Communications in Analysis and Mechanics, 18(4): 931-959.

% C cati . DOI: 10.3934/cam.2026036
AIMS GHURERICALIONS i Received: 01 April 2026

< Analysis and Mechanics Revised: 15 July 2026

Accepted: 16 September 2026
https://www.aimspress.com/journal/cam Published: 26 October 2026

Research article

Global existence and blow-up for a fourth-order p-Laplacian dispersive
wave equation with logarithmic nonlinearity and strong damping

Guangyang Fu and Jiang Zhou*
College of Mathematics and System Sciences, Xinjiang University, Urumqi 830046, P. R. China
* Correspondence: Email: zhoujiang @xju.edu.cn.

Abstract: We study the initial boundary value problem for fourth-order strongly damped p-Laplacian
dispersive wave equations with logarithmic nonlinearity (1 < p < 2, 2 < r). By the potential well
theory, we prove global solution existence at a subcritical and critical initial energy, and characterize
blow-up behaviors: blow-up at infinite time occurs at a subcritical or critical initial energy for 1 < p <
2,r = 2, and at a supercritical initial energy for p = r = 2; and for 1 < p < 2,r > 2, we establish
blow-up at finite time for a subcritical, critical, or supercritical initial energy, and explicit bounds for
the blow-up time.
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1. Introduction

In this paper, we investigate the following initial boundary value problem (IBVP) for a fourth-order
strongly damped p-Laplacian wave equation with logarithmic nonlinearity:

Uy — Auy + Nu— Apu — Auy +u, = [uulnul, xeQ, >0,
u(x,1) =0, Au(x,t) =0, x€oQ, t>0, (1.1)
u(x,0) = up(x), ui(x,0) = uy(x), xX€Q,

where Q C R" (n € N*) denotes a bounded domain with a smooth boundary 0Q, A u := div (quI”‘ZVu)
represents the p-Laplacian operator, In |u| stands for the natural logarithm, and

0o, if p>n,
l<p<2, 2<L<r<inp+2n-2p (1.2)

, ifp<n.
2(n—p) P
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In particular, A, coincides with the standard Laplace operator A for p = 2. While numerous results
are available for p-Laplacian wave equations similar to Problem (1.1) for p > 2 (see [1-8]), the case
1 < p <2 remains largely unexplored. For example, Liu et al. [4] investigated a Kirchhoft-like plate
equation with memory:

!
Uy — Auyy + Au — f g(t— T)A*u(t)dr - Apu+u; — Au, = i ?u, xeQ, >0,
0

where p > 2. For more work concerning memory terms, see [9—11]. Thus, this work is devoted to the
case where 1 < p < 2. To clarify the physical origin of Equation (1.1), we outline its derivation from
the Mindlin-Timoshenko plate model [12, 13] as follows:

phu,, — Kdiv(Vu + V) = f,
2y, — DS + K(Vu+¥) = H,
Y

is the shear modulus, D = 0= is the flexural

rigidity, 0 < r < % is Poisson’s ratio, Y is Young’s modulus, and £ is the shear correction coefficient. In
the two-dimensional case, ¥ = (i, ¢), where ¥ = ¢ (x1, x»,1) and ¢ = ¢ (x1, X3, t) correspond to rotation
angles of the filament. According to the theory of elasticity, the stress tensor is given by S = AW [14],
where

kYh

where p is the density, 7 is the thickness, K = 30+

1-r 1+r
A _ aXlxl + 2 a/‘72952 2 a)CIJCZ
- 1+r 1-r
) axmz 5 8xm + (9xe2

For the nonconservative thin plate system with damping and nonlinear effects, we arrive at the
following Mindlin-Timoshenko plate model:

{ phu,; — K div(Vu + W) = f(u) — uou;, (1.3)

3
2o, — DAY + K(Vu +'¥) = H-'P) - 3%,

where uy,u3 > 0 are the damping coefficients, H stands for the nonlinear restoring force, and f(u)
stands for the nonlinear external source. Substitution of (1.3), into (1.3); gives the following:

h3
phu, + '01—2 div¥, — Ddiv(AY) — div H(=Y) + wou, + uz div, = f(u). (1.4)

Taking the Kirchhoff limit k — oo, we have ¥ = —Vu. Under a normalization of coefficients, (1.4)
becomes the following:

Uy — Ay + Nu — div H(Vu) + pou, — pzAuy = f(u),

where u; = % We take u; = p, = uz = 1 for the sake of convenience. Thus, by taking H(Vu) =
|Vu|P~2Vu and f(u) = |u/"">uIn |u|, Problem (1.1) is derived.

The case p = 2 of Problem (1.1) also originates from the modeling of second-grade Mooney-Rivlin
viscoelastic solids. The one-dimensional fourth-order dispersive strongly damped wave equation was
first derived by Hayes and Saccomandi [15]. It describes transverse homogeneous wave propagation.
The dispersive term [16, 17] accounts for either the lateral or longitudinal inertia of the rod structure.
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For the n-dimensional case (n = 1,2, 3), Shang [18] studied the well-posedness, asymptotic behavior,
and blow-up dynamics of solutions to the following equation:

utt - AM— Aut _Autt = f(l/t), X € Q, t> O,

with f(u) satisfying the polynomial growth conditions. For more related results, also see [19-21].

Logarithmic nonlinearity appears in various areas of physics, including quantum mechanics and
inflation cosmology [22-25]. Additionally, it arises in nuclear physics, optics, and geophysics [26—29].
Due to these special physical meanings, research on evolution equations with logarithmic nonlinearity
has attracted great attention. Readers are referred to [1, 3, 5-8, 30-32] and the references therein.
For example, Chen and Xu [33] considered the following fourth-order dispersive wave equation with
nonlinear weak damping, linear strong damping, and logarithmic nonlinearity:

Uy — Au+ A*u— w (Auy, + Auy) + |u,|r_] u, =ulnjul, xe€Q,t>0, (1.5)

where w € {0, 1}. They established global existence and infinite time blow-up criteria under subcritical
and critical initial energy levels via the potential well method [34], and further proposed two strategies
for a high-energy blow-up analysis. Recently, Ding and Zhou [2] considered the following initial
boundary value problem for a p-Laplacian type wave equation:

g — Ay — Apu = lul uloglul, xe€Q,t>0. (1.6)

Focusing on the rarely studied case 1 < p < 2, they first proved the local existence of weak solutions
via the Galerkin method. Using the potential well theory and differential inequality techniques, they
established the global existence of solutions. Additionally, they proved finite time and infinite time
blow-up results under subcritical, critical, and supercritical initial energy conditions. Furthermore,
they derived upper and lower bounds for the blow-up time of finite time blow-up solutions.

Motivated by the aforementioned works, we aim to investigate the behavior of weak solutions to
Problem (1.1) under different initial energy levels. Table 1 systematically summarizes our main results,
existing findings in the literature, and unresolved problems. We refer the reader to this table for a
clear overview of the connections among these three classes. The main contributions and technical
challenges of this paper are presented as follows.

(1) In the regime p = r = 2, [33, Theorems 2.2 and 2.4] obtain infinite time blow-up results for both
subcritical and critical energy cases. However, the authors do not demonstrate that solutions can be
extended to infinity, which can be done by showing that the local solution can be extended over time
(the whole half line). We fill this gap in the present paper by virtue of inequality estimation techniques.

(i1) In the regime p = r = 2, the problem of infinite time blow-up at a supercritical initial energy
remains open in [33]. The principal difficulty lies in the coexistence of the strong damping term Au, and
the dispersive term Au,. This precludes the construction of invariant sets. Although new techniques for
the high initial energy infinite time blow-up of strongly damped models have recently been established
in [2, 35-38], as far as we are aware, the present work is among the first to prove such a result under
the simultaneous presence of both the strong damping term Ay, and the dispersive term Au,,.

