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1. Introduction

Nonlocal elliptic equations of the Kirchhoff type have attracted considerable attention in recent
years because they combine a rich variational structure with important applications in mathematical
physics, continuum mechanics, and nonlinear material theory. In Kirchhoff-type models, the coefficient
multiplying the principal operator represents a nonlocal dependence of the effective tension or stiffness on
the global deformation energy, a feature that is classical in the mechanics of elastic strings, membranes,
and nonhomogeneous media. In parallel, anisotropic and variable-exponent models have become
increasingly relevant for the description of heterogeneous media, image restoration, electrorheological
fluids, and materials whose response depends both on the spatial position and on the direction of
diffusion. From the modeling viewpoint, anisotropy and variable growth are precisely the mechanisms
that allow one to encode direction-dependent and spatially inhomogeneous constitutive responses. In
such contexts, the natural functional setting is no longer the standard Sobolev space but rather an
anisotropic variable-exponent Sobolev space, where each partial derivative may exhibit a different
growth law. We refer to [1-5] for the foundational theory of variable-exponent Lebesgue and Sobolev
spaces, and to [6] for anisotropic problems with variable growth.

A further source of difficulty appears when the reaction term reaches the p,,(-)-based critical growth
furnished by the embedding used here. In that case, the embedding Wol’ﬁ (x)(Q) — LIM(Q) is no
longer compact. In the constant-exponent setting, the classical framework for describing the resulting
concentration phenomena is the concentration-compactness principle of P.-L. Lions [7]. Variable-
exponent and anisotropic versions were obtained in [8, 9], with sharper compactness and concentration-
compactness refinements developed in [10]. In the present paper the anisotropic principle is used
explicitly in the Palais—Smale proof to record the possible critical defect measures. We assume that
the critical exponent is strictly subcritical on 0€2, so the critical set is contained in the interior and the
concentration-compactness theorem is used exactly in its established form. The resulting atoms are
subsequently ruled out by a global identity specific to the sign structure of the equation: The critical
term occurs with a positive coefficient and therefore contributes a non-negative monotonicity defect
when the derivative is tested with u; — u.

On the other hand, Kirchhoff-type equations and related nonlocal elliptic problems have been
investigated by variational methods in several complementary directions. Foundational existence
and minimax results for nonlocal Kirchhoff equations may be found in [11-13]. Variable-exponent
Kirchhoftf models were subsequently developed in [14—17], while critical or genuinely nonlocal variants
are represented, for example, by [18, 19]. Recent anisotropic Schrodinger—Kirchhoff and concentration-
compactness results closely related to the present setting are given in [9, 20, 21]; see also [22] for a
variational treatment of a nonlocal elliptic reaction.

More specifically, the two earlier anisotropic Schrodinger—Kirchhoff studies by Chems Eddine et
al. [20,21] treated critical variable-exponent problems for more specific principal operators and source
structures: The first established the existence of at least one weak solution, whereas the second obtained
existence and multiplicity results in a two-parameter setting. The present problem extends those models
in several coupled directions. First, the directional principal part is generated by a general family of
anisotropic Leray—Lions potentials A;(x, &) rather than being restricted in the abstract theorem to a single
explicit j(x)-Laplacian form. Second, the Kirchhoff coefficient depends on the full anisotropic modular,
including the weighted lower-order pj(x) contribution. Third, the reaction contains the additional
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global factor ( f F(x,u) dx) , so the equation is genuinely bi-nonlocal. Finally, the exponent g(x) is

allowed to reachgtzhe pm(+)-based critical threshold p;,(x) on the critical set A; the resulting concentration
measures are first identified by the anisotropic concentration-compactness principle and then shown
to have no atomic part by a global monotonicity defect argument, before a truncated Krasnosel’skii-
genus construction is used to obtain infinitely many distinct pairs of solutions. Thus the generalization
simultaneously concerns the operator structure, the two nonlocal couplings, the critical compactness
mechanism, and the multiplicity conclusion.

The paper treats the Kirchhoft dependence, the nonlocal primitive factor, directional variable growth,
and the p,,(-)-based critical concentration in one variational framework. The central analytical task is to
obtain strong Palais—Smale compactness at the critical threshold in a form suitable for a genus-based
multiplicity argument. This is achieved through the coercive monotonicity estimate (A3), which converts
the vanishing principal-operator defect into strong convergence in the anisotropic energy space.

In this work, we study the following critical bi-nonlocal anisotropic Schrodinger—Kirchhoff problem:

N
= M(p o (w)) [Z 0y.ai(x,0,u) — w(x)|u|pM(x)—2u]
i=1

; 1.1
=( f F(x,u)dx) f(x,u) =yl u  inQ, (D
Q

u=0 on 0Q),
where Q ¢ RY (N > 2) is a bounded Lipschitz domain, 2 > 0,y > 0, r > 0, and w € L¥(Q) satisfies
w(x) > wy >0 fora.e. x € Q. (1.2)
We seek weak solutions in the anisotropic energy space
X := WP,

whose precise definition and norm are recalled in Section 2. The quantity pz,)(u) is the full anisotropic
energy modular defined in (1.10): It aggregates the directional energies A;(x, d,,u) and the lower-order
weighted contribution [%IMIW ™. Consequently, the factor M(p;,(«)) depends on the global state of u,
rather than pointwise on x.

At a formal level, Problem (1.1) may be viewed as a stationary balance law for a nonhomogeneous
anisotropic medium whose effective stiffness is governed by the global modular pj,) (1), while the
exponents p;(x) describe directional growth laws that may vary from point to point. This is one of
the reasons why the present analysis fits naturally within the analysis side of the analysis—mechanics
interface addressed by Kirchhoff-type models.

The anisotropic exponents p; € C(ﬁ), i=1,...,N, are assumed to satisfy
1 < p; := min p;(x) < pi(x) < p! := max p;(x) < N, i=1,...,N. (1.3)
xeQ xeQ

We introduce the pointwise extremal exponents

Pm(X) = Jnin, pi(x), pu(x) = max pi(x),

Communications in Analysis and Mechanics Volume 18, Issue 4, 889-930.



892

and the global bounds
pulr— 1 - - 1 + o _ +
P = P Py = Mpy(X), = MAX py(X) = max py

The p,.(-)-based critical exponent furnished by the embedding used below is
N pw(x)
N - pm(x)
Since the critical embedding in the anisotropic variable-exponent setting requires a logarithmic continuity
assumption, we also impose

po,(x) =

Pm € CYEQY). (1.4)

f w(O)|ulP*® dx
Q

to be well defined for every u € W(;’ﬁ “(Q), we further assume the strict subcriticality condition

In order for the zero-order term

pu(x) < p, (%) for all x € Q. (1.5
Under (1.4) and (1.5), the anisotropic Sobolev embedding yields
Wy "9(Q) e LPO(Q),

so the modular pj,) and the operator defined below are well posed on the whole energy space; see [9].
Let 5 € C(Q) denote the growth exponent appearing in assumption (f;) below and set

B i=minfx), B = maxBx).

xeQ xeQ)
The critical reaction exponent g € C(Q) is assumed to satisfy
1 <Bx) < qx) < pi(x)  forallxe Q. (1.6)

To place the critical set in the interior and apply the anisotropic concentration-compactness theorem in
its established setting, we impose the boundary subcriticality condition

q(x) < p, (%) for all x € 0Q2. (1.7)

We also write

g :=ming(x),  ¢":=maxgq(x).
xeQ xeQ

We use
A:={xeQ: qx)=p,(x)} (1.8)

to denote the critical set. By continuity and (1.7), A is a compact subset of 2. Hence, the critical growth
may occur in the interior, while a uniform subcritical gap holds in a neighborhood of the boundary.
The anisotropic principal part is driven by the family

N
D 0naix,dgu),  ailx, &) = FeA(x, &),
i=1
and we assume the following Leray—Lions type conditions.
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(Ag) Foreachie{l,...,N},themap A; : Q X R — [0, 00) is a Carathéodory function, A;(x,0) = 0, the
section A;(x, -) belongs to C!(R) for almost every (a.e.) x € Q, and

Ai(x, =€) = Ai(x, &) fora.e. x € Q, V€ e R.

In particular, a;(x, &) := 9:Ai(x, &) 1s well defined for a.e. (x, £);
(Ay) Foreachie{l,...,N}, ¢, > 0 exists such that

lai(x, &) < ¢, (fi(x) + €771 forae. x € Q, VEER,

where f; € L*(€) is non-negative;
(A,) Foreachi€{l,...,N}, k; > 0 exists such that

KiléP ™ < ai(x, £) € < pi)A(x, &) forae. x € Q, V€ € R;
(Az) Foreachi€{l,...,N}, ¢; > 0 exists such that

(ai(x,&) —a(x, )& —n) = c; Dy(&,n) forae. xeQ, V&, neR,

where, for p € (1, ),
& —nl”, pz2
Dp&m = e —pp
(gl + >
with the convention that the second expression equals O when ¢ = = 0;
(A4) Foreachi e {1,...,N}, K; > 0 exists such that

I<p<?2.

0 < Ai(x, &) < Ki|)P™  forae. xeQ, V¢ eR.

Condition (Aj) implies strict monotonicity in both the subquadratic and superquadratic regimes,
since D,(&,17) > 0 whenever € # 1. Accordingly, (Ag)—(A,) provide variational well-posedness and the
boundedness estimates, (A3) converts a vanishing monotonicity defect into strong convergence in X,
and (Ay4) provides the uniform small radius control of the anisotropic modular on finite-dimensional sets
of the form ¢S (E,).

