ELECTRONIC RESEARCH ARCHIVE doi:10.3934 /era.2020008
Volume 28 Number 1, March 2020 Pages 127-148
eISSN: 2688-1594 AIMS (2020)

DECOMPOSITION OF SPECTRAL FLOW AND BOTT-TYPE
ITERATION FORMULA

XIJUN HU AND LI WU*

(Communicated by Wan-Tong Li)

ABSTRACT. Let A(t) be a continuous path of self-adjoint Fredholm operators,
we derive a decomposition formula of spectral flow if the path is invariant
under a matrix-like cogredient. As applications, we give the generalized Bott-
type iteration formula for linear Hamiltonian systems.

1. INTRODUCTION

In this paper, we consider the decomposition of the spectral flow for a path of
self-adjoint Fredholm operators. Let H be a separable Hilbert space, and we denote
by FS(H) the set of all densely defined self-adjoint Fredholm operators on H. We
always equip FS(H) with the gap topology. For a continuous path A(t) € FS(H),
t € [a,b], the spectral flow sf(A(t);t € [a,b]) is an integer that counts the net
number of eigenvalues that change sign. This notation is first introduced by Atiyah-
Patodi-Singer [2] in their study of index theory on manifolds with boundaries. Since
then it had found many significant applications, see [27, 4] and references therein.

Some basic properties of spectral flow such as homotopy invariance, path addi-
tivity, direct sum e.t. are well known, please refer to the Appendix. We give the
proof for another basic property which is called cogredient invariance property of
spectral flow. For convenience, we first introduce some notations. Let Hq,Hs be
separable Hilbert space, we denote by L(H;,Hs) and C(H1, Hz) the set of bounded
and closed operators from H; — Ha. Let S(H) be the set of self-adjoint operators
on M. For convenience, we denote by L£*(H1,Ha),C*(H1,Hz),S*(H), FS*(H) the

invertible subsets.

Lemma 1.1. Let M, € C([a,b], L*(H1,H2)), As € C([a,b], FS(H2)), then

(1.1) MIA;M; € C([a,b], FS(H1)),
and we have
(1.2) sf(As;s € [a,b]) = sf(MIA;Ms; [a,b]).

Remark 1.2. The cogredient invariance property is a nature property. In the case
H1 = Hz, we can get it by the homotopy invariant property, but the general case is
not so easy. In a preprint paper [13], Fitzpatrick-Stuar-Pejsachowicz proved (1.2)
in the case that M, is constant, the domain of A, is fixed and both A,, Ay are
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invertible. Lemma 1.1 can be considered as a generalization of their result. For
reader’s convenience, we give the detail proof in Section 2.

Our main result is the decomposition formula based on the cogredient invariance
property. Let H; be closed subspaces of H for i = 1,--- ,m, then we define

D Hi=Hi+ - Hp
1<i<m

which is the subspace spanned by H;, i = 1,--- ,m. Suppose g € L(H), we call g is

a matrix-like operator if o(g) = {A\1, -+, An} is finite and there exist m > 0, such
that
(1.3) H= > ker(g—\)"

1<i<n

We denote by M(H) the set of matrix-like operators. For g € M(H), A € o(g), we
set
Hy = ker(g — A\)™,

and denote
. Hy, if AeU;
(1.4) = { Ha +Hy-1, if A¢U.
Then we have
H= Fy,.
1<i<k

Moreover, let F' = span{Fx, A € o(g) N U}, we have the next theorem.

Theorem 1.3. Let A, € C([0,1], FS(H)). Suppose g € M(H) is invertible and
preserve the domain of As, o(g) NU = {A1,---,A;}. Assume

(1.5) g Asg=As, for se€]0,1],

then we have

(1.6) SFA) = sf(Aslry, ) + -+ 5f(Adlr,))
+%(dim ker(Ai|z) — dimker(Ao|z)).

In [18], by assuming g is unitary and o(g) is finite, Hu-Sun proved the decompo-
sition formula

(17) Sf(As) = Sf(As|kcr(g—A1) +oo Sf(As‘kcr(g—AJ))
under the condition
(1.8) Asg = gAs.

Obviously, we give a generalization of (1.7). In fact, a significant difference is that
we do not assume ¢ is unitary in Theorem 1.3, hence the subspaces H, are not
orthogonal. To overcome this difficulty, we develop a new technique (Lemma 2.2)
to prove the equality of spectral flow.

The second main result is a generalization for the Bott-type iteration formula
which is a powerful tool to study the multiplicity and stability of periodic orbits
in Hamiltonian systems. In 1956, Bott got his celebrated iteration formula for
the Morse index of closed geodesics [5], and it was generalized by [3, 10, 9, 11].
The precise iteration formula of the general Hamiltonian system was established by
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Long [22, 23]. In fact, the iteration could be regarded as a unitary group action.
Motivated by the symmetry orbits in n-body problem [12], Hu-Sun [18] use this
opinion to give generalization of Bott-type iteration formula to the system under a
circle-type symmetry or reversible symmetry group action, and prove the stability
of Figure Eight orbit [8]. The case of the reversible symmetry was deeply studied
in [24, 20, 21, 16].

Based on Theorem 1.3, we prove the Bott-type iteration formula which cover all
the previous cases and moreover give some new generalizations. Our generalized
formula could be applied to the closed geodesics on Semi-Riemanian manifold and
heteroclinic orbits with reversible symmetry.

Now we consider the linear Hamiltonian system

(1.9) @(t) = JB()a(t), teT,

where J = (I(:L _OI">, Z C R is a connected subinterval, B(t) € C(Z,S(R?")).
In the case T is finite, the boundary conditions are given by the Lagrangian sub-
spaces. Let (C?",w) be the standard symplectic space with w(z,y) = (Jz,y). A
Lagrangian subspace V' is a n-dimensional subspace with w|y = 0. We denote the
set of Lagrangian subspace by Lag(2n). It is obvious (C?" @ C?", —w @ w) is a 4n-
dimensional symplectic space, then for Z = [a, b], the boundary condition is given
by

(1.10) (z(a),z(b)) € A € Lag(4n).

In the case Z = R, we always assume B(+00) = lim;_,+, B(t) exist and JB(+00)
are both hyperbolic, that is

(1.11) o(JB(£00)) NiR = 0.

