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1. Introduction

We focus on the following equation with initial data and boundary conditions:

Uy — aAu — eAuy, + f_too k(t — s)Au(x, s)ds + pu,(x, t) + wou,(x, t — (1)) + h(u) = g(x), (x,1) € QX R*,
u(x,n) =0,x € 0Q,t >0,
u(x,0) = up(x), u,(x,0) = u1(x), x € Q,
u(x,t) = ho(x, 1), x € Q,t € [-7(0),0),
(1.1)

defined on a bounded region Q ¢ R¥(N > 3), whose boundary dQ possesses sufficient smoothness.
Here, @ > 0, € > 0, y; > 0, and u, > 0 denote real numbers, the time delay function is denoted by
7(t), and R* = [0, +00). The source term Ah(u) and the term g(x) are specified later.

Eq. (1.1), which appears as a class of nonlinear evolution equations like the strain solitary wave
equation and dispersive dissipative wave equation, is used to describe the propagation of lengthwise
waves in nonlinear elastic rods as well as ion-acoustic waves with spatial transformations under weak
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nonlinear effects (see, e.g., [1-3]). For the class of nonlinear evolution equations, the existence of
global solutions and attractors was studied in [4—7] and others. For instance, Xie and Zhong in [4,5]
systematically investigated the existence of global attractors for (1.1) with k(:) = O,u; = u, = 0 on
weak and strong Hilbert spaces, respectively. Based on the global well-posedness results given in [8],
Sun, Yang, and Duan [6] constructed the uniformly asymptotic regularity of a solution with respect to
g€ [0,1] for (1.1) when h € L*(Q) and h € H™'(Q), respectively, and they also obtained the existence
of exponential attractors as well as the upper semi-continuity of global attractors. In [7], the authors
used the operator decomposition technique to discuss the existence of a time-dependent global attractor
for a nonlinear evolution equation with linear memory fooo k' (s)Au(t — s)ds within the theory of time-
dependent space. Equations with different time delays have also been explored in depth by numerous
scholars [9-11]. In the study of delayed wave equations, Nicaise and Pignotti [12] investigated the
stabilization problem for time-varying delayed wave equations. They analyzed the impact of delay
magnitude on system stability, discovering that the system loses stability when the delay exceeds a
critical threshold.

The time-varying delay considered herein satisfies the condition 7'(f) < d < 1, which builds upon
the core assumption of bounded delay derivatives from prior work, further extending the scenario of
coupled delay and memory effects. Liu et al. [13] focused on the wave equation incorporating time
delay and hereditary memory, and demonstrated the existence and uniqueness of weak solutions by
combining the Faedo-Galerkin method with energy estimates. In establishing the global well-posedness
of weak solutions, this paper follows the Faedo-Galerkin approach. However, to address the coupled
effects of nonlinear source and memory terms, it further employs refined Holder and Young inequalities
to rigorously ensure the existence and uniqueness of solutions. In investigating systems exhibiting
both memory effects and time delays, Qin et al. [14] focused on viscoelastic Kirchhoff plate equations,
investigating the coupled effects of memory terms and time delays. Researchers employed quasi-
stability theory to prove the existence of global and exponential attractors. However, the attractors
of evolution equations incorporating memory effects and time delays remain poorly understood, and
several analytical difficulties arise when addressing such coupled systems:

(i) For (1.1), we first introduce a new variable to construct a relatively complex triple solution space.
Moreover, (1.1) incorporates a dispersion term —Au,,, which essentially distinguishes it from the damped
wave equation in [15].

(i1) To prove the existence of a bounded absorbing set, we use a different approach by demonstrating
the system’s gradient property as outlined in Lemma 4.2, which leads to the system’s asymptotic
smoothness. In the proof, we establish the relationship between €, and €, to ensure the desired
estimates holds.

The remainder of this paper is organised as follows. Section 2 introduces function spaces and
fundamental assumptions, along with some abstract results. Section 3 employs the Faedo-Galerkin
method to provide a detailed proof of the global well-posedness of weak solutions. Section 4 constitutes
the core of the proof. It first establishes the gradient structure of the system by constructing a modified
energy functional, then derives the crucial quasi-stability estimates, and finally proves the existence and
finite-dimension of the global attractor and the exponential attractor. Section 5 investigates the upper
semi-continuity of the global attractor with respect to the rotational inertia coefficient £ — 0*.
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2. Preliminaries

From [16], we introduce an auxiliary variable 7' to encode historical information within the system.
This variable is defined by

n'(x,s) = u(x, ) —u(x,t—s), (x,5)€ QxXR", t>0. (2.1)
By differentiation, we obtain
om'(x,s) = =0, (x, 5) + Oyu(x, 1). (2.2)

For the convolution integral term:

f k(t — s)Au(s)ds = f ) k(o)Au(t — o)do = f ) k(o) [Au(t) — Ap'(x, 0)] do
_ 0 0

(o)

= ( f ) k(O')dO') Au(t) — f ) k(o)A (x, o)do-.
0 0

For simplicity, we set @ = fooo k(s)ds + 1, and equation (1.1) simplifies to the following system:

Uy — Au — eAuy — f k(s)An'(x, s)ds + pru,(x, 1) + pou(x, t — 7(6)) + h(u) = g(x), x € Q,
0

om' = =00 + 0, (x,t,5) € QXRY XR*,

u(x,0) = up(x), u,(x,0) = ur(x), 7'(x,0)=0,x€Q, (2.3)
u(x, 1) = ho(x, 1), x €, te[—-1(0),0),

7°(x, s) = no(x, ), (x,5) € QX R,

where the initial history function satisfies 7y(x, s) = uy(x) — ¢o(s), with ¢o(s) = u(—s) for all s > 0.

2.1. Assumptions

We use the standard Banach space L”(€2) and the Sobolev space Hé(Q) with their usual scalar
products and norms.
(A1) Function spaces. We define the following Hilbert spaces

Vo=LXQ), Vy=H)Q), V,=H Q)N HyQ).

The norm in L*(Q) is denoted by || - ||, and the inner product is (-, -).
For the memory variable 77, we introduce the weighted L>-spaces

Mi = LR Vi) = {n {R* > Vi f KIIE, ds < oo}, i=0,1,
0

endowed with the inner product and norm

(n,{)M,:fo k(s) (n(s), £(5))y,,, ds. IIUIIf\,(:f k(I ds,

0
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where the symbol i is always omitted whenever zero. The phase space for the problem is defined as
H=V, xVixM,
and the product norm is defined as
Gty s I3, = IVull® + &llVatlP + gl + 1l

Moreover, the phase space H| = V, X V, X M; is also needed.
(A2) Hypotheses on /2 and g. Concerning the function g and the nonlinear term 4, we assume

g€ L*(Q) and heC'(R). (2.4)

The nonlinear source term A(u) is a nonlinear function such that 4#(0) = 0 and there exists C;, > 0 such
that

IW' (s)] < Cp(1 + |s|ﬁ). (2.5)

A typical assumption implying the aforementioned conditions is

lim inf h(s) > -4y, (2.6)

|s]—c0 S

where A; > 0 is the first eigenvalue of —A under the Dirichlet boundary condition.
(A3) Hypotheses on 7(7). Concerning the time delay 7(¢), assume there exist two normal constants
To and 7, such that

0<1o<7(t) <71y < 0, (2.7)
and further that
7(f) € W>*(0,T) and 7’(r) <d <1,V T, t>0. (2.8)

(A4) Hypotheses on k. Concerning the relaxation function k, assume k : R* — R* is a differentiable
function satisfying the following conditions:

k(0) > 0, f k(s)ds =1, > 0. (2.9)
0
Furthermore, assume there exists a positive constant v such that
k'(t) < —vk(t),¥Y t > 0. (2.10)

Lemma 2.1. [14] From (2.6), we further assume the existence of constants 3 € [0, A,) and ¢, > 0 such
that

h(s)s > —Bs> —c¢, and h(s) > —'gsz —cp, YsER, 2.11)
where h(z) = foz h(s)ds.
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2.2. Abstract results

We first revisit the definitions of global attractors, originally presented in classical literature such
as [17-19], and further elaborated in the recent works of Chueshov and Lasiecka [20] and Miranville
and Zelik [21].

