (14) and it follows that

which implies

/ sp(s,t)ds = / " spo(s)ds = €. (24)

Now, we have § € Q = [0, L], where

b b
L:/ sp(s,t)ds:/ spo(s)ds, ¥t >0. (25)

Moreover, differentiating (24) with respect to & yields

or 1

%~ T EDprE D) (26)
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Let us introduce the temporary notation d~>(§, t) for ¢(r(£,t),t), we obtain
0(&,t) _ 09(rt) 0g(r.t)

oo T 27)
03(ED) _ Ds(r) Nt 1 00(rt) o
oc  Or oc  rp(r,it) or
g, ~ B dop ¢
paif(r¢(£vt)) =9 + o (29)

Hereafter, without danger of confusion, we will write (x,t) instead of (¢,t) and omit
~. Subscripts ¢ and z will denote the (partial) derivatives with respect to ¢ and z,
respectively, and we will use u = % to denote the specific volume. Thus, by (27)-
(29), system (14)-(21) can be rewritten using the new variables (z,t), x € Q, t >0
as follows:

ug = (rv1)a, (30)
z 0 5
i =T {(/\ +2p) L R] + 22, (31)
u ul, T
Vot = (/14 + ,Ufr)r ((m}?)I) - nte - 2N'rrw3m7 (32)
(rvs)s uv3
vse = (4 pr)r w +(n+ MT)TT + 2 (rwa)s, (33)
. rw _ Wau
jrwie = (co+2ca)r ( ul)x> + ji i 2 — dppuwy, (34)
) W) . w1
jrwze = (ca+ca)r (( UQ) ) —Jr 17, 2 — 2,103, — dptruws, (35)
TW3 )2 uw
jrwsy = (cq+cq)r <( ug) ) + (cq + ca)T—Q3 + 2y (Tv2), — dpruws, (36)
x
0 1 rvg)?2
b = r () + L0 2 ron)e — RO ron)a + (4 ) 22
w/), u u
rw; )2 rws)? r2v2
o+ 2 )% T (at e) 2 ()
rws, 2 2 2 2
+(ca + ¢a) = 2p(vi 4+ v3)e — 2cq(wy + w3)s
+Ap, (vwi 4+ vws + uwg) + Aprrwavsy — prwz(rva)e, (37)

together with the initial and boundary conditions
u(z,0) = up(x), v(z,0)=vo(z), w(x,0)=wo(z), 0(z,0)="0y(x), x €Q, (38)
v(0,t) =v(L,t) =w(0,t) =w(L,t) =0, 60,(0,t) =0,(L,t)=0, t>0. (39)
A a result of (22) and (26), we can conclude that r(x,t) is determined by
ri(x,t) = vi(x,t), r(z, t)re(z,t) = u(z, t), (40)

z 2
ro(z) = (a2 —|—2/ uo(y)dy> . (41)
0
It is easy to see from (40) and (41) that the following is satisfied:
ri(x,t) = vi(x,t), r(z,t)r.(z,t) =u(z,t). (42)



EXPONENTIAL STABILITY AND REGULARITY OF COMPRESSIBLE ... 865

Let us mention some related results in this direction. When w = 0, it reduces to
be classical Navier-Stokes equations, which provide a suitable model to motion of
several important fluids, such as water, oil, air, etc., the existence and asymptotic
behavior of Navier-Stokes equations has been regarded as an important problem in
the fluid of dynamics, and has been receiving much attention for many researchers
(see[l, 4, 19, 17, 18, 20, 28, 32, 30, 31] and references therein). Among them,
Fujita and Kato [19] obtained the global well-posedness for small initial data and
the local well-posedness for any initial data in H*(R"™) with s > & — 1. Kato [2§]
improved results have been established in L™ (R™). Recently, Lei and Lin [30] proved
global well-posedness result in the space x~!. Li and Liang [29] proved large time
behavior for one dimensional compressible Navier-Stokes equations in unbounded
domains with large data.