Let #H = L*(Z,C?") and E is W12(Z,C?") which satisfied some boundary condi-
tions. Let J

A::—J%:ECH%H.
and B : H — H be the multiplicity operator of B(t). Let Ay, = A — sB for s € R,
then A, € FS(H). For g € M(H) which satisfies

(1.12) g(E)=E, g¢g*Ag=A, ¢*Bg=DB,

we have g*A;g = As. By constructing g, we get the spectral flow decomposition of
sf(As). We list 6-cases which are common in applications of Hamiltonian systems.
Our results generalize all the previous results, especially for the reversible symmetry
of heteroclinic orbits (Case 5 and 6). Our result is new. Please see Section 4 for
the detail.

It is well known that spectral flow is equal to Maslov index, and this is also
true for the unbounded domain, see [6, 27, 26, 7, 15] and reference therein. The
Maslov index is associated integer to a pair of continuous path f(t) = (L1 (¢), La2(t)),
t € Z, in Lag(2n) x Lag(2n) [6]. From the decomposition of spectral flow, we get
the decomposition of Maslov index. Please refer to Section 5 for the detail. For
reader’s convenience, we give a brief review for the Maslov index and spectral flow
in the Appendix.

This paper is organized as follows. We prove Lemma 1.1 in Section 2 and Theo-
rem 1.3 in Section 3. In Section 4, we list 6-cases of decompositions in Hamiltonian
systems. In Section 5, we give some cases of the Bott-type iteration formulas. At
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last, we briefly review the basic properties of spectral flow and Maslov index in the
Section 6.

2. SPECTRAL FLOW IS PRESERVED UNDER COGREDIENT

Let V be a closed subspace of H, and Py be the orthogonal projection from H
to V. For A € C(H), we denote the operator Py APy : V — V by Ay. Obviously,
if Ae S(H) then Ay € S(V).

Definition 2.1. Let A : [a,b] — FS(H) be a continuous curve. We call A(t) is a
positive curve if {t,ker A(t) # 0} is a distinct set and

(2.1) sP(A@);0,1]) = > dim ker(A(t)).

a<t<b

Let A€ FS(H) and B € L(H)NS(H), then A+tB € FS(H) with ¢ € R. Note
that it is positive if Blier(atip)>0 for any t € {t|ker(A +tB) # 0}. For example,
A +tI is a positive curve with A € FS(H) for t € R.

Let S € FS(H) be a path connected subset. We assume there exists K € L(H)
such that (Kx,x) > 0, Vo € H and for any A € S, there is a neighborhood U of A,
and € > 0 such that B+tK € S, t € [0,¢€] for each B € U. Then A+tK, t € [0,¢€] is
a positive curve in FS(H). Let {Hr},1 < k < n be a family of Hilbert spaces and
f& S — FS(Hy) be a family of continuous maps.

We assume that

(a) For any A € S, fr(A+tK),t €[0,€] is a positive path in FS(Hg).

(b) For any A€ S, >, .} <, dim ker f(A) = dim ker A.

Then we have the following lemma.

Lemma 2.2. Let A € C([0,1], FS(H)) and satisfies condition (a) and (b), we have
(22) AWt e 0,1 = 3 sFUr(A®); € [0,1)
1<k<n

Proof. Since the spectral flow satisfies the path additivity property, we only need
to prove (2.2) locally. Let hi(s,t) = fr(A(t) + sK), t € [0,1],s € [0, €], then for
any t € [0,1], hi(s,t) is a positive curve with 1 < k < n. Let ty € [0, 1], since
(Kz,z) > 0 for « € ker A(ty), there is § > 0 such that

dim ker(A(to) + 6K) = 0.

It follows that dim ker(hy(d,%9)) = 0 for 1 < k < n. Note that A(ty) + 0K is a
Fredholm operator, so there is d; > 0 such that
dim ker(A(t) + 6K) =0, Vt € [to — d1,t0 + 1]

It follows that dim ker(hg(d,t)) = 0 for t € [tg — d1,t0 + 1], 1 < k < n. Then we
have

Sf(A(t) + 0K, t e [to — 01, t + (51]) =0
sf(hk(d, f,),t S [to — 1, t0 + 51]) =0

By homotopy invariance of spectral flow, we have
(2.3)  sf(A(t);t € [to — d1,t0 + 01]) = sf(A(to — 01 + sK); s € [0,6])
—sf(A(to + 61 + sK);s € [0,6])
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and

(2.4) Sf(hk(o,t);t S [t() —01,t0 + (51]) = Sf(hk(s,ﬁ() — (51); s € [0, (S])
—sf(hi(s,to+ d1);s € ]0,4]).

Note that A(tg £ 01) + sK, hi(s,to £ d1),1 < k < n are positive paths. It follows
that

sf(A(to£01) + sK;s €[0,0]) = > dim ker(A(ty & 01) + sK)
0<s<é

= Z Z dim ker(hg (s, to £ 61))

0<s<§ 1<k<n

= Z sf(hk(s,toi51);s€ [075})'

1<k<n

This completes the proof. O

Please note that Lemma 2.2 can be considered as a generalization of direct sum
property of spectral flow.

In the next, we will prove that the spectral flow is invariant under the cogredient.
The next Lemma is contained in [13], but for reader’s convenience, we give details
here.

Lemma 2.3. Let E be the domain of A € FS(Hsa). If M € L(H1,Hz2) is invertible,
then M*AM € FS(H1) with domain M~1(E).

Proof. Since A € FS(H2) with domain E, we have dim ker 4, dim (Hz/im A) <
+00. Since M is invertible, we have ker(M*AM) = ker(AM) = M ~'ker A. Then
M~ induce an isomorphism from ker A to ker(M*AM). Note that im(M*AM) =
M*im(A). Then M* induce an isomorphism from Hsy/im(A) to Hq/im(M*AM).
So M*AM is a Fredholm operator.

Since A € FS(Hsz) with domain E, we see that for each z € M~!, (AMz, My) =
(Mz, AMy) if and only if y € M~*E. It follows that (M*AM)* = M*AM with
domain M ~!'E. Then we can conclude that M*AM € FS(H,). O

Recall that the gap topology can be induced by the gap distance 5. Let X be a
Banach space. Let M, N be two closed linear subspaces of X. Denote by Sj; the
unit sphere of M. Then gap distance is defined as

(2.5) 6(M,N) = max{5(M,N),5(N, M)},
where
) sup,eg,, dist(u, N), if M # {0}
§{M,N} := {07 £ M - {0)

The gap distance has the following properties:

Lemma 2.4. Let X,Y be two Hilbert spaces. Let M,N be two closed linear sub-
spaces of X. Let P,Q € L*(X,Y). Then 6(PM,QN) < §(M, N)max{||P], ||Qll} +
1P = Ql max{|| P, |Q"[]}.

