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Abstract: In this paper, we constructed solutions to the Cauchy problem of the n-dimensional
incompressible Navier-Stokes equations, which were classical strain flows and extended ones presented
in Majda and Bertozzi’s classical book Vorticity and Incompressible Flow. Then we studied the
asymptotic behaviors on these solutions. More precisely, under specific constraints of the initial data,
we proved that the constructed solutions converged to the corresponding ones of the Euler equations
uniformly on the time t ∈ [0,+∞) as the viscosity vanished. This was very different from the previous
result which held on t ∈ [0,T ] for any T > 0. Furthermore, we showed that for some specific initial
data, the constructed solutions converged to the corresponding ones of the Euler equations when t → ∞
for any fixed viscosity and the convergence rate was exponential one.
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1. Introduction

The Cauchy problem of n-dimensional incompressible Navier-Stokes equations reads as
∂tv + v · ∇v = −∇p + ν4v,

div v = 0,

v|t=0 = v0,

(1.1)

where v = v(t, x) = (v1(t, x), ..., vn(t, x)) is the velocity, p = p(t, x) is the pressure and ν > 0 is the
viscosity. When ν = 0, (1.1) becomes the incompressible Euler equations.

There have been numerous investigations on exact solutions of the unsteady incompressible Navier–
Stokes equations (see [1–4] and references therein). In [5], the author established the regularity and
asymptotic behavior of a class of exact solutions. For the steady Navier–Stokes equations, Galdi (see [6])
obtained some results concerning the properties of certain exact solutions.
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The solutions of the incompressible and compressible Navier–Stokes equations depend crucially on
the viscosity. When the viscosity ν = 0, the Navier–Stokes equations reduce to the Euler equations.
The vanishing viscosity limit has been extensively studied (see [7–11]). For the incompressible case,
Clopeau and Mikelic (see [8]), Xiao and Xin (see [11]), and Fjordholm, Mishra and Weber (see [9])
investigated this limit under various boundary conditions, such as the slip boundary condition. For
the compressible case, Chen and Perepelitsa (see [7]) obtained the vanishing viscosity limit to the
compressible Euler ideal fluid. For the general Navier–Stokes slip boundary condition, Wang, Xin, and
Yong (see [10]) studied the convergence in suitable function spaces.

The precise rate of convergence in the vanishing viscosity limit and the associated long-time behavior
are subtle. To investigate the convergence rate, we extend the result in [1] to more general cases. More
precisely, we construct solutions (v, p) of (1.1) of the form

v(t, x) =
(
t, a1x1, . . . , an−1xn−1, vn(t, x1, . . . , xn−1)

)
,

p(t, x) = −
1
2
(
a2

1x2
1 + · · · + a2

n−1x2
n−1

)
,

(1.2)

where the scalar function vn = vn(t, x1, . . . , xn−1) is to be determined, and the coefficients a1, . . . , an−1 are
constants. When n = 3 and v3 depends only on t and the spatial variable x1, the flow becomes a classical
strain flow (see [1]), which is a special case of our assumption, i.e., ∂x2v

3 = 0. The divergence-free
condition on v implies that a = (a1, . . . , an−1) satisfies the compatibility condition

n−1∑
j=1

a j = 0. (1.3)

1.1. Main results

Before stating our main results, we introduce some notations. We denote by f̂ = F ( f ) the Fourier
transform of a function f . Moreover, some notations for the standard homogeneous and inhomogeneous
Sobolev spaces are

Dk,r = {u : ‖∇ku‖Lr < ∞},

Wk,r = {u : ‖ (Id − 4)
s
2 u‖Lr < ∞},

‖u‖Dk,r = ‖∇ku‖Lr , ‖u‖W s,r = ‖ (Id − 4)
s
2 u‖Lr ,

where k ∈ N, r ∈ [1,+∞] and s ∈ R.
Our first result is about the case a = (a1, · · · , an−1) = 0, which is the n−dimensional case of [1].

Theorem 1.1. Assume that V0 ∈ D1,∞(Rn−1) and a = 0. Then there exists a constant C = C(n) > 0 such
that

‖vE(·, t) − vν(·, t)‖L∞ ≤ C‖V0‖D1,∞(νt)1/2. (1.4)
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To state our further results for the case a , 0, we make some assumptions and notations on the
constants a = (a1, · · · , an−1) as follows:

a j , 0, j = 1, . . . , n − 1;
a jk > 0, k = 1, . . . , s, Σ = {1, . . . , n − 1} \ { j1, . . . , js};
a+ = min1≤k≤s a jk , a− = min j∈Σ a j.