For the micropolar fluids case (i.e., w # 0), compared with the classical Navier-
Stokes equations, the angular velocity w in this model brings benefit and trouble.
Benefit is the damping term -vw can provides extra regularity of w, while the term
vw? is bad, it increases the nonlinearity of the system. In the one dimensional
case, Mujakovi¢ made a series of efforts in studying the local-in-time existence and
uniqueness, the global existence and regularity of solutions to an initial-boundary
value problem with both homogenous [33, 34, 35] and non-homogenous boundary
conditions [36, 37, 38] respectively. Later, Huang and Nie [25] proved the expo-
nential stability. Recently, the global attractor of this system has been established
in [27]. Besides, we would also like to refer to the works in [5, 14, 15] for the 1D
micropolar fluid model.

In the three dimensional case, for the spherical symmetric model of described
micropolar fluid in a bounded annular domain, the local existence, uniqueness,
global existence and the large time behavior and regularity of the solution has
been proved in [6, 7, 8, 9, 10], and the exponential stability and regularity of the
spherically symmetric solutions with large initial data has been established in [24,
23]. Recently, for the spherical symmetric model of described micropolar fluid in
an exterior unbounded domain, we proved the large time behavior for spherically
symmetric flow of viscous polytropic gas with large initial data in [26]. In the case
of cylinder symmetry, which model described micropolar fluid in a bounded domain
with two coxial cylinders that present the solid thermoinsulated walls, Drazi¢ and
Mujakovié [11] established the local existence of generalized solutions, then they
proved global existence [12] and the uniqueness [13], Huang and Drazié [21, 22]
studied the large time behavior of the cylindrically symmetric with small initial
data, but the regularity is open. Besides, we would like to mention the work on
the global wellposedness of the three-dimensional magnetohydrodynamic equations,
Wang and Wang [41] obtained the global existence results for classical 3-D MHD
(o = 1). Wang and Qin [40] obtained global wellposedness and analyticity results
to 3-D generalized magnetohydrodynamic equations. Later, Ye [42] obtained the
global existence results for classical 3-D GMHD (% <a<l).

As mentioned above, the regularity and exponential stability of generalized
(global) solutions in H?(£2) has never been studied for system (14)-(21) with bound-
ary conditions (12) and initial conditions (13). Therefore, we shall continue the work
by Huang and Drazié [22] and establish the regularity and exponential stability of
solutions with small initial data.

Here we study the problem (30)-(37) on the spatial domain 2. We introduce the
space
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HY = {(u,v,w,0)€ H'(0,L) x H'(0,L) x H'(0,L) x H'(0,L) : v(0,t) =
o(L,T) =0, w(0,t) =w(L,t) =0}, (43)

H? = {(u,v,w,0) € H*(0,L) x H*(0,L) x H*(0,L) x H*(0,L) : v(0,t) =
v(L,T) =0, w(0,t) =w(L,t) =0, 0,(0,t)=0,(L,t) =0}, (44)

which becomes the metric space equipped with the metrics induced from the usual
norms. In this paper we will denote by LP, 1 < p < 400, W™P, m &€ N, H' =
W2 H} = Wy* denote the usual (Sobolev) spaces on [0,1]. In addition, || - ||
denotes the norm in the space B, we also put ||-|| = ||-|| 2. Subscripts ¢ and x denote
the (partial) derivatives with respect to ¢t and z, respectively. We use C;(i = 1,2)
to denote the generic positive constant depending only on H* norm of initial datum
(up, vo, Wo,00), min wug(zx) and min 6y(x), but independent of variable ¢.
@€[0,L] z€[0,L

We assume that the initial data have the following properties

L .
1
Ey = / (2|V0|2 + %I|wo|2 + cvé)g) dx, ug,0p>m, (45)
0

where m is a positive constant.
Now, we are in a position to state our main result.

Theorem 1.1. Suppose that initial (ug, vo, wo, o) € H3 and (45) hold, there exists
a constant ag = a(Cy) > 0, such that if Eg < ag, problem (30)-(39) has a unique
generalized global solution (u(t), v(t), w(t),0(t)) € H2 wverifying that for any t > 0,

u—u* € L=([0, +00), H*()) N L*([0, +00), H*(%)),

v e L((0, +00), H*()) N L2([0, +00), H(2)),

w € L=([0, +00), H(Q)) N L*([0, +00), H*(%2)),

0 — 0% € L>([0,+00), H*(Q2)) N L*([0, +00), H*(Q2)). (46)

Moreover, there exists a positive constant vo = v2(C3) such that for any fixed v €
(0,72] and for any t > 0, the following estimate holds

|lu —u*, v, w, 0 — 6| < Cae™ (47)

where u* = %fOL ug(z)dz, 0% = ¢ OL (3o ()2 + Llwo(2) 2 + cvbo(z)) do, r* =
(a® 4+ 2u*z)'/2.