Proof. Without loss of generality, we assume that M, N # {0}, and let d; =
0(M,N). Let x € PM with ||z|| = 1, we choose y € N such that |[P~ !z — y|| =
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dist(P~1x, N), then we have ||y|| < |[P~'z| < ||[P~!||. Note that
lz = Qull < llz = Pyl + IQy — Pyl < [PIIP 2z —yll + 1Q — Pllyll
< |IP|dist(P~"z, N) + |Q — P[P~
< |IPI6(M, N) +|1Q = PIHIP~HI.
It follows that §(PM,QN) < ||P||6(M,N) + ||Q — P||||P~Y|. Similarly, we have
S(QN,PM) < ||Q|I6(N, M) + ||Q — P|||Q~"||. This conclude the proof. O
Lemma 2.5. Suppose My € C([0,1], L*(H1, H2)), As € C([0,1], FS(H2)), then
MiAM, € C([0,1], FS(H1)).

Proof. We only need to show that M A;M; is a continuous curve with the gap
topology. Let E; be the domain of A;. Note that

Gr(MrAM,) = {(M}Asz, M z)|z € E}.

Let Qs : Ho®Ho — H1DH, be <J\gs MO—l) , then Qs € C([0,1], L*(Ha@Ho, H1D

H1)), and we also have Gr(M*A,M,) = Qs Gr(4,). Since ||Qs|| and ||Q;1]| are
continuous functions on [0, 1], we have ||Qs|| > 0, ||Q5Y] > 0 for s € [0,1]. Let
Cy = sup(||Qs|)), Ca = sup(||Q:1||). For sg, s € [0,1], by Lemma 2.4, we have

O(Gr(MZ Ay, M,

503 M:AsMS) = 5(@% Gr(ASO)? Qs GT(AS))
S Clg(AsoaAs) + CQ”QS - Qso||~

By the continuity of A; and Qs, we see that for any € > 0 there is §; > 0 such
that for any s € (so — €, 5o — €), we have 6(Gr(As, ), Gr(Ay)) < €/(2C1) and ||Qs —
Qs, || < €/(2C3). Then we have 5(Gr(M:0ASOMSO7MS*ASMS) < €. This completes
the proof. O

Now we give the proof of Lemma 1.1.

Proof of Lemma 1.1. Please note that (1.1) is from Lemma 2.5. We first prove the
case My =M. Let S =FS(Hsa), K =1, f(A) = M*AM. Please note that

dim ker(M*AM) = dim (M ' ker A) = dim ker A

for each A € FS(Hs). Furthermore, we have £ M*(A+ tI)M| = M*M > 0, so
M*(A+tI)M is a positive curve. Then by Lemma 2.2, we have

sf(As;s € la,b]) = sf(M*AsM;s € [a,b])  for M € L*(Hi,Ha).
Now we consider the two family My, ., AsMoti(s—a), (t,s) € [0,1] X [a,b]. By
the homotopy invariance property of spectral flow, we have

sf(MgAsM,) = sf(M;AsM;) — Sf(M;-i-t(b—a)AbMa+t(bfa))~

Note that dim ker M;H(b,a)

Sf(M;:H(bfa)AbMath(bfa)) =0.

ApyMy 4 4(v—q) is a constant which implies

It follows that
sf(MyAsM,) = sf(M>AsMs).

This completes the proof. O
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As an example, we consider the one parameter family of linear Hamiltonian
systems

(2.6) (t) = JB,(H)2(t), (s,1) € [0,1] x [0,7],
where B(t) € C([0,1] x [0,7],S(R?")). The boundary condition is given by
(25(0),25(T)) € As € Lag(4n),

where we assume Ag is continuous depend on s.
d
Let A = fJ@|E(A5). It is a path of self adjoint operators on H := L2([0, T], C?")

with domain
E(A) = {z € WH2([0,T],C?"), (2(0), z(T)) € As}.

We define B, by (Bsx)(t) = Bs(t)z(t). It is well known that Ag, A; — Bs € FS(H)
with domain E5. Let v4(t) be the fundamental solution of (2.6), i.e.

(27) ’.Vs(t) = JBs(t)’YS(t)v
then
7s(t) € Sp(2n) := {P € L*(R*"), P*JP = J},

which implies Gr(v5(T)) € Lag(4n). The following formula which gives the relation
of spectral flow and Maslov index (please refer to Theorem 6.1)

—sf(As = Bs) = p(As, Gr(vs(T))).
Let P,(t) € C([0,1] x [0,T],Sp(2n)), then P, € C1([0,1], £*(H)), hence
(P;)~H(As = By)P;t € FS(H)
with domain
P,E, = {z € W"*([0,T],C*"), (2(0), 2(T)) € Py(T)A},

where P,(t) = diag(I,,, Ps(t)). Direct calculation shows that
*\ — d — >
(Ps ) 1(_‘]%|E(Ab) - Bs)Ps ! = AS - BS7
where By(t) = —JP,(t)P;1(t) + (P*(t))"'B(t)P;*(t). From Lemma 1.1, we have

d N
(28)  sF(—T 5 mpumn, — Bs) = TP (A = BYPTY) = sf(A, = By).

From (6.6), we can express the left of (2.8) as Maslov index. In fact, the fundamental
solution is Ps(t)7ys(t), and the boundary conditions is given by (Ps(T)As. Hence we
have

it mn — B = n(PADIAL, BT)Gr(3(T))).

Formula (2.8) implies that

(s, Gr(7s(T))) = p(Po(T)As, Py(T)Gr(75(T)),

which is just the symplectic invariance property (6.4) of Maslov index.

sf(=J
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3. DECOMPOSITION OF SPECTRAL FLOW UNDER COGREDIENT INVARIANT

In this section, we will prove the decomposition formula for spectral flow. Sup-
pose g € M(H) with o(g) = {A\1,---, A\n}, then

(3.1) H= Y Ha,
1<i<n

where Hy, := ker(g — A;)™ for large enough m. Note that (A — A1)™ and (A — A3)™
are coprime, then there are polynomials py, pa such that pr(A)(A—A)™ +p2(A) (A —
A2)™ = 1. For each x € Hy, N H,, we have

r=p1(9)(g — )"z + p2(9)(g — A2)"x = 0.

Similarly we have Hy, NH; = 0 with i # j. So the decomposition (3.1) is a inner
direct sum.