Theorem 2.2. [20,21] Let (H, S (t)) be a dynamical system given by a C°-semigroup S (t) on a Banach
space H. Then a global attractor for S (t) is a compact set A C H that is fully invariant and uniformly
attracting, that is, S () A = A for all t > 0 and for every bounded subset B C H,

lim disty(S (1)B, A) = 0,
t—o00

where disty is the Hausdorff semi-distance in H. The fractal dimension of a compact set M C H is
defined by

) ) Inn(M, )
dim? M =1 =
=P (1)

where n(M, €) is the minimal number of closed balls of radius 2¢& that cover M.

Next, these preliminary concepts as well as the concept of quasi-stability are used as described by
Chueshov and Lasiecka [20,22].

Theorem 2.3. [20,22] Let us denote H = X X Y X Z. Consider the dynamical system (H, S (t)) given by
an evolution operator
SMOUo = (u,u,m),  Uo = (ug,u1,m0) € H, (2.12)
where the functions u and n possess the following regularity:
ue C(R*:;X)nC'(R*;Y), necC'(R".,2). (2.13)

The dynamical system (H, S (t)) is quasi-stable on a set B C H if there exists a compact seminorm ny
on X and nonnegative scalar functions a(t) and c(t), locally bounded in [0, o). b(t) € L'(R*) with
lim;_,, b(¢) = 0, such that

IsoU' -=soU?|), <aw U - U, (2.14)

and
2
b

IsU! = sV, < by |U' = U], + c@) sup [nx (' () = 1(s)] (2.15)

O<s<t
for any U', U? € B. Inequality (2.15) is often called the stabilizability inequality.

The property of quasi-stability can be employed to establish the asymptotic smoothness of the
semigroup, as detailed in Chueshov and Lasiecka [22].

Theorem 2.4. [22] Let the dynamical system (H, S (t)) be given by (2.12) and satisfy (2.13). Then the
dynamical system (H, S (1)) is asymptotically smooth if system (H, S (1)) is quasi-stable on every bounded
positively invariant set B C H.
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Theorem 2.5. [22] Let N be the set of stationary points of S (t). Then the unstable manifold M. (N) is
the family of y € H such that there exists a full trajectory u(t) satisfying

u(0) =y, tlir_n dist(u(r), S ()) = 0.

The theorem below is essential for proving our principal result, as in the work of Chueshov and
Lasiecka [22], as well as in Hale [18].

Definition 2.6. [18,22] A system (X, S (1)) is called gradient if it possesses a strict Lyapunov functional,
that is, a functional ® : X — R such that

(i) the map t — O(S (¢)z) is non-increasing for each z7 € X,

(ii) if for some z € X one has (S (1)z) = ©(z) for all t, then S (t)z = z forall t > 0.

The above condition (ii) means that z must be a stationary point of (X, S (7)).

Theorem 2.7. [18, 22] If the dynamical system (H, S (1)) is asymptotically smooth and gradient with
Lyapunov functional ® and further satisfies the following:

(i) © is bounded from above on any bounded subset of H,

(ii) the set ®g = {U | ®(U) < T} is bounded for every R,

(iii) the set of stationary points N is bounded,
then the dynamical system (H, S (t)) has a compact global attractor characterized by A = M, (N).

In addition, quasi-stability implies that global attractors have finite fractal dimensions. This result is
established in Chueshov and Lasiecka [22], and we recall it as the following theorem.

Theorem 2.8. [22] Let (H, S(t)) be given by (2.12) and satisfy (2.13). If (H, S (t)) possesses a compact
global attractor A and is quasi-stable on A, then the attractor ‘A has finite fractal dimension.

Theorem 2.9. [22] Let (H, S (t)) be a dynamical system satisfying (2.12) and (2.13), and let it be
quasi-stable on some bounded absorbing set B. Assume further that there exists an extended space
H D H such that, for any T > 0,

||S(t1)y - S(IZ))’”E{ < CBT |tl - IZP/ ) tl’tZ € [Oa T]’ y € B’ (216)

where Cgr > 0 and y € (0, 1] are constants. Then the dynamical system (H, S (t)) has a generalized
exponential attractor Ay, C H with finite fractal dimension in H.

3. Global well-posedness

In this section, we provide the definition of solutions to problem (2.3).

Definition 3.1. (i) Given T > 0, we say that a function U(t) = (u,u;, ") € C(0, T, H) is a weak solution
to problem (2.3) if

Ly, v) + (Vu, Vv) + L(&Vu, V) + [ k()(V0' (), Vv)ds + pay (ur, v)
+ o (ui(t = 7(1)), v) + (h(u) — g,v) = 0, (3.1
(aﬂ?t + asnt7 f)M = _(asnt’ é‘:)M + (Lt,, f)M,

Communications in Analysis and Mechanics Volume 18, Issue 4, 960-989.



966

a.e. in[0,T], forallv € V,& € M, and it satisfies the initial conditions
u(x,0) = uo(x), u,(x,0) = ur(x), 7°(x, 5) = 1o(x, 8), w,(x, 1) = ho(x, 1) for x € Q, t € [-7(0),0).

(ii) A strong solution to (2.3) on [0, T] with O < T < oo is a continuous function U : [0,T] - H
with U(0) € H,, differentiable a.e. on [0, T), and for any t € [0,T),

U= u,u,n') € CO,T;H)N L0, T;H).

With this notion, we can state the Hadamard well-posedness of problem (2.3) as follows.

Theorem 3.2. Assume that (2.4)—(2.10) hold.
(i) Given initial data U(0) = (ug, u1,10) € H, ho(x, 1) € L>(Q x (=7(0), 0)), and g(x) € L*(Q), then
problem (2.3) has a weak solution

(u,u;,m') € CO,T,H),YT >0,
satisfying
ueL*0,T;Vy), u, € L*(0,T; V1), 5 € L*(0,T; M); with (I — Au, € L¥(0,T;(V1)),

where (V;) stands for the topological dual of V.
(i) If U(0) = (ug, u1,10) € Hi, ho(x,1) € H(Q x (-1(0),0)), g(x) € H'(Q), then the above weak
solution has higher regularity in the class

(,ur,m') € CO,T; H) N L¥(0, T3 H,), with (I - Au, € L7(0,T;5(Vo)).

(iii) In both case, the weak solution and strong solution depend continuously on the initial data in
H x L2(Q x (=71(0),0)). In particular, problem (2.3) has a unique weak solution.

Proof. (1)—(ii)(existence) The proof can be carried out via the Faedo-Galerkin method. The two proofs
are similar, so only the proof for weak solutions is presented here.