2. Proof of Theorem 1.1. In this section, we shall complete the proof of Theo-
rem 1.1. The global existence of cylindrically symmetric solutions for system (30)-
(39) was proved in [22], we shall continue the work and prove the regularity and
exponential of the solution. We begin with the following Lemma.

Lemma 2.1. (See [24] and [22]) If (ug, vo, wo, 0p) € Hi and Ey < ag are true,
there exists a unique global weak solution (u, v, w,6) € HL to the problem (30)-(39)
satisfies the following estimates

0<a<r(zt)<b, (x,t)€ Qx][0,+00),

0<Cyt <u(x,t),0(z,t) <Cp (x,t) € Q x[0,00),

lw =+ llvalzn + loallzn + lloslzn + ol + llwallFn
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t
w7 + 110 — 0713 +/0 (lu = u*[[Fr + o1l + [o2lFe + llvslle
HlwrlFe + lwalFz + lwallFz + 10 = 0% [[Fr2 + [forell® + [[oae]|? + [lvae ||
Hwie|? + wael|* + [lwse|* +116:]|*)ds < Cr. (48)

Moreover, there exists constant 1 = v1(C1) > 0, for any fized v € (0,v1] and ¥Vt > 0

7 (lu = u*[[F + il + o2l + llvsllFn + iz + we |7
t
Hwslz + 116 = 0% 13) +/O 7 (luz|* + e + [lvze 7 + [lvsell7n
HlwielF + lwae [T + lwsellzr + 1620170 + o1l + [fvzel* + [[ose?
Hlwie|? + wael|* + [lwse|* + 116:]|*)ds < Cr, (49)
where u*,0* and r* are the same as in Theorem 1.1.

Lemma 2.2. Under the assumptions of Theorem 1.1, the following estimates hold
for any t > 0:

t
lore (@I + [o1za ()17 + llo12 (8|7 +/ [viea(s)%ds < C2, (50)
0
t
lvze | + lv2za | + o2zl +/ [vats|[*ds < C, (51)
0

t
losell® + l[vsaell® + vsa ()| Zoe +/ [vste||*ds < Co. (52)
0

Proof. Differentiating (31) with respect to ¢, multiplying the resulting equation by
vy in L2(0, L), using an integration by parts, we have

L L 2
Sl = (rv)e 0 v3
sl = [ o D] e+ [T pans

L 2
" Uit
< 2 [ e Gl (ol + sl + o]

0ol + [v1oall + lv2el| + [031]) + Cullvsea | (vrell + [loF, |
0]l + [[ore]] + lorzva]])

< =Cr vl + CrlllviallFn + llorell® + loael* + 1164
Hlual* + 1162%)- (53)

Integrating (53) with respect to ¢ over [0,¢] (¢ > 0), and using Lemma 2.1, there
holds

t
HWW+/W%W%§@. (54)

0
Moreover, integrating (31) with respect to z, and using Lemma 2.1 and Young’s

inequality, we obtain

[vizzll < Cr(lJuell + 102 + llorell + lluz || [|vie o= + HU2||2)

1
< Gllvisell + Cr(flusll + 101 + loell + [lval))- (55)

Now the above facts along with the Gagliardo-Nirenberg interpolation inequality
yields

1 1
01zl < Crllvis||? [[v1za (12 + Crllvia |-
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Combined (54) and (55) to arrive at
t
lorell® + l[viaell® + o117 +/ [vie||*ds < Co.
0

Similarly, differentiating (32) with respect to ¢, multiplying the resulting equations
by wvo¢, and then integrating by parts, we obtain

1d L TU2) g Lo v
§£||U2t||2= (/H‘/Jr)/ [7“(( ;) ) } U2td$_/ (%)tvmd%
0 xdt 0

L
—2p / (Tw:%x)tvzt
0

L 2,2
U
< —(u+ur)/ — 2tz + Cufload|([vaza | + vzl + [lue|
0

Flvazv1z || + [[vaell + lwsell) + Crllvazd | (lvzell + vz viz |
Fllvazv1]l + lvrzvall + [lwsel])
< =07 Hvatal* + CrlllvaallFp + llvze? + llua | + [lwse ). (56)