Lemma 3.1. g € M(H) if and only if there exist A1, - -+ , Ay, € C such that 11, (g—
A)™=0.

Proof. We only need to show that g € M(H) if II7_;(g — A;)™ = 0. Let G;()\) be
the polynomial Hé;i()\ =X)L (A= A)™. Then G1,Ga, -+, Gy, are coprime
polynomials. It follows that there are polynomials a;(\), (1 < i < n), such that

> ai(MGi(A) = 1.
i=1

It follows that > ; a;(9)Gi(g) = Id. Then we can conclude that
H= Z Gi(9)H.

1<i<n
We also have (g — \)™Gi(g)H =171 (g — \;)"™H = 0, which implies (3.1). O

We have the following lemmas.

Lemma 3.2. Let A € FS(H) with domain E. Suppose g € M(H), which satisfied
g*Ag=A, gE=EF,

then Hx, H, are A-orthogonal if \i # 1, i.e.

(3.2) (Az,y) =0, if z€HA\NE, yeH,NE.

Proof. Let x € ker(g — \)" N E, y € ker(g — )™ N E with m,n > 1. We see that
(Az,y) =0if m +n = 2. In fact,
(Az,y) = (Agz, gy) = Ai(Az, y)

implies (Ax,y) = 0 since A\ji # 1. Assume that (Ax,y) =0 if m +n < k. Note that
(g—Nz €ker(g— A" 'NE, (9g—p)x €ker(¢g—pu)" *NE, gx € ker(9g—\)™NE
and gy € ker(¢g — )™ NE. If m+n=k+ 1, We have

(Az,y) = (Agz, gy) = (A(g — Nz, 9y) + (Az, (9 — p)y) + Mi(Az,y) = Mi(Az, y).

Since Al # 1, we have (Az,y) = 0. By induction, we have (Az,y) = 0 with
xr € HxNE and y € H, N E. This complete the proof. a

Lemma 3.3. Under the condition of Lemma 3.2, we have ker A =73, ker AN
HZ' and E = ZlgiSnE ﬂ?—li.
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Proof. Note that E is a invariant subspace of g. Then II1<;<,(g — A;)" =0 on E.
It follows that E'= 3, ., ker(glp — \i)™ = >, ,<,, ENHi. We have

g Ag(ker A) = Aker A = 0.
It follows that g(ker A) C ker A. So ker A is a invariant subspace of g. Similarly, we
have ker A = Zlgign ker AN H;. This complete the proof. O

For A € C(H), assume that H = 37, ,; H; , where all of H; are closed subspaces
of H#. Let E be the domain of A and assume that £ =Y, .., ENH;. H;, H; are
A-orthogonal if ¢ # j. Recall that we set o

o Hy, if Mel;
AT Ha 4+ Mo, if Mg,

then we have H =), ., F), and F),, F); are A-orthogonal if i # j.
Let X = ®1§i§k F\,, we define an inner product on X:

((x17gj‘27 o 5Ik)a (y17y23 T 7yk)) = Z (xiayi)7
1<i<k
where (z;,y;) is the inner product in H. Then X is a Hilbert space and the map
M : ($1,l‘2,--' 73%) — Z Z;
1<i<k

is a homeomorphism from X to H.

Please note that A|p, is the map M*AM : M~'F\, = M~Y(F),). Ttis a
self-adjoint Fredholm operator on M ~1F), with domain M~*(E N Fy,). It follows
that

ker(AlF, ) = ker(AM) N MY (Fy,) = M~ '(ker AN Fy,).
Proposition 3.4. Suppose g € M*(H), As € C([|0,1], FS(H)) with fized domain
E and gE = E. We assume g*Asg = A, of s € [0, 1], then we have
(3.3) SFAS) = sF(Aylmy,) + o+ sf (A, ):
Proof. By Lemma 1.1, we have M*A;M € C([0,1], FS(X)), and
$F(A,) = sf (M AM).

Note that X = @, ., F), is an orthogonal decomposition. By the Direct sum
property of spectral flow, we have

sf(As) = sf(M*AM) = > sf(Aslr,,)-

1<i<k
This complete the proof. O
Lemma 3.5. If A ¢ U then we have
1, . .
(3.4) sf(As|ry) = i(dzm ker(Aq|r,) — dimker(Aog|r,)).

Proof. Recall that Ag|r, is the operator M*A,M : M~1(Fy\) — M~Y(F\) and
M=YF\) = M7'Hy\ + M~ 1H5-:. We also have M~'H, L M~'H;_.. Let Q be
the map © +y — —x +y with z € M~1H,,y € M~'H;5-.. Then Q is invertible
and Q* = Q. Let 21,70 € M~Y(F\NE), y1,y2 € M~} (F5-: N E). We have

(QM*AsMQ(x1 + y1), (22 + y2)) = —(M"AsM (21 + y1), (22 + y2))-
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It follows that —As|p, = Q(As|F,)Q. Then by Lemma 1.1, we have
251 (Al ) = 5F(Aulm) + 5H(QA 1 Q) = sF(As) + 5F(—As)
= dimker(A;|r,) — dimker(Ao|F, )-
The lemma then follows. U

Proof of Theorem 1.3. By Proposition 3.4 and Lemma 3.5 ; we only need to show
that
1, ) 1, .
§(dzm ker(A;|z) — dimker(Ao|z)) = Z §(dzm ker(Ai|r,) — dimker(A4o|r,)).
AgU
p=kerA; N F. By Lemma 3.3, we see that
ker Ay NE = Zker(Al) N Fly.
AU

It follows that dimker(Ai[z) = >_, gy dimker(Ai[g, ). It is also true for Ag. The
theorem then follows. O

In fact ker A;

Corollary 3.6. Under the condition of Theorem 1.3, if (M) NU =, then

1
(3.5) sf(As) = i(dim ker(A;) — dimker(Ay)).
If the path is closed, then

sf(As) =0.

Remark 3.7. In the case B is compact with respect to A, the spectral low A —sB
is only depend on the end points, thus we define the relative Morse index by (follows
[27))
(3.6) I(A,A— B)=—sf(A—sB;s €]0,1]).
Especially, when A is positive, then I(A, A — B) = m~ (A — B) is just the Morse
index of A — B, i.e. the total number of negative eigenvalues. It is obvious that

Theorem 1.3 and Corollary 3.6 give the decomposition formula of relative Morse
index and Morse index.

4. APPLICATIONS TO HAMILTONIAN SYSTEMS

In this section, we will give the applications for Hamiltonian systems. We list 6
cases which are common in applications.