Let {w j};’.‘; , be a complete orthonormal system in Hé (), and {p;(x, s)};‘;1 be a complete orthonormal
system in M. We select sequences (i) belonging to H(l)(Q), (u") belonging to Hé (), hi(D)(t € [-7,0))
belonging to L*(Q x [-7,0)), and 17, belonging to M, such that (u, u', 175") — (uo, u1,m0) converges in
H, and hyl — hy converges in L*(Q X [-1,0)) as m — oo.

We shall seek the forms of the approximate solutions

W50 = ) gmOwi(0) and (x5 ) = D hin(0i(x, 9),
J=1 j=1

satisfying the following approximate equations:

L@ w)) + (Vu, V) + L&V, Vw)) + [ k()Y (5), Vw)ds + puy ", )
+ i (u e = 7(0), ;) + (h(w") — g.w)) = O, (32)
@™ + 051", e Im = (1), @) m
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with initial data and the history value
@"(0), u;"(0),7"(0)) = (ug, uy',my) and u'(¢) = hy'(t), te[-7,0). (3.3)

According to the standard theory of ordinary differential equations, finite-dimensional problems (3.2)
and (3.3) possess defined solutions on the interval [0, ). Indeed, the prior estimates presented below
indicate that " = T.

Let

1
E, (1) = 5(||u;”||2 + VU |* + el V1P + 7" (1) + fg hu™u"ds + a(u”, u™) + ae(Vu", Vu™). (3.4)
Multiplying (3.2), by u}" + au™, and using (3.2),, we deduce that

d I
(D) = "I — V" IP + acel Va"|| + 3 f K (OIVp" ()l *ds
0

~ oD, i = foo k(s)(Vn""(s), @Vu™)ds + (g, ] + ) — py|lud]'|?
0
—ap (U, u™) — (uat (t — (1), u}") — a(uoud' (t — 7(2)), u™). (3.5)

Next, dealing with the cross-terms, from the Cauchy-Schwarz inequality, Young’s inequality, and the
Poincaré inequality, we have

| — g (s ™) < aga [l < '“”n W + '“”n W' < alﬂlzlc””llw"||2+ @Huf’u% (3.6)
| = (ot (t = (1)), )] < M|| W't - ()P + |“2'|| P (3.7)
| o™t — (0 um) < 2 2'|| W't — T)IP + |“2'|| P
< |“2'||u (e - TP + %nwmnz; (3.8)
(8. u"(1) + aud"(1)) = (g, 1" (D) + (g, u" (1)) < llgIl* + ||u Pe e 3)
| — a(h(u™),u™)| < oz[llu’"ll2 + Llumllglvzdx] < aCA,HVu”’ll + ChlQ|. (3.10)
From the Cauchy-Schwarz inequality and Young’s inequality, it holds that
—a [ Ko@) s <a [ KO- 19
<3 fo IV (s)IPds + . ( fo i k(s)ds)||wm||2

<3 fo IV (s)IPds + SlollvaP. (3.11)
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Substituting (3.6)—(3.11) into (3.5), we have

d 1
Eamg@+§qmﬁf”ﬂf»mn+qun
al a*C C C
+(70+CYC,1] 2/11 +CL’|,L[12| A +CL’|,L[22| A —a)||Vum||2

+ (% - g)fo k(s)llvntm(s)HZd + (|/122| a’lﬂZl) ” m([ T(t))llz + ”g”2 + Chlgl (312)

|,111|C41 " lu2ICyy >0

Choosing a small enough, such that @ + 5 — p; + ""“' + '“2| >0,My=—-1+2+Cy + 5

X aM, + a/+ =+ a"”' + |“2|} and we obtain

Let y = max{a, >

d
B0 = YEL(t) + Cillu"(t = 7o) + C, (3.13)

where C, "‘;' “"‘2| ,Cs = ||g|*> + C,|Q|. Integrating (3.13) from O to ¢ (t < T'), we get

E,(t) < E,(0)+ C, f (s — 7(t))||*ds + f Cods + yf E.(s)ds. (3.14)
0 0

0

Using the history values of ", t € [-7(0), 0), we infer that

1 t—1(1) 0 t—7(t)
f (s — T(0)|Pds = f " (s)IPds = f " (5)|[Pd's + f " ()] ds
0 —7(1) —7(1) 0

0 t—1(1)
sf meM+f 1" (s)IIPds
—7(t) 0

0 t
< f 11 (s)l1Pds + f " (s)|[*ds. (3.15)
— 0

7(1)

Energy function E,(¢) defined in (3.4) gives
] (I < 2E,(s), (3.16)

and inserting (3.15) and (3.16) into (3.14), we obtain that
!
E,()<A+B f E.(s)ds, (3.17)
0

where A = E,(0) + C,||W"||* + C,T, B=2C 1 +7v. Applying Gronwall’s inequality to (3.17), we conclude
that for any ¢ € [0, T'], B
E,(t) < AP,

when B = 0, we have E,(f) < A, and when B > 0, we have E, () < AeP' < AePT,Vt € [0, T]. From our
choice of initial data, we can obtain that for all ¢ € [0, T],

E,(t) < K(T).
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Thus, approximate solutions are defined on the whole range [0, 7'], and it follows that
u™ is bounded in L*(0, T’; H(l)),
u;" is bounded in L*(0, T; H(l)),
n"" is bounded in L*(0, T'; M).
In view of (3.17), passing to a subsequence if necessary, we have
u™ — uis weakly-* in L¥(0, T; Hy),
u" — u, is weakly-* in L=(0, T; Hy),
n"" — nis weakly-* in L*(0, T'; M).
The first two limits imply that
u™ — u strongly in L*0,T; H(l)),
which, together with the Aubin-Lions lemma, yields
u™ — u strongly in C(0, T'; Hé),as m — oo,

Therefore, for the approximation problems (3.2)—(3.3), the above convergence suffices for passing to
the limit, and the desired weak solution is obtained.

Moreover, from (2.3), and the above discussion, for any fixed 7 > 0, ¢ € [0, T'], we know there exists
R > 0 such that

e — eAuyllp-1 = || Au + f k()An' (x, s)ds — pyu(x, 1) = pou(x, £ = 7(#)) — h(w) + gDl < C(T, R).
0

(iii)(uniqueness) Let (1, 77') and (v, &) be two weak solutions to system (2.3) corresponding to initial
data {ug, u1, 19, g1, ho1} and {vy, vy, &, g2, ho}, respectively. Set w = u —vand ' = ' — £'. Then (w, {)
is a weak solution of

{ W = A0 = 80w = [THOAL ()5 + 1oy + gt = T0) +ha) = h0) =g =g 3o

& ==L+ wr
Moreover, the initial values of the difference function satisfy
w(0) =ug—vo, @,0)=uy—vi, ¢ =ny—&.