We integrate (56) with respect to ¢, and use Lemma 2.1 to have

t
a2 + / lvsee|2ds < Co. (57)
0

Furthermore, integrating (32) with respect to x, and using the same way, we obtain
[vawall < Crllluell + lvaell + [[wse || + [Juzllvael o)

1
< Sllvasell + Crlluall + flvaell + llvzz || + lwsz ). (58)
We use the Gagliardo-Nirenberg interpolation inequality to give

1 1
[[vazl[zoe < Crllvaz |2 [[v2zal|2 + Crllvzzl-

Combining with (57)-(58), we arrive at

t
lvaell? + l[vaaell® + o2z 7 +/ [vate||*ds < Co.
0

Likewise, differentiating (33) with respect to ¢, multiplying by vs: and integrating

by parts, we have
L L
rU3) uw
(1 + ur)/ [r <(3)) ] vardr + (p + ur)/ —vgd
0 u zd ¢ 0 T

L 2,2
U3,
—(u+ur)/0 —2#tdz + Crllvse | (Josell + lluall + [[vsell

Fllvsaall) + Crllvsea | (losell + l[vsell + llwall + lwael])
< —Cillosiall* + CrlllvselFn + losell® + lluall® + llwae|*). - (59)

1d
2dt

lvse®

IN

Integrating (59) with respect to ¢ over [0,¢] (¢ > 0), and using Lemma 2.1 to have

t
[[vge]? +/ [vgez||*ds < Cs. (60)
0
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Similarly argument, we integrate (33) with respect to x, and apply Young’s inequal-
ity and Lemma 2.1 to yield

[vsaxll < Cr(llvsell + [l + e l[vse | o)
< 2 loseell + Cullluell + llsel + osel). (61)
Here, we have from the Gagliardo-Nirenberg interpolation inequality that
[vsallze < Cillvsell [vssall® + Cillvsall,

which, combined with (60)-(61), gives

t
st 2 + sz |2 + o3l + / loses |2ds < Co.
0

Thus, we complete the proof. O
Lemma 2.3. The following estimates hold true for any t > 0
t
Jasel? + faoneel? + orel + [ honealPds < Co (62
t
lwae | + [lwaael* + [[wze |7~ +/ [waes|[*ds < Co, (63)
0
t
lwsell* + l[wsza|* + lJwse]7 +/ [wsea || *ds < Co. (64)
0

Proof. Differentiating (34) with respect to ¢, multiplying the resulting identity by
wy; and integrating by parts, we obtain
1.d

p— y PR 2
51 dt”w“”

L L
= (Co+20d)/ [7‘ ((rwl)m> ] w1td$+j1/ (w2v2) wyrdx
0 u zd ¢ 0 T t

L
— 4y / (uwq)ywrde
0

IN

L 2 2
rTw
—(co + 2ca) / —Edz 4 Crllwre[(Jwre | + wiee | + [[wies|
0

Hllue || + lwrzviall + [[waell + l[oael]) + erllwigal|(Jwiell + [[wrzvrzl
Hllwiz |l + [[wrvie]])

< _071” 2 C 2 2 2 2 2

< U lwse|” + Crlllwrallz + llwiell” + lluall™ + lwael|” + fJozl]
Hlvie]*)- (65)

Integrating (65) with respect to t over [0,¢] (¢ > 0) and integrating (34) with respect
to x, and using Lemma 2.1, respectively, we arrive at

s+ [ sl < €2, (66
[wige|l < Crllwrell + [Jull + [wie || oo lua || + [wava]| + lwyul])
< S lwnssll + Cronel + vl + ). (67)
We can use the Gagliardo-Nirenberg interpolation inequality to yield

1 1
[wizllzee < Crllwie|? |wize|? + Crllwiz,
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which together with (66)-(67) further implies that

t
fwsell? + wizel® + llwrelZe + / [wyealds < Co.
0

Similarly, differentiating (35) with respect to ¢, multiplying by we; and applying
integration by parts to find

(ca + ca) /OL {r ((ru:j)m>m]tw2tdx — /OL (w;”)thtdx

L L
72/@/ (rvsg )rwordax — 4/%/ (uwsg)wordx
0 0

1. 9
5%@”“’%”