For A € Lag(4n), we consider the solution of the flowing linear Hamiltonian
systems

(4.1) 2(t) = JB(t), (2(0),2(T)) € A,
d

where B(t) € C([0,T],S(R?")). Recall that A = 7Jdt

H := L?([0,T],C?") with domain

Epy ={z € W"?([0,T],C*"), (2(0),2(T)) € A},
then A, A — B € FS(H). We will construct g € M(H) such that
(4.2) g'Ag=A, g¢"Bg=B, gE\=Ej.

In order to make gEy = Ej, g is always assumed to preserve the boundary condi-
tion, that is gA = A which means

((92)(0), (g2)(T)) € A if  (2(0),2(T)) € A.

is self adjoint operator on
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Hence we have
g (A—sB)g=A—-sB, secR.

and get the decomposition formula (1.7).

It is well known that for P € Sp(2n), if A € o(P), then A, \"',A\~! € o(P) and
possess the same geometric and algebraic multiplicities [23]. Case 1 is given by
symplectic matrix.

Case 1. For P € Sp(2n), and satisfied PA = A which means if (z(0),z(T)) € A,
then (Pz(0), Px(T)) € A. Let
(4.3) (92)(t) = Px(t),
then it is obvious that (¢*x)(t) = P*z(t), g*Ag = A, gA = A. Moreover, we assume
P*B(t)P = B(t), then g* Bg = g, hence we have (4.2). It is obvious that g € M(H)
and

a(g) = o(P).
Let V) = ker(P — \)?", then Hy = L%([0,T], V).
Case 2. For S € Sp(2n), we consider the S-periodic solution of (4.1), that is

(4.4) z(0) = Sz(T),
and moreover we assume
(4.5) S*B(0)S = B(T).

We assume (4.1) with S-periodic boundary conditions admits a Z; symmetry. More
precisely, let P € Sp(2n) and PS = SP , the group generator g is defined by

(4.6) (gz)(t) = { Pa(t+ L), tel0, B TS Pa(t+ L —T), te[tLT,T).

Easy computation show that g € L(H) and gF = E. By direct computation, we
get the adjoint operator g*.

Lemma 4.1. The adjoint operator g* is given by

an o= { PO TR

Proof. Let y € L*([0,T],C?"). We see that

/0 T (Pa(t+ TR, y(#))dt = / (w(t), P*y(t — T/k))dt,

T/k
and
T T/k
/ (Sile(t—kT/k—T),y(t))dt:/ (z(t), P*(S*)'y(t + T — T/k)).
Bl 0
Then we have checked {(gx,y) 2 = (z,g*y) 12 for each x,y € L?([0,T], C?"). O

We assume B(t) satisfied

[ PH(SH)TIB(t+T - L)S7IP, te0,L];
B(t) = { P*B(t — %)Pf telL 1.

Please note that (4.8) implies (4.5), and (4.2) is satisfied. Since
(g"x)(t) = S™' P a(t),

(4.8)
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which is a multiplicity operator on H. Then
o(g") = o(S1P").
To simplify the notation, for 2 € C, we define
QF = {zeC,Feql.
By this notation, we have o(g) € (o(S™LP*))*. For A € o(g), H = ker(g — \)2".

Case 3. We consider the generalized reversible symmetry. We call a matrix M
anti-symplectic if it satisfied

(4.9) M*JM = —J.

We denote by Sp,(2n) the set of anti-symplectic matrices. For My, M2 € Sp,(2n)
and Ms € Sp(2n), then it is obvious that

M M; € Sp(2n), MiMs; € Sp,(2n).
We list some basic property of Sp,(2n) follows.

Lemma 4.2. If M € Sp,(2n), A € (M), then \,—A\~, —\~! € o(M) and possess
the same geometric and algebraic multiplicities.

Proof. Note that M* = —JM~1J~1. Let A € C\{0}. It follows that (M* — \) =
—J(M~t + X)J~1. Then we have
dim ker(M — X) = dim ker(M* — \) = ker(M " + \) = dim ker(M + A71).
And we also have
det(M — X) = det(—M " = X\) = det(—M ' \) det(M + A~ 1).

It follows that dim ker(M — )" = dim ker(M + A~1)2". So \,—A"! € o(M)
and posses the same geometric and algebraic multiplicities. Specially, if M is a
real matrix, A\, A\, ~A~!, =\~ € o(M) and posses the same geometric and algebraic
multiplicities. O

Similar with the symplectic matrix, we have the following results.

Lemma 4.3. Let M € Sp,(2n) . Let \,u € o(M). Let Vy = ker(M — \)*",
V,, = ker(M — pu)?". Then we have (Jx,y) =0 if \ji # —1.

Proof. Let x € ker(M — AP,y € ker(g— u)? with p,q > 0. We see that (Jz,y) = 0 if
p+q = 0. Assume that (Jx,y) = 0if p+q < k. Note that (M —\)z € ker(M —\)P~1
(M — )z € ker(M — )4t If p+q =k + 1, We have

(Jz,y) = —=(JMz, My) = —(J(M — Nz, My) — (JAz, (M — p)y) — Au(Jz,y)
Since Al # —1, we have (Az,y) = 0. By induction, we have (Jz,y) = 0 with
x € ker(M — \)?" and y € ker(M — p)?". This completes the result. O

We assume (4.1) admits a N-reversible symmetry. More exactly, for N € Sp,(2n),
let

(4.10) (gz)(t) = Nz(T —t).
We assume gA = A, that is
(4.11) (Nz(T),Nz(0)) € A, if (x(0),z(T)) € A,
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then gE = E. Obviously, (¢*z)(t) = N*z(T —t). We assume
(4.12) N*B(T — t)N = B(t),
then (4.2) is satisfied.

Please note that for the S-periodic boundary conditions, NS~! = SN implies
gA = A. Separated boundary conditions is another kind of important boundary
conditions. More precisely, we consider solution of (4.1) under the boundary con-
ditions

xz(0) € Vo, x(T) eV,
where Vy, Vi € Lag(2n). In this case g is defined by (4.10), for N € Sp,(2n) which
satisfied

NVo=Vi, NVi =V,

then gA = A.
Obviously, we have
(g%2)(t) = N2z (t),
hence g € M(H) and

1
a(g) = (o(N?))=.
For A € o(g), Hx = ker(g — X)?".
From theorem 1.3, we get the decomposition of spectral flow. Since on the finite
interval B is relative compact with respect to A, then from Remark 3.7, we have

m

(4.13) I(A,A—B)=> I(Alp, . Alp, - Blr,)

i=1
1
+ §(d2’m ker((A — B)|z) — dimker(Alz)).
All the above discussions can be applied to Sturm-Liouville systems, so we don’t

give the details in all cases, instead we only consider the following two cases which
have clear background.

