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Abstract: In this paper, we constructed solutions to the Cauchy problem of the n-dimensional
incompressible Navier-Stokes equations, which were classical strain flows and extended ones presented
in Majda and Bertozzi’s classical book Vorticity and Incompressible Flow. Then we studied the
asymptotic behaviors on these solutions. More precisely, under specific constraints of the initial data,
we proved that the constructed solutions converged to the corresponding ones of the Euler equations
uniformly on the time ¢ € [0, +00) as the viscosity vanished. This was very different from the previous
result which held on ¢ € [0, T'] for any T > 0. Furthermore, we showed that for some specific initial
data, the constructed solutions converged to the corresponding ones of the Euler equations when ¢ — oo
for any fixed viscosity and the convergence rate was exponential one.
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1. Introduction

The Cauchy problem of n-dimensional incompressible Navier-Stokes equations reads as

ov+v-Vv=-Vp+vav,
divyv =0, (1.1

Vl=0 = Vo,

where v = v(t,x) = (v!(t,x),...,V(t, x)) is the velocity, p = p(t, x) is the pressure and v > 0 is the
viscosity. When v = 0, (1.1) becomes the incompressible Euler equations.

There have been numerous investigations on exact solutions of the unsteady incompressible Navier—
Stokes equations (see [1-4] and references therein). In [5], the author established the regularity and
asymptotic behavior of a class of exact solutions. For the steady Navier—Stokes equations, Galdi (see [6])
obtained some results concerning the properties of certain exact solutions.
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The solutions of the incompressible and compressible Navier—Stokes equations depend crucially on
the viscosity. When the viscosity v = 0, the Navier—Stokes equations reduce to the Euler equations.
The vanishing viscosity limit has been extensively studied (see [7-11]). For the incompressible case,
Clopeau and Mikelic (see [8]), Xiao and Xin (see [11]), and Fjordholm, Mishra and Weber (see [9])
investigated this limit under various boundary conditions, such as the slip boundary condition. For
the compressible case, Chen and Perepelitsa (see [7]) obtained the vanishing viscosity limit to the
compressible Euler ideal fluid. For the general Navier—Stokes slip boundary condition, Wang, Xin, and
Yong (see [10]) studied the convergence in suitable function spaces.

The precise rate of convergence in the vanishing viscosity limit and the associated long-time behavior
are subtle. To investigate the convergence rate, we extend the result in [1] to more general cases. More
precisely, we construct solutions (v, p) of (1.1) of the form

v(t, x) = (t,ayxi, ..., G Xy, VI X1, -0y X0m1)),s
[ 2 2 1.2)
p(t,x) = —E(alx] +dar X)),
where the scalar function v* = v'(¢, x1, ..., X,—1) 18 to be determined, and the coefficients ay, ..., a,_; are

constants. When n = 3 and v* depends only on 7 and the spatial variable x,, the flow becomes a classical
strain flow (see [1]), which is a special case of our assumption, i.e., d,,v° = 0. The divergence-free

condition on v implies that a = (ay, ..., a,_) satisfies the compatibility condition
n—1
aj=0. (1.3)
j=1

1.1. Main results

Before stating our main results, we introduce some notations. We denote by f = #(f) the Fourier
transform of a function f. Moreover, some notations for the standard homogeneous and inhomogeneous
Sobolev spaces are

D = {u : |[V¥ull < oo},
WA = {u 2 || (Id — )2 ullr < o0},

k s
lellprr = [IVZullzr,  ullwsr = 11Ad = 2)2 ullrr,

where k e N,r € [1,+c0] and 5 € R.
Our first result is about the case a = (ay, - - , a,-1) = 0, which is the n—dimensional case of [1].

Theorem 1.1. Assume that Vo € D"*(R""") and a = 0. Then there exists a constant C = C(n) > 0 such
that

IVEC, D) = v Dl < ClIVollprs (ve)' 2. (1.4)
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To state our further results for the case a # 0, we make some assumptions and notations on the
constants a = (ay,- - - ,a,—1) as follows:

aj#0, j=1,....,n-1;
a,>0,k=1,...,s, Z={L,...,n—=1}\{ji,...,Js (1.5

a, = minlngS aj, a_ = minjez ai;.
Then we have the following

Theorem 1.2. Assume that the constants a = (ay,- - ,a,_1) satisfy (1.3) and (1.5), and the initial data
Vo € WEI(R™, (1.6)

with k € (n — 1, +00). Then for any p € [1, +0), there exists a constant C = C(n, p,a, k) > 0 such that