Let !
Ep(1) = E(Ila)zll2 +IVoIl® + eVl + 111},

Multiplying (3.18), by @ = w, + Bw, integrating the result over Q, and using (3.18),, we have

d |
7 Es() + Blw, w) + fe(Vw,, Vw)) = Bl = BIVwIP + BellVa P + 3 fo K (IVL(9)Pds
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—ﬁﬁ k(s)(VZ'(5), Vw)ds + (g1 = g2, @) = puillwil = Bur(wr, )
= (w(t = 7(1)), w;) = Bow(t — 7(1)), w) = (Wu) = h(v), @). (3.19)

The initial values satisfy ||(ug, u1, 70)ller < Ro, ||(Vo, V1, o)l < Ro. From the energy estimate lemma 3.3
below, for any 7' > 0, there exists a constant M = M(T, R) such that

sup ||u(t)||H(IJ(Q) < M, sup ||v(t)||H(|)(Q) <M.
1€[0,T] 1€[0,T1]

By the Sobolev embedding Hé Q) c L%(Q) (N > 3), we have

sup |[[ull o= CM, sup || EIT. CM.
te[0,T] LN=2(Q) 1€[0,T] LN-2(Q)

Using Holder’s and Young’s inequalities, we have

(h(u) = h(v), @) = (h(u) = h(v), w,) + s(h(u) — h(v), w)
< @I sllellzsllewlzs + 1A @I s llewllzsllell s

4
4 4_.6 6 b
<Gy { f (1 + lul™= + |v|~z)4dx} [llwllzs - Neodlzs + Nl
Q

4 4

N—2 N2 2
< CA+ ™2+ IV [l - llwillzs + lleoll |

LN-2 LN-2

< Cy, M [IVoll - IVl + IVl | < 2C,, MES(®), (3.20)

where £ = Ou+ (1 — 0)v, 0 < 6 < 1, and the embeddings H'(Q) c L(Q), L5(Q) c L¥2(Q) (N > 3) are
used. For the force term,

1
(81~ 82.@) < Clig = &l + 5 (el + V) < Cllgy = gall® + Ep(0). (3.21)
Substituting (3.20) and (3.21) into (3.19), and taking § sufficiently small as in (3.12), we conclude that
d
E(EB(I) + B(wy, w) + Be(Vw,, Vw))
t
<BEs(1) + Cy f lwi(s = T(s)IPds + Cs + 2Cr 4, Eg(t) + Clig1 — galI*. (3.22)
0
Notice that

t 0 t
f fwf(s —T)dxds < f f (ho1(p) — hoa(p))* dxdp + f f wﬁ(p) dxdp.
0 Jo -t Jo 0 Ja

Integrating (3.22) from O to ¢, we get
t
Eg(t) + B(wy, w) + Be(Vw,, Vw) < A+ Bf Eg(s)ds,
0
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where
A =llgi - &IPT + Eg(0) + llhor — h02||iz(gx(_n0)) +C3T, B=2Cg,, +Ci +p.

An application of Gronwall’s inequality yields
Eg(t) + B(w;, ) + Be(Vw,, Vw) < Ae.

In particular, problem (2.3) has a unique solution. From the definition of Es(f), we deduce that

llu,(£) = vi@)II* + IVu(®) = V@I + 17" = Ellm
< Cr(T) (luy = vill + IVuo = Vvoll + l7o — &ollae + llgr — gall + 1or — oall) » (3.23)

for all ¢ € [0, T'], which shows that solutions of (2.3) depend continuously on the initial data. O
By Theorem 3.2, define the solution operator
S : H — H,S@)(uo, uy,m0) = (u,u;,m), forallt >0,

where (u, u;, n7) is the unique solution of (3.1) corresponding to the initial data (u, u;, 179). The operator
S (1) satisfies the semigroup properties

SO)=1, St+s)=S@)oS(s), forallt,s >0,

and defines a nonlinear Cy-semigroup, which is locally Lipschitz continuous on the phase space
H. Thus, we can study the long-time dynamics of problem (2.3) in the framework of the dynamical
system (H, S (1)).

We define, along a weak solution, the energy functional to problem (2.3) defined by

1 1 & 1 N
D) = Elluzll2 + EIIVMII2 + EIIVuzII2 + EIIU’H% + fh(u(t))dx - fgudx. (3.24)
Q Q

Consequently, we derive the follow lemma related to the energy functional D(¢).

Lemma 3.3. The energy functional defined in (3.24) satisfies formally

d 1 ™
d—@(l) = i llgl* — o f u(Du,(t — 7(1))dx + = f K ()IV7|IPds. (3.25)
t Q 2 Jo

There exists 6o, Cp > 0, independent of the initial date in H, such that
D(t) = So(IVull® + [IVull* + I'll3,) — Cp, £ > 0, (3.26)
where Cp = c,|Q| + C§0||g||2.

Proof. Multiplying equation (2.3); by u,, integrate over €, and using (2.3),, we obtain

d
500 = —lli| = o f u(Du,(t = 7(0)dx = (', m)m- (3.27)

Q
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By the condition 7(0) = 0, we deduce

, L, d
-1y = -5 fg fo k()2 [V (o) dsdx
:%lJHQNWﬂMngo. (3.28)

Inserting (3.28) into (3.27), (3.25) can be obtained directly.
To prove (3.26), define the positive constant

1 B
op=-1-—]|. 3.29
g -
By (2.11), we have
‘fﬁwmxz—limmW-wﬂm. (3.30)
Q 24
Moreover, there exists a constant Cs, > 0 such that
t[g-udxsémVMF+(%mQF. (3.31)
Q
Substituting (3.30) and (3.31) into (3.24) yields
1 1 1 e
D(1) = Ellutll2 + (5 - 2%1 - 50) IVull? + Ellntllﬁ + E”VMIHZ — chlQ - C,llgll, (3.32)
and combining (3.29) with (3.32), we have
D) = So(lIVusl* + IVull® + |I7[I3,) — Cp. (3.33)
Taking
Cp = cilQl + C,lIgI,
this yields the desired estimate (3.26). |

4. Proof of the main result

Based upon the aforementioned generalizations described in Theorems 2.2-2.9 of the fundamental
principles of dynamical systems theory, this section shall prove Theorem 4.1.

Theorem 4.1. Assume that (2.4)—(2.10) hold, g(x) € L*(Q), and |u,| < V1 — du,.

(i) The dynamical system (H, S (1)) generated by problem (2.3) is quasi-stable on any bounded
positively invariant subset B C H.

(ii) This dynamical system (H, S (t)) has a compact global attractor A, characterized by the unstable
manifold A = M..(N) corresponding to the set N of stationary solutions of problem (2.3).

(iii) The global attractor A possesses a finite fractal dimension.

(iv) There exists a generalized exponential attractor A, C H for the dynamical system (H, S (1)),
which also has a finite fractal dimension in

H =Vyx V| x My,
where V| is the topological dual of V. Additionally, it is noted that a generalized exponential attractor

exists with a finite fractal dimension in H°, where H c H° ¢ H with 6 € (0, 1].
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4.1. Gradient system and stationary solutions

To demonstrate that the dynamical system (H, S (r)) possesses gradient properties, we first define the
modified energy for problem (2.3) as follows:

1 , 1 y & S N fA th f/l(—t) 2
== + = |IVull” + = [|Vu||” + = + | (h(u(t) — gu)dx + = y , 8)dxds,
L&) = 5 llll” + S 1IVall™ + 5 [Vl 2||77 " Q( (u(t) - gu)dx + o = u; (x, s)dxds
4.1)

where o > 0 will be established subsequently and the normal constant A > 0. As previously introduced
by Nicaise and Pignotti [12],

|2
V1-d
Lemma 4.2. The dynamical system (H,S (1)) is a gradient system, and the Lyapunov functional ®

possesses an upper bound on any bounded subset of H. For any R > 0, the corresponding set
DO = {Uy € H : D(Uy) < R} is finite in H.