The formulation of (Aj) is compatible with the full range in (1.3). In particular, it covers the standard

anisotropic variable-exponent class
D) s .
Ai(x’ é:) = —|§|pl( )a ai(X, {.:) = bi(X)Iﬂp’( ) 2§,
pi(x)

provided b; € L*(€) is uniformly positive, with
b, := essinf bi(x) > 0.
xeQ
Indeed, for every p € (1, o), we have

2% PIE -7, p>2,
(P26 = PP n)(E—m) = € — P

-H)—=— 1<p<?2
P E e P
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Consequently, (A3) holds for this model with the uniform constant
¢i=b, min{2*7, p7 =1} > 0.
Moreover, we have

billi
0 < Ay, &) < W@ o)

1

so (Ay) is satisfied as well. Hence, this model covers the full interval 1 < p; < pi(x) < p < N.
The nonlocal reaction is described through the primitive

F(x,1) ::ff(x,s)ds,
0

where the nonlinearity f is required to satisfy the following conditions:

(fo) f: QxR — Ris a Carathéodory function; .
(f;) The constants A;, A, > 0 and an exponent S € C(€2) exist with S(x) > 1 such that

APY < f(x, 0t < A tPY forae. xeQ, VteR;

(f2)
flx,—t) = —f(x,1) forae xe€ Q, YreR.
Assumptions (fy)—(f,) yield both the sign condition f(x, )t > 0 and the two-sided growth
AP <If (0] < AP forae. xe Q, Ve eR,

while (f,) guarantees that the primitive F(x, -) is even. In particular, for a.e. fixed x € Q and every ¢ € R,
we have

A Ay
— 1Y < F(x, 1) < =|1ff@. (1.9)
B* B

Assumptions (fy)—(f;), together with (Ag)—(A1), (1.5), (1.6), and the continuity of the Kirchhoff function
M, ensure that the modular pj, the nonlocal potential

U —> fF(x,u)dx,
Q

and the energy functional J; are well defined and of class C' on X; see Proposition 2.7. Since
(1.6) yields B(x) < g(x) < p;(x) on Q, these properties also provide the precise subcritical control
needed for the second nonlocal term and will be used repeatedly in Sections 3 and 4. In addition,
the quantitative monotonicity hypothesis (A3) will be invoked in the compactness part to convert the
vanishing monotonicity defect into strong convergence in X.

The natural modular associated with Problem (1.1) is

w(x)

N
NO) ;:f Ai(x, 0 u) + ——|ul™™ | dx, (1.10)
P Q(; ( ) P

which is finite for every u € Wé’ﬁ ®(Q) thanks to (1.5) and the anisotropic embedding with exponent
pum(+). For brevity, we shall often write

) = pro() (e X)

whenever no confusion is possible.
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Definition 1.1 (Weak solution). A function u € X is called a weak solution of Problem (1.1) if, for
every v € X, we have

N
IW(p(u)) f [Z ai(-x’ aXiu)aXiv + W(x)lulpM(X)_zuv:i dx
Q=

=1 (f F(x,u) dx) ff(x, u)yvdx — yf |72y dx.
Q Q Q

The corresponding energy functional is defined on Wé’ﬁ D(Q) by

|u| 1)

. 1 r+1
Ja(u) = Mppn(u)) — 1 (L F(x,u) dx) + yL dx, (1.11)

q(x)
where

M(t) ::fM(s)ds.
0

Under the hypotheses stated in Proposition 2.7, the functional J; belongs to C'(X,R). Accordingly, its
critical points are precisely the weak solutions of Problem (1.1) in the sense of Definition 1.1.

The main analytical obstacle is the simultaneous presence of two nonlocal effects and one critical
variable-exponent term. The first nonlocal effect comes from the Kirchhoft coefficient M(p (1)), which
depends on the global modular of the solution. The second one comes from the factor ( fg F(x,u)dx)’,
which makes the reaction term itself nonlocal. In addition, the exponent g(x) may reach the p,,(-)-based
critical exponent p; (x), so the embedding into L¥¥(Q) is no longer compact. Consequently, the proof
of the Palais—Smale condition cannot rely on standard compact embeddings alone.

The proof separates the description of possible defects from the mechanism that yields strong
convergence. First, the anisotropic concentration-compactness principle is applied with & = g to record
the possible critical defect measures; Condition (1.7) keeps every possible concentration point in the
interior. Next, the Palais—Smale identity is tested with u; —u. The subcritical bi-nonlocal source vanishes
by compact embedding, while the positive critical term decomposes into a non-negative monotonicity
defect plus a weakly vanishing term. The resulting vanishing principal-operator defect and the (S )
property supplied by (Aj3) independently give strong convergence in X. This convergence identifies
the previously recorded measures and forces every concentration mass to vanish. Finally, a modular
truncation localizes the negative critical points and supports the Krasnosel’skii-genus construction;
see [23,24].

For the reader’s convenience, let us isolate the main contributions of the paper.

(i) We formulate the problem in a genuine anisotropic variable-exponent setting where the equation
contains two distinct nonlocal mechanisms and a critical reaction term, and we show that the
associated energy functional is well defined and of class C! on the natural energy space.

(i) We prove a Palais—Smale compactness result in the critical regime. The concentration-compactness
principle records the possible defect measures, whereas the global monotonicity identity and the
(S ;) property implied by (A3) yield strong convergence; the latter convergence shows that every
recorded concentration mass vanishes.

(ii1)) We exploit this compactness input in a truncated even-functional framework and obtain infinitely
many pairs of nontrivial weak solutions by means of Krasnosel’skii’s genus theory.
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(iv) We verify the abstract assumptions for standard anisotropic p;(x)-growth operators throughout the
full range 1 < p; < pi(x) < p/ < N for explicit power-type nonlocal source terms and for both
polynomial and bounded Kirchhoff laws.

This formulation also clarifies the level of generality of the result. The concentration-compactness
decomposition describes the possible loss of mass when g(x) = p;, (x), while the favorable sign of the
critical term ensures that its duality contribution is a non-negative defect in the Palais—Smale identity.
The remaining subcritical bi-nonlocal term is compact, and the principal operator converts the resulting
vanishing defect into strong convergence. The measure decomposition then has no atomic part. This
mechanism is combined with the truncated genus construction in the doubly nonlocal anisotropic setting
considered here.

Our main result is the following.

Theorem 1.1. Assume (1.3), (1.4), (1.5), (1.6), (1.7), (1.2), (fy), (f)), (£,), and (Ag)—(A4). Moreover, let
M : [0, 00) — (0, ) be continuous, and assume that

B (r+1)<min{p,,q }. (1.12)

Then the following conclusions hold.

i 1If
M(t) = a + bt", a>0, b>0, nx1,

then 2* > 0 exists such that, for every 0 < A < A*, Problem (1.1) admits infinitely many distinct
pairs of nontrivial weak solutions in Wé PO Q).

(i1) If the constants my, my > 0 exist such that
my < M(t) < my forallt >0,

then A > 0 exists such that, forevery() < A< A, Problem (1.1) admits infinitely many distinct pairs
of nontrivial weak solutions in Wé’p @ Q).

Remark 1.1. The thresholds in Theorem 1.1 are genuine constants, independent of the genus index and
of the minimax level. Once and for all, fix any radii

0 <Ry <R,

Let Cy > 0 be the coercivity constant in (3.1), let C; > 0 be the growth constant in (4.2), and define

p+ Rl 1/pm .
Lz, = max 1,( Aé ) . Cr =CeLy. (1.13)
0
Then every u € X satisfying p(u#) < R; also satisfies
lull < Lr,. 0 < G(u) < Cg,.
Consequently, one may take
+ 1)aR
A = {r+ DaR r)j 0 in Case (i),
2Cy,
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and
(I" + l)moRo

1=
26,31“

in case (i1).
These explicit sufficient thresholds determine the admissible parameter ranges (0, 1*) and (0, 1), respec-
tively.

The operator assumptions in Theorem 1.1 have distinct roles. Conditions (Ay)—(A,) establish the
variational framework and the boundedness estimates, while the concentration-compactness decomposi-
tion follows from the anisotropic Sobolev structure. When the global Palais—Smale identity yields a
vanishing principal-operator defect, (A3) supplies the (S ) property and upgrades weak convergence
to strong convergence in X, thereby eliminating every atomic mass in the measure decomposition.
Condition (A4) supplies the small-radius estimate required by the negative-level genus geometry. Thus
compactness follows from the global defect identity and the (S ) property, whereas the genus geometry
follows from homogeneous upper growth.

Equivalently, Theorem 1.1 is an abstract multiplicity statement combining a quantitative compactness
hypothesis on the principal operator with a homogeneous upper growth hypothesis for the finite-
dimensional minimax construction. Proposition 5.1 shows that both hypotheses are satisfied by the
standard anisotropic variable-exponent model for the whole interval 1 < p; < p;(x) < p; < N. The
mixed form of (Aj3) is essential in the compactness step, while (A4) supplies the correct power #”» near
the origin in the genus argument.

Let us briefly emphasize the mathematical content of Theorem 1.1. The restriction (1.5) first
guarantees that the lower-order potential term involving |u|"* remains genuinely subcritical with
respect to the anisotropic Sobolev threshold, so the energy functional is well defined on the whole space
Wé’ﬁ “(Q). The inequality (1.12) then expresses that the negative bi-nonlocal contribution generated by
F has lower effective growth near the origin than both the anisotropic principal energy and the positive
critical term. This imbalance is exactly what makes the genus construction possible at small energy
levels. At the same time, the positive critical term contributes a non-negative monotonicity defect, so it
can be retained rather than estimated by a compact embedding; this restores the compactness needed in
the minimax argument through the (S ;) property of the principal operator.

The paper is organized as follows. Section 2 collects the functional analytic preliminaries on variable-
exponent Lebesgue spaces, anisotropic Sobolev spaces, the principal anisotropic operator, and the
anisotropic concentration-compactness principle in the established interior critical form. Section 3
applies that decomposition to Palais—Smale sequences and proves, through the global monotonicity
defect identity, that all concentration masses vanish and that the sequence converges strongly. Section 4
introduces the truncated functional, verifies the negative-level Palais—Smale condition, and applies
Krasnosel’skii’s genus theory to complete the proof of Theorem 1.1. Finally, Section 5 records the
concrete classes of operators, nonlinearities, and Kirchhoff laws covered by our abstract assumptions.