1
(e Y
E Kk=n+l >
V() —=veG )|y mn < Cyv e [Vollf | ——————
VG, 1) = VEC Dllr Volls |y

(1.7)

holds true for any t > 0, where p’ = p%l

Theorem 1.3. Assume that the conditions of Theorem 1.2 hold. Then, for any k € (n — 1,n + 1) and
p € [1, +00), there exists a constant C = C(n, p, a, k) > 0 such that

1
/2\p
2dalt _ 1\¢
Kk=n+1 1 (e 1)

E min ?
v ) —v(,t s mmy < CV {p, 2 }V [, —_——
Vo 1) = VEC, Dl e ol | a1y

(1.8)

holds true for any t > 0, where p’ = %.

Remark 1.4. In the conditions of Theorems 1.2 and 1.3, if a; = 0 for some j € {1,--- ,n—1}, then (1.7)
and (1.8) become

1
L[ - 1)"/2 ’
\ E enil P
1% ',t bl % °y t p’ (RN S CV K+2p V b DN
V(1) = VG Dl Vollys ||y

b

1

] (ezmgu_ I)K/z b

v E min K’”“} P
2% '7t bl % ',t / (rn SCV {]7, 2 V - "
19 Co 1) = VEC Dl e Wil | e

respectively. Here
s'=H{jel{l,...,n}la; >0}, a_ =minf{ajla; <0}, a/, = min{ajla; > 0},
and |A| denotes the number of the elements of A.
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The proof of Remark 1.4 will be given in the end of the paper.

Remark 1.5. In view of (1.7), (1.8), if kla_| < sa,, it follows that the solutions of the Navier-Stokes
equations converge respectively to ones of the Euler equations uniformly on time t € [0, +00). That is,

}E}%”VV('J) - VE('a t)”Lp/(Rn) =0, Vpell, +o),

for any t € [0, +0c0). This is very different from (1.11) and (1.4) in which the convergence is for any
T >0andt e (0,T). Moreover, if kla_| < sa,, then for given viscocity v, it follows that

. E
tllm ||VV(_’ t) -V (" t)”Ll”(R”) = 07 vp € [1’ +OO),
and the convergence rate is exponential one.

1.2. Sketch of proof

Now we introduce main ideas of our proof. First, substituting v and p into (1.1), we obtain the initial
problem of V"

n n—1 no_ n
{(’),v + 2o apxv; = vav',

vnlf:O = Vg,

where v’; = axjv". For convenience, we denote
7 n .
V=V, Vo=vy, X=(x1,..,%-1) and X;=x;, j=1,.,n-1

Then it follows that

OV +Y"l axV.=vaV, inR, xR"!,
{ t j=1 4jXjV;j + (1.9)

Vleo = Vy, 1In R,
For the case v = 0 and v > 0, we denote the solutions of (1.1) by v£ and v”, and the solutions of (1.9) by

VE and V”, respectively.
Obviously, if a = 0, then V solves

0,V =vAV, inR, xR
(1.10)
Vo = Vi, in R
When n =3 and V = V(t, X;), it was shown in [1] that if V, € W'*(R), then
IVEC, 1) = V', Dl < CODE. (1.11)
If a = (—y,y) with y > 0, the vorticity w = w(t, X;) = curlV(¢, X;) satisfies
0w — yx0, 0w = yw + VAw,
{ “wmr 4 (1.12)
Wli=0 = wo.
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We denote w” and w” the solutions of (1.12) with v = 0 and v > 0, respectively. It was shown in [1] that
if wy € WH(R), then

1

0" 1) = ", Dl < C<||wo||wl.m>e”(% (e - 1)) .

To prove our main results, we will first present some new estimates on the integral

(@—n)p

f @1 =Y dx (1 +]- P flloy 5
-

for any p € [1, +o0). Then we solve the Navier-Stokes equations and the Euler equations explicitly by
utilizing the Fourier transforms under the assumption (1.2). Based on the expression of the solution,
some precise and delicate estimates are presented.

The paper is organized as follows. In Section 2, we prove key lemmas which will be needed later.
Section 3 is the proof of the main results.

2. Preliminaries

In this section, we establish some key lemmas needed later.

Lemma 2.1. Suppose that (1 +|-*)% f € L°(R") for some a > n. Then for any p € [1, +c0), there exists
a constant C = C(n, p, @) such that

(@=n)p

FQI(1 =) dx < CIA + 1 P flly =
RV!

holds for any v > 0.