1
A< —
T

log

Proof. Take the functional @ as the modified energy in (4.1). Subsequently, for every initial condition
Uy = (ug, uy,mo) € H, it follows from (4.1) that

d
00 =l = o f

Q

d !
u (O, (t — T(t))dx — (7', 11%) ( + _(g f f YA (x, s)dxds|. (4.2)
drt\2 Ji—y Ja

Differentiating % ft I_T(t) fQ e™Du2(x, s)dxds with respect to z, we get

od ' As—1) 2
= — d
2ty llu ()| ds
s
= g Nl |I* — ge—“’) (1 =7 @) llut — 7O - > " u(s)|I* ds. (4.3)
t—1(1)

Inserting (4.3) into (4.2), we have

d
L0 =-m e ? = 12 f (Ot = (0)dx = (', 1) p + g s
Q

- é—;e‘”” (1 =7 @) lut = 7O - %Q f " Nl (5)I* ds. (4.4)

—7(1)

From (3.28), we infer that

1 00
RV, fo K [Vr' [ ds. (4.5)
Using (2.8) and (2.9), this yields
—ge-“@ (1 = 7(0) lus(t — 7)) < —%(1 — d)em L W2t — T(D)dx. (4.6)
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By Young’s inequality, it holds that

—H2 fg u (1) - u(t — 7(1))dx < ZJLILII w* + qul A f u (t = 7(1))dx. 4.7)

Substituting (4.5)—(4.7) into (4.4), for any ¢ > 0, we deduce

.
L) <= vy llud® = vz llus(t — () + 3 fo k(o) |V )| ds

/1 !
_ f f ~A=2(x, s)dxds, 4.8)
2 t—7(t)

where /1, Y, are constants defined by

|o| 9 |l12| Q ot
U= ——— - = = V1 (1 =d).
YT oV 4 2

Note that when e?™ — 1 and A — 0, by the continuity of the set of real numbers, we select a sufficiently
small A > 0 to ensure the existence of a constant o such that

ey
<O <. (4.9)
VT—d 1
It follows from (4.9) that
2] 0 2] Q 4
_ - =<0,—Vl-d-=¢""(1-d) <0, 4.10
NI m+5<0,7 >€ ( ) < (4.10)
which yields
L'(1) <0. 4.11)

Hence, it means —CD(S (HU) <0, and therefore O(S (r)U) is monotonically decreasing. Now suppose
that ®(S (#)U) = ®(U) holds for all t > 0. Then

1 00 , 5 /1 ! _ E
= il =l = 7O + 5 f K (9)||Vn' ()| ds - 79 f M9y (x, s)dxds = 0.
0 1-1(t)
(4.12)
All terms on the left-hand side of the above equation bear the same sign, from which we infer that
V' =u, = 0. (4.13)

This implies that u(¢) = ug holds for all # > 0. Thus, U(¢) = S (1)U, = (uy, 0, 0) is a stationary solution,
indicating that @ acts as a strict Lyapunov functional; in other words, the dynamical system (H, S (7))
possesses gradient properties. Furthermore, inequality (4.11) gives

DSy <D (Uy),
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which implies the inequality

!
Qf fel(s_t)utz(x, s)dxds < Cg,
2 t—1(t) JQ

where Cp > 0 is a constant depending on any bounded subset B of . We can readily prove that ® is
bounded for any bounded subset of /. Consider any weak solution U(t) = (u, u,,7) € H to equation
(2.3) satisfying ®(U(¢)) < R. From (3.26), we obtain

Bo (Il + 1Vl + Il ) = Co < DU®) < R,
which yields U} < (R + Cp)B,". Here O is a bounded set in H, and the proof is complete. m]

Similar to [14], the result can be deduce directly:

Lemma 4.3. The set N = {(u,0,0) € H : —Au + h(u) = g} of stationary solutions of problem (2.3) is
bounded in H.

4.2. Quasi-stability

Lemma 4.4. Assuming the conditions of Theorem 4.1 hold, for a given bounded set B in H, there exist
constants vy, by > 0 and Cg > 0 such that

!
Isov' - s, < boe™ U - U2, + C f eI VullPds, (4.14)
0
where S()U' = (u', u') denotes the weak solution of equation (2.3) with initial conditions U’ belonging

toBfori=1,2, andu = u' — u.

Proof. Let S (1)U’ = (u', u’) denote a weak solution of problem (2.3) in B corresponding to the initial
conditions U’ for i = 1,2, and denote

u=u'—uwandn=n'-n’
Then (u, u;, n7) is a weak solution of

y — A — sy — 17 k(AT (5)ds + pui, + poun(t = 7(0) + h (u') = h (u?) = 0,
o=+ (4.15)
u(0) = u'(0) = u*(0), u,(0) = u;(0) — u; (0), 170 = 15 = 175

The energy functional of this system is defined as

1 1 1 & ’ )
F(0) = =l + = [IVullP + =llgl3, + = IV + 2 f fe”“ YUt (x, s)dxds. (4.16)
2 2 2 2 2 Jyovin Jor

To demonstrate this lemma, we will outline the following five steps.
Step 1. Let 6; > 0. We assert that there exists a constant Cs, > 0 (which depends on B) such that

|
F' (1) < 61 [IVul” + Co [IVull® + 3 f K (NIVR'|Pds — % [
0
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—(%(1 dye — £2 '“2' Vi—d )nu,(t—r(t))n —% O N OIP ds. (4.17)

t—1(1)

To demonstrate this point, similar to (3.27), taking the inner product of equation (4.15); with u,, and
using (4.15),, we have

F'(t) = — i llul® = pa fg w(Du(t — 7(O)dx + = ||ut|| e (1 = 7(0)) llu, (2 — TO)II?

2

—% t e (P ds = (1) y — f (h(u') = h (1)) wdx. (4.18)
t—1(1) Q

Furthermore, based on the mean value theorem and assumption (2.5), similar to (3.20), it follows that

; ' = | olluagllze, 0 < 6 < 1, (4.19)

[ (0(u) = (e e < [ o'+ 1 - )

l f ) udx

where Cp denotes a bound associated with the bounded set B. Subsequently, inserting (4.6), (4.7), and
(4.20) into (4.18), we get

SO

< CollVullll V|l < 61 [IVul* + Co IVull’, ¥, > 0, (4.20)

|| |,U2| Q oA
T’(t)s(—— )II 1>+ V1-d (1 = d) |l = TP
2V —d “ t
1
*3 f K (s)|IVr'|IPds — = f f 02 (x, $)dxds + 6y |[Vugll* + Cs, ||Vul?.  (4.21)
0 t—7(1)

In subsequent discussions, by selecting a constant & > 0 satisfying the following conditions:

AT

|| e <o<p - |tz

Vi—d Vi—d
this gives

|2 o M |l 0 )
e M VT TGt — gy <0,
Nieg T2t 2 ¢ - d<

Ultimately, we obtain the expected estimate as described in (4.17).
Step 2. Define the functional

A@) = f (u; — eAu,) udx.
Q

Then we assert that there exist positive constants ¢; (i = 1,2, 3) such that
’ 1 * ’
N (D) < =F (0 = ZIVulP +calludP — ¢ f K &)V (9)IPds + callu(t = T@)I’
0