(iii) In the regime 1 < p < 2 or p = 2 and 2 < r, we respectively establish criteria for a finite time
blow-up at a supercritical initial energy. In addition, the corresponding criteria for a finite time blow-up
with subcritical and critical initial energies are also obtained. These results have not been addressed in
the existing work.
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The remainder of this paper is organized as follows: Section 2 states the main results; Section 3
presents several key lemmas; and Section 4 provides the detailed proofs of the main results.

Table 1. Summary of results.

A, Nonlinearity Initial energy Global existence Infinite time blow-up
_» wlnlul (r = 2) EW0)<d [33] [33] and Theorem 2.4
p= B EW0)>d Unsolved Theorem 2.4
B EQ0)<d Theorem 2.2 Theorem 2.3
I<p<2 ulnul (r =2) E) >d Unsolved Unsolved
A, Nonlinearity Initial energy Global existence Finite time blow-up
_ EW0)<d Theorem 2.2 Theorem 2.5
— r=2
p=2 ™ Inful (> 2) EO0)>d Unsolved Theorem 2.6
_ EQ0) <d Theorem 2.2 Theorem 2.5
r=2
I<p<2 ™ Infuf (r > 2) EW0)>d Unsolved Theorem 2.7

2. Main results

Throughout this paper, the following standard notations are adopted. Write H := H*(Q) N Hé (Q).
The standard inner product on L*(Q) is denoted by (-,-), (i.e., (u,w) = fQ uwdx); for 1 < y < oo,
the norm on L”(Q2) is denoted by || - ||,. The inner product on Hé(Q) is denoted by (-, )., defined as
(u, w). := (u, w) + (Vu, Vw), with the norm on H}(Q) given by |lull? := [lull} + [|Vull3. Let 4; > 0 denote
the first eigenvalue of the Laplace operator —A subject to homogeneous Dirichlet boundary conditions.
From (1.1), for all u € H, 4,||Vull} < [|Aull3 and A;|jull} < [[Vull5. (-, ). and (-, -)... stand for the duality
pairings of LP(Q) with L” (Q) and L™*(Q) with L (Q), respectively, where a constant ¢ > 0 is chosen
to satisfy the bound

00 if p>n,

O<r+6<inp+2n-2 2.1
' {npz-l(-—n)p, if p < n and Condition (1.2) is satisfied. 2.1y
n—p

Definition 2.1. Assume Condition (1.2) holds and 0 < T < oco. A function u = u(x,t) is called a weak
solution to Problem (1.1) on Q x [0, T1; ifu € C([0, T1; H) with u, € L*([0, T; H(l) (), then the initial
data satisfy uy € H, u; € Hy(Q), and

(u (1), w), + f (Au(t), Aw)dt + f (Vu@)P2Vu(t), Vwy.dr + (u(®), w),

0 ) 0 (2.2)

= (uy, w), + (ug, w), + f (u()"*u() In [u(7)|, w)..dr,
0

for all test functions w € H and all t € (0, T).
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For any u € H, we define the following functionals:

I(u) = ||Au||§ + ||Vu||§ - f |ee|” In |u|dx, (2.3)
Q

1 , 1 » P01 .

J(u) = EHAMHZ + —||Vu||p + —2||u||, —— | |u 1In|u|dx. 2.4)
P r rJao
Then,

r—2 r— 1 1
J(u) = 2—||Au||§ + —plqullﬁ + —llully + = 1(u). (2.5)

r pr r r

Letd := inf,cn J(u) be the potential well depth, where the Nehari manifold N is given by the following:
N ={ue H\{0}|I(u) =0}.

In addition, we introduce two auxiliary sets as follows:
W:={ueH]|Iu) > 0}uU{0},

V:.={ue H|Iu <0}.

Additionally, we define the total energy functional as follows:

1 1 1
E(t) := Enut(r)n% + Enwt(r)ni + J(u(h) = Enut(r)ni + J(u(t)). (2.6)

First, the local existence theorem is presented.

Theorem 2.1. Assume Condition (1.2) holds. If the initial data satisfy u, € Hé (Q), ug € H, and there
exists a constant ® > 0 such that ||Au0||§ + ||VM0||§ + |lu1l> < O, then there exists a constant 5 >0

depending only on E):, such that Problem (1.1) admits a weak solution u on [0, Tg], and the solution
can be extended to the maximal existence time [0,T). In addition, for any t € [0,T), the following
inequality holds:

t
E(1) + f llurl2dT < E(0). 2.7)
0
Moreover, if the maximal existence time T < oo, then the following blow-up criterion holds:
Lim ([l I + [Au@I + [Vu()) = eo. (2.8)

Next, we have the following result on global existence.

Theorem 2.2. Assume that either 1 < p < 2with2 <r < oo forn = 1,2,...,p,and 2 < r <

”’;jf;)zp forn>p,orl <p<2andr=2 Letu € H\(Q) and uy € H. If I(uy) > 0 and E(0) < d,

then Problem (1.1) admits a global weak solution u.

Subsequently, two results on an infinite time blow-up are presented.
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Theorem 2.3. Assume 1 < p <2andr =2. Let u; € Hé(Q), uy € H. If E(0) < d and I(up) < 0, then
Problem (1.1) has a weak solution u that blows up at infinite time, satisfying lim,_, ||u(t)||* = oo.

Theorem 2.4. Assume p =r =2. Let u; € H(l)(Q), uy € H. Then:

(i) If
{I(uo) <t 00
Vol 2+2(uo,u1)- :
d< E(O) < 2—\/‘2,
where
{ =ma {2 ! } (2.10)
= X s s .
gl(;u*)
where L. is a constant satisfying (as shown in Remark 2.1)
27'('/11(/1] + 1) + T — /116_2
D)= su ) 2 > 0,
81k ,ue{y>0:g£)(y)20}gl(ﬂ 8m(A; + 1)
and
270 + 1) + 4+ wn(l + Inp) — A2 724, + 1) — pu? — wn(1 + In p)
= , = , (2.11
&1w) 874, + 1) 82(4) A + 1) 1D

then Problem (1.1) has a weak solution u that blows up at an infinite time, satisfying lim,_,, |[u(?)||*> =
00,
(ii) For any Q > d, there exists a weak solution u to Problem (1.1) with initial data ug € H and
0

u € Hé(Q) satisfying the conditions in (i) and E(O; (ug, ulQ)) = Q, which blows up at an infinite time.

Remark 2.1. The positivity of g,(u.) is verified here. Indeed, a straightforward calculation shows that

g1(u) is increasing on (0, u,) and decreasing on (u;,c0), where u, := 2”—;1 Since lim, o+ g1(1) =

im0 g1(1t) = —00 and gi(e™") > O, there exist constants 0 < p, < py < ps such that g,(1) > 0 if and
only if u € (ua, p3). In addition, since g>(u) is strictly decreasing for all u > 0 and lim,,_,o+ g>(11) = o0,
lim,, .0 g2(u) = —oo, and there exists a unique ps > 0 such that g,(u) > 0 if and only if u € (0, us).
Note that g,(e™") > 0 and g,(e™") > 0, which yields e™' € I := (uy, 3) N (0, uy), hence I is nonempty.
Moreover, it holds

(u (u _ 2714 + 1)+t — Aje?
sup 81 ):Supgl )281(/J*)2g1(e 1): ! 18 3 . 1 >0’
pefu>0:g2(u)=0} pel 71'( e )

where p., = min{uy, fy}.