IA

L 2
r Wy
—(ca + ca) / u2 “da + Ct [[war || ([wae | + o || + |watts |
0

Hlwaprzll + Jwoviz]l + [|w2zviz]| + lwovi] + Vsl + vz l)

+C1[|wata || (Jwze]| + [[wovie | + [Jwazvr || + [wigvall + Jwivae]])
< —Op Mlwaeel® + Cr(lwae 51+ lual® + lvre1* + [Jwae®

Fllvsal? + [Jvste 12 + wael|* + [[we]|* + [lvae]|)- (68)

Integrating (68) with respect to ¢ over [0,¢] (¢ > 0), and using Lemma 2.1, we arrive
at

t
lewse]? + / ware|2ds < Co. (69)
0

We integrate (35) with respect to z, and apply Lemma 2.1 and Young’s inequality
to obtain

[waze|l < Crlllwall + lwal| + lwoue || + [lwazus|| + [lwivs|
Hvze | + [lwaul])
< Cillwzell + [luz || + [[waall Lo fJuzll + vz |
Fllwr]] + flval] + [lull + [lwel])
1
< Sllwass|l + Cilllus | + [lwael] + llwzs|l + [vsa[))- (70)

Similar argument, we deduce from the Gagliardo-Nirenberg interpolation inequality
that

1 1
[waz||Le < Crllwael|? [|waze |z + Crllwaell-
Combining with (69)-(70), we have

t
Juwarl? + lzeal + wnal e + [ s < Co.
0

Differentiating (36) with respect to ¢, multiplying the resulting equation by ws; and
using integrating by parts, we obtain

1. d 9
§JI£||w3t||

= (ca+ca) /OL {r <(7”123)z>jtw3tdx + (Ca + €a) /OL (%)twgtdx

L L
+2MT/ [(m}?)w]t wsdr — 4Mr/ (uws)rwsede
0 0
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L, 2 2
o w
< (et Cd)/ %dw + Cl||w3t||(Hw?>MH + ”w?:wqu + ”uxH + ||v1:r||
0
Hwsel| + lwsevizll + Jvaell + [[vazll + lvaze ) + Crllwate || ([[wzvie ||
Hlwst || + lwse || + [|wsviell)
< —Cr M wsee|? + CrlllwsallFn + lluall® + llwsel? + lore]| + [Joae]?

Hlvae || + [[v2ea[1?). (71)

Integrating (71) with respect to ¢ over [0,¢] (¢ > 0), we can obtain

t
s + / lwstal|ds < Cs. (72)
0

Next, integrating (36) with respect to z, and then applying the same way to yield
[wszell < Cr(llwsel| + [Juz|| + [wsal oo [|ua (t)]])
< %stmll + Cr(llwsell + el + llwsel]), (73)
where we have used the following simple Gagliardo-Nirenberg interpolation inequal-
ity
lwss|| e < Cil[wael|? [[waes]|? + Ch wse |
By (72) and (73), we can get
t
lwse? + lwszel* + lwse |7 +/0 lwses|*ds < Co.
The proof is complete. O

Lemma 2.4. Under the assumptions of Theorem 1.1, the following estimate holds
for anyt > 0:

t
1617 + 100 [1* + (161 7o« +/0 16z ]|*ds < Co, (74)

Proof. Differentiating (37) with respect to ¢, multiplying by 6, and using integration
by parts, we get

1c i”@ 1> = KJ/L 7"20—96 9dx+/L 1[()\Jr2 )(rv1)e — RO|(rv1)y| Ordx
2 vdt t - 0 u o t 0 ” ,u 1)x 1)z . t
L 2 L 2
+(/¢L+,UJ7")/ <(TU2);¢) 9td$+ (CO +20d)/ ((TIUl)x) etd.'lf
0 u t 0 u t

L 2 L 2,2
+(ca+cd)/ <(er)w> Otdx+(u—|—ur)/ (rl}?’x) 0,dx
0 u t 0 u t

L 7"2’11]2 L
+(ca + Cd)/ < 33”) O,dx — 2ur/ (v} + 03)a1bed
0 t 0

u

L L
—2¢q / (0} + w3) zbpdx + 4p, / (uw? + uw? + uwg)thdx
0 0

L L
—&—4,uT/ (rwavzy)bidr — 4/%/ (w3 (rve) )10 de
0 0
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IN