!
g f f A=Dy2(x, s)dxds + Cp||Vul|* +—||Vut|| (4.22)
t—1(t)
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Through direct calculation, we obtain

iA(t) = f(u,t — eAu,(H)udx + f(u, — eAuy)u,dx. 4.23)
dt Q Q

From (4.15),, we can conclude
[t - s oyutra
Q

- f [Au — ity — pou(t — T(1)) + f ) k(s)An’ds] udx — f (n(u") = () udx (4.24)
Q 0 Q

and

fg (n (') = n (1)) udx < Cyl|Vull. (4.25)

Substituting (4.24) into (4.23), then from (4.16), we infer that
) 3 3¢ 1 1 ' .
AN@D+F@) < Ellutll2 + EIIV%II2 - EIIVMII2 + Ellnllﬁ + Qf fe”“ 1} (x, s)dxds — (uyu, u)
t Q

2 Jiy
— (uau(t — 7(1)), u) + (fm k(s)An'(s)ds, u) + Cl|Vul. (4.26)
0

By Holder’s and Young’s inequalities, for any ¢ > 0, based on assumption (2.10), we observe that

|1 ] |10 |1 |
A

45 45
|tz

|zl
Tl||vu||2 + 5 o uX(t — 7(t))dx; (4.28)

® 1
|- (f k(s)An'(s)ds, u)l < gIIVuII2 + 2Ll (4.29)
0

| = (vt w)| < Jallladll® + == lludl P < IVull? + ==l (4.27)

| = (ot — 7(2)), w)| <

Substituting (4.27)—(4.29) into (4.26), for any ¢ > 0, we deduce

, 3 wls |ld 1
Nt <—F (@) - (g - % - ’%) IVul? + (5 + 210) 71,

3l

) el 2 3¢ Vil
_ -
+ (_2 + _5 ) ||ut|| + 5 u; (t 1(t))dx + > ” ut”

!
+2 f f " (x, )dxds + Cp||Vull*. (4.30)
2 t—1(t) JQ

Take 6 > 0 small enough, such that
|16 N 75419 < 1

A A 8
and we note that

1 00
713, < —;f K IV ()IPds.
0
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— 3 4 Il _ 1 2l _ ol
Thensetc; = 5+ 35, c2 = 5p + 32, €3 = 35,

Step 3. Define the functional

from which the required estimate (4.22) is derived.

T(@) = - fs; (u (1) — eAuy(1)) - (‘f:o k(s)n’(s)ds) dx, 4.31)
and then there exists a constant ¢4 > 0 such that for any 6, > 0,
() < - (Zzo - 52) llud” + 6ol Vul* + 5, fQ u; (t — 7(t))dx
—c4 fo ) k' (s) ||V77’(s)||2 ds — 3710 IVu,l* + Cyl|Vull. (4.32)
To estimate this, we differentiate I'(r). Referring to (4.15),, one arrives at

() = - f () = MU (1)) - ( f ) k(s)nf(s)ds) dx
Q 0

- f (u:(r)—eAuta»-( f mk(s)nﬁ(s)ds)dx
Q 0

= f (—Au - f i k()An'(s)ds + pryug + prou,(t — T(t)))
Q 0

. (foo k(s)nt(s)ds) dx — f (u, — eAu,) - (foo k(s)nﬁ(s)ds) dx + Qs, (4.33)
0 Q 0

where

Q; = fg (7 (') =1 () ( fo ) k(s)nf(s)ds) dx. (4.34)

Applying Young’s inequality, Holder’s inequality, and assumptions (2.4)—(2.10), we conclude that for
any 52 > O,

0 l 2
— | Au- k(s)n'(s) ds | dx < 6)|Vull?* + — ||
fg u ( fo ($)17'(s) s) x < 8lVulP + 7 7]

l =< ;
< 6[[Vul* - ﬁ fo K(s) |V ) ds; (4.35)
00 00 00 2
—f(f k(s)An’(s)ds)-(f k(s)n’(s)ds)dx: f(f k(s)Vn’(s)ds) dx
a\Jo 0 a2 \Jo
12
< bo|[i [l

e
<= fo K@ |vr )| dss  @36)

00 2 00
M l() 2
I f u,.( f k(s)n’(s)ds)dxs52||ut||2+ : f k(s) ||V’ (o) ds
Q 0 46,41 Jo
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.U%lo
462/11)/

00 2 00
2 f u,(t—‘r(t))-( f k(s)n’(s)ds)olxs(52 f 20— Tdx + 220 f k(o) |V ds
0 0 o 4621 Jo

2 00
,ule 2
<9 2(t — 7(f))dx — kK I"ds. (4.38
< zfgut( (H)dx %Mj; () [[vr][" ds. - 4.38)

2
< 0 lufl|” =

fo k(o) |V s ds; 4.37)

Taking into account the following facts:

f k(s)ni(s)ds = f K (s)n'(s)ds + lyu,, (4.39)

0 0

we find that

o0 I 1 oo 2
- f - ( f k<s>n§<s)ds) dx < — ol + 2 2 + + f ( f k’(S)n’(S)dS) dx
Q 0 4 lO Q 0
3 k(O < 2
< — =l |l l* - MOy ||V )| ds, (4.40)

4 loi Jo

fsAu, . (foo k(s)nﬁ(s)ds) dx = fsAu, . (f‘” K (s)n'(s)ds + lou,) dx
Q 0 Q 0

< - f eVu, - (f K (s)Vr'(s)ds + lOVu,) dx
Q 0

I 0 :
< —lo8||Vu,||2 + 208||Vu,||2 + £ f (f k’(s)Vnt(s)ds) dx
a\Jo

ly
e &k(0 .
< 25 1vul? - EO [ ki) vt )| ds. (4.41)
Az Jo
Moreover,
05 < Cg|IVul| - ‘f k(s)Vn'(s)ds|| < CgllVull* + é_lf(f k(s)Vnt(s)ds) dx
0 a\Jo

< CyllVull* - i—“ f K@ |V ds. (4.42)
vV Jo

where the constant ¢, is defined as

b b, b b kKO KO

= ——— =+ + -2
dvéy v 46 ATy 464y AT by 4y

Cq

Taking into account the fact above and inserting (4.35)—(4.42) into (4.33), the estimate (4.32) is obtained.
Step 4. Define the Lyapunov functional

X)) :=F @)+ aAl) + &Y(1), (4.43)

where € and €, are normal constants. Then, for sufficiently small €, > 0 and €, > 0, it follows that for
any 1 > 0,

%?(t) <X < %T(t), (4.44)
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and the aforementioned equivalent constant is independent of . Indeed, by Holder’s and Young’s
inequalities, we find that for any € > 0,

IX(@) = F (0 = e A@D) + &Y ()]

1 1
<€ (ellutll2 + (46/11 + @) IVl + EEHVMIHZ)

l « l a
+ & | ellwl? + f k() ()IPds + eellVa > + — f k(s)IIVr' (9)IPds
4e 0 4e 0

1 1
<€ (Elluzll + (U + 4—) IVull + eel|Vu| )

[ I
+6 (enutnz + ( 46‘31 40 )Iln I3+ ea||Vu,||2)

€1 €] 2
< e(e + 24 +— ||V
(e + &)llull (46/11 46) IVul|

)
+ (e + &)elVull’ + &2l ( —e) [ualye (4.45)

+
46/11 4

Therefore, we may readily conclude that there exists a normal number € > 0 satisfying the following
condition:

\X(1) = F ()] < €F (1),

which leads to (4.44) by choosing sufficiently small €, > 0 and €, > 0.
Step 5. Conclusion. It follows from (4.17), (4.22), and (4.32) that for any ¢ > 0,

XO®O=F@O)'@®+eN(@)+eY ()
3l

—aF () - [’g —cie t e (7 - 62)] | P

[ BINT=d+ 20 ~d) - cser - 62(52] (e = 7O

1 00
+ (E — CrEf — c462) f K ($)[IVR'(s)|*ds + (—% + €0, +Cs, + €Cp + ech) IVull?