(1.5)

Then we have the following

Theorem 1.2. Assume that the constants a = (a1, · · · , an−1) satisfy (1.3) and (1.5), and the initial data

V0 ∈ Wκ,1(Rn−1), (1.6)

with κ ∈ (n − 1,+∞). Then for any p ∈ [1,+∞), there exists a constant C = C(n, p, a, κ) > 0 such that

‖vν(·, t) − vE(·, t)‖Lp′ (Rn) ≤ Cν
κ−n+1
κ+2p ‖V0‖

1
p

Wk,1


(
e2|a− |t − 1

)κ/2(
e2a+t − 1

)s/2


1
p

(1.7)

holds true for any t > 0, where p′ =
p

p−1 .

Theorem 1.3. Assume that the conditions of Theorem 1.2 hold. Then, for any κ ∈ (n − 1, n + 1) and
p ∈ [1,+∞), there exists a constant C = C(n, p, a, κ) > 0 such that

‖vν(·, t) − vE(·, t)‖Lp′ (Rn) ≤ Cνmin{p, κ−n+1
2 }‖V0‖

1
p

Wk,1


(
e2|a− |t − 1

)κ/2(
e2a+t − 1

)s/2


1
p

(1.8)

holds true for any t > 0, where p′ =
p

p−1 .

Remark 1.4. In the conditions of Theorems 1.2 and 1.3, if a j = 0 for some j ∈ {1, · · · , n − 1}, then (1.7)
and (1.8) become

‖vν(·, t) − vE(·, t)‖Lp′ (Rn) ≤ Cν
κ−n+1
κ+2p ‖V0‖

1
p

Wk,1


(
e2|a′− |t − 1

)κ/2(
e2a′+t − 1

)s′/2


1
p

,

‖vν(·, t) − vE(·, t)‖Lp′ (Rn) ≤ Cνmin{p, κ−n+1
2 }‖V0‖

1
p

Wk,1


(
e2|a′− |t − 1

)κ/2(
e2a′+t − 1

)s′/2


1
p

,

respectively. Here

s′ = |{ j ∈ {1, . . . , n}|a j > 0}|, a′− = min{a j|a j < 0}, a′+ = min{a j|a j > 0},

and |A| denotes the number of the elements of A.
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The proof of Remark 1.4 will be given in the end of the paper.

Remark 1.5. In view of (1.7), (1.8), if κ|a−| ≤ sa+, it follows that the solutions of the Navier-Stokes
equations converge respectively to ones of the Euler equations uniformly on time t ∈ [0,+∞). That is,

lim
ν→0
‖vν(·, t) − vE(·, t)‖Lp′ (Rn) = 0, ∀p ∈ [1,+∞),

for any t ∈ [0,+∞). This is very different from (1.11) and (1.4) in which the convergence is for any
T > 0 and t ∈ (0,T ). Moreover, if κ|a−| < sa+, then for given viscocity ν, it follows that

lim
t→∞
‖vν(·, t) − vE(·, t)‖Lp′ (Rn) = 0, ∀p ∈ [1,+∞),

and the convergence rate is exponential one.

1.2. Sketch of proof

Now we introduce main ideas of our proof. First, substituting v and p into (1.1), we obtain the initial
problem of vn: ∂tvn +

∑n−1
j=1 a jx jvn

j = ν4vn,

vn|t=0 = vn
0,

where vn
j = ∂x jv

n. For convenience, we denote

V = vn, V0 = vn
0, X = (x1, ..., xn−1) and X j = x j, j = 1, ..., n − 1.

Then it follows that ∂tV +
∑n−1

j=1 a jx jV j = ν4V, in R+ × R
n−1,

V |t=0 = V0, in Rn−1.
(1.9)

For the case ν = 0 and ν > 0, we denote the solutions of (1.1) by vE and vν, and the solutions of (1.9) by
VE and Vν, respectively.