Remark 2.2. From (4.23), lim,_., |[u(?)||> = oo holds under the condition I(u) < |lu||>. Therefore,

Vlleeol 2+2(uo,u1 )

we impose I(ug) < |lul? in (2.9). The inequality d < E(0) < VT
invariance of the set {u | I(u) < ||u;||*}. The choice of u. in Remark 2.1 minimizes . This enlarges the
set of initial data satisfying (2.9).

given in (2.9) ensures
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Finally, we present results on finite time blow-up together with lower bounds for the blow-up time.

Theorem 2.5. Assume 1 < p <2and2 <r<ooforn=1,2,...,por2<r< ""2?2" WL forn > p.

Letu, € Hé(Q) and ug € H. If E(0) < d and I(ug) < 0, then Problem (1.1) has a weak solution u that
blows up in finite time T, satisfying lim,_,z- |[u(t)||* = co. Moreover, if E(0) < d, then

2B+ A -2 -
T (d-EO)(r-27

where A = 2|luoll2(d — E(0)), and B = (r = 2)(ug, u1). — 2lluoll2.

Theorem 2.6. Assume p =2and?2 <r <ooforn=1,2,...,por2 <r< "’;ﬁ;)zpforn > p. Let
u; € Hy(Q), ug € H. Then:
(i) If
k 2
E(0) < 2 [2(140, up). + ||Mo||*] , (2.12)
r

where k := (r — 2) min {1 4 } then Problem (1.1) has a weak solution u that blows up in a finite time
T, satisfying lim,_,7- ||u(t)||f = 00. Moreover, the blow-up time satisfies

4(r+2) (D> + C(r -2 - D)

< ,
n(r —2)?

where 1 := k (2(uo, ). + lluol?) = 2rE(0), C := 2008 nd D 2= (r — 2)ug, ) — Mol

r+2
(ii) For any Q € R, there exists a weak solution u to Problem (1.1) with initial data ug € H and
ulQ € Hé(Q) satisfying the condition in (i) and E(0; (ug, ulQ)) = Q, which blows up at a finite time.

Theorem 2.7. Assume 1 < p<2and2 <r<ooforn=1,2,...,por2<r< "p+2" 2pforn > p. Let
up € Hé(Q), uy € H. Then:
(i) If
(200, w1). + ol (2.13)

2
where k.. := (r —2) mln{z, 4(j+1)}

time T, satisfying lim,_,z— |[u(t)||> = co. Moreover, the blow-up time satisfies

then Problem (1.1) has a weak solution u that blows up in a finite

4(r +2)(VD* + C(r -2 - D)
Noe(r = 2)? ’

where 0., = ku (2o, 1), + lgl) = 2rE(0), C := 2=9E a0 D := (r = 2)(utg, uy), — 4||uo||2
(ii) For any Q € R, there exists a weak solutlon u to Problem (1.1) with initial data ”o € H and
ulQ € H(l)(Q) satisfying the condition in (i) and E(0; (ug, ulQ)) = Q, which blows up at finite time.
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Theorem 2.8. Assume that all the conditions of Theorem 2.5, Theorem 2.6, or Theorem 2.7 hold. Then,
a lower bound for the blow-up time T is estimated by

* 1
T> f (r+0-1) dy’
60) Cry™ 7+ |QU(e(r = 1)) 2 +y

Cz(ms—]) 2(r+0=1)

(%) ", with Cs > 0 being the best

where G(0) = lluoll2 + llur 12 + l|Auo|l3 + %||Vuo||p, G =
constant of the Sobolev embedding Wé’p (Q) — L2+=D(Q).

62

3. Preliminaries

Similar to Lemma 2.2 in [33], we can obtain the following lemma.

Lemma 3.1. Assume Condition (1.2) holds. Let u € H\{0}. Then,
(i) lim,_ J(Au) = 0 and lim,_, ., J(Au) =
(ii) there exists a unique A* = A*(u) such that J(/lu)l =1 =0;and
(iii) J(Au) is increasing on (0, 1%), decreasmg on (A%, +0), and attains its maximum at A*.

Lemma 3.2. [39] Let p € (1,00). For any i € WS"”(Q) \ {0} and u > 0, there holds

[ n._ [ pue
9P In + —In| == 1911 < wlIVIII?,
fl | (Iﬂllp) » n(an 19115 < VI,

P
pn 2 -5 p=1\P~ 1 F(£+l) n .
where L, = = ( - ) 1"(”(”*”+1) , and I denotes the Gamma function.

In particular, if p = 2, then for any ¥ € Hé(Q) \ {0} and u > O, there holds

flﬁl In (”ﬂllz)d%%(l+1n/l)||19||2 < —IIVﬁllz (3.1

Let Condition (1.2) hold. For any ¢ satisfying

00, if p > n,
< n .
O<r+e p Cifp<n,
n—p

write r(g) = ( BHS)”‘E’” , where B, is the best constant of the embedding Wé’p (Q) — L (Q).
We note that if /(1) < 0, then by (2.3) and (2.4),

||Vu||§§f|u|’ln|u|dx.
Q

Furthermore,
1
J(u) > ! IIVull” ||u||£ + —1(u).
p r

Consequently, the following results from [2] remain valid for Problem (1.1).
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Lemma 3.3. Assume Condition (1.2) holds. Let u € H \ {0}. If I(u) <0, then ||Vul|, > r.. Here

ifn>p, r.:= sup r(e); ifn<p, r.:= sup r(e).

EE(O,%—r) £€(0,00)

Lemma 3.4. Assume Condition (1.2) holds. Then,

Hr—p) .
d>1 "7 . yp<r

ep® \» .
w(Z) - ip=r
Remark 3.1. The case 1 < p < r < 2 is not considered as in [2], mainly because the non-negativity of
the potential well depth d cannot be proved. Specifically, by (2.5) and I(u) = 0, we observe that

r—2 , I=Dp |
J(u) = THAMHZ + 7||Vu||f, + ﬁ”””r'

For r < 2, one cannot ensure J(u) > 0, indicating the inapplicability of the potential well method.
Thus, some alternative methods may be required for this case of Problem (1.1).

Lemma 3.5. Assume Condition (1.2) holds. Let u be the weak solution of Problem (1.1) with maximal
existence time [0, T). Then,

(i) If EQ0) < d and I(uy) > 0, then I(u(t)) > 0 forall t € [0,T) (i.e., u(t) € ‘W); and
(ii) If E(0) < d and I(uy) < O, then I(u(t)) < O forallt € [0,T) (i.e., u(t) € V).

Proof. We only prove (ii), as the proof of (1) is similar. Arguing by contradiction, suppose there exists
to € (0,T) such that I(u(r)) < O for t € [0,1y) and I(u(ty)) = 0. Furthermore, Lemma 3.3 and the
continuity of /(x) imply that u(zy) # 0. By (2.7), we have the following:

J(u()) < E(t) = E0) - f lul?dr < EQ0), Vtel[0,T). (3.2)
0

If E(0) < d, since u(ty) € N, then we have J(u(ty)) > d by definition of d, which contradicts
J(u(ty)) < E(0) < d from (3.2).