2. Functional framework and preliminaries

In this section, we collect the functional analytic tools used throughout the remainder of the paper.
Although some of these ingredients are standard in the variable-exponent literature, we record them here
in the precise form needed later, because the doubly nonlocal critical argument developed in Sections 3

and 4 requires a self-contained combination of regularity, concentration, and monotonicity inputs. Unless
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stated otherwise, we work here under the structural assumptions (1.3), (1.4), (1.5), (1.6), (1.7), (1.2),
o), (£), (£,), and (Ag)—(A,), and we also assume that the Kirchhoff function M : [0, o) — (0, ) is
continuous. The quantitative monotonicity assumption (A3) enters Proposition 2.6 and the compactness
arguments of Section 3, whereas (A,) enters the finite-dimensional estimate in Section 4. We keep the
notation

Pm(X) = Inin, pi(x), pu(x) = max pi(x),
and
P 1= )
" N = pu(x)

The basic facts on variable-exponent Lebesgue and Sobolev spaces may be found in [1-5]. The
pm(-)-based Sobolev embedding used below is obtained from the anisotropic framework of [9]. We
use the anisotropic concentration-compactness principle in M*(Q) in the precise form established
in [9, Theorem 6]. The boundary gap (1.7) ensures that every possible concentration point lies in
the interior. The separate assumption (1.5) places the lower-order exponent py,(-) strictly below the
pm(-)-based critical threshold and guarantees the compact lower-order convergence required by the
variational argument.
For convenience, we write

C.(Q):={heCE):h :=minh(x)> 1},
xeQ

and

Cy
log(e + [x —y|™!)

CY¥(Q) = {h € C.(Q) : AC, > 0 such that |a(x) - h(y)| < V= y}~

Variable-exponent Lebesgue spaces

Letp e C.(Q). We define
LPYOQ) := {u : Q — R measurable : p,(u) := f lu(x)]PP dx < oo} ,
Q
endowed with the Luxemburg norm

p)
||u||Lp(x)(Q) = lnf {/l > O . f d)C < 1} .
Q

It is well known that LP®(Q) is a separable and reflexive Banach space; see [1,2,4,5].

u(x)

Proposition 2.1. Let p € C+(§) and u € LP®(Q). Then the following conclusions hold:
(1) llullzro) = A if and only if
u
NS )= 1a
Pp( )(/l)

(1) lullpoq) < 1 (resp. = 1, resp. > 1) if and only if
Ppwm) <1 (resp. =1, resp. > 1);
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(iii) if lull oy > 1, then

p” p* .
”u”Lp(x)(Q) S pp(x)(u) S ||u||Lp(x)(Q)’

(iV) if”M”Lp(x)(Q) < 1, then

r* P~
||u||Lp(x)(Q) S pp(x)(u) S ||u||Lp(x)(Q)'

Proof. This is standard in the theory of variable Lebesgue spaces; see, for instance, [5, Section 2]
or [4, Section 2]. O

Proposition 2.2. Let g, h € C.(Q) with q(x) < h(x) for all x € Q. Then the embedding
Lh(x)(Q) FEN Lq(x)(Q)

is continuous. Moreover, if p € C.(Q) and p'(x) is defined by
1 1
— + =1
p(x)  p'(x)

then, for every u € LP®(Q) and v € LPD(Q), we have

f u(x)v(x)dx
Q

Proof. See [1,2,4,5]. O

: )
<|l—=+ ||M||Lp<x)(§z)||V||u'<X> Q) < 2||M||Lp<x>(9)||v||u'<x> Q)
(p— (p/)— (D) ()

Anisotropic Sobolev spaces

Let p(x) = (p1(x),..., py(x)). We define
WHOQ) = fu € LD(Q) : du € LM(Q), i = 1,...,N},

endowed with the norm
N

el o 2= Htllmeoey + D 195 ullioay-
i=1

We use Wé’ﬁ “(Q) to denote the closure of C*(Q) in W'7¥(Q). Under (1.3), the spaces W'7(Q) and
Wé’ﬁ Q) are separable and reflexive.

Proposition 2.3 (Anisotropic Poincaré inequality). There is a constant Cp > 0 such that, for every
ue W(;’p (x)(Q), we have

N
ey < Cp ) 1yl o
i=1

Consequently

N
ldllx = > 10y llrior
i=1

defines a norm on X := Wé’ﬁ Q) that is equivalent to the usual Sobolev norm.
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Proof. This is standard in anisotropic variable-exponent Sobolev spaces; see, for example, [6]. The
equivalence of norms follows immediately. O

Proposition 2.4. The embedding
Wé’p(X)(Q) N Wé»[’m(x)(g)

is continuous.
Proof. Since p,,(x) < p;(x) for all i, Proposition 2.2 gives

LPFI(Q) — LPO(Q) foreachi=1,...,N.
Hence, for every u € Wé’ﬁ (x)(Q), we have

10 ullomenrqy < CillOgull prieoqys i=1,...,N.
Combining these estimates with Proposition 2.3 yields the claim. O
Proposition 2.5 (p,,(-)-based Sobolev embedding). Assume (1.4). Let h € C+(§) satisfy

h(x) < p,,(x) for all x € Q.

Then the embedding
Wéyﬁ(x)(g) s Lh(x)(Q)

is continuous. If, in addition, we have
h(x) < pi(x)  forallxeQ,
then the embedding is compact. In particular, for every such exponent h, we have

IVllx

Spi= inf — > 0.

vewp o) IVl

Proof. By Proposition 2.4, one has X — Wé P(9(Q)). The continuous and compact embeddings then
follow from the variable-exponent Sobolev theorem under (1.4); see also [9, Theorem 3]. O

Corollary 2.1. Assume (1.5). Then
WEP(Q) s LPHO(Q).
In particular, a constant C,,, > 0 exists such that
oy < Cpyllully — forallu € X.

Proof. Since py € C(Q) and (1.5) holds pointwise, Proposition 2.5 applies with & = p,, and yields the
stated compact, and hence continuous, embedding. m]

Lemma 2.1 (Brezis-Lieb type lemma). Ler g € C.(Q) and let (v,) be a bounded sequence in L12(Q)
such that v,(x) — v(x) almost everywhere in Q. Then

f val?® dx — f v, — V¥ dx — f V]9 dx.
Q Q Q

Proof. See [25]. O
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The principal anisotropic operator

For u,v € X, we define

N
(A(u),v)y = f (Z a;(x,0y,u)0,,v + w92y | dx.
Q

i=1
Proposition 2.6. Assume (1.3), (1.4), (1.5), (1.2), and (Ag)—(A3). Then
A X—-> X"

is bounded, demicontinuous, coercive, strictly monotone, and of type (S ;). In particular, if u, — u
weakly in X and
lim sup{A(u,) — A(u),u, —u) <0,

n—oo

then u,, — u strongly in X.

Proof. We divide the proof into five steps.

Step 1: Well-definedness and boundedness. Let u € X. Since Q is bounded and f; € L*(Q2), we have
f € LPi(Q) for every i. Moreover

Pp;(x)(|ax,~u|pi(x)_l) — f |aXiu|(pi(X)—1)pf(X) dx = f|ax,-u|pi(x) dx < oo,
Q Q

50 [0, ulP@-1 € LPi¥(Q). By Proposition 2.1(iii)—~(iv), C; > 0 exists such that

pi()-1||
10,277 oy < Comax{ial}y s g 10l o}
Hence, by (A), we have
e, D)l o ) < C(1+ maxtlifle o 105l o ):
Similarly, Corollary 2.1 implies u € LP*(Q) and
pu-2 1
2] 0 < € max{lll g Nl )

Therefore, by variable-exponent Holder’s inequality and Corollary 2.1, for every u,v € X

(A@w), ) < C|1+ Zmax 1, ull?, 10, ull” ) + maxlull 7

i=1

LPi (x)(Q) LP(”(Q) LpM(x)(Q) || || M(")(Q)} ||V||X

Thus A : X — X" is well defined and bounded on bounded subsets of X.
Step 2: Demicontinuity. Let u, — u strongly in X. Then, for every i € {1,..., N}, we have

O0ylty — Oyu strongly in LP™(Q),
and hence also in measure and, up to a subsequence, almost everywhere in Q. By (A,),

lai(x, 0| < o (fi(X) + 105, O7Y)  forae. x € Q,

Communications in Analysis and Mechanics Volume 18, Issue 4, 889-930.



902

and therefore the sequence (a;(x, d,,u,)), is bounded in LPM(Q). Since g; is Carathéodory by (A,) and
0y,u, — O u a.e. in Q, we also have

a;(x, 0yu,) — ai(x,0,u) for a.e. x € Q.

Since LP"(Q) is reflexive and the sequence is bounded there, every subsequence admits a further
subsequence converging weakly in LP®(Q) to some g;. Further along that subsequence, we still have

a;(x, 0y,u,) — ai(x,0yu) fora.e. x € Q,
so necessarily g; = a;(x, 0,,u) a.e. in Q. By uniqueness of weak limits, the whole sequence satisfies
ai(x,0,1,) — ai(x,0,u)  weakly in L9(Q).

The same argument applies to the zero-order term: Since u,, — u strongly in LP*(Q) by Corollary 2.1,
we have
|, PO 20, — P2y weakly in LPW9(Q).

Consequently, for every v € X, we have
(Aun), v) = (Au),v),

which proves that A is demicontinuous.

Step 3: Coercivity. By (A) and (1.2), if ko := min <<y k; > 0, then

N
(A(w), uy > ko Z f |0x’_u|p"(") dx + wy f |u|[7M(x) dx.
i=1 Y Q

Using Corollary 2.1, Proposition 2.3, and Proposition 2.1(ii1)—(iv), we infer that

Aw,u)

+00 as ||lullx — oo.
[zl x

Hence, A is coercive.