Obviously, if a = 0, then V solves∂tV = ν4V, in R+ × R
n−1,

V |t=0 = V0, in Rn−1.
(1.10)

When n = 3 and V = V(t, X1), it was shown in [1] that if V0 ∈ W1,∞(R), then

‖VE(·, t) − Vν(·, t)‖L∞(R3) ≤ C(νt)
1
2 . (1.11)

If a = (−γ, γ) with γ > 0, the vorticity ω = ω(t, X1) = curlV(t, X1) satisfies∂tω − γx∂xω = γω + ν∆ω,

ω|t=0 = ω0.
(1.12)
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We denote ωE and ων the solutions of (1.12) with ν = 0 and ν > 0, respectively. It was shown in [1] that
if ω0 ∈ W1,∞(R), then

‖ωE(·, t) − ων(·, t)‖L∞ ≤ C(‖ω0‖W1,∞)eνt
(
ν

2γ

(
e2γt − 1

)) 1
2

.

To prove our main results, we will first present some new estimates on the integral∫
Rn
| f (x)|

(
1 − e−ν|x|

2)p
dx . ‖(1 + | · |2)

α
2 f ‖L∞ν

(α−n)p
α+2p

for any p ∈ [1,+∞). Then we solve the Navier-Stokes equations and the Euler equations explicitly by
utilizing the Fourier transforms under the assumption (1.2). Based on the expression of the solution,
some precise and delicate estimates are presented.

The paper is organized as follows. In Section 2, we prove key lemmas which will be needed later.
Section 3 is the proof of the main results.

2. Preliminaries

In this section, we establish some key lemmas needed later.

Lemma 2.1. Suppose that (1 + | · |2)
α
2 f ∈ L∞(Rn) for some α > n. Then for any p ∈ [1,+∞), there exists

a constant C = C(n, p, α) such that∫
Rn
| f (x)|

(
1 − e−ν|x|

2)p
dx ≤ C‖(1 + | · |2)

α
2 f ‖L∞ν

(α−n)p
α+2p

holds for any ν > 0.

Proof. For any ν > 0, one has∫
Rn
| f (x)|

(
1 − e−ν|x|

2)p
dx

=

∫
Rn\BR

| f (x)|
(
1 − e−ν|x|

2)p
dx +

∫
BR

|x|2p| f (x)|
(∫ ν

0
e−w|x|2dw

)p

dx

DI1 + I2,

(2.1)

where BR is a ball centered at the origin with radius R > 0 is to be determined.
To estimate I1, we denote M D ‖(1 + | · |2)

α
2 f ‖L∞ . Then it is clear that

‖ f ‖L∞ ≤ M, ‖| · |α f ‖L∞ ≤ M.

It follows that

I1 ≤ C(p)M
∫ ∞

R

∫
∂Br

r−αdS dr

= C(n, p)M
∫ ∞

R
rn−α−1dr ≤ C(n, α, p)MRn−α.
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To estimate I2, using Hölder’s inequality and Fubini’s theorem, one has

I2 ≤ ν
p−1M

∫
BR

∫ ν

0
|x|2pe−pw|x|2dwdx

≤ νp−1M
∫ ν

0

∫ R

0

∫
∂Br

r2pdS drdw

≤ C(n, p)MνpR2p+n.

Choosing suitable R > 0 such that
νpRn+2p = Rn−α,

we obtain R = ν−
p

2p+α and ∫
Rn
| f (x)|

(
1 − e−ν|x|

2)p
dx ≤ CMν

(α−n)p
α+2p .

The proof of the lemma is complete. �

Lemma 2.2. Assume that the conditions of Lemma 2.1 hold. Then for α ∈ (n, n + 2) and p ∈ [1,+∞),
there exists a constant C = C(n, p, α, ‖(1 + | · |2)

α
2 f ‖L∞) such that∫

Rn
| f (x)|

(
1 − e−ν|x|

2)p
dx ≤ Cνmin{p, α−n

2 }, ∀ν > 0

holds true for any ν > 0.

Proof. Due to (2.1), it is direct to estimate

I1 ≤ ν
p−1M

∫ ν

0

∫
Rn\B1

|x|−α+2pe−pw|x|2dxdw

≤ C(n,M)νp−1
∫ ν

0

∫ ∞

0
r−α+2p+n−1e−pwr2

drdw

= C(n, p,M)νp−1
∫ ν

0
w

α−2p−n
2 dw

∫ ∞

0
r−α+2p+n−1e−r2

dr

= C(n, α, p,M)ν
α−n

2 ,

and

I2 ≤ Mνp−1
∫ ν

0

∫
B1

|x|2pe−wp|x|2dxdw ≤ C(n,M)νp,

where M is same as in Lemma 2.1. Combining the estimates of I1, I2, we obtain∫
Rn
| f (x)|

(
1 − e−ν|x|

2)p
dx ≤ Cνmin{p, α−n

2 }.