If E(0) = d, then from (3.2), we get J(u(ty)) < d. Combined with J(u(ty)) > d (as u(ty) € N),
we have J(u(ty)) = d, which implies foto llu-l’dr = 0. Thus, u, = 0, u(t) = uy on [0, 1], so I(ug) =
I(u(ty)) = 0, contradicting I(up) < 0. This completes the proof. O

Lemma 3.6. Assume Condition (1.2) holds. For any u € H \ {0}, if I(u) < 0, it follows that
I(w) <r(Jm) —d). (3.3)

Proof. Lemma 3.1 implies there exists & € (0, 1) such that I(a*u) = 0, i.e., @"u € N. By the definition

of d, we have J(a*u) > d. Define the following:

r—2
2

r

r—p a
IVull} + TIIMIIL a>0.

g(@) = rJ(au) — I(au) = o’ - IAull? + ” -

Differentiating g(«) with respect to a and applying Lemma 3.3 yields the following:

g'(@) = a(r = DlAull; + a”'(r = pIVullb + " Mull, > "'r] > 0.
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Thus, g’(@) > 0 for all @ > 0, meaning g(«) is strictly increasing on (0, +c0). Then,
rdJ(u) — I(u) = g(1) > g(a”) = rJ(a*u) — (a@*u) = rJ(a*u) > rd.

This completes the proof. O
Lemma 3.7. [40, 41] Suppose that a positive, twice-differentiable function Y(t) satisfies the inequality
(OW(@D) ~ (1+6) (Y1) 20,
where 8 > 0. If ¥(0) > 0 and ¥’ (0) > 0, then ¥(t) > coast - t,. <t" = %.
Lemma 3.8. Suppose p = r = 2. For any fixed O > 0, we define the following:

JIVOIE +2@.%). g} (3.4)
2e? 2 )

where { > 0 is given in (2.10), I(®) = [[AD| + [[VD|)3 - fg |®|? In |®|dx, and E(®,¥) = %ll‘Pllf +

SIAWIS + 2IVPIS + 215 - 3 o [1* In [P|dx. If (uo, u1) € Up, then I(u()) < llu (D)} — O fort € [0,T)
and

Uy = {(cp, W) e HX Hy(Q) : [(®) < ||¥|? - O, d < E(®,¥) <

V@R + 2@, u), 6
2+el 2’
Proof. Define €(1) := I(u(t)) — |lu,(t)||?> for t € [0, T). First, we prove that €(t) < —& for all t € [0, T).

Suppose otherwise. Since the initial condition (uo, u;) € Uy yields €0) = I(up) — |luy||*> < —C, there
exists fg € (0, T) such that €(7y) = =& and €(r) < =0 for all ¢ € [0, t;). Let

d < EQ)<

t€[0,7). (3.5)

!
B(1) = u@)I + f lu(r)l2dr, t€[0,T).
0
Direct computation using (1.1) and (2.3) yields the following:
B'(t) = 2(u(t), u(1)). + lu@|I,
B"(1) = =21(w(0)) + 2luD)I; = -2€(1) > 0, 1 € [0, 7).
Thus, since (ug, u) € Uy, we obtain the following:

lluCto)II2 + 2(u(10), u(t0)). = B'(19) = B'(0) = 2(ug, ). + lluto|?
Y 2
> 46{(5 + E(O)) .
Moreover, by (2.7), €(ty) = — 0 together with the identity J(u) = %I (u) + }‘Ilullg yields the following:

1
E0) =2 E(1) = Elluz(to)lli + J(u(to))

1 1 1
= Elluz(to)llf + El(u(to)) + leu(to)H%

o 1
= llu,(to)II> — >+ Znu(to)n%

o

1
> leu(to)lli 5
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This yields 26" + 4E(0) > ||u(to)||§. Note that 20 + 4E(0) > 4E(0) > 4d > (2ne*)? > 1, as shown in
Lemma 3.4. Then,
(20 + 4E(0)) In(20 + 4E(0)) > |[u(to)I|3 In ||u(to)13,

which, together with (3.1) and ||Vu||§ < %IIAullz, implies the following:

1 1 1 1 1
EQ) > E(1) = Elluz(to)lli + §||Au(fo)||§ + §||Vu(fo)||% + leu(to)H% ) f u(10)* InJu(to)ldx
Q

>

N =

o
(10113 + AGIVuto)ll; + Bo)llua(to)ll5 ~ (5 + E(O)) In(20 + 4E(0)),

— 12 . . .
where A(u) = 4 + 2”4—71”, B(u) = w. It is not difficult to verify that

A(p) = 2g1(u) + go(),  2g1(w) = B(u) + 182(w),

where g(u) and g,(u) are given by (2.11). Note that ||u||§ < %lqull%. For any p > 0 satisfying
&) >0,

1 %
E(0) > Euut(ro)ui + 281 (WIIVuto)ll; + A1 g2(wlluto)ll; + Bo)lluto)ll5 — (5 + E(0>) In(20 + 4E(0))
1 17
= 5||ut<ro>||i + g1l + g1 (llu)Il} — (5 + E((») In(20 + 4E(0)).

In view of Remark 2.1, we set u = u. in the preceding inequality. Together with (2.10), this yields the
following:

o 1 o
7 YEO =7 (It + 2(u(to), uito)). ) (5 + E<0>) In(20 + 4E(0))

2
> 4e (? + E(O)) - (g + E(O)) In(20 + 4E(0)).

This leads to 2e 0 + 4eE(0) < In(2e 0 + 4¢E(0)), which a contradiction in view of x > In x for all x > 0.
Consequently, for every ¢ € [0, T), we have C(r) < 0.

Next, we establish (3.5). From the above, €(r) < —& for all t € [0, T), which implies 8”(t) =
—2C(¢) > 0. This yields the following:

(I + 2u(e), u(1)). = B'(2) = B'(0) = lluoll? + 2(uo, ur).

o 2
> 46{(3 + E(O)) , tel0,T).

This completes the proof of the invariant set. O
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4. Proof of the Theorems
Proof of Theorem 2.1
Let {e;}°, be the eigenfunctions of the biharmonic operator A? subject to the boundary conditions

u = 0and Au = 0 on Q. Then, {e;}>, forms an orthogonal basis of H = H*(Q) N Hé(Q). Define the
Galerkin approximate solutions of problem (1.1) as follows:

k
u(x0) = D haDex),  k=1,2,3,--
i=1

which satisfy, foreachi=1,2,--- ,k,

(tgar, €)s + (Dug, Aey) + (Vi P>V, V), + (e, €)= {lu ue Inugl, e, (4.1)
with initial conditions u;(0) = g, ux(0) = ui1, where uyo and uy are chosen in spanfey, e,, - - - , ex} S0
that

U — ug InH ask — oo, “4.2)
wg — uy in Hy(Q) ask — oo, (4.3)

By the standard theory of ordinary differential equations, System (4.1) admits a local solution u;(7) on
[0, T} ] for some T > 0. By multiplying (4.1) by &, (f) and summing overi = 1,2,--- , k, we obtain the
following:

1 1 1 1 ("
Elluktllz + EIIAukllg + ];IIVukllﬁ + Efo e |12 d

! _ 1 1 1
- f f "tz I i dxdt + ~ a2 + S11Ausoll2 + [Vl
0 Ja 2 2 p

Eollowing the same argument as in [2, (4.5)—(4.13)], there exists a constant 75 > 0 only depending on
O® such that

1 1 1 1 (!
Ellukzllﬁ + EIIAuklli + — [Vl + 3 f lul? dr < ©,, Vte€[0,Ts], 4.4)
p 0

for some constant ®; > 0 independent of k.
Therefore, there exists a function « and a subsequence of {u;};7, (still denoted by {u;}) such that

w S u i L9(0,Ts; H), ask — oo, 4.5)
up — u in L0, Ts; H), ask — oo, (4.6)
e S, in LV0, Ty HY(QY)),  as k — oo, 4.7)
ey — u,  in LX0, T5; HY(Q)),  as k — oo (4.8)