Case 4. We consider the one parameter family Sturm-Liouville system
(4.14) — (Gs(t)z) + Rs(t)x(t) =0, x(0) = Sxz(T), ©(0) = Sz(T), s € [0,1]
where S € L£*(R™). We suppose G5(t), Rs(t) € S(n), instead of the Legendre convex

condition we only assume Gg(t) is invertible. Let P € L*(R"™) and PS = SP, the
group generator g is defined as same form of (4.6). We assume

B P*(S*)_le(t"’_T_%)S_lP’ te [07%]7
(4.15) Gs(t) = { PG,t—Lyp, te[L,T].
_ [ PSR+ T - )P te[0,2);
(4.16)  Ry(t) = { P*Ry(t— TP, te[L,T].
Then
* d / d !
0" (~(Cslt) ) + Re)g = ~(Galt) ) + R,

and we could give the decomposition of spectral flow from Theorem 1.3.
This case includes the Bott-type formula of Semi-Riemann manifold [17]. Let
¢ be a space-like or time-like closed geodesic on n + 1 dimension Semi-Riemann
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manifold (M, g) with period T. We choose a parallel g-orthonormal frame e;(t)
alone ¢, and satisfied g(e;(t),¢(t)) = 0. Assume
0, @+ Jj;
alene)={ 1, 1<i=j<n-—u
-1, n—v<i=353<n

and

(61(0>7 T 7671(0)) = (el(T)7 T 7en(T))P7

then PTGP = G with G = diag(I,,—,, —1,).
Writing the ¢ g-orthogonal Jacobi vector field alone ¢ as J(t) = > u;(t)e;(t),
then we get the linear second order system of ordinary differential equations

(4.17) —Gii+ R(tu(t) =0, tel0,T],

where R is symmetry matrices which is get by the curvature. A period solution is
satisfied

u(0) = Pu(T).
For w € U, let
E2 = {u e W**([0,T],C")|u(0) = wPu(T),4(0) = wPu(T)},

then

d2
Jr =G5 +R(t) +5C

are self-adjoint Fredholm operators on L*([0,T],C") with domain E2 ..
It has proved in [17] that there exist sg sufficiently large such that for s > sq,
AY is non-degenerate. The w spectral index of ¢ is defined by

ispec(c) == sf(AS ;s € [0, +00)).
Let ¢™) be the m-th iteration of ¢, then
Z‘:)pec(c(m)) = Sf( ‘:,mT; s € [07 +OO))

Let S=P™, G, =G, Ry = R(t) + sG, (gu)(t) = Pu(t+ T), then from Case 4. we
get the decomposition of spectral flow. Since g™ = w, then

o(g) = {w}r.
Let w; be the m-th root of w, then
He, = ker(g — wy) = {u(t) = wjPu(t +T)}.
We have
sF(AY s € [0,400)) = Y sf(A%h5s € [0,+00)).

w;” =w

Hence we get the Bott-type iteration formula [17]

(4.18) i9ee(™) = > i (o).

w;" =w
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Obviously, we can consider the case of reversible symmetry, since it is similar, we
omit the detail.

Case 5. Now we consider the case of heteroclinic orbits, for the one parameter
family linear Hamiltonian system

(4.19) &= JB,(t)z(t), teR, sel0,1].
Let Bg(d00) = limy—, 4 Bs(t) exist and satisfied the hyperbolic condition, i.e.
o(JBs(£o0))NiR =0, se€]0,1].

Let H = L*(R,C?"), it is well known that A — B, € FS(H) with domain F =
Wl’Q(R, CQn)
We assume
N*Bg(—t)N = B;(t),
then g* Bsg = g. Easy computation show that ¢*Ag = A, then we have
g (A—Bs)g=A— Bs, sel0,1].
Obviously, we have
(g%x)(t) = N?a(t),
hence g € M(H) and then
a(9) = (o(N?))*.
For A € o(g), Hx = ker(g — A\)?", then we get the decomposition formula from

Theorem 1.3.
In the case N2 = I, let

(4.20) Hy =kergFI={xeH, No(-t) ==tx(t)},
we have
(421)  sf(A—By) = sf(Al, — Bel,) + sf(Alu_ — Bolu_).
Now we consider the case of homoclinic orbits. For the linear Hamiltonian system
(4.22) z(t) = JB(t)z(t), teR,

assume limy_,4 ., B(t) = B, and JB, is hyperbolic. In this case, B — B, is relative
compact with respect to A — B,, where A = —J %. The relative index is defined by

I(A—B.,A—B)=—sf(A— B.+ s(B— B.)).
In the case that (4.22) is a linear system of homoclinic orbits z, the index of z is
defined by [7]
i(z) =I(A— B.,A— B).
Assume N*B(—t)N = B(t) and N? = I, from (4.21), we have
(4.23) I(A—B.,A—B) =I(Alp, — Bulr,, Alp, — Blauy)
+ (Al — Biln_ Al = Bly_)-

Case 6. We consider the one parameter Sturm-Liouville system on R
(4.24) —(Gt)x) + R(t)z(t) =0, teR

where G(t), R(t) € S(n). We assume there exist § > 0, such that G(t) > ¢ for t € R,
and there exist T, d1, 2 > 0 such that

(4.25) 851 < R(t) < 65, for t>]T).
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The Morse index of A := —(G(t)4)'+ R(t) is defined by the maximum dimension
of the subspace such that A restricted on it is negative definite. It is well known
that m~(.A) is finite under the condition (4.25). Obviously

m”~(A) = sf(A+ 5G(0);s € [0,+00)).
We assume there exist N € Sp, (n), such that
N*R(—t)N = R(t), N*G(—-t)N = G(1).
Let
gz(t) = Na(-t),

then g*(A + sG(0))g = A + sG(0). Since g2 = N, then o(g) = (¢(N))2, and we
get the decomposition formula of Morse index.

J
m™(A) =Y m (Alp,) — dimker Alz.
1=1

In the case N2 = I, we have

(4.26) m~(A) =m™ (Aln,) +m™ (Aln_).