—CT 10atl® + Cr(l0 )1 + llvrallzn + llvrae|? + vzollF + lv2ae®
+HUSIH?{1 + [[vgael* + ”wlx”%{l + [Jwiae]|* + HU’QIH%{l + [[waze |
Hlwsellzn + lwsae|? + lluall + vrell* + lv2ell® + losel* + [lwre]|?
Hllwzel* + lJwsel* + 116:]1),

which, together with (50)-(52), (62)-(64) and Lemma 2.1, gives

t
1612 + [16a]? + / 161al%ds < Co. (75)
0

By virtue of the Gagliardo-Nirenberg interpolation inequality and (75), we can
obtain (74). The proof is complete. O

Lemma 2.5. Under the assumptions of Theorem 1.1, the following estimates hold
for any t > 0:

t
Ugx Uz s = Cg,
Juaa P+ [ el s < € (76)
0
t
/ (HUIMI||2 + HUZMGJHQ + vamtz + lea:IwHQ + ||w2wm||2
0

Proof. Differentiating (31) with respect to x, we have

e = [r (1420 20 - Re)mL +(),

U
_uvyy  uvi N9 r(rv1) zas N9 7(rv1) o Us
2 2 + (A +2u) w (A + M)T
7(rv1) pa iy 7(rv1) g Use r(rvy)u?

0u
+ A +2p)rR Zzw

209V, v%u

0 0
R\ +2p)—= + (A +2u)rR aﬂ;x
u u

u
T
3 T

Oty Ou?
2 20+ 2u)rR "

2 .
+(A+2u)rR . 3

By virtue of (30) (ttze = (rv1)szx), We can rewrite the above equation as

8 T 0 TT —
O+ 200) 5 (“22) 4+ (A 20) R = v sy + B, 1), (78)
" u U
where
E(x,t) = —rPuvy +7r %uwwd +2(A + 2#)%
2 0 0
—2(\ + 2;0% + RO +2) =" =20+ 20)R sz
Ou -2 4,2
+2(\ + Qu)RF — 2r “ugugy + 1 S U5 U.

Multiplying (78) by “£=, and using Young’s inequality, by virtue of (50)-(52), (62)-
(64), (74) and Lemma 2.1, we can obtain

d Ugz o 1) Yzz |2 2
— < — —
D)z 2 < o) e 2 4 ¢yl e, ), (79)
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where

1@, tl* <

Lnuﬂ
201 (3
+lvze?). (80)

Integrating (79) with respect to ¢, together with (50)-(52), (62)-(64), (74) and
Lemma 2.1 that

12+ Cr(llvrell® + llvrallF + lluell® + 16217

L
[l |12 —I—/ | tuze||?ds < Cs.
0

On the other hand, differentiating (31) with respect to x, we have from Lemma 2.1
and (50)-(52), (62)-(64), (74), (76) and the Gagliaro-Nirenberg inequality that

UV uv%

v
Vite = =5~ T 3 + (A + QM)T‘M

(Tvl)a:xux
(Tvl)xuxx

2
—(/\—|—2u)rT —|—2()\—|—2,u)7'M - b

T
2

Ou Ou
+ A+ Qu)rRu—;m -2\ + 2u)rRu—3x

02z
+2(A +2u)rR 2

209V0, v% U

r 3
which implies
[v162]l < Crllvrall > + luell a4 1102]l 5 + [lv2z]),
or
[V1zgall < Crllviallmr + Vil + usllar + 10z ] 12 + V22 ))-

Differentiating (32) with respect to z, using Lemma 2.1, (50)-(52), (62)-(64), (74),
(76) and the Gagliaro-Nirenberg inequality to find

72 (T02) 20 72 (1T02) 2 Uz 7(1v2)eae
Voty = (,LL + ,Ufr) - (H + ,uT) u2 + (:u + :U’T) u3
7(Tv2) g Ug (1) po s r(rve) s Uz
() (g (T

2
T(Trv2 ) U V2,V1 + VU1 )T — VoUIT
+2(p + ) ( ugz e (2 r;) i

_Q/J“r (Tww?)w + TW3za ) )

thus
[vata | < Cr(l|vaallarz + uallm + [lviall + lwse |l 1),
or
[v20all < Crlllvaallmr + vatell + uallar + llwsellmr + vrzl])-