By Lions’ theorem [42], (4.5) and (4.7) impliy

wp — u  strongly in L*(0, Ts; Hy(Q)), ask — oo,
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and hence u; — u almost everywhere in Q X [0, 75]. Therefore,
|| g In |y ] — Jul uln|u] ae.in Qx[0,T3], ask — oo. (4.9)

Furthermore, similar to the estimate in [2, (4.23)], we deduce from (4.4) that

—2
f eeel 25 1 gy
Q

where C, > 0 is the best constant of the embedding Wé”’ (Q) — L*°(Q). By (4.9) and (4.10), there
exists a subsequence such that

r:‘%] r+8 r+é ~
) Q + ——(p@))7 =:C, (4.10)
r+6—1

r+6
o1 <
dx < (e(r 1

w* . _r+d_
g 20 1 ) — Ju2uln|u| in L (o, Ty Lo (Q)), as k — oo,

gl 20 In Jug | = | 2uln|u| in L2 (0, T3;L%(Q)), as k — oo. 4.11)

In addition, from (4.4), we have [, |VuxlPVi|™" dx = ||Vullj < p®; < oo. Combined with the
almost everywhere convergence of Vuy, this implies the following:

Vuel” Ve > [VulP?Va - in L2 (0, T5: L77(Q)),  ask — oo, (4.12)
Let P = {Zf-;l Gei:ieR ke N}. Then, P is dense in H. Hence, for any ¢ € H, there exists a

sequence {¢;}>, C P such that lim;_, ¢; = ¢ in H. By the construction of Galerkin approximations,
(4.1) holds with e; replaced by ;. Taking the limit i — oo, we obtain the following:

[Cttiars Y] < (A, AY)| + |<|Vuk|p_zvuk, V), |+ 1 )] + |<|Mk|r_2uk In fuel, ¥),,
< Al |AWIL + Vel 5 1V + Notgel Ll + {[leeel 00z In fu

6 ”w”r+6~
r+o—1

Since H — Wé”’ (©), and Wé”’ (Q) — L™(Q) holds under Condition (1.2), there exists a constant
C: > O such that for all y € H, |[Vyl|, < Cil|AYl, and [|Y|l;+s < CillA|l>. For any test function ¢ € H,

r+d ) .
r+6—1

From (4.10), we immediately obtain |lullr < Ci (IAuglla + [Vauellh™ + gl + €77 ), where H’
denotes the dual space of H. From the uniform bound (4.4), we know |Aull, < +20; and

~ -1 -2
Kttker, )| < CillAY] L2 (IIAukIIz + IVaeell5™" + el + [[lad” a0 In fug

||Vuk||§_1 < (p@l)PT_'l hold uniformly for all k. Then, the dual norm bound simplifies to the follow-
ing:
il lr < Crllugall + Co,

where a = a ( V20, + (p@l)]%l +C +«%1) From (4.8), we immediately obtain the following:

U — u, in L2(0, T3 H'), as k — oo. (4.13)
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Integrating (4.1) with respect to ¢ from O to ¢ and taking the limit k — oo via (4.8), (4.11), (4.12), and
(4.13), we conclude that for all 7 € [0, T3],

(ut(t)’ei)*+f(AM(T)’Aei)dT+f (IVu@)I"?Vu(r), Ve;), dr + (u(t), €;).
0 0

= (u1, €). + (uo, €). +f (|u(m)*u() In |u(7), €;),,d,
0

forall i = 1,2,---. Since {¢;} is dense in H, the weak formulation in Definition 2.1 holds for all
test functions ¥ € H. Moreover, from (4.5) and (4.7), we have u € C([0, T3];Hé(Q)). From (4.7),
(4.13), and [43, Proposition 1.2], we have u, € C([0, T3]; L*>(2)). Combined with (4.2) and (4.3), this
yields u(0) = uy and u,(0) = u;. The energy inequality (2.7) can also be derived in a standard way
(for example, see [44]). Finally, we prove the blow-up criterion (2.8). Suppose, for contradiction, that
T < oo but

tim sup ([l (DI + | Au(@| + [Vu()|3) < oo.
t—>T~

Then, there exists a constant R, > 0 such that
DI + 1Au@)Il; + Vu@)|l; < R., Vi€ [0,T).

By the local existence result, there exists Tk, > 0 only depending on R, such that for any 7, € [0,7),
the solution can be extended to [#y,#y + Tk.]. Taking ty = T — Tg, /2, we see that the solution exists on
[0, T + Tk, /2], which contradicts the maximality of 7. This completes the proof. O
Proof of Theorem 2.2
Only the case of E(0) < d is proved here, and the result for £(0) = d can be obtained by the same
argument as in Theorem 2.3 of [33].

Case (I 1 < p<2with2 <r <ooforn=12...,p,and 2 < r < 2222 for n > p. By

2(n—p)
Lemma 3.5, we have u(t) € ‘W and thus I(u(¢)) > 0 for all € [0, T). From (2.5), (5.6), and (2.7), we

obtain the following:
t
1
d>EQ0) = f lluc|ldT + Elluz(t)lli + J(u(r))
0

! 1 r—2 r— 1 1
= f luclZdr + <llu @) + ——lAu@)|; + —pllvbt(f)llﬁ + @Il + 1) (4.14)
0 2 2r pr r r

! 1 r—2 1
> f laellZdT + Sl OIE + —=lAu@)l; + <N, ¢ €0, 7).
0 r r

By [[Vull} < %IIIAuH% and (4.14), fort € [0, T),

2rd 2rd
+ < 00
r—2 A(r-2)

2 2 2
el + NAull; + [ Vull; < 2d +

Hence, it follows from Theorem 2.1 that 7 = oo.
Case (II): 1 < p < 2 and r = 2. In fact, we only need to supplement the proof by verifying that

lAull3 < c0. By (3.1) (u = ’%), IVull3 < A7 |Aull3, and ||ull? < 4d (from (4.14) with r = 2),

2 n(l +Inuw)
f I flex < =19+ I ) — ==l
Q T 2
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71'/11

< —||Vu||2 + (4d +1)In(4d + 1) + 1+ —ln(—) 4d

2
< —llAull; + By,

1
4

where B, := 1(4d + 1)In(4d + 1) + %
the above estimate, we obtain the followmg

)| 4d > 0. By combining (2.4), (2.6), and (2.7) with

2 1
AUl = 2J(u) - I—)IIVullﬁ - Ellullé + fguZ In |uldx
<2E(0) + f u? In uldx
Q

1
<2d+ Z||Au||§ + By;

then, ||Au||2 <3 2(2d + B,). Thus, we complete the proof. O

Proof of Theorem 2.3

Step 1: Extension of u to infinite time.

By Lemma 3.5, we have u(t) € V and thus I(u(¢)) < O for all r € [0,T). Let H(¢) := ||u||§ and
¥(©) := H(t) = [lu@|), for t € [0, T). Since I(u(t)) < 0, u(t) % 0, so y(r) > 0 for all € [0, T). Then,
H'(t) = 2(u, u,). By the Cauchy-Schwarz inequality,

2y(0)y' (1) = H' (@) < 2llullallearll> < 2llul ollaeell < 290wl

Then, y'(1) < llu(®)ll.. By (3.1) (u = Vrdy) and ||Vull; < A7'[|Aull3,

2 1+1
f P In juldx < P I9ulR + H@o o full — " g
Q 27T 2
< ﬁuwn% + H () In [|ull; — g (1 + %m(ml)) H(t) (4.15)

%llAullz —H(t) InH(t) + DyH (@),

where D, :=

S+ % ln(7r/11)| > 0. Then, by (2.4) and (4.15), we deduce the following:

1 1 1 1
Jw) = SlIAul} + ;lqulIZ +HW -5 fg luf? In Juldx

> l||Au||§ + 17{@) - l(1||Au||§ + 1?{@) InH() + DyH (1)
| (4.16)
(Z — —)7—((t) - —W(r) In H(¢)

> —%H(r) InH() — DH (1),
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where D := max {0, % — ﬂ} > 0. It follows from (2.6), (2.7), and (4.16) that

DIl = V2E(1) = 2J(u(1)) < V2E(0) — 2J (u(1))

< \/2E(0) + %'H(r) InH(t) + 2DH(¢)

= V2E(0) + (7 Iny(1) + 2Dy(t)*

This, together with y'(¢) < ||u,(?)||., implies the following:

y() < \/ 2E(0) + y(1)? Iny(¢) + 2Dy(t).