Step 4. Strict monotonicity. Let u,v € X. By (A3) and the monotonicity of ¢ — [f|’*®~2¢ we have

(A(w) = AW),u—-v) >

i

+ fw(x)(lulpM(x)_zu — WP 2)) (= v) dx > 0.
Q

N
=1

Ci f Dpi(x)(axiu’ ava) dx
Q

If equality holds, then
D0 (Oxu, 05,v) =0 a.e. in Q,

for every i, and therefore d,.u = 0,,v a.e. in Q. Since u —v € Wé’ﬁ (")(Q), the anisotropic Poincaré
inequality yields u = v. Hence, A is strictly monotone.
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Step 5: The (S ;) property. Assume that u, — u weakly in X and

lim sup{A(u,) — A(u), u,, —uy < 0.

n—oo

By monotonicity
(Aun) = Aw), up —uy — 0.

Every term in the expanded duality pairing is non-negative. Therefore, for every i € {1, ..., N}, we have

fi)pi(x)(ﬁxiun, dy,u)dx — 0.
Q
Set
Q ={xeQ: pi(x)>2}, Q ={xeQ:1<pix)<2}.
On Q/, (2.1) directly gives

0., u, — 6xl.u|’”"(") dx — 0.
o

2.1

(2.2)

It remains to treat Q;. If Q; = @, there is nothing to prove. Assume, therefore, that Q" # @; then

p; < 2. Write
di,n = axiun - axiu’ Sin = |6xiun| + |ax,~u|’

and )

|d; n(X)]

D;y(x) = ————
l,l’l( ) Si’n(x)z_p[_(x)

on Q-

[

with D; ,(x) = 0 whenever s;,(x) = 0, and set

2-p;

Q; . > 0.

Since the function s — s/(2 — s) is increasing on (1, 2), one has

iX i -
Pit) > b - = on Q..
2-pix) ~ 2-p;
Consequently, we have
£ PICP) < g for every ¢t > 1.

For every ¢ > 1, the weighted Young inequality with the conjugate exponents 2/p;(x) and 2/(2 — p;(x))

gives the following, pointwise on €;:

| di’nlpi(x) — (tDi’n)Pi(x)/z(t—p,-(x)/(Z—p,-(x)) Sf;(x))(Z—mx))/Z

Pit) 2= PiY) pio@-pia i)
<22, Tl P/ p(x))sfnx
< tD;, + 1" sz_n(x)_

in

Since u,, — u in X, the sequence (u,) is bounded in X. Moreover

i -1 i i
sP < 2P (10,27 + 10,,ul” ),
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and therefore
supf P dx < oo

n "
i

Integrating the preceding inequality and using (2.1), we obtain the following for every fixed ¢ > 1:
limsup | |d;,/"dx < Cit™™.
n—00 Q-
Letting t — oo yields
f |01t — Oyul”™® dx — 0. (2.3)
Q

i

Combining (2.2) and (2.3), we conclude that
f 10,14, — O, ul”P dx — 0, i=1,...,N.
Q

By Proposition 2.1(i1), (iv), we have
||(9x,.un - 6xiM||Lpi(-‘)(Q) — 0, i= 1, ..., N.
Therefore, u, — u strongly in X. This proves that A is of type (S ). i

Remark 2.1. The mixed monotonicity density O, introduced in (Aj3) is precisely what permits the
compactness argument to cover the entire range 1 < p; < pi(x) < p;” < N. In the subquadratic region,
the monotonicity defect controls a weighted quadratic quantity, and the preceding Young’s inequality
argument converts this control into convergence in the variable-exponent modular. For the model

(%, &) = biEPIE, b e LV(Q),  bilx) 2 b;> 0,
Assumption (A3) follows from the classical mixed monotonicity inequality stated above throughout the
full range 1 < p; < pi(x) < p/ <N.

Proposition 2.7 (Differentiability of the energy functionals). Assume (1.2), (1.3), (1.4), (1.5), (1.6), (fy),
(f)), and (Ag)—(A), and let M : [0, 00) — (0, c0) be continuous. Define

N
o(u) = fQ (;Ai(x,axiu)+ljv(—f)z)|ulp’”(")) dx, G(u) := fg F(x,u)dx.

M

Then p,G € C'(X,R), G(u) > 0 for every u € X, and

N

O (W), vy = f (Z ai(x, 0,u) 0,V + w(x)lul"M(x)_zuv] dx,
Q

i=1
(G'(u),v) = f fx, uyvdx,
Q

for every u,v € X. Consequently, we have

14
|| dx

— A
Ja(u) = Mp(u)) — mG(u)r+1 + yfg; 70
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belongs to C'(X,R), and

(T30.9) = Mp@)XAW. ) = GG [ flawdssy [ 1t 2 dx
Q Q

for every u,v € X. In particular, u € X is a critical point of J, if and only if u is a weak solution of (1.1).

Proof. Fixie{l,...,N}. By (Ag)—(A) and A;(x,0) = 0, the fundamental theorem of calculus gives the
following for a.e. x € Q and every & € R:
f a;(x,s)ds
0

pi(x)
<e, (fi(x)lfl + & )
Pi(x)

|Ai(x, )| =

i(x)
& ) . 2.4)

< ¢q (fi(X)Ifl +
p

i

Since Q is bounded and f; € L¥(Q), one has f; € L/i(Q). Hence, the variable-exponent Holder
inequality shows that

(L) = LAI-(X’ {(x))dx

is finite for every £ € LP™(Q).
The Carathéodory property and the growth estimate in (A ) imply, by the standard continuity theorem
for Nemytskii operators in variable-exponent spaces; see, for example, [2,4], that

N; o LPOQ) — LPO(Q), Ni(Q) = a;(-,L()),

is well defined and continuous. For £, h € LP™(Q), one has

L+ 1) - ) - f ai(x, Oh dx

Q
1
- f f [a/(x. £ + 6) - ai(x, )l dx 6.
0 Q

Therefore, by the variable-exponent Holder inequality, we have

]Mi({ B — )~ f ai(x, Oh dx

Q

1
< 2||/’l||Lm(x)(Q)f INi(& + 6h) — Ni({)”LP;(x)(Q) do.
0

Moreover

sup I& + 6h = {||prioqy < Al Lrio -
6e[0,1]

Thus the continuity of N; at { yields

sup INAZ + 6h) = NiQll g, — 0 ash 0.
6<[0,1]
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Consequently

o € CH(L"™M(Q),R), (A (), hy = fai(x, Ohdx.
Q
Composing with the continuous linear map
X — LPOQ), u+— ou,

we conclude that

vi(u) = fAi(x, 0y.u)dx
Q

belongs to C'(X,R) and
(vi(u),v) = fai(X, 0y, u)0,,v dx.
Q

For the zero-order term, Corollary 2.1 gives X < LP*®(Q). Since w € L*(Q), the standard
variable-exponent modular formula yields

volu) 1= f WD) o) g € CUXLR),
o Pm(x)

with
(vé(u),v):fw(x)lulpM(")_zuvdx.
Q

Summing the directional and zero-order contributions proves that p € C(X,R) and p’(u) = A(u) in X*.
We next treat G. For ¢ # 0, Condition (f;) gives

|f(x, 1) < Ag)eff! for a.e. x € Q.

By (fy), the function f(x, -) is continuous for a.e. x, and letting ¢ — 0 in the preceding estimate gives
f(x,0) = 0. Hence
|f(x, D] < Ap|tffo! forae. xe Q, VteR. (2.5)

Moreover, (f;) implies f(x, )t > 0 and therefore

At o

F(x,t) > —tf"V > 0, G(u) > 0.

[)’+

By (1.3), (1.4), and (1.6), one has B(x) < p;,(x) on Q and thus
X & [P9Q).
The growth estimate (2.5) and the variable-exponent Nemytskii theorem imply that
Ni: POQ) — POQ),  Nyw) = fCul),

is continuous. Repeating the preceding integral remainder argument, with p; replaced by S, gives
G e C'(X,R), (G'(u),v)y = f f(x, uyv dx.
Q
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The functional

|9
= d
0w fg g

is of class C' on L¥(Q), with
Q). v) = f a2y dx.
Q
The continuous embedding X — LI9(Q) supplied by (1.3), (1.4), and (1.6) therefore yields Q €

C'(X,R).
To justify the remaining compositions on open domains, define

O(s) := ||, s €R.

Since r > 0, one has ® € C!(R) and, because G(u) > 0, we also have
1 ’ ’
— (@ o G)'(u) = Gw)'G'(w).
r+1
Also extend M continuously to R by

_ {M(t), >0,
M) =
M), <0,

and define

!
Hy(t) := f M(s)ds.
0
Then H,, € C'(R) and agrees with M on [0, ). Since p(u) > 0, the chain rule gives

(M o pY (u) = M(p(u))p' (u).

Combining the derivatives of Mo p, G™/(r + 1), and Q yields the displayed formula for J;. The
equivalence between J' (1) = 0 and the weak formulation in Definition 1.1 follows immediately. O

Anisotropic concentration-compactness

We write M*(Q) for the cone of finite non-negative Radon measures on Q. Weak-» convergence
in this space is understood against test functions in C(Q). The following statement is the anisotropic
concentration-compactness theorem of [9, Theorem 6], as written in the notation of the present paper.
The strict boundary gap places the critical set inside Q and brings the problem directly within the scope
of that theorem.

Propos_ition 2.8 (Anisotropic concentration-compactness principle). Assume (1.3), (1.4), and (1.5). Let
h € C(Q) satisfy

1 <h :=minh(x) < h(x) < pi(x)  forallxe€Q,
xeQ

and
h(x) < p,,(x) for all x € 9Q).
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Define
Ap :={xeQ: h(x) = p, (%)
Let (uy) C X = WyP™(Q) satisfy
u, = u weakly in X.

Then, after passing to a subsequence, measures y;, v € M*(Q) exist such that
O PP dx =y, i=1,...,N,
and
|t " dx — v in M*(Q).
Set u:= YN w;. There is an at most countable index set J, together with pairwise distinct points
{x}jes € Ap,

and positive numbers {1} jc; and {v;} je; such that

v=l'dx+ Y vis,  in MY(Q), (2.6)
jeJ
and
N —_—
pz 0 dx+ Y s, in MEQ). 2.7)
i=1 jeJ

Moreover, for every j € J, we have
_pt 1/ph(x; 1/pt, -
NP, vP < max {,1 e, ,lj./”m}. 2.8)

If A, = @, then
U, = u strongly in L"(Q).