The proof of the lemma is finished. �

The following is about the explicit solutions to (1.9). More precisely, we have

Lemma 2.3. Assume that V̂0 ∈ L∞(Rn−1), then the explicit solutions to (1.9) are
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(i) Case ν = 0 : VE(t, X) = F −1
(
Ṽ0(t, ·)

)
(X);

(ii) Case ν > 0 : Vν(t, X) = F −1
(
Ṽ0(t, ·)Ẽ(t, ·)

)
(X),

where F −1 is the inverse of the Fourier transform and

Ṽ0(t, ξ) = V̂0
(
ξ1ea1t, . . . , ξn−1ean−1t) ,

Ẽ(t, ξ) = exp

ν n−1∑
j=1

1
2a j

(1 − e2a jt)ξ2
j

 .
Proof. Taking the Fourier transform on both sides of (1.9) with respect to the space variables, we obtainV̂t −

∑n−1
j=1 a jξ jV̂ j + ν|ξ|2V̂ = 0,

V̂ |t=0 = V̂0,
(2.2)

where V̂(ξ) = F (V)(ξ), V̂ j = ∂ξ jV̂ .
Case 1: ν = 0. If ν = 0, (2.2) reduces toV̂t −

∑n−1
j=1 a jξ jV̂ j = 0,

V̂ |t=0 = V̂0.
(2.3)

Denote
η j = ξ jea jt ( j = 1, ..., n − 1), t′ = t.

Then ∂t′V̂ = 0,
V̂ |t′=0 = v̂0,

and
V̂E(t, ξ) = Ṽ0(t, ξ) D V̂0

(
ξ1ea1t, . . . , ξn−1ean−1t) .

The L∞-boundedness of V̂0 implies that Ṽ(t, ·) ∈ L∞(Rn−1) ⊂ S′(Rn−1) for any t > 0, where S′(Rn−1) is
the tempered distributions space (see [12]). Since the Fourier transform is an automorphism from S′ to
itself (see [13]), it follows that

VE(t, X) = F −1
(
Ṽ0(t, ·)

)
(X). (2.4)

Case 2: ν > 0. In this case, we define

η j = ξ jea jt ( j = 1, ..., n − 1), t′ = t

and (2.2) is transformed into V̂t′ + ν
∑n−1

j=1 e−2a jt′η2
jV̂ = 0,

V̂ |t′=0 = V̂0.

Let

Ŵ(t′, η) = V̂(t′, η) exp

−ν n−1∑
j=1

1
2a j

e−2a jt′η2
j

 .
Communications in Analysis and Mechanics Volume 18, Issue 4, 877–888.
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Then we have Ŵt′ = 0 and

V̂ν(t, ξ) = Ṽ0(t, ξ) exp

ν n−1∑
j=1

1
2a j

(1 − e2a jt)ξ2
j

 .
Denote

Ẽ(t, ξ) = exp

ν n−1∑
j=1

1
2a j

(1 − e2a jt)ξ2
j

 .
Then Ẽ(t, ·) ∈ L∞(Rn−1) for any t > 0. It yields

Vν(t, X) = F −1
(
Ṽ0(t, ·)Ẽ(t, ·)

)
(X). (2.5)

The proof of the lemma is finished. �

3. Proof of the main results

Proof of Theorem 1.1. Clearly VE satisfies the equation ∂tVE = 0 and thus VE = V0. For the case
ν > 0,Vν satisfies the equation (1.10) and can be solved out as

Vν(t, X) =

∫
Rn−1

H(X − Y, νt)V0(Y)dY,

where H is the heat kernel
H(t, X) =

1
(4πt)(n−1)/2 e−|X|

2/4t.

Since
∫
Rn H(x, t)dx = 1 for all t > 0, it deduces that

|vν(t, x) − vE(t, x)| = |Vν(t, X) − VE(t, X)|

≤
1

(4πνt)n/2

∫
Rn

e−
|X−Y |2

4νt |V0(Y) − V0(X)|dY

≤ ‖V0‖D1,∞
1

(4πνt)n/2

∫
Rn

e−
|X−Y |2

4νt |X − Y |dY

= ‖V0‖D1,∞

√
νt

(4π)n/2

∫
Rn
|Y |e−|Y |

2/4dY

≤ C(n)‖V0‖D1,∞

√
νt.