Define y, := max { V2IE(0)], ew“}. Let y(¢) be continuous on [0, 7). We consider two cases.

(4.17)

Case (I): There is no subinterval of [0, T) on which y(t) > y., which implies y(f) < y. < oo for all

te[0,T).

Case (II): There exists a subinterval [1,.7) C [0,T) such that y(r) = y, and y(t) > y, for all

t € [1, 7). Moreover, we have the following:

Y () < \/y(t)2 + y(1)? In y(1) + 2Dy(t)> = y(¢) \/ln y(£) + 2D + 1 < y(£) /2 In y(2).

Then, for every ¢ € [, .7), the following holds:

2
y(t) < exp [( Iny, + g(t - T)) )

2
Therefore, for T < oo, there exists a constant M := max {y*, exp (( Iny, + gT) )} such that ||u|]? <

M, := M? < co. By combining this bound with (2.3) and (4.15), we deduce
1 1
Aull3 + [Vull? < f|u|2 In |u| dx < §||Au||§ + 5 (Mo + DI In(My + 1)| + D, My,
Q

1.e.,
1 1
EIIAuH% +IVull) < D5 := E(MO + DIIn(My + D[ + DM,

which implies ||Au||§ < 2Dj3. Moreover, from (4.17), we obtain the following:
1
> < 2E(0) + SHO InH(@) + 2DH (1)
1
< Dy = 2E(0) + 5 (Mo + Dl In(My + D + 2D M,
Recalling that [|Vul3 < A;'l|Aull3, we conclude the following:
2 2 2 2
e[ + |Aull; + [[Vull; < Dy + 2D5 + /l_D3’ t€[0,7).
1

Hence, it follows from Theorem 2.1 that 7 = co.
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Step 2: Blow-up at infinite time. Let

F(1) = IIM(t)IIf+f lu(oldr, 1= 0.
0

By (1.1), (2.3), and I(u) < O for all t € [0, T), for t > 0,
F'(0) =2, u), + ull?,  F (@) = 2llullZ = 21(u) > 0. (4.18)
Case (I): E(0) < d. It follows from (2.7), (4.18), and (3.3) that for ¢ > 0,
F'(t) = -21(u) > 2r(d — J(u)) > 2r(d — E(0)) =: C4 > 0.

Since .#”(t) > C4 > 0, integrating twice gives .7 (t) > %tz + F’(0)t + F(0). By contradiction, if
llu(t)|> < L, for some L; > 0 and all ¢ > 0, then .Z(t) < Li(1 + 1), which contradicts the quadratic
growth of .% (). Thus, lim,_,, |[u(?)||> = co.

Case (II): E(0) = d. We claim that there exists #, > O such that foto |lu||>’dr > 0. Suppose not, (i.e.,
forall r € [0,T), fot |lu-|[>dT = 0). This implies ||u,(¢)||> = O for a.e. t € [0, T). Thus, u, = 0, u(t) = u
on [0, T), so I(uy) = 0, contradicting I(uy) < 0. By (2.7),

]
Eto) = d - f 2T < d.
0

If we take ¢, as the initial time, repeating the procedure of Case (I), similarly, then we can obtain the
result. |
Proof of Theorem 2.4
Proof of (i). Step 1: Extension of u to infinite time.
Since (ug, u1) € Uy, from Lemma 3.8, we know I(u(r)) < ||u,(t)||f — O fort € [0,T) and

2
d < E0) < VIl@IE +2 @), @), € fe[0.7), 4.19)

2+/el 2’
which, along with (2.10) and Lemma 3.4, yields that for 7 € [0, T),

Nl + 2(u, ), > 8ed? > 2" ' n"e™ ! > 1. (4.20)
From (4.19) and (4.20), one obtains the following:

2
2
d < BQ) < M2, 6y 4.21)

2+el

Let D(¢) := ||ul|? for t € [0, T). From (2.10), the Cauchy-Schwarz inequality, and Young’s inequality,
we deduce

’ _ 2 _ i 2
D) =2 (u, up), < ull; + (2 \/e_{) lletelly: »

which, combined with (2.3), (2.6), (2.7), J(u) = %I(u) + %||M||§, (3.1), and (4.21), implies that for all
u >0,

@ + D) In(e® + D)) — D'(F)
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2
> (lull; + 11Vull2) (D) + %) = 2l + —= 2 = Null?

Vel
> [[uell3 In [|uell3 + 31| Vel + 4(1||M||2 + lI(u) - E(O)) + i||M 112 = lleell?
= 2 2 2 4 2 2 \/z (4153 *

2
> |lully Injull3 + 20IVull; + 21(u) — 4E(0) + Wlluzllﬁ

21ull? + 4u, uy). N 2l 12

Vel Vel
20l 2l 22 2||Mt||2

Vel " Nl N N

> {lull? In|ul3 + 2(|Vul3 + 2|[Vull; -2 f u? In |uldx —
Q

2
Jui
> 2(IVull3 + 2[IVull3 + n(l + In )llull5 - ;nwni

2
> (2 — 'u—) |Vull3 +
T

:= C(W)IIVull; + D@)llull3-

4
n(l +1Inp) - \/—z] llull3

Take u € (exp (niﬂ - 1), \/Zr) Since { > 2, this interval is nonempty, whence it follows that
C(u) > 0 and D(w) > 0. Consequently, we obtain (e* + D(7)) In(e* + D(¢)) > D’(f). By Gronwall’s
inequality,

el < (1 + Al < 2 = D) < (ol + €*) = € =2 Hy (o). (4.22)
By (2.6), (2.7), (3.1), and (4.22), we have for any u > 0,

1 1 1 1
|EO)| > E(t) > §||ut||i + EuAun% + EIIVuH% + —||u||%

n(1 + Inw)
—II ||2)

1 (2 1
-3 (—nwné + —||u||§ In [|ull3 -

(4.23)

1 1
Elluzll +—||A ull; + (5—4—)|IV ully

1
+ ZIIMII% - Z(H3(t) + D In(H3(1) + 1) + MII ull3-

By substituting u = +/x into (4.23), we obtain the following:
1 1 1 1
EO)] 2 Sl + Sl1Aull; + ZIVully = Z(H3(@) + 1) In(H(0) + 1).
Then, for ¢t € [0, T),
llfl + N1Aull3 + IVull3 < (Hs(r) + 1) In(H3(t) + 1) + 4|E(0)].

From Theorem 2.1, we conclude T = oo.
Step 2: Polynomial growth.
By (2.9) and Lemma 3.8, I(u) < ||u,||> — €. This, together with (4.18), yields .Z"(t) = 2|ju,||* —

20(u) > 20, fort > 0. Let & = min {||u]||§ — I(uy), —V”O”zﬁ;“) - 2E(O)}. By (2.9), (up,u1) € Uy
for all &' € (0, ﬁA). As O — é’, the same argument based on (4.18) yields lim,_,., |[u(?)||* = co.
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Proof of (ii). Take nonzero ¢ € H, Y € Hé (Q) with (¢, ). = 0. For any Q > d, set
u$ =g, u?=rmgp+hy (M, h>0tobe determined).