Proof. The weak-* measure convergences follow from the boundedness of (u,) in X, the continuous
anisotropic embedding into L"®(Q), and the weak-* compactness in M*(Q). Under (1.5), Corollary 2.1
gives X — LP¥9(Q). On CX(Q), the LP#™-based anisotropic norm controls the present L”™-based
norm by Proposition 2.2; conversely, Proposition 2.3 and Corollary 2.1 control both zero-order terms by
the directional norm. Hence, the corresponding zero-boundary completions coincide with equivalent
norms, and they agree with the space used in [9, Theorem 6]. If A, # @, all the hypotheses of that
theorem are therefore satisfied. That theorem is formulated with measure convergence in M(ﬁ) and
yields exactly (2.6)—(2.8), with the concentration points x; € A, C Q.

If A, = @, the continuous function p;, — h is strictly positive on the compact set Q: It is positive in
Q because the critical set is empty, and it is positive on dQ by hypothesis. Hence, 6 > 0 exists such that

h(x) < pi(x)—6  forall x € Q.

The compact anisotropic embedding then gives u, — u strongly in L"™®(Q). In this case, (2.6) holds
with J = @, while (2.7) follows from the weak lower semicontinuity of the directional modulars. O

Remark 2.2. The boundary subcriticality assumption places the critical set strictly inside the domain
and permits the direct application of the established concentration-compactness theorem. The weak-
+ convergences are taken in M*(Q), exactly as in [9, Theorem 6]. When h = g, every possible
concentration point belongs to the interior critical set A defined in (1.8).
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Krasnosel’skii genus preliminaries

We finally recall the genus tools used in the multiplicity argument. Let X be a real Banach space and
let
X :={A Cc X\ {0} : Ais closed and symmetric}.

Definition 2.1 (Krasnosel’skii genus). Let A € £. The Krasnosel’skii genus y(A) is defined as the least
integer k > 1 such that there is an odd continuous map

0 :A— R\ {0}.

If no such integer exists, we set y(A) = oo, and by convention y(@) = 0.
Proposition 2.9. Let A, B € . Then we have the following.

(1) If there is an odd continuous map A — B, then
Y(A) < y(B);
(i1)
(AU B) <y(A) +y(B);
(iii) If A is odd-homeomorphic to the Euclidean sphere S~!, then

Y(A) = k.

Proof. See [24,26]. O
Theorem 2.1. Let E be a k-dimensional real normed space and let
S:={uecE: ||ul=1}.

Then
¥(S) = k.

Proof. This is a standard consequence of Proposition 2.9; see [24,26]. O

Corollary 2.2. If X is infinite-dimensional and S = {u € X : ||u|| = 1} is its unit sphere, then

(S) = co.
Proof. Apply Theorem 2.1 to arbitrary finite-dimensional subspaces of X. O

Theorem 2.2 (Clark—Krasnosel’skii theorem on negative levels). Let X be a real Banach space and let
® € C'(X,R) be even, bounded from below, and such that ®(0) = 0. Assume the following.

(i) For every level ¢ < 0, ® satisfies the Palais—Smale condition at level c;

(11) For every k € N, a compact set K;, € X exists such that

v(Ky) = k and sup O(u) < 0.

ueky
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Then © possesses infinitely many distinct pairs of nontrivial critical points, and every corresponding
critical value is negative.

Proof. This is the standard Clark—Krasnosel’skii minimax theorem localized to the negative range;
see [23,24,26]. Equivalently, if one defines

I :={A c X\ {0} : A is compact, symmetric, and y(A) > k}, ¢y := inf sup O(u),

A€Tk yeA
then Assumption (ii) yields ¢; < O for every k, Assumption (i) gives the required deformation lemma at
each level ¢, and the usual genus argument shows that every ¢y is a negative critical value. If

Ck = Cpe1 =+ = Cpae =2 ¢ <0,

then the critical set
K.o:={ueX:®®w) =0, ®u) = c}

has a genus of at least £ + 1. Thus repeated minimax levels already contain the required number of
distinct critical pairs, while strictly decreasing levels provide distinct pairs directly. O

3. Compactness of Palais—Smale sequences

In this section, we establish the compactness properties of the energy functional

. 1 r+1 U q(x) "
Jaw) = Mpw) = —— ( fg F(x,u) dx) vy | 'q'(x) dx, ueX:=Ww,"V(Q),

where

N W
p(u) = fg(; Ai(x,0,.u) + IT()C)MP ( )) dx.

This quantity is well defined on X by Corollary 2.1. The boundedness analysis follows from the
structural assumptions (Ag)—(A,) together with the growth restriction 57 (r + 1) < p, . The quantitative
monotonicity hypothesis (A3) enters the final compactness step, where the vanishing monotonicity
defect is upgraded to strong convergence in X.

The proof below explicitly applies Proposition 2.8 with & = g to every bounded Palais—Smale
sequence, thereby recording the possible critical defect measures. Strong convergence is then obtained
independently from the global derivative identity and the (S ;) property: The subcritical source converges
strongly and the positive critical term yields a non-negative monotonicity defect. The resulting strong
convergence identifies the recorded measures and forces the entire concentration defect to vanish.
Throughout this section, we endow X with the equivalent norm

N
el = )" 10, 2ll oo,
i=1

whose equivalence with the standard Sobolev norm follows from Proposition 2.3.
For later use, we also introduce

N
0 = 4.0 = | (Z e, 0, )30+ WP | i,
Q

i=1

where A : X — X" is the operator of Proposition 2.6.
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Preliminary estimates

We first collect the estimates used in the Palais—Smale analysis.
By (A,), (1.2), Proposition 2.1(iii)—(iv), and Proposition 2.3, a constant C, > 0 exists such that

O(u) = Co min{|lul|P", ||ul|P¥} forallu € X. (3.1)

In particular, we have
O(u) > Collu|P whenever |ju|| > 1. (3.2)

Next, using (A,) once again, we have
O(u) < pyy o) for all u € X. (3.3)

Moreover, Corollary 2.1 provides
f P dx < C% max{|fullP, |lulP}  forall u € X (3.4)
Q

for some constant Cf,M > 0.
Since B(x) < g(x) < p;,(x) in Q, Proposition 2.5 gives the continuous embedding X < [F™(Q).
Therefore, by (f), a constant C; > 0 exists such that

f F(x,u)dx
Q

Similarly, again by (f;) and Proposition 2.5, a constant C, > 0 exists such that

f f,u)udx
Q
Combining (3.5) and (3.6), we obtain

(fF(x,u)dx) ff(x,u)udx
Q Q

for some constant C5 > 0.

< C f uf® dx < Cy max{|lulf", |lulf’}  forallu € X. (3.5)
Q

< C, f uff® dx < C, max{|jul?, |lulf'}  forallu e X. (3.6)
Q

<Ci(1+ lulff"D)  forallue X, (3.7)

Lemma 3.1. Assume (1.3), (1.4), (1.5), (1.6), (1.7), (1.2), (fy), (£1), (£2), and (Ayp)—(A,), and let

M : [0, 00) — (0, 00) be continuous. Let (u;) C X be a Palais—Smale sequence for J,, namely
Ja(u;) = ¢ and Jiu)—0 inX".

Assume moreover that one of the following two alternatives holds.
(1)
M(t) = a+ bt", a>0,b>0,n>1,
and

Br+1)<p,;
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(i1) The constants mg, my > 0 exist such that
my < M(t) < my forallt >0,

and again
Br+1)<p,..

Then (u;) is bounded in X.
Proof. Since J'(u;) — 0in X", testing with u; yields
Sy, upy = o;(1) llujll. (3.8)
Fix 6 > ¢g*. Then
1
Ja(u;) - 5“}(”/), uj) =c+o;(1) +o;(Dllul. (3.9

Write
pj = pu;)), 0; 1= O(u;)).

Case (i). Assume M(t) = a + bt", witha > 0, b > 0, and 7 > 1. Since ©; < p},p; by (3.3), we get

_ 1 b . a+ bp"
M(/Oj)—EM(Pj)G)j:Clloj+m/0?+ B xJ
p;l 1 p;\—/l +1
>alt=24)p 4 _Pu) 1,
o[- - )

Choose
0 > max{q", (n + Dp;,}.

Then ¢; > 0 exists such that

. 1
M(p;) - EM(pj)(aj > c1p; for all j. (3.10)

11
—— = —|u;1"™ dx > 0,
yfg(q(x) 9) !

Identity (3.9) and Estimate (3.7) imply

On the other hand, since

c+ Oj(l) + 01(1)||UJ|| > cpj— C4(1 + ||uj”ﬂ+(r+l))

for some C, > 0. Now (3.3) and (3.2) give the following whenever ||u;|| > 1:

1 C -
pj 2z —0; = |,
M M
Hence
c+0;(1)+ o;(Dllujll = Csllu,lIP" = Co(1 + [l 1P 7D). (3.11)
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Suppose, by contradiction, that |lu;|| — oo along a subsequence. Dividing (3.11) by [|u;||’» gives

c+oj(l)

1-p> -p +(r+1)=po
——— 4+ 0;(Dlujl|" P > Cs5 = Cy (Il 177 + |lujlf D 7Pm)
[l 117
j m

Since p, > 1 and 8*(r + 1) < p,,, the left-hand side tends to 0, whereas the right-hand side tends to
Cs > 0. This is a contradiction. Therefore, (u;) is bounded in X.