Similarly, differentiating (33) with respect to x, and applying Lemma 2.1, (50)-(52),
(62)-(64), (74), (76) and the Gagliaro-Nirenberg inequality to deduce

T2 (T03) 20 T2 (T03) 2 Uz T(1V3) gzztt — (T03) 20 ls
vt = (ot ) 2 (g P ) -
[(rv3) zatis + (TV3) 2 Uzs] u? — 2(rv3) pulu UpV3 + U3,
_(M—i_u’l‘)r 4 +(1u‘+/‘1’7’) 2
u T
2uv3ry,

_(M + MT)T + 2/147" (mew2 + T2 Wy + Tz W2y + ermx)y



874 ZHI-YING SUN, LAN HUANG AND XIN-GUANG YANG

thus
[vstall < Cr(llvsellm2 + uallar + llwaellmr),
or
[vszaall < Crlllvsellar + llvsell + luellar + llwaellmr)-
We can differentiate (34) with respect to z, combine Lemma 2.1 and the Gagliaro-
Nirenberg inequality to get

(rw1) gs (rw1) Uy
2

Jrwiee = (co + 2¢q)r2 — (co + 2ca)rs

(rwy)zzau — (rwy) pels)ee

+(co + 2¢cq)r

u2
2_9 2
—(CO + 2Cd)7" [(""’wl)a:asuw + (rwl)zliwx] u (rwl)ajuwu
. Waz V2 + Wav ; Walal

g 22 U2 - 2V2z — 2r22 T — 4, (upwy + uwiy).

Then
||w1tw|| < Cl(||w1:r||H2 + ||Uz||H1 + ||7)2a:|| + ||w2z||)7

or

[wizzell < C1(llwisllm + Wil + ue lm lwee || + [Jvzal])-
Differentiating (35) with respect to x, using Lemma 2.1, (50)-(52), (62)-(64), (74),
(76) and the Gagliaro-Nirenberg inequality to yield

(Tw2)acx (Tw2)xuzc

Jrwaie = (Ca + ca)re —(ca +ca)rs 2

(rw2)seztt — (rw2)zsUs g, et v

+(cq + cq)r ) r
_(Ca + Cd)’l" [(er)wwua; + (Tw2>zqia:w} u2 B 2(T1l)2)wuiu
u
. WyvaT

+Ir 17~22 == QMT(Ta:w?wa: + ’I“’UgIg;) — gy (ul’w2 + uw2$)’
thus

wata || < Crllwaall e + [|tal| e + vl + lwisll

+Hwsz || + |vszll &1 ),

or

[w2zae || < Crllwaellar + llwarell + [tel 2 + llwizll + [[vae |
Fllwsell + [lvsellm1)-
Likewise, we differentiate (36) with respect to «, apply Lemma 2.1 and the Gagliaro-
Nirenberg inequality to arrive at

(TWB)zz (7”UJ3)$UI

JIW3gt = (Ca + Cd)rm - (Ca + Cd)rﬁf u2

(’rw3)1xwu - (Tw?))wa;uw (Tw3)wa:ua: + (’rw3)wuww

+(ca + ca)r % — (ca +ca)r 02
2(rws) yu2 Uz W3 + UW3y, wws
+(co + cd)rT + (cq + cgl)ri2 —2(cq +cq) "

+2Mr(rza:’u2 + Tz V2 + Tz U2g + TUQ:E:E) - 4,U/T (uwwS + uw?;w)-
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Then we have
[waeall < Cr(lwsallmz + lluellar + vasllmn),
or
[wseaall < Cr(llwsellm + watall + [Jua () a2 + lv2z |l 1)-

We can differentiate (37) with respect to x, and easily deduce from Lemma 2.1,
(50)-(52), (62)-(64), (74), (76) and the Gagliaro-Nirenberg inequality that

10sall < ColllOzll ez + lJualla + lvrzllar + vzl g + lvse |l 2
Hlwizllar + lweell e + [[wse | 1),

or

102zl < Co(ll0z 4 [0l + luallmr + lvizllar + lvze | 2

Hlvsellmr + lwizll g + woe |l g + |wse || g)-

According to the estimate above, we have

~ o~ o~
oo 0o
N =
D = —

[0
i~

[v1tall < Co(llviallme + uallar + 102]lm + [[v22]]),
[v2ta || < Co([lvaallm2 + [[uallmr + [lvrall + lwsellm),
[vstal| < Co(llvsellm2 + luallar + llwaellmr),