3eq 3
o f f 2, s)dxds—( 5 - =Ly O“:Ez)llvufllz. (4.46)
t—7(t) 2 4

First, we take ¢, > 0 small enough such that

31, lo
20 s
7 277

Subsequently, for any fixed positive quantity &, > 0 satisfying 6, < <, define

332
1,3
6 = — €
> \16s, " 20,) !

Communications in Analysis and Mechanics Volume 18, Issue 4, 960-989.




981

and 6; = %052. Then we choose €; > 0 sufficiently small to ensure that (4.44) holds, and

A 1 1
}?Q—%>ZQ>O,§—C261>1,%—C161>%>0,
"f' 1—d+ V(1 —d) - cz6 > —e“’(l d) - '“2| Vi—d>o,
1 1 1
1G> g Ze—ﬂf(l —d) - % V1-d-66> 3 (4.47)

which implies

A 1 3 1
61<m1n{ — —[Qe‘“‘(l d) — luz| V1 = dJ, M

(1 -d) - 1-d
2 4ey o 8N62[Qe (1-d)— || V ]},

where N = ﬁ + g5 For any fixed 6, > 0,6 > 0, > 0,6, > 0, we select a sufficiently small positive

number Cs, > 0, and we have
66, + Cs, + (6Cp — %) + &Cp < Cy.
As discussed previously, there exists a constant y, > 0 such that
X'(1) < =y (1) + C||Vulf>.

From (4.44), this yields
X'(f) < =2y,X(1) + C||Vul.

Then we deduce that
!
X() < X(0)e™ +C f e 2009\ Wy 2 ds, (4.48)
0

and by revisiting (4.44), it follows that

t
F(t) < 3F ()™ + C f e 29| Vul*ds. (4.49)
0
Note that
F(1) 2 @, I, = [SOU = SO,
and then (4.14) can be deduced by appropriately redefining the constants present in (4.49). i

Remark 4.1. From the above estimates derived in (4.20), the constant Cs, depends solely on diam(B),
the diameter of the bounded set B.

Proof of Theorem 4.1

(1) (Quasi-stability) Considering the system dynamics (H, S (¢)) as the solution operator for problem
(2.3), it follows that when X = Vi, Y = V;, and Z = M, (2.12) and (2.13) hold. Furthermore, by
Theorem 3.2, it follows that equation (2.14) also holds.

Communications in Analysis and Mechanics Volume 18, Issue 4, 960-989.



982

Let B ¢ H be a bounded set that remains positive under the action of S(f). For U!, U? € B, set
S(OU" = (u',ui,n’),i =1,2,and u = u' — u?. Define the semi-norm

nx(u) = [[Vull = |lully,,

which is compact on X = V, owing to the compact embedding V| — V,,. Moreover, it follows from
(4.14) that
2
IS@OU" = SOU?Ily, < bIU" = U2, + c(t) sup |nx (u' (s) - (5))| -
O<s<t
Evidently,
b(f) e L'(R) and limb(¢) = 0.
t—00

Since B C H is bounded, c(¢) is locally bounded on [0, c0). Therefore, inequality (2.15) holds, which
yields quasi-stability for all bounded positively invariant sets.

(ii) By using Theorem 2.4, we deduce the asymptotic smoothness of the dynamical system (H, S (¢)).
Furthermore, Lemmas 4.2—4.3 and Theorem 2.7 confirm the existence of a global attractor A = M, (N)
for this system.

(iii) From (i) and (ii), it is evident that the dynamical system (7, S (7)) exhibits quasi-stability on the
attractor A. Hence, it follows that A possesses a finite fractal dimension.

(iv) Consider the set B = {U : ®(U) < R}. As stated in Lemma 4.2, the strict Lyapunov functional is
denoted by ®. When R is sufficiently large, it follows that the set B is a positive invariant absorbing set.
This condition implies that the dynamical system (H, S (7)) exhibits quasi-stability on B. Furthermore,
for the given initial conditions (g, u;,19) € B, applying (2.3) yields:

(ut’ Uity 77[) € le()c (R+’ 7’:({) .
By employing the interpolation theorem, we can delineate smaller extended spaces so that
H=H'cH cH'=H, 0<5<L

Given a solution U(#) with the initial condition y = U(0) € B, positive invariance of B ensures a constant
Cp >O0suchthatforany0 <t <T,

T
f IU9)%ds < C3,
0

which yields, forany 0 < ¢, <, < T,

15}
IS (20)y = S @)yl < f NU()llds < Cplty — 1.
n

This implies that for every y € B, the trajectory ¢t — S (¢)y is Holder continuous of order 6 = 1 in the
extended space H. Tt follows that identity (2.16) holds, which verifies the existence of a generalized
exponential attractor of finite fractal dimension in H.

The existence of the exponential attractor in H° (where 6 € (0, 1)) is consistent with the discussions
in the literature [23,24]. This completes the proof of Theorem 4.1.
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5. Upper semi-continuity of the global attractor

In this section, we study the upper semi-continuity of the global attractor A, as the rotational inertia
coefficient & — 0". The main strategy is to establish a uniform estimate for the difference between
solutions of the e-system and the limiting system (& = 0).

The following lemma provides a key estimate for the difference between solutions with £ > 0 and
€ = 0. To obtain the result, it is required that [ > 0, such that

hW(@u)<l, VYueR. (5.1)

Moreover, in order to perform energy estimates, we shall assume that weak solutions U(t) = (u, u;, ') €
‘H have higher regularity H; in Lemma 5.1. Then by density, the estimates also hold for the weak
solution in H.

Lemma 5.1. Assume that the initial data (uy, uy,1n0) € H; satisfy ||(uo, u1, no)ll, < R for some constant
R > 0, and assumptions (2.4)—(2.10) hold. Then, for any fixed T > 0, there exist constants Cy > 0 such
that the solution (u, u,,n') of system (2.3) satisfies

t
Sf IAu(IPds < Cr, Vi €0, T].
0
Proof. Similar to Lemma 3.3, taking the inner product with —Au;, yields
d ~
210 - f K (ONIV1Pds < C+ DIVl + AIVull® + llgl? + i PIVel? + |l Vu, (£ = 7)),
0

where I1(¢) = ||Vull* + ||Aul]> + &]|Auw,||> + IIU’IIfMI. Integrating it between 0 and ¢ gives

() < 11(0) + C fo (L + DIVu()IP + DVu)IP + gl + e PIVad ? + P IVa (2 = (o) )ds. (5.2)

Since the initial data is bounded in H; and all terms on the right-hand side are integrable and uniformly
bounded for ¢ € [0, T'], there exists a positive constant Cp independent of € such that

I(¢) < Cp. (5.3)
Multiplying (2.3), by —Au,, using (2.3),, and integrating over L*(Q2), we have
d 00
Enl(l) + (IVul” + el Aug | — | Aw|* = (f k(s)An'ds, —Auy
0
— (g, —Auy) — pp(uy(t = (1)), —Auy) — (h(w), —Auy), (5.4
where I1;(7) = (Au, Au,) + (g, —Au,). By the Cauchy-Schwarz inequality,
1 1
(Au(?), Auy(1)) < EIIAu(t)II2 + EIIAut(t)IIZ,
and there exist C; > 0, C4 > 0 large enough, such that