By orthogonality,
W@, uf). = illlgl2,  ufl? = Rl + gl

From (2.4) and (2.6), the initial energy reads E(0) = %Ilwllf + 7 (i), where
(i) = (||A<z>||2 + 2|V + ||¢||2 f |6 In [¢ldx — (|42 In m)
Now, we verify (2.9) and E(0) = Q for suitable 7, h. By (2.3),

1W8) - |lu?)? = i (||A¢||§ +[IVeli3 — f |pI* In |p|dx — |13 In 73 — ||¢||3) — Rl
Q

which is negative for sufficiently large /7. As limﬂ,_)Do JC (M) = —oo, take m large enough such that
” i 3lIplE 12 +2(u. . 2 V2(0-7 ()
Q > () and Q < ;/rf - Y 2}0 . Setting h = Y=—" yields E(0) = Q. Thus,
(ug , ulQ) meets the blow-up condition in Theorem 2.4 (1). |
Proof of Theorem 2.5

Case (I): E(0) < d. For any T € (0, T), define the auxiliary functional

(1) = ||u@)|I? +f lu(D)|2dT + (T = Dlluoll? + ot + p)*, 1 €10,7],
0

where constants o, p > 0 will be chosen later. Compute the first derivative as follows:

(1) = 2(u(®), u (1)), + 2f (u(7), u, (1)) dt + 20(t + p).
0

By the Cauchy-Schwarz inequality,

t 2
(A1) =4 ((M(t), u (1) + f (u(7), u (7). d7 + O (t +p))
0

. (4.24)
<4H (1) ( f lucllZdr + o + ||u,(r)||3) :
0
Next, compute the second derivative. Using (3.3) and (2.7), we get the following:
(1) = 21w () + 20w I + 20
_ 2
> 2r(d — J(u())) + 2||lu, () + 20 (4.25)

A
=2r f lu:lPdt + (r + 2)llu,OI> + 2r(d — E(0)) + 20-
0
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Combining (4.24) with (4.25), it follows that
r+2
HOH"(0) = —=(AH )

> Ji/(t)[er lluclZdT + (r + 2)lludll? + 2r(d — E(0)) + 20— (r +2) (f lluclZdT + o + IIMzIIf)]
0 0
= (1) [2(d - E(0)) - o].

Choose o such that o € (0, 2(d — E(0))]; then, we obtain
’” r+ 2 ’ 2 A
K (KX (t) - T(Ji/ (1) >0, Vtel0,T].
Take p large enough such that p > max {—@, 0} so that #”(0) > 0. By Lemma 3.7,

T < 400) 2(Iluollf + Tllul? + Upz)
T (r=270) (r=2)(up,u1). +0p)

Then, T [(” = 2) ((uo, u1)s + op) — 2||u0||f] <2 (Iluollf + O'pz) . Choose p such that p > w

Let & := op, which satisfies the following:
5 {2||140||3 = (r = 2)(uo, u1)s }
X ,00.

& > ma Py

From o < 2(d — E(0)), we have p = § 2 z(d—é;s(o»'

The upper bound of T can be rewritten as follows:
A+ &

(B+(r—2)&)d - E©)

where A := 2||ug||>(d — E(0)), and B := (r—2)(uo, u1). — 2||uo|*>. A simple calculation shows f(é—‘) attains

— 3 By substituting &, into f(£), we get the following explicit upper

T <

&) :=

~

its minimum at &, =
bound:
24/B>+A(r-2)>-2B

(d — EQO)(r - 2)
Letting T — T, the upper bound of the blow-up time 7 holds.

Case (II): E(0) = d. Identical to the proof of Case (II) in Theorem 2.3. O

Proof of Theorem 2.6

Proof of (i). Using (2.5), (2.6), 2.7), 4illVull; < llAull3, Allull; < |IVull3, the Cauchy-Schwarz
inequality, and Young’s inequality, we obtain the following:

T <

r r—2
I(uo) < rE©) = Sl = —= (lAuol; + 1Vuol}})
r Ai(r=2)
< rE©) = Sl = == lluoll

< rE(0) — klluy |2 — 2K]luo |
< rE(0) — k|2, uy). + llugl ] < 0.
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where k := (r = 2)min {1, 1. Define L() := 2(u(t), u,(t)). + lu(®)|[%; then,

1
2
L'(0) = 2llu, Ol - 21(u()). (4.26)

We claim that I(u(t)) < O throughout [0, 7). Assuming the contrary and utilizing /(1) < 0, we find
there exists ¢, € (0,7) with I(u(¢,)) = 0 and I(u(t)) < O for ¢t € [0, ). This fact, together with (4.26),
yields L'(¢) > 0 for ¢ € [0, t.). By virtue of (2.12), we get E(0) < lfL(()) < ’fL(t*). Nevertheless, from
the Cauchy-Schwarz inequality, Young’s inequality, A4;||Vul? < ||Aull?, A||ul? < |[Vull?, and (2.7), one
has

k k 2k
~L(t.) < ;nuf(t*)nf + —||u(r*)||2

1 ( ) 1

< Sl el + ————llu(e)II?

—_ N

< Sl + == (||Au<r )3 + IVu(z.)IB)

< E(1,) < E(0),

which is a contradiction. Consequently, I(u) < O for ¢t € [0,T) and L(¢) is increasing on [0, T") from
(4.26).
For any T € (0, T), define the following:

!
M(t) == |lull? + f lull2dt + (T = Dlluoll? + w(t +v)>, 1€[0,T], (4.27)
0
with positive constants w, v > 0 to be fixed later on. Then,
f
M'(f) = 2(u;, u), + f lull>dT + 2w(t + V).
0

Together with (1.1), (2.3), (2.5), (2.6), and (2.7), we deduce the following:

M (1) = 2u|l2 = 21(u) + 20

) 5 ) 2 4 ) (4.28)
=+ 2lull; + (r—2) (||Au||2 + ||Vu||2) + ;llullj + 2rf |lue||;dT — 2rE(0) + 2w.
0
By the Cauchy-Schwarz inequality and (4.27),
! !
(M'(H)* <4 (nuni + f lullZdT + w(t + v>2) (nutui + f llul2dT + w)
0 0 (4.29)

!
< 4M() (Ilutllﬁ + f el 2T + w)-
0
By combining (4.28) and (4.29), we obtain the following:

M®H(). (4.30)

M(M” (t) - %(M'(l‘))2 > M(t) [M"(t) - % (Ilutllﬁ + f el 2T + w) =
0
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By (4.28), /11||Vu||§ < ||Aul?, A;||lul?> < ||Vul?, Young’s inequality, and the Cauchy-Schwarz inequality,

r—2 2 3(r-2) (" r+2
H(r) = lul? + (r = 2) (llAMH% + ||Vu||§) + —Iull). + f lu-l?dt — 2rE(0) - —w
2 , 2 2
-2 r+2
> ldl? + (r = 2)A ||ull? — 2rE(0) — — W
2
> k (P + 20lull?) - 2rE(0) - r; w (4.31)
+2
> ke (20w, + [ull?) = 2rE0) - 0
+2
> kL(0) — 2rE(0) — rTw.
Letn := kL(0) — 2rE(0) > 0. Choosing w € ((), +2] we obtain the following:
MM @& - 28 @y = 0. 4.32)