Proof. For any v > 0, one has
1= —vlx? pd
fR fol (1= e ) dx
v p
:f FI(1 =) dr + f |x|21’|f<x>|( f e‘”'zdw) dx @.1)
R*\Bg Bg 0

I—Il + 12,

where By is a ball centered at the origin with radius R > 0 is to be determined.
To estimate I;, we denote M :— ||(1 + | - |?)? f|l;~. Then it is clear that

Il < M, -1 flle < M.

I < C(p)Mf f r-*dSdr
R Jos,

:cmmMj‘WWW4cmmmMM%
R

It follows that
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To estimate I, using Holder’s inequality and Fubini’s theorem, one has

L<v'M f f |x|*Pe? 8 dyd x
Br JO
v R
<v'Mm f f f r*PdS drdw
o Jo JoB,

< C(n, p)Mv"R*"*",

Choosing suitable R > 0 such that
VpRn+2p — Rn—a/,

. __pr
we obtain R = v 2»+e and
(@=n)p

[ vi(-e Y arscmyi.
Rﬂ

The proof of the lemma is complete. O

Lemma 2.2. Assume that the conditions of Lemma 2.1 hold. Then for a € (n,n + 2) and p € [1, +o0),
there exists a constant C = C(n, p, a, ||(1 + | - ))2 fllz~) such that

f F@I(1 =) dx < oyt vy > 0
Rﬂ

holds true for any v > 0.

Proof. Due to (2.1), it is direct to estimate

v
_ _ _ 2
I <vP le f |x|702P =P d xdw
0 R™\B;

Vv 00
_ _ 1 — 2
< C(n, Myv"™! f f O A T
0 0
4

00
_ a=2p-n _ 1 -2
= C(n, p, M)V lf w2 dwf prarZpin=lo=rt gy
0 0

=C(n,a,p, M)v%n,

and

L < My"! f f |x|2”e_Wp|x|2dxdw < C(n,Mn?,
0

B

where M is same as in Lemma 2.1. Combining the estimates of /;, I, we obtain

a—n

R"

The proof of the lemma is finished. O
The following is about the explicit solutions to (1.9). More precisely, we have

Lemma 2.3. Assume that Vo € L°(R"™"), then the explicit solutions to (1.9) are
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(i) Casev=0: VE®X) = F (V(t, ) (X);
(ii) Case v >0: V'(t.X) = F (Vo(t, ) E(t, ) (X),

where ! is the inverse of the Fourier transform and

VO(t’ é:) = ‘A/O (-flealt, .o 9§n—leanilt) 5
_ n-1 1
E(1,&) = exp [VZ 51 - e2“-f')§}} :
=t

Proof. Taking the Fourier transform on both sides of (1.9) with respect to the space variables, we obtain

0 n-1 > 2¢7 _
{Yt - X5 a;£Vi+vIEPV =0, 02
Vlt:O = VO’
where V(&) = F(V)(&),V; = 8, V.
Casel: v=0.If v =0, (2.2) reduces to
{?_Xl%& 23)
Vli=o = Vo.
Denote
=&e (j=1,..,n-1), =t
Then A
at'V = 0,
Vl=o = Vo,
and

VE, &) = Vo, &) = Vo (£1e™,... E,mre™ ).

The L*-boundedness of V, implies that V(z,-) € L*(R""") ¢ S’'(R*") for any ¢ > 0, where S'(R*"") is
the tempered distributions space (see [12]). Since the Fourier transform is an automorphism from &’ to
itself (see [13]), it follows that

VE®X) = F (Vo(t. ) (X). (2.4)

Case 2: v > 0. In this case, we define
=&e (j=1,.,n=1), =1

and (2.2) is transformed into

V, + vy “Le2ait 77?17 =0,
Vlv=o = V.

Let 1
- 1 4
W ,n) =V, n) exp( v Z —e 2! ni) :
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Then we have W, = 0 and

—_

n—

- ~ 1
7.8 = Vo(t.8) exp( 21 —eZ“f’>§3-]-

N
—_

J

Denote

J

n—1 1
E(t,&) = exp [VZ Z ez"f't)fi].
J=

Then E(t,-) € L°(R"") for any ¢ > 0. It yields
V', X) = 7 (Yot VE(, ) (X).

The proof of the lemma is finished.