Case (ii). Assume now that my < M(t) < m, for all > 0. Then
M(p)) 2 mop;,  M(p))®; < mi©; < mipiyp;

by (3.3). Therefore, we have

— 1 m\p;y
M(p,,->—5M<p,->®jz(mo— : M)p,,--

Choosing 6 > max{q™, mp,,/mo}, we obtain

— 1
M(p;) - EM(pj)Qj 2 Cp;

for some ¢, > 0. Combining the preceding estimate with (3.9), (3.7), (3.3), and (3.2), we find the
constants Cs, C7 > 0 such that, whenever |lu;|| > 1, we have

¢+ 0;(1) + 0;(Dllull 2 Collull™ = Co(1 + ).
If ||u;|| — oo along a subsequence, division by ||u;||P» yields

c+oj(l)

1-p; P *(r+1)-p;,
g oDl = Co= & (1777 + flae " +D=P)
j m

The left-hand side tends to 0, while the right-hand side tends to C¢ > 0, because p,, > 1 and 8*(r + 1) <
D,,- Hence, (u;) is bounded in X. O

Remark 3.1. The hypothesis
B (r+1)<p,

is precisely the condition ensuring boundedness of Palais—Smale sequences. The stronger assumption
B(r+1)<min{p,,q"}
used in Theorem 1.1 supplies the additional exponent separation required by the multiplicity argument,

while the boundedness step follows from 7 (r + 1) < p,,.

The boundedness lemma allows us to apply the concentration-compactness principle to a Palais—
Smale sequence. The critical defect measures will then be retained throughout the proof and shown
to vanish through the global derivative identity and the (S ;) property; the concentration measures are
subsequently identified by strong convergence.

Theorem 3.1. Assume (1.3), (1.4), (1.5), (1.6), (1.7), (1.2), (fy), (£)), (£»), and (Ay)—(A3), and let
M : [0, 00) — (0, 00) be continuous. Assume, moreover, that one of the following two alternatives holds.
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(1)
M(t) = a+ bt", a>0,b>0,n>1,

and
Br+1)<p,;

(i1) The constants my,m; > 0 exist such that
mog < M) <my forallt >0,

and again
Br+1)<p,.

Let (uj) C X be a Palais—Smale sequence for J,. Then, up to a subsequence, u € X exists such that
Uuj—u strongly in X.

Moreover, the concentration-compactness decomposition of Proposition 2.8, applied with h = g, has no
atomic part. More precisely, if

10,1, /" dx — p;, ;1 dx = v in MF(Q),

then
wi = 0ulPYdx (i=1,...,N),  v=udx

Consequently, every concentration mass satisfies
M =vi = 0.
Proof. By Lemma 3.1, () is bounded in X. In both alternatives (i) and (i1),

M :=1inf M(z) > O, (3.12)

- >0

namely, M = a in Case (1) and M = m, in Case (i1). The argument below uses this uniform positive
lower bound.
After passing to a subsequence, u € X exists such that

u; — u weakly in X. (3.13)

We now apply Proposition 2.8 with 7 = ¢g. Passing to a further subsequence if necessary, there are
measures y;, v € M*(€), an at most countable set J, points x; € A, and positive masses i, v, such that

0l dx =, i=1,...,N, (3.14)

79 dx = v = ul" dx + " vid, (3.15)
keg

while, with y := Zfil Ui, we have

N
P2 10l dx + Y sy, (3.16)
i=1 keg
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At this stage, concentration at the interior critical points is allowed; the purpose of the remaining
argument is to show that all the masses in (3.15)—(3.16) are zero.
Because B(x) < g(x) < p;,(x) on Q, Proposition 2.5 gives

u; > u  strongly in Q). (3.17)
Moreover, the continuous embedding X < L/™(Q) implies
u;—u  weakly in L1(Q). (3.18)
Since J'(u;) — 0in X* and (u; — u) is bounded in X, we have
(J(up),u; —uy = o;(1). (3.19)

Expanding the derivative yields

M(p(u))Au,),u; — uy +y fg |19 2 (u; — u) dx

= /l(f F(x, uj)dx) ff(x, uj)u; —u)ydx +oj(1). (3.20)
Q Q

We first treat the subcritical bi-nonlocal term. By (f,), the sequence f(-, u;) is bounded in LFI(Q),
since
fupf @ < Cluf®  ae. inQ.

Therefore, the variable-exponent Holder inequality and (3.17) yield

<2/fC, Mj)”zﬁ’u)(gz)nuj - M||lﬁ<x>(g)

ff(x, uj)(u;—u)dx
Q

— 0.

Moreover, (3.5) shows that fg F(x,u;)dx is bounded. Hence

(f F(x,u;) a’x) ff(x, uj)(u;—u)ydx — 0. (3.21)
Q Q

For the critical term, set
B,(x,1) := [f|]"71.

For a.e. x € Q, the map 7 = B,(x, 1) is monotone because g(x) > 1. Hence
fg;Bq(x, uj)u; —u)dx = L(Bq(x, u;) — By(x,u))(u; — u)dx
+ fQBq(x, u)(uj — u)dx. (3.22)
Since B,(-,u) € LY(Q) and (3.18) holds, we have

qu(x, w(uj—u)ydx — 0. (3.23)
Q
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Therefore, with
D;:= f(Bq(x, uj) — By(x,u))(u; —u)dx >0,
o

we have
f |19 2u(u; — u)dx = D;j + 0,(1). (3.24)
Q

Combining (3.20), (3.21), and (3.24), we obtain

M(p(u))A(u)), u; — uy +yD; = o,(1).
Because D; > 0,y > 0, and M(p(u;)) > M > 0, it follows that

lim sup{A(u;),u; —u) < 0. (3.25)

J—)OO

Since A(u) € X" and u; — uin X
(A(u),uj —uy — 0.

Thus
lim sup{A(u;) — A(u), u; — uy < 0.

j—ooo

By Proposition 2.6, A is of type (S ), and hence
uj—u strongly in X. (3.26)
It remains to return to the concentration measures retained in (3.14)—(3.16). From (3.26), we have
Oy uj — Oyu strongly in LP™(Q) (i=1,...,N).
The Nemytskii map v — [v|”'©) is continuous from L") (Q) into L'(€2). Therefore
0,,u jlp"(x) — |0, ulP"™ strongly in L'(Q),

and hence
wi = 0,ulPPdx  (i=1,...,N). (3.27)

Likewise, the continuous critical embedding and (3.26) yield u; — u strongly in LY“(Q). The same
Nemytskii continuity gives
|u jlq(x) — |u1® strongly in L'(Q),

SO
v = [ul?® dx. (3.28)

Comparing (3.27)—(3.28) with the concentration-compactness decomposition shows that J = @;
equivalently, every possible concentration mass satisfies

M = Vi = 0.
This proves both the Palais—Smale compactness and the absence of concentration. O
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Remark 3.2. The role of concentration-compactness in Theorem 3.1 is to retain a measure-level
description of every possible loss of critical compactness on the interior critical set. The atomic masses
are then excluded simultaneously by the global derivative identity: After the compact source term
vanishes, the positive g(x)-term contributes a non-negative defect and the principal-operator defect
is forced to vanish. The (§.) property gives strong convergence in X, which identifies the limiting
measures exactly.

Theorem 3.1 supplies the compactness input for Section 4: Every Palais—Smale sequence for J, 1s
relatively compact in X under the structural assumptions of the main theorem, with the boundedness
condition S7(r + 1) < p,, at this stage. The theorem also establishes that the concentration-compactness
decomposition has no concentration atoms for a Palais—Smale sequence.

Corollary 3.1. Under the assumptions of Theorem 3.1, the functional J, satisfies the Palais—Smale
condition on X.

Proof. This is immediate from Theorem 3.1. |
4. Truncation and genus-based multiplicity

In this section, we complete the proof of Theorem 1.1. Throughout Section 4, we assume (1.3), (1.4),
(1.5), (1.6), (1.7), (1.2), (£y), (£), (£5), (Ag)—(A,), (A,), the smallness condition (1.12), and one of the
Kirchhoff alternatives (i)—(ii) from Theorem 1.1. The quantitative compactness assumption (Ajz) supplies
the Palais—Smale compactness result of Section 3, while (A4) controls the principal energy uniformly on
the small finite-dimensional spheres used in Lemma 4.3. The truncation is defined under (Ay)—(A;) and
(A4). Under the exponent separation (1.12), the same growth estimates used in Section 3 show that the
original functional J, is even, coercive, and bounded from below. We introduce a modular truncation to
obtain an explicit localization of every negative critical point inside a fixed small-energy region where
the truncated and original functionals agree together with their derivatives. This localization also gives
the explicit parameter thresholds used below. The compactness input is provided by Theorem 3.1 and
Corollary 3.1.

Throughout this section, we set

X:= W@, p) = f

N
3 A ) + e | g,
oD Pm

(x)
which is well defined on X by Corollary 2.1, and

G(u) = f F(x,u)dx.

Q

We continue to write

N
i := > 10 ullnoey (€ X,
i=1

for the equivalent norm introduced in Proposition 2.3. Recall that

|| 7

q(x)

— A
Jau) = M(p(w) - mG(M)’+1 +ty fg dx.
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By (f)), (f,), and (1.9), the primitive F(x,-) is even and non-negative. Setting

A A
CF 1= —+1 Cr =2,
B B
we obtain
crltP® < F(x, 1) < Cpltf™ fora.e. x € Q and every ¢ € R.

Consequently, G(u) > O for all u € X, and Proposition 2.5 yields
0 < G(u) < Comax{llulf’,lulf"}  forallueX

for some constant C; > 0.
Fix two radii once and for all
0< Ry < R;.

For every R > 0, define

+R l/p)_n "
-ER = max{l,(pCL) }, CR = CG-ﬂfe .
0

(4.1)

(4.2)

4.3)

(4.4)

If p(u) < R, then (3.3) and (3.2) show that ||u|]| < Lk. Since L > 1, Estimate (4.2) consequently gives

0<Gm) <Cgr whenever p(u) < R.

4.5)

Thus the bound on the nonlocal primitive over a modular sublevel is explicit in terms of the structural

constants and the chosen radius.

Lemma 4.1. Assume the standing hypotheses of Section 4, fix the radii Ry, R, in (4.3), and choose any

function T € C([0, 00); [0, 1]) such that

) =1 for0<t<R,, 7(t)=0 fort>R,.