The proof of Theorem 1.1 is complete. �

Proof of Theorem 1.2. Applying for Lemma 2.3, we get

vν(x, t) − vE(x, t) =
(
0, . . . , 0,Vν(t, X) − VE(t, X)

)
=

(
0, . . . , 0,F −1

(
Ṽ(t, ·)(Ẽ(t, ·) − 1)

))
.

Since F : Lp′ → Lp is a linear and bounded operator for p ∈ (1,+∞), we have

‖vν(·, t) − vE(·, t)‖Lp′ (Rn) ≤ C(p)‖Ṽ(t, ·)(Ẽ(t, ·) − 1)‖Lp(Rn−1).
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Denote 
ζ jk =

(
e2a jk t − 1

2|a jk |

)1/2

ξ jk , k = 1, ..., s,

ζ j =

(
1 − e2a jt

2|a j|

)1/2

ξ j, j ∈ Σ.

(3.1)

and 
A jk(t) =

(
e2a jk t − 1

2|a jk |

)−1/2

, k = 1, ..., s,

A j(t) =

(
1 − e2a jt

2|a j|

)−1/2

, j ∈ Σ,

(3.2)

Then it follows that

‖Ṽ(t, ·)(Ẽ(t, ·) − 1)‖p
Lp(Rn−1) ≤ C(n, a)

s∏
k=1

(
e2a jk t − 1

)−1/2 ∏
j∈Σ

(
1 − e2a jt

)−1/2

∫
Rn−1

f p(t, ζ)
(
1 − e−ν|ζ |

2)p
dζ,

where
f (t, ζ) D

∣∣∣V̂0
(
A1(t)ea1tζ1, ..., An−1(t)ean−1tζn−1

)∣∣∣ .
Note that the assumption (1.6) implies that

‖(1 + | · |2)
κ
2 V̂0‖L∞ ≤ ‖V0‖Wk,1 . (3.3)

Consequently, one has

| f (t, ζ)| ≤ ‖V0‖Wk,1

 n−1∑
i=1

Ai(t)2e2aitζ2
i

−
κ
2

≤ C(n)‖V0‖Wk,1 max
{
Ai(t)−κe−κait} |ζ |−κ,

for ∀ζ ∈ Rn−1.
Thanks to Lemma 2.1 and (3.3), it yields

ν
−(κ−n+1)p
κ+2p ‖Ṽ(t, ·)(Ẽ(t, ·) − 1)‖p

Lp(Rn−1)

≤ C(n, a, p, κ)‖V0‖Wk,1 max
{
Ai(t)−κe−κait}

s∏
k=1

(
e2a jk t − 1

)−1/2 ∏
j∈Σ

(
1 − e2a jt

)−1/2

≤ C(n, a, p, κ)‖V0‖Wk,1 max
{(

1 − e−2|a jk |t
)κ/2

,
(
e2|a j |t − 1

)κ/2}
s∏

k=1

(
e2a jk t − 1

)−1/2 ∏
j∈Σ

(
1 − e2a jt

)−1/2
.

(3.4)
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Moreover, it is clear that the functions∏
j∈Σ

(
1 − e2a jt

)−1/2
,

(
1 − e−2|a jk |t

)κ/2
are bounded with respect to t for any k = 1, . . . , s and j ∈ Σ. Therefore, for large enough t, we have

ν
−(κ−n+1)p
κ+2p ‖Ṽ(t, ·)(Ẽ(t, ·) − 1)‖p

Lp(Rn−1)

≤ C(n, a, p, κ)‖‖V0‖Wk,1

s∏
k=1

(
e2a jk t − 1

)−1/2
max

j∈Σ

(
e2|a j |t − 1

)κ/2
≤ C(n, a, p, κ)‖V0‖Wk,1

(
e2a+t − 1

)−s/2 (
e2|a− |t − 1

)κ/2
.

Thus, we deduce

‖vν(·, t) − vE(·, t)‖Lp′ (Rn) ≤ Cν
κ−n+1
κ+2p ‖V0‖

1
p

Wk,1


(
e2|a− |t − 1

)κ/2(
e2a+t − 1

)s/2


1
p

.

where C is a constant that depends only on n, a, p, κ. The proof of Theorem 1.2 is completed. �

Proof of Theorem 1.3. The proof is similar as that of Theorem 1.2 