[wita|l < Co(lwizllmz + luellar + llvaell + [Jwae ),

[warall < Co(llwazllaz + [[uelar + lvza |l + [lwie |

(0]
w

Hlwse |l + lvsellm1), (85)
|wstall < Collwsallaz + [[ue | + [[v2a][ 1), (86)
10zl < Co(102]1 12 + Nzl 1 + [[v1allar + o2z

Hlvsallmr + wiallm + lweall e + lwse |l 1), (87)

or

[V1z0all < Colllviallm + lvitell + uallar + 102 )lm1 + [lv2el),  (
V2200 | < Colllvaallar + [Jv2tall + uell a4 wsallmr + lviell), (89
[vsaaall < Co(l|vsallar + vstall + uallmr + [lweell ), (
[wizeall < Collwizllm + witell + [[uell g [woe | + (o2 ), (
[wazzall < Co||wazllm + lwatal| + [uall g1 + Jwiz]l + Jv24]]

Hwse | + [[vsel 1), (92)

|wazze |l < Collwsellar + lwatell + lJuell g + [lvae |l 1), (93)
[0zzzll < Co(l0z )z + [10atl + lJuallmr + [viallmr + [[v2z ||

Hlvsellmr + lwizllmr + l[woz |l + [Jwse|| ). (94)

By (50)-(52), (62)-(64), (74), (76), (81)-(87) and Lemma 2.1, we get (77). The proof
is complete. O

Lemma 2.6. Under assumptions of Theorem 1.1, there exists a positive constant
Y2 = 72(C2) such that for any fired v € (0,72], the following estimate holds for any
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t>0

evt(l|vlmr||2 + ||”U2m=||2 + ||USMH2 + lezm||2 + ||w2mr||2
Fllwsae 12 + tae | + 10z2l” + o1 ]|* + [l
Fllvse|* + llwiell? + flwael? + [Jwsel|* +116:]1)

t
+/ " (vrallrz + lv2slzre + lvsellzr + lwiellZ
0

Flwae 3 + lwsellF + 1021172 + luallFn + Vi
oot |* + [[vsea|* + [[wiee|* + [lware |* + llwsea|?
+|0¢2]1*)ds < C. (95)

Proof. We multiply (53) by € integrate the resulting over [0,t], and then apply
Lemma 2.1 and Lemma 2.2 to deduce

t
O fos]? + / & one|ds
0

t
<Gy + 01/ (a7 + lorel® + Joael” + 11661 + llual? + [162]%)ds
0
<Oy (96)

Multiplying (56), (59), (65), (68), (71) and (75) by €7¢, and adding them together,
by virtue of Lemmas 2.1-2.2, we can conclude

e ([[vaell + llvael” + llwrel® + flwaell? + lwse | + [16:]1)
t
+/ " (Joreall® + lJvzea I + [v3ea | + [lwieal|* + [lwaee |
0
Hlwseal* + 1022 ]1*)ds < Co. (97)
On the other hand, multiplying (79) by €7, integrating over [0, ¢] to have

1 t U
ytg Yoz 2 L vs|| 2TT (12
SN+ g [ s

t t
u
<Gy +’7/ == I” + Cl/ " (JlvrallF + lluall* + orel|?
0 0

H0a 1 + l[v2z]|*)ds. (98)

Picking vo = min{ﬁ, ~1} such that for any fixed v € (0,72], using Lemmas 2.1 -
2.2 and (96)-(97), we obtain

" |uga||* + _/Ot €%tz |*ds < Co. (99)
By (31)-(37), (81)-(87), (96)-(97) and (99), we have
ew(”vlmfc”2 + ||U2mH2 + Hv3rz”2 + ”Ulrz”Q + ”wlzr”z
Hllwzae || + [wsea|® + 1022]%) + /Ot " ([lvisall? + [lvzea (1)

+||U3m||2 + ||w1w:v||2 + ||w2zwc||2 + ||w3m||2 + ”99090”2) < Oy,
which, combined with (96)-(97) and (99), yields (95). The proof is complete.
Proof of Theorem 1.1. According to Lemmas 2.2-2.6, Theorem 1.1 is complete. [

O
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