Set
_a, in case (1), P (r+ 1)MR,
moy, in case (ii), 0 2C gl
Then for every 0 < A < Ay, the functional
= 1 a7
Li(u) == M(p(u)) - T(p(u)Gw)™ +y dx
r+1 o q(x)

(4.6)

belongs to C'(X,R), is even, bounded from below, and coercive. Moreover, we have the following.

(a) If p(u) < Ry, then
Li(w) = Jy(u) and I(w) = Jy(u);

(b) One has
MR,
L(u) > _T >0 whenever Ry < p(u) < Ry,
and I,(u) > 0 whenever p(u) > R,. In particular,

fueX: Li(u)<0}c{ueX:pu)<Ry};

4.7)
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(c) Every negative-level critical point u of I, is nonzero and satisfies
J/'l(u) =0, J,}(M) = I,](M) < 0.

Hence, u is a nontrivial weak solution of Problem (1.1).

Proof. By Proposition 2.7, the maps p and G belong to C'(X,R), and G() > 0 for every u € X. Extend
the cut-off to a function 7 € C!(R; [0, 1]) by setting 7(¢) = 1 for t < 0 and 7(¢) = 7(¢) for ¢ > 0; this
extension is C! because 7 = 1 near the origin. With ®(s) = |s|"*! € C'(R), one has T(p(u)) = t(o(u))
and ®(G(u)) = G(u)"*'. The chain rule on open domains therefore gives I, € C!'(X,R), with

A
r+1

~ ()G (G ) v) + f 20 dix,
Q

L), v) = M(p)p’ (), v) - T (p)G )™ (), v)

Assumption (Ag) gives p(—u) = p(u), whereas (f,) implies that F'(x, ), and therefore G, is even. Thus, I,
is even.
In both Kirchhoff alternatives, we have

M) >M>0 forallz > 0, (4.8)

and therefore
M(t) > Mt forall r > 0.

If p(u) > R, then 7(o(u)) = 0, and hence

[u] 7>

Lu) = M(p(w)) +y f dx > 0.
a 9(x)

If Ry < p(u) < Ry, then (4.5)and 0 < 7 < 1 yield

% r+1
Li(u) > MR, — mCRT

/10 r+l _ MRO

> MRy — —>_
=T R 2

Moreover, whenever p(u#) < R;, Estimate (4.5) gives the global lower bound
A r+1
Li(u) > —mcRT .

Together with the non-negativity of I, on {p > R}, this proves directly that 7, is bounded from below. It
also proves (b), including the localization (4.7).

If p(u) < Ry, then 7(o(u)) = 1 and 7’(o(u)) = 0, since 7 is constant on [0, Ry]. The definition and
derivative formula therefore give

Li(u) = Ja(w), L) = Ty (),

which proves (a).
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Finally, (3.3) and (3.2) imply p(u#) — oo whenever ||u|| — oo. Hence, for any u with ||u|| large enough,
p(u) > Ry, and
L) = Mp(u) — +oo.

Thus I, is coercive; its boundedness from below was established above.
Now let u be a critical point of 7, with I,(u) < 0. By (4.7), p(u) < Ry; hence, (a) gives

Jyw) = 1w =0, Ja(u) = Li(u) <O0.

Since 1,(0) = 0, one has u # 0. Proposition 2.7 then identifies u as a nontrivial weak solution of (1.1).
This proves (c). O

From now on, we fix a parameter 0 < 1 < Ay, where A is the explicit constant in Lemma 4.1,
together with the fixed radii 0 < Ry < Rj, the cut-off 7, and the truncated functional 7, defined in (4.6).
All subsequent results in this section refer to these objects.

The next lemma uses (Aj) through Corollary 3.1 and shows that negative Palais—Smale sequences
for I, remain in the region where the truncation is inactive.

Lemma 4.2. Assume the standing hypotheses of Section 4, and also assume (A3). Then the truncated
functional I, satisfies the Palais—Smale condition at every level ¢ < 0.

Proof. Let (u;) C X be a Palais—Smale sequence for I, at a level ¢ < 0.
L(u)) — c, I(u;) - 0 inX"
The coercivity of I, gives the boundedness of (u;) in X. Since ¢ < 0, jj exists such that
L(uj) < % <0 for every j > jj.
The localization (4.7) therefore yields
p(u;j) <Ry for every j > jo.

By Lemma 4.1(a),
Li(uj) = Ja(uy), I (uj) = Jy(u;) (J = Jo)-

Thus the tail of (u;) is a Palais—Smale sequence for J,; at the same level c. Corollary 3.1 gives the
following after passing to a subsequence:

uj—u strongly in X.

Hence I, satisfies the Palais—Smale condition at every negative level. m|

Corollary 4.1. Assume the standing hypotheses of Section 4, and also assume (A3). Then every sequence
(uj) C X satisfying
L(uj) = c <0, I(u)— 0 inX",

admits a strongly convergent subsequence in X.

Proof. This is exactly Lemma 4.2. m|
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We now construct compact symmetric subsets of an arbitrarily large genus contained in a negative
sublevel of I;.

Lemma 4.3. Under the standing assumptions of Section 4, for every n € N, a compact symmetric set
K, ¢ X\ {0} and a number g, > 0 exist such that

Y(K,) = n, sup I;(u) < —&, < 0.
uek,

Proof. Fix n € N, and let E,, C X be an n-dimensional subspace. We use
S(E,) ={z€E,: |zl =1}

to denote its unit sphere. Since E, is finite-dimensional, S (E,) is compact.
We first justify the small-radius estimate for the full modular. By (Ay), for every z € S(E,) and
0 <t<1, wehave

p(tz) = f(ZA (x t@x,z) + )ltzlpM(x)) dx
ZKif|5x,-Z|p’(x) dx+Mf|Z|pM(x) dxl
i=1 Q P Q

The expression in brackets is a continuous function of z € E,,. Since S (E,,) is compact, it is uniformly
bounded there. Hence, C,, > 0 exists such that

S tp:"

p(tz) < C, 1P foreveryz€ S(E,), 0<t<]l. (4.9)

Likewise, the continuity of the embedding X < L4¥(Q) and the compactness of S(E,) give the
following after enlarging C, if necessary:

f tz]"Pdx < C,19  foreveryze S(E,), 0<r<l. (4.10)
Q
Moreover by (4.1),

G(tz) = fF(x, 17)dx > cp f 1tz dx > cpt® f |12P™ dx O<t<).
Q Q Q

- [1a
Q

is continuous and strictly positive on the compact set S (E,,), m,, > 0 exists such that

Since the map

f |Z|,3(X) dx>m, forall z € S(E,).
Q

Therefore, we have
G(tz) > cpm, " forallze S(E,), 0 <1< 1. (4.11)
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Choose 6, € (0, 1) small enough that
p(tz) £ Ry forallze S(E,)and all 0 < ¢ < 6,.
By Lemma 4.1(a), this implies
I, (t2) = Jy(t2) forallze S(E,)and all0 <t <6,.

We now estimate J,(tz) forz € S(E,) and 0 < ¢t < 1.
In Case (i), M(¢) = a + bt", and hence

— b
M(s) = as + ——s""1,
n+1

and therefore, by (4.9), we have
M m b +1 (p+1)p;,
M(p(fZ)) S acntpm + —CZ Z"] pm.
n+1

In case (ii), using M(s) < m,, we have
M(p(12)) < myp(tz) < myCpt"n.

Thus, in both cases, after enlarging C,, if necessary and using /P < ¢n for 0 < ¢ < 1 in Case (i), we
obtain the uniform estimate

M(p(tz)) < Cyt?  forallze S(E,), 0 <1< 1. (4.12)

Combining (4.12), (4.11), and (4.10), we obtain

- C, -
(cpm,) 170D 4 Y _ntq

~ A
I,l(tZ) < Cntpm -
r+1

for all z € S(E,) and all sufficiently small 7 € (0, 1).
Since, by (1.12),
B (r+1) <min{p,,q},

the negative term dominates as ¢ | 0. Hence, ¢, € (0,6, and &, > 0 exist such that
L(t,2) < —¢, forall z € S(E),).

Define
K, =1,S(E),).

Then K, is compact, symmetric, and odd-homeomorphic to S (E,), and hence to the Euclidean sphere
S"-!. By Theorem 2.1, we obtain

Y(Kn) =n.

This completes the proof. O
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We may now conclude by invoking Theorem 2.2, which matches exactly the compactness information
available for I;.

Theorem 4.1. Assume the standing hypotheses of Section 4 and also assume (A3). Then the truncated
functional I, possesses infinitely many distinct pairs of nontrivial critical points {+u,},>1 C X, all with
negative critical values. Moreover

) =0, L) = L) <0 foreveryn,
so every pair is a pair of nontrivial weak solutions of Problem (1.1).

Proof. The functional I, is even, belongs to C '(X,R), is bounded from below, and satisfies 1,(0) = 0,
by Lemma 4.1. Corollary 4.1 gives the Palais—Smale condition at every level ¢ < 0. For each n € NN,
Lemma 4.3 provides a compact symmetric set K,, C X \ {0} such that

v(K,) > n, sup I(u) < 0.
uek,
Equivalently, with
I, :={A c X\ {0} : A compact and symmetric, y(A) > n}, ¢, := inf sup I (u),
€ln yeA

one has ¢, < 0 for every n. Theorem 2.2 applies and, including its standard repeated-level alternative,
yields infinitely many distinct critical pairs {+u,},>; of I, with

Li(u,) < 0.

In particular, every u,, is nonzero. By Lemma 4.1(c), every such critical point lies in {p < R}, where the
truncated and original functionals agree together with their derivatives. Therefore

J//l(un) =0, J/l(un) = I/l(un) <0,

and Proposition 2.7 shows that u, is a nontrivial weak solution of (1.1). Distinct critical pairs of I,
remain distinct pairs of solutions of the original problem. O

Proof of Theorem 1.1. Fix the radii 0 < Ry < R; in (4.3) and the resulting constant Cg, from (4.4).

In Case (i), one has M = a. Define
1= (r+ DaRy
2C IZTI

For every 0 < A < A*, Lemma 4.1 and Theorem 4.1 yield infinitely many distinct pairs {+u,},>
satisfying

J,/z(un) =0, J/l(un) <0.
Hence, all these pairs are nontrivial weak solutions of Problem (1.1).