3. Proof of the main results

(2.5)

Proof of Theorem 1.1. Clearly V£ satisfies the equation §,VE = 0 and thus VZ = V. For the case

v > 0, V” satisfies the equation (1.10) and can be solved out as
Vi, X) = H(X - Y, vt)Vo(Y)dY,
Rn—l

where H is the heat kernel

1 s
— —IX1°/41
H(1X) = e

Since - H(x,t)dx = 1 for all ¢ > 0, it deduces that

V'(t, x) = vE@, x)| = |V’ (t, X) — VE(@, X)|

1 _x-y2
< Wf e |Vo(Y) = Vo(X)ldY
R}‘l

1 _|X—Y\2
< Vollpre (4 )n/z X - Yidy

_ —|Y]?/4
= IVollpres G )n/z f [Yle "4 dy
< C()||Villpres V.

The proof of Theorem 1.1 is complete.
Proof of Theorem 1.2. Applying for Lemma 2.3, we get
V1) = v 1) = (0,...,0, V(6. X) - VE@L X))
=(0.....0.7 " (V(t.-)(E(t. ) - 1))).
Since ¥ : L” — L7 is a linear and bounded operator for p € (1, +c0), we have

V"¢, 8) = VEC Dl oy < CIVE HEE, ) = Do
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Denote i
eZa,kt 1
é/]k = ( 2|a | ) f_]ka k = 13
Jk
4 (1 ezajt)l/z ex
— , j
J 2|a]| J
and 0
e2a_,'kl 1 -
A]k() ( 2|Cl| ) ’ k: 13
Jk
| — Qa2
A1) = ( ) . JEZ,
! 2lajl

Then it follows that

3.1)

(3.2)

170, E) = DI, < Cla) ﬂ G R B [

Jjex

a0 (1-e¥Y dg,

Rn-1

where

F@6,0) = Vo (A Ly, s Apr (D€ 1))

Note that the assumption (1.6) implies that
ICL+1- )2 Voll < 1Vollyer

Consequently, one has

n—1
UUJNSWMW{EPMNfWﬁ]
i=1

[STEY

< C(m)|IVollwrr max {Ai() ™™} 717,

for V¢ € R*L,
Thanks to Lemma 2.1 and (3.3), it yields
—ontp - »
v RNV EW ) = DIE, g,

< C(n, a, p, OlIVollwe:r max {A;(1) e~}

N

[l Tl

k=1 Jjex

(3.3)

(3.4)

k/2 K/2
< C(n,a, p, K)|[Volly+ max {(1 - e‘zl"fklt) ! , (62"‘/” - 1) ! }

N

[l oo™

k=1 Jjex
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Moreover, it is clear that the functions

n (1 _ eZajz)‘l/z ’ (1 _ e—2|a,-k|z)K/2

JjET
are bounded with respect to t for any k = 1,..., s and j € X. Therefore, for large enough 7, we have

—(k—n+1)p ~ ~ p
v SV EE ) = DIY, g,

) -1/2 ) k/2
< C(n, a, p, |llIVollwe: rl (ezafk’ - 1) max (ezl"f" - 1)
=1 JET

< C(n,a, p, ||Vollwe (e2“*t — 1)7‘?/2 (ezla‘lt — I)K/z.

Thus, we deduce

1
(e - 1)y
E k=n+1 -
Ve D) = v Dl e S Cver [|Voll? o | —————
IV 1) =V Dl Wolliss| =y

where C is a constant that depends only on n, a, p, k. The proof of Theorem 1.2 is completed. O

Proof of Theorem 1.3. The proof is similar as that of Theorem 1.2 except for estimate (3.4). Utilizing
Lemma 2.2 gives

1
N

4 . —_ E . , min p,w E DN
VG 0) = veC Dl @ny < Cv > IVoll e (2r 1)5/2

9

which is used to accomplish the proof of Theorem 1.2. m|

Proof of Remark 1.4. 1f there exists a positive integer jy € {1,...,n — 1} such that a;, = 0, we rewrite
the notations (3.1), (3.2) as

$jp = &jor Ajy() =1
Then the estimate (3.4) can be written as

—(k—n+l)p o ~ P
VISV YEE ) = DI g

< C(n, a, p, K)||Vollwr max {A;(t)“e™|a; # 0}

[0 [0

a;, >0 Jjex’

e2lalle _ 1)“ 2
< C||V0||Wk’1—£,
(eZa;_t — 1) 2

which leads to the proof of Remark 1.4. O
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