5. RELATION WITH THE MASLOV INDEX

In this section, we will give some Bott-type iteration formulas of Maslov-index.
In what follows g is pointed as the Matrix-like operator which appears in cases 2,
3, 5. To avoid discussing too many technique details, we only consider the case

g7 =wl

for some w € U. Let wq,- - ,wy, be the m-th roots of w, and let H; = ker(g — w;).

In cases 2, 3, 5, H(Z) = L*(Z,C?") where T is some finite interval or R, and F
is W12(Z,C?") which satisfies some boundary conditions. We choose a subinterval
7 C 7, and let T be the restriction map from H to H(Z) := L2(Z,C?"), that is

(5.1) (TH) = f(z), zel.

7 is called a fundamental domain if for any i =1,--- ,m, T is a bijection from #;
to L2(Z,C?"). Recall that E; = E N H; is domain of A|y,, then TE; is closed in
the W12 norm. Let A% = —J4 — B, be the operator on H(Z) with domain 7 E;.

Lemma 5.1. Suppose for s € |[a,b], Ag is self-adjoint and dim ker(As|y,) =
dim ker(A%), then

(5.2) sf(Aslu,; s € [a,b]) = sf(AL; s € [a,D]).

Proof. Note that (As + t1d)|y, = Py, (As + t1d)Py, = Py, APy, + tPy,. Since
As € FS(H), there is € > 0, such that for each ¢ € [0,¢], (As+t1d) € FS(H). Then
(As+t1d) |y, is a positive curve on FS(H;) with ¢ € [0,¢]. Note that —J 4 —B,+t1d

is also a positive curve on FS(H(I)), then (5.2) is from Lemma 2.2. This completes
the proof. O
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Now we consider Case 2. We assume wS = P™, then
H; =ker(g —w;) = {z € H, wz(t) = Ps(t + %)}
We choose Z = [0, Z] be the fundamental domain, then

TE = {r € W"([0, -1,C*"),  wia(0) = Ps( )}

From Corollary 6.2, we have

— sf(As) = u(Gr(wS), Gr(y(t));t € [0,T7),
— sf(AD) = u(Gr(w:), Gr(y(t));t € [0,T/m]).

Then we have

m

(5.3) w(Gr(S™),Gr(y(1);t € 0,T]) =Y w(Gr(wP~), Gr(v(1));t € [0,T/m)).

i=1

Remark 5.2. In the case P = Iy, (5.3) is the standard Bott-type iteration formula
for Hamiltonian systems, please refer [22], [23] for the detail. In the case P €
Sp(2n) NO(2n), (5.3) is established by Hu and Sun [18], the general case is proved
by Liu and Tang [19].

For Case 3. We assume N € Sp,(2n) and N2 = I. Since N is anti-symplectic, we
have (Jz,z) = —(JNz,Nz) = —(Jx,z) = 0 with « € ker(N—1I). Soker(N—1)isa
Lagrange subspace of the symplectic space (R?", J). Recall that (gx)(t) = Nz (T —t)
and gA = A. Let

Hie=kergF I ={xeH Nae(T—1t)=+a(t)},

then Z = [0,7'/2] is a fundamental domain.
For the S-periodic boundary conditions, that is 2(0) = Sz(T"), then

TEy = {x € W"2([0,7/2],C?"),2(0) € VE(SN),z(T/2) € V¥(N)}.

We have

1(Gr(S), Gr(~(t));t € [0,T7)

= p(VE(N),y(O)VF(SN);t € [0,T/2]) + p(V=(N),7(t)V ™ (SN);t € [0,T/2)).

Similarly, if the boundary condition is given by z(0) € Vg, z(T) € V; for Vp, Vi €
Lag(2n) and NV = Vi, NV; = Vj. Similar discussion with above, we have
(5.4)  u(Vi,y(t)Vost € [0,T]) = u(VFH(N),7(t)Vost € [0,7/2])

+u(V7(N), v ()Vot €10,7/2]).

Remark 5.3. To our knowledge, in the case S = Iy,, N? = I, (5.4) is first
established by Long Zhang and Zhu [24]. A deep study is given by Liu and Zhang
[20] [21]. Hu and Sun had established the case of S;N € O(2n), for the case of
dihedral group please refer [16].

Now we consider Case 5. For A € [0, 1], let v»(7,t) be the fundamental solution
of (4.19), that is

(5.5) Ia(T,t) = IBA([B) (T, 1), (T, T) = I2n.
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Let
V() == {v € R*"| ILm (o =0}, V(1) := {v e R*"| ll)rjl (7, t)v = 0},

be the stable and unstable paths, then V(7), V*(7) € Lag(2n).
Recall that in this case, H = L?(R, R?") and

Ay m —J% CBy(t): E= WYW(R,R™) C H — H

Let R™ be the fundamental domain, then
TE: = {z € WH(R™,R?"), 2(0) € VE(N)}.

Let Af'\t be the restricted operators on H(R™) with domain 7 EL.
From Prop 3.7 of [15], we have

—sf(Ax; A € [0,1]) = (VX (0), VX*(0); A € [0,1]).
Similarly
_Sf(Af;)‘ €10,1]) = N(Vi(N)’V)?(O);)‘ €1[0,1]).
Then we have
(5.6)  u(VX(0), Vx'(0); X € [0,1]) = p(VF(N), V3'(0); A € [0, 1))
+ /L(Vi(N)v V)\U(O)’ DS [Oa 1])

In the case of homoclinic orbits, let Ay = A — B, — A(B — B,), then from [7] or
[15] the index satisfied

(5.7) —sf(Ax; A €10,1]) = p(V*(+00), V¥(¢t); t € R)
= —p(V3(t),V"(~t);t € RY).
We have
(5.8) —sf(AA€[0,1]) = u(VE(N), V*(t);t € R7)
= —pu(VE(N), V¥(=t);t € RT).
Compare (5.7) and (5.8), we have
(5.9) (V3 (+00),V¥(t);t € R) = p(VF(N), V*(t);t e R)
+u(VZ(N), VE(t);t e RT),
or equivalently
(5.10) p(V*(2), V¥(=t);t € RY) = p(V*(N), V¥ (~t);t € R)
+u(V7(N),V¥(—t);t € RT).

Obviously, we can use R* as the fundamental domain, for reader’s convenience,
we list the formulas below. Here we let Af be the restricted operators on H(R™)
with domain T(Ey).

(5.11) —sf(ASA € [0,1]) = u(VE(0), VE(N): A € [0, 1).