In Case (ii), one has M = my. Define
- (r + l)moR()
A= W > 0.
Ry

For every 0 < A < A, the same argument gives infinitely many distinct pairs of nontrivial weak solutions.
The radii and the constant Cg, are fixed before the genus construction; therefore, neither threshold
depends on the genus index or on a critical level. O
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5. Concrete examples and model applications

The abstract framework developed in the previous sections covers standard anisotropic Kirchhoff
models with variable exponents. This section verifies the structural conditions (A()—(A4) and (fp)—(f>)
for natural classes of anisotropic diffusion and nonlocal reaction terms, and derives explicit multiplicity
statements for the corresponding boundary-value problems. These applications connect the abstract
existence theory directly with concrete doubly nonlocal anisotropic models.

More specifically, this section identifies the effective model class covered by the abstract theorem.
The abstract argument from Sections 2—4 is stated for general anisotropic operators satisfying (As) and
(Ay4), and the verification below shows that these assumptions are realized by the standard anisotropic
variable-exponent p;(x)-growth law with uniformly positive coefficients throughout the complete range
1 <p; <pi(x) <pf <N.

Throughout this section, we assume that the exponent functions p;, 5, and ¢ satisty (1.3), (1.4), (1.5),
(1.6), (1.7), and (1.12), and that w € L*(Q) satisfies (1.2). We also keep the notation

w(x)

N
X = Wy (), “wif&HM@W+?@WW“”

A first natural class is given by the standard anisotropic variable-exponent growth law

Ai(x,§) = @EI”"(”, ai(x, &) = b)), i=1,...,N, (5.1
pi(x)

where the coefficients b; are measurable and uniformly positive.

Proposition 5.1. Assume that, for eachi € {1,..., N}, we have

b; € L*(Q), b, :=ess }znfbi(x) > 0, 1 < p; < pi(x) < pf <N.
X€E

Define A; and a; by (5.1). Then the family {A;}Y | satisfies (Ag)—(A4). More precisely, one may take

_ il

ki=b, ¢ =bmin{2"", p; -1}, K
P;

1

in assumptions (A,), (As), and (Ay), respectively.

Proof. For a.e. fixed x € Q, the map & — A;(x, €) belongs to C L(R), is even, non-negative, and satisfies
A;(x,0) = 0; hence, (Ay) holds. Moreover, we have

jai(x, ) = biE ™ < 1bill sy (1 + 1797,

so (A ) follows. Since
ai(x, )& = bi(x)E1"™ = pi(0Ai(x, &),
we have
bIEP™ < ai(x, )& = pi(x)Ai(x,€),

which proves (A;) with k; = b,.
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Finally, apply the classical mixed monotonicity inequality stated after (A3) with p = p;(x). If
pi(x) > 2, then

(ai(x, &) = ai(x, )€ —1n) = Qi22‘pi+ = ,7|pi(x)_
If 1 < pi(x) <2, then

€ — nl?

(ai(x,é) — ai(x,m)(& —n) = b(p; — 1)w-

Both inequalities are summarized by

(ai(x’ f) - ai(x9 77))(5 - 77) = Ciﬂpi(x)(é:’ 77),

with the stated value of ¢;. Hence, (A3) holds throughout the full interval 1 < p; < pi(x) < p < N.

Finally, we have

b; billp~ .
02 A8 = 2D o ¢ Plm@) )
pi(x) p;i

which proves (A,) with the stated constant K;. O

Thus the quantitative monotonicity and upper-growth conditions needed in Sections 3 and 4, re-
spectively, are automatically satisfied by the usual anisotropic variable-exponent p;(x)-Laplacian for
every 1 < p; < pi(x) < p/ < N, provided that the diffusion coefficients remain uniformly positive.
Proposition 5.1 therefore supplies the concrete bridge between the abstract operator hypothesis in
Theorem 1.1 and both the subquadratic and superquadratic anisotropic model classes. We next turn to
the nonlocal source term and specialize it to the most natural variable-exponent power law.

Proposition 5.2. Assume that
c e L”(Q), O<co<c(x)<c; fora.e xe€Q,
and define
fx, 1) = (PP 2, fora.e. x € Qandeveryt e R. (5.2)

Then (fy)—(f,) are satisfied with
Al = Co, A2 =Ci.

Moreover, we have

F(x,1) = f f(x,s)ds = @W’m forae. xeQ, VteR, (5.3)
0 B(x)

and therefore
DD < Fyn) < LefY forae xeQ, Vi€ R.
B* B

Proof. The map f in (5.2) is Carathéodory, so (fy) holds. Since

fx, 0t = e,
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one immediately obtains
coltf™ < f(x, 0t < c1|tf™ forae. x € Q, Vt € R,
which is exactly (f;). The oddness relation (f;) follows from the identity

=PI (=) = 1P,

Finally, formula (5.3) follows by direct integration. O

Combining Propositions 5.1 and 5.2, we are led to the explicit problem

N
Mp(w)) | - Z O bi(0)|0.ul" 720 1) + w( x)|u|PM<x)—2u]
i=1

5.4
:/1( ;Exil e dX) QPO u = ylul*™2u inQ, oY

u=0 on 0€,

where

_ bix¥) o pio ¢ YO o | 55
p(u) f[Z] l()|x,| il X. (5.5)

We may now formulate the corresponding multiplicity consequences under the two Kirchhoff alternatives
appearing in Theorem 1.1.

Corollary 5.1. Assume the standing hypotheses of this section and the hypotheses of Propositions 5.1
and 5.2, and let
M(t) = a + bt", a>0, b>0, n=>1.

Then A* > 0 exists such that for every 0 < A < A*, Problem (5.4) admits infinitely many distinct pairs of
nontrivial weak solutions in X.

Proof. By Proposition 5.1, the family (5.1) satisfies (Ag)—(A4). By Proposition 5.2, the nonlinearity
(5.2) satisfies (fy)—(f,). Since the standing assumptions in the present section include (1.3), (1.4), (1.5),
(1.6), (1.7), (1.2), and (1.12), all the hypotheses of Theorem 1.1(i) are fulfilled. The conclusion therefore
follows directly from Theorem 1.1. m|

In particular, Corollary 5.1 applies to the classical Kirchhoff choice
M(t) = a + bt, a>0, b=0,

which corresponds to a linear dependence of the stiffness on the anisotropic modular p(x). The same
framework also covers bounded or saturating response laws.

Corollary 5.2. Assume the standing hypotheses of this section and the hypotheses of Propositions 5.1
and 5.2, and let M : [0, 00) — (0, 00) be continuous with

mo < M) <my forallt >0,

for some constants my, my > 0. Then A > 0 exists such that, forevery() < A < A, Problem (5.4) admits
infinitely many distinct pairs of nontrivial weak solutions in X.
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Proof. Exactly as above, Propositions 5.1 and 5.2 verify the operator and reaction assumptions of
Theorem 1.1. The boundedness condition on M is precisely the alternative in Theorem 1.1(ii). Hence,
Theorem 1.1(ii) applies and yields the claimed multiplicity statement. O

A representative saturating law is

= m, + 5 m s m ) 9 .
0 1 n 0 1
fOI‘ WhiCh
my S M(t) S my + mi fOl‘ all t 2 O.

Consequently, (5.6) falls under Corollary 5.2.
A further useful specialization is obtained when all directional exponents and coefficients coincide.
Assume that
pi(x) =+ = py(x) = p(x) forall x € Q,
and

bi(x) =---=by(x) = b(x) fora.e. x € Q,

with b € L*(Q) and b(x) > b > 0 a.e. in Q. Since the potentials in (5.1) are separable in the coordinate
derivatives, the resulting operator is the equal-exponent coordinatewise p(x)-operator, and (5.4) reduces
to

N
M(p(u))[ Zax, b(x)|0ulP D720, u)+w(x)|u|p(") = )
i=1

5.7

u=0 on 0€,

where

b(x) w(x)
0, p(X) p(x) d
p(u) f( §|,| ()"JX

This is the equal-exponent reduction of the separable anisotropic framework. For p(x) # 2, it differs
from the Euclidean gradient operator — div(b(x)|Vu|"™~2Vu), which corresponds to the nonseparable
potential %l.fl”(x) on RY and lies outside the scalar directional-potential formulation adopted here. The
reduction nevertheless provides a direct bridge with coordinatewise variable-exponent Kirchhoftf models;
also compare [20,21].

Corollary 5.3. Assume the structural hypotheses above, together with

p e CYYQ), l<p = miﬁn p(x) < p(x) < p' = ngc p(x) <N forall x € Q,
XE XE

and let f be given by (5.2). If either

M(t) = a+ bt", a>0, b>0, n=>1,
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or M is continuous and satisfies
my < M(1) < my forallt >0,

for some my,my > 0, then A, > 0 exists such that, for every 0 < A < A,, Problem (5.7) admits infinitely
many distinct pairs of nontrivial weak solutions.

Proof. When p; = p and b; = b, the coordinatewise anisotropic framework of Sections 2—4 applies
verbatim. In particular, Proposition 5.1 verifies (Ay)—(A4) for the operator in (5.7), while Proposition 5.2
gives (fy)—(f,) for the source term. The conclusion follows from Theorem 1.1, according to the
corresponding assumption on M. m|

The examples above show that Theorem 1.1 applies to standard anisotropic variable-exponent
diffusion laws, explicit nonlocal power-type sources, polynomial and bounded Kirchhoff responses,
and the equal-exponent coordinatewise reduction. The assumptions (A3) and (A4) have distinct and
complementary roles: The first yields compactness throughout the full range 1 < p; < p;(x) < pf <N,
while the second provides the homogeneous small-radius control required by the genus construction.
Consequently, the abstract result gives a concrete multiplicity principle for doubly nonlocal problems
with directional variable growth and critical reaction. It includes models with mixed subquadratic
and superquadratic directions. In dimension N = 2, it covers the full subquadratic directional range
permitted by the structural assumptions.
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