Next, choose v > 0 sufficiently large such that v > max{—%,O}, which ensures M’(0) =
2 (ug, uy), + 2wv > 0. By Lemma 3.7, we have the following:

sM(©) 4 (ol + 0 + Tluol?)
T r-2M0) T (= 2) (g, ). + @)

~
A

Then, T[(r—2)((uo, u1)s+wv)—4|ugl|?] < 4luo|>+4wv?. To ensure that the coefficient of T is positive, we

impose wy > M — (ug, uy),. Letting 8 := wv, we immediately get 8 > B, := max{4””°” — (ug, U1)s+, O}.
Under this cond1t1on,

. Hluol? + -

= D o, + ) Al
Taking the maximum admissible w = r2+—'72 to obtain the tightest upper bound, we define C :=
zr’r”f:g”% ,D = (r — 2)(ug, u1)» — 4|luo|*. Then, the inequality can be rewritten as follows:

F < 2r+2) C +p? '
n (r=2)8+D

Define the function &E(B) := (rcgg — for B > Bo. By a simple computation, &(B) attains its global

VC(r-2)2+D*-D

minimum at 8; = —

follows:

. Thus, we obtain the explicit upper bound of the blow-up time as

2r +2) 4r+2) (VD> +C(r-27 - D)

T<—>2.8 =
T el =27

Letting T — T, the above upper bound holds for the maximal existence time 7.
Proof of (ii). As in the proof of Theorem 2.4 (ii), we take nonzero ¢ € H, ¢y € Hé(Q) with
(¢, ¥). = 0. For any Q € R, set ug = m¢>,u1Q = m¢ + hy, for m,h > 0. By orthogonality, it follows
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that 2, u?). = m2|lpI%, WI? = m?||p|? + h3|ly|P. For p = 2, the energy functional yields E(0) =
H(m) + |y, with

r r 1
) = " (I61E + 1601 + IV 41E) + (”ﬂ'r—@lnm—; | |¢|r1n|¢|dx).

Since r > 2, lim,,_,, 5¢(m) = —oo. For a fixed Q, choose sufficiently large m > 0 such that ¢ (m) < Q

and Q < %mz = w. Let h = ,/%Qﬁw—’ﬁ;(’"» > 0. Thus, (ug, uiQ) meets the blow-up
condition in Theorem 2.6 (i) with E(0) = O. * O
Proof of Theorem 2.7
Proof of (i). By [|Aull} > A1[IVull3 > A3||ull3,

1 1
Aul3 > - ANl + (1 - A1][Vull3
1wl > =g - Al + | 1 = = |4Vl
2 /12
= Tl + v (433)
2 2
_ 1 2 2\ _
= /11+1(||M||2+||VM||2)— 7

Combining (2.5), (2.6), (2.7), (4.33), the Cauchy-Schwarz inequality, and Young’s inequality, we ob-
tain the following:

r
I(up) < rE(0) - 5””1” - ”AMO”z - TIIVuoll”
r —
< rE() - Ellmllf - —IIAuoH%
r (r—=2)22
< rE0) — ~|luy|P* -
< rE(0) 2||u1||* A+ )II uoll?

< rE(0) = ko [2(ut0,u1). + llugll2] < 0,

where k... := (r—2) min {2, X jli 1)} We assert that I(u(¢)) < 0 throughout [0, 7). Assuming the contrary
and utilizing I(uy) < 0, we find there exists ¢, € (0,7) with I(u(t.)) = 0 and I(u(¢)) < 0 for ¢ € [0, t.).
This fact, together with (4.26), yields L'(r) > 0 for ¢t € [0,¢.). By virtue of (2.13), we deduce that
EQO) < k—;"L(O) < I%L(t*). Nevertheless, from the Cauchy-Schwarz inequality, Young’s inequality,
(4.33), and (2.7), one has the following:

1 ( )43
§||ut(t)|| 2(21 )II()II

1
< 5 Ml DI+ —IIAu(t )5
< E(t,) < E(0),
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which is a contradiction. Consequently, /(z) < O for ¢ € [0, T') and L(¢) is increasing on [0, T').
Recalling (4.27)-(4.31), by (4.33), Young’s inequality, and the Cauchy-Schwarz inequality, we have
the following:

r—2 2. 3(r=-2) (' r+2
H(r) = llaell? + (r = 2)|Aull; + =llull] + f lluc|2dT = 2rEQ0) - ——w
2 r 2 0 2
r—2 A2 r+2
) loaell? + (r — 2)/11 Jlr 1IIbtlli —2rE0) - 5w
+2
> ke ([l + 20ul?) = 2rEO) - ==
+2
> ke (20 1), + llE) = 2rEO) = =0
+2
> k,,L(0) — 2rE(0) - rTw.
Let n.. := k..L(0)—=2rE(0) > 0. Choosing w € (O, %] we see that (4.32) holds. The remaining proofs
of (i) and (ii) are entirely analogous to those of Theorem 2.6 and are therefore omitted. m|

Proof of Theorem 2.8
Define the auxiliary functional as follows:

2
G() = @) + eI + lAu(r)]l; + ;IIVM(I)IIP, 1€[0,7).

By applying (1.1), the Cauchy—Schwarz inequality, and Young’s inequality, we have the following:
G (1) = 2(u(0), (1)), + 20ut(0), u(1)). + 2(Au(@), Au()) + 2 (IVul”>Vu, Vu,)

= 2u(t), u (1)), = 2l )17 + 2f |l 1aat; 1n |ueld x

Q
(4.34)

SIIM(I)Ili—IIMt(t)IIf+2f|u|’_2uuzln|uldx
Q

< G — (DI +2 f ", n .
Q

Split the domain into Q; = {x € Q : |u| > 1} and Q, = {x € Q : |u| < 1}. Using |In |ul]® < |ul® for |u| > 1
and ||u|~2 In|u|| < 1/(e(r — 1)) for |u| < 1 and Young’s inequality, we get the following:

_ _ 2 _ 2
2f|u|r 2uu, In Juldx < ||ut(t)||§+f " %u T | dx+f [l 20 I Jual|” dx
Q Q Q)

1
< llu DI} + Ef "~V dx + [Ql(e(r — 1))
Q

2(r+6—1)
< llu DI} + STIIVM(I)IIf,(’+5_I) +[Ql(e(r — 1))

2(r+6-1)

< @2 + C:6(0 "7 + |Ql(e(r = 1),

c2r+o-1 2(r+0-1)
where Cy := = !

—
S2S]
SN—"

= . Combine with (4.34) to obtain the following differential inequality:

2(r+6-1)

G <CGM 7+ +1Qle(r = 1) + GO

Communications in Analysis and Mechanics Volume 18, Issue 4, 931-959.



955

By separating variables and integrating from O to 7, we obtain the following:

dy <t.

G(1) 1
f 2r+6-1)
6O Cry- v +1Qlle(r—1)2+y

Lett — T, so G(t) — oo. Hence, we get the lower bound of the blow-up time. O

5. Conclusion

Our work makes three improvements over previous papers. First, we complete the proof that infinite
time blow-up solutions can be extended globally in time for p = r = 2. Second, we first prove
high energy infinite time blow-up for fourth-order equations with both dispersion and strong damping.
Third, we give full finite time blow-up results for » > 2, which no earlier work covered.

We list several open problems for later study.

(i) We do not cover 1 < p < r < 2. The potential well method fails here. Some alternative methods
may be required for this parameter range.

(i1) Our model has no memory or nonlinear weak damping. Adding these terms will create more
dynamic behaviors.

(iii) As far as we know, all existing infinite time blow-up results for high initial energy are estab-
lished for semilinear equations. Can similar results be derived for quasilinear equations? For example,
consider the case 1 < p <2 and r = 2 in Problem (1.1).
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