1
Z[IIAMII2 +1Au|’] = C3 < T (1) < |Aull® + [|Aw|* + Cs. (5.5
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Next, by Holder’s and Young’s inequalities and (5.1), we estimate the cross-terms

1
(kyug, —Auy) < L—LIIVMNII2 + i PV, (5.6)
1
(au,(t — 7(1)), =Autyy) < ZIIVMnII2 + a1Vt = 7)), (5.7
00 00 l
(f k(s)An'ds, —Aun) < Cf k(s)llAn|Pds + ZO”AMUHZa (5.8)
0 0
, 1
(h(u), —Auy) = Lh W)Vu - Vu, dx < lfg [Vu| - [Vu,|dx < Z”AM”HZ + Cp,- (5.9)

Substituting (5.6)—(5.9) into (5.4), we obtain

d 1 l
—IL (@) + ZIIVM”II2 + (8 - ZO) 1A

dt
< ||Au|* + Cy (IIVutII2 + ([ Vu,(t = T + ||77t||3\,(1) +llgll* + Cp, (5.10)
where C; = max {@, @, C} and € > %" Integrate both sides over [0, 7],

Hl(t)+§f IIAun(S)IIZdH%f IIVutz(S)IIstSH1(0)+fcT(S)dS+f IVu,(s — 7(s)|ds,
0 0 0 0

where o (s) = C (||Au,||2 + ||V |]> + ||7]’||§wl) +|lgl*. Using the delay term estimate,
t 0 t
f IVui(s — T(s))IPPds < f IVu,(s)|Pds + f IVui(s)|Pds. (5.11)
0 -7(0) 0
Associating with (5.3) and (5.5)—(5.11), one concludes that for some C; = CsT > 0, which are
independent of &, t, it holds that
t
& f A, ()|*ds < CpT. (5.12)
0
O

Theorem 5.2. Let the initial data zg = (uo, u1, 1) € H satisfy ||zolly < R, and conditions (2.4)—(2.10)
hold. Then for any T > 0, there exists a constant Cr > 0 independent of € such that for all t € [0, T],

IS e(Dz0 = S oMzl < Cre.

Proof. Letz = (u,u;,n") = So()z0 and z* = (u*, u;, ™) = So(t)z0. Clearly, z and z* are two solutions to
problem (2.3). Define

w=u—-u', w=u-u, &) =wlxt)—-wxt-s).
Then w(0), w,(0), £(0) are all zero, and w satisfies

Wy — Aw — eAuy, + fooo k($)AE'(s)ds + pyw,
+ i [u,(t — (1) — uf(t — ()] + h(u) — h(u*) = 0, (5.13)

w, =&+ &,

Communications in Analysis and Mechanics Volume 18, Issue 4, 960-989.



985

Multiplying (5.13) by w;, using (2.3),, and integrating over L*(Q) yields

1d «
5 2 (P + IV@IP) — & (A, 1) + il - fo k(s) (AZ'(5),&, + &) ds

+ o (u(t = 7(0) — w; (t = 7(0)), wr) + (h(u) = h(u"), w,) = 0

Define the functional
VGRS~ [||Vw|| + llao P + 111, -

Clearly Y(0) = 0. Differentiating (5.15) and using (5.14), we obtain

iy(t) = f (Vow,Vw,)dx + f (wy, wy) dx — f fw k(s) (VE&(s), VE(s)) dsdx
dt Q Q Q Jo

(5.14)

(5.15)

1 ® d
=-3 f f k(S)d—tIVSI(S)Istdx = tllw P = p f (u(t = (1) — u; (t = 7(1)), wy) dx
Q Jo Q

+ &(Auy, ) — (h(u) — h(u"), wy).
By (2.5), the Poincaré inequality, and the Holder inequality, there exists 0 < 6 < 1 such that
—(wy, h(u) — h(u™)) = — fwt “h (Qu+ (1 — Ou)wdx
Q

)
= + = < = +—|IV
Ithll ||w|| ||wt” 2/11” wll*.

[\.)

Using Young’s inequality,

1
2 2 2.
&Quy, wy) < gllAugllllwnll < CellAugl” + Zlledl™

|uo|

i 01 = ) = 50 = 7)) = s 1,01 = 7)) < L2 P+ Bt — 7P

Integration by parts in s and (2.11) give

= fg fo k) g (sPdsdx < L f " KOIVE WPds.

0

Substituting (5.17)—(5.20) into (5.16), we have

1
—y(t)sz—/hllell +(4 Hi + |ﬂ2|+ )II AP + M|| (1 = (I

V 00
+ Ef k(IIVE (IPds + C&’l|Augll.
0

Since [[Vwl* < 2Y(0), llw* < 2Y(1), and [|€'][5,, < 2Y(1), we obtain

d
Et“v(t) <CY )+ MIIa)z(t — 7(DIP + C&l|Auy|P,

(5.16)

(5.17)

(5.18)

(5.19)

(5.20)

(5.21)

(5.22)
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where Co = max{+, |5 — 241 + |ua| + I, v). Now define
Zn=Y0+p t_tm) lw (s)IPds, (5.23)
with 8 > 0. Then
20 <20 + CelAuP, (5.24)

where C; = Cy + 2. Since Z(0) = 0, Gronwall’s inequality and (5.3) imply that
t
Zm <ce f e “NAuglPPds < C - Cre. (5.25)
0

Hence
Y1) < Z(t) < Cre,
and finally
IS «(H)z0 = So(Dzollr = V2Y (1) < Cre.

O

From the energy estimates in Section 4, it follows that there exists a constant p > 0, independent of
g € [0, o], such that
A, C By(0,p) forall € € [0, &),

where By(0, p) denotes the ball of radius p centered at the origin in /. This uniform boundedness is
crucial for the proof of upper semi-continuity.

Theorem 5.3. Under the assumptions of Theorem 2.9, the family of global attractors {A.}e>o is upper
semi-continuous at € = 0 in the topology of H :

lir(r)l+ disty(A., Ap) =0, (5.26)

where disty(A, B) = sup,., infyep |la — b|lx denotes the Hausdorff semi-distance.

Proof. For the uniform boundedness, we can see that there exists an R = p > 0 such that A, C By(0, R)
for all € € [0, &].

For the semigroup convergence, Theorem 4.1 implies that for any fixed T > 0 and any zy € B#(0, R),
we have

sup IS (0)zo — So(Dzolly < Cre > 0 ase — 07,
1€[0,T]

Obviously, the limiting system (& = 0) possesses a global attractor Ay in H.
We need to prove that
lir(r)l+ disty (A, Ay) = 0.

Let > 0 be arbitrary. Since A is a global attractor for S ((¢), there exists 7 > 0 such that

diste/ (S o(T)B, Ap) < g,
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where B = B(0, R). Using the invariance of A, and Theorem 4.1, we have

disty(Ag, Ap) < disty(Ag, So(T)A,) + disty (S o(T) A, Aop)

< sup IS o(T)z — So(T)zlly + g
z€EA:

< Cre+ g (5.27)

Choosing ¢ small enough so that Cre < '57 we obtain disty(A,, Ay) < n. Since 7 is arbitrary, this

completes the proof. O
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