(5.12)  p(Vy(0), Vx'(0); A € [0,1]) = u(VX'(0), VF(N);: A € [0, 1])
+p(VX(0), V7 (N); A € [0, 1]).
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In the case of homoclinic orbits,
u(V3(8), V¥ (—00)it € R) = u(V (1), V" ()it € RY)
— (V3 (8), VH(N)it € RY) 4+ (V2 (), V= (N); £ € RY).
In study the stability problem of homographic solution in planar n-body problem,
Hu and Ou [14] use the McGehee blow up method to get linear heteroclinic system,

this system with reversible symmetry if the corresponding central configurations
with a symmetry property. Please refer [14] for the detail.

6. APPENDIX: SPECTRAL FLOW AND MASLOV INDEX

Spectral flow was introduced by Atiyah, Patodi and Singer in their study of index
theory on manifold with boundary [2]. Let {A:,t € [0,1]} be a continuous path of
self-adjoint Fredholm operators on a Hilbert space H. The spectral flow sf{A;}
of A; counts the algebraic multiplicities of the spectral points of A; cross the line
A = —e with some small positive number €. For reader’s convenience, we list some
basic properties of spectral flow.

(Stratum homotopy relative to the ends) If A, \ € C([a,b] x [0, 1], FS(H)),
such that dim ker A, ) and dim ker A » is constant, then

sf(As0;s € [a,b]) = sf(As1;s € [a,b]).
(Path additivity) If A', A> € C([a,b]; FS(H))) such that A'(b) = A?(a), then
sf(Ap At € [a,b]) = sf(Aj;t € [a,b]) + sf(Afst € [a,0))
where * denotes the usual catenation between the two paths.
(Direct sum) If H; are Hilbert space for i = 1,2, and A’ € C([a, b]; FS(H,))),
then
SF(AL® A2t € [a,b]) = sf(ALt € [a,8]) + s/ (A2t € [a,1]).
(Nullity) If A € C([a,b); FS(H))), then sf(As;t € [a,b]) = 0;
(Reversal) Denote the same path travelled in the reverse direction in FS(H)
by A(t) = A(—t). Then

sf(Agt € [a,0)) = —sf(Ayt € [-b, —a)).

The spectral flow is related to Maslov index in Hamiltonian systems. We now
briefly reviewing the Maslov index theory [1, 6, 25]. Let (R?",w) be the standard
symplectic space and Lag(2n) the Lagrangian Grassmanian. For two continuous
paths Li(t), La(t), t € [a,b] in Lag(2n), the Maslov index (L1, Lg) is an integer
invariant. Here we use the definition from [6]. We list several properties of the
Maslov index. The details could be found in [6].

(Reparametrization invariance) Let ¢ : [¢,d] — [a,b] be a continuous and
piecewise smooth function with ¢(c) = a, ¢(d) = b, then

(6.1) (L (t), La(t)) = p(La(¢(7)), L2(6(7)))-

(Homotopy invariant with end points) For two continuous family of La-
grangian path Li(s,t), La(s,t), 0 < s <1, a <t < b, and satisfies dimL;(s,a) N
Lo(s,a) and dimLq(s,b) N La(s,b) is constant, then
(6'2) ;U'(Ll(ov t)a LQ(Ov t)) = N(Ll(lv t)? L2(1a t))

(Path additivity) If a < ¢ < b, then then

(6.3) p(L1(t), La(t)) = p(L1(t), La(t)|[a,e)) + (L1 (t), La(t)][c,])-
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(Symplectic invariance) Let 7(t), t € [a,b] is a continuous path in Sp(2n),
then

(6.4) 1(L1(t), La(t)) = p(y(¢) La(t), v(t) La(t)).

(Symplectic additivity) Let W;, i = 1,2 be symplectic space with

L1, Ly € C(la,b], Lag(W1)) and Ly, La € C([a,b], Lag(W2)),

then
(6.5) u(La(t) ® Li(t), La(t) ® La(t)) = p(La (1), La(t)) + p(La(t), La(t)).

The next Theorem give the relation of spectral flow and Maslov index.
Theorem 6.1.
(6.6) —sf(As — Bs) = p(As, Gr(vs(1))

The above Theorem is well known [15], we like to give a direct proof here.

Proof. We use the idea of Lemma 2.2. We only need to prove the theorem locally.
Let sp € [0,1]. As, — Bs, +7I,r € [0,1] is a positive path in FS(H). Thereise > 0
such that ker(As, —Bs,+€l) = 0. Then there is 6 > 0 such that ker(A;—Bs+e€l) = 0,
Vs € [so — 9, so + 0]. Without loss of generality, we can assume that

ker(A; — Bs +1) =0, Vs € [0,1].
Let s, (t) be the fundamental solution of the equation
(6.7) 2(t) = J(Bs(t) — rI)z(t), (s,t) € [0,1] x [0,T], r € [0,1].
Recall that dim (Gr(vs,-(T)) N As) = dim ker(As — Bs + 1), then we have
p(As, Gr(v5,1(T))) = 0.

Then use the homotopy invariant property of spectral flow and Maslov index, we
have

( ){sf(As — By,s €[0,1]) = sf(Ao — Bo + 1) — sf(Ay — By +rl)
(s, Gr(vs(T))) = p(Bo, Gr(r0.+(T))) = (A1, Gr(r0.(T)))
Note that Ay — By + rI is a positive path in FS(H), then we have
sf(Ag — Bo + ) Z dim ker(Ag — Bg + r1I).
0<r<1

Let Q:((x,y(t)x), (y,7(t)y)) =< —Jv(t)"'%(t)z,y > which is a quadratic form on
Gr(7(t)). Recall that the crossing form of the Lagrangian pair (A, Gr(~(t))) is given

by Qtlar(v(t))na-
Note that

()7 Zn(1)) = 0 90 (1) (1) o (1)
= 30 30 5 (0) + 20 S (TB() +96(0) " Tl
=) (TBY(0),
Then we have 6t( Jvo,r(t)” 1%7(”(15)) = —I, and it follows that

. 0
—Jv0.r(t) 15707T(t) =_—T1I.
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Thus we have

(Ao, Gr(v0.(T)) = — Y dim(AgNGr(0.(T)))
0<r<1
= — 3 dim(ker(4g — By + 7)) = —sf(Ag — Bo + rI).
0<r<1
Similarly

w(A1, Gr(y1,-(T))) = =sf(A1 — By +71).

Then by (6.8), we get (6.6). O

From the homotopy invariance of Maslov index, we have

Corollary 6.2.
(6.9) —sf(A—sB) = u(A,Gr(y(t)),t € [0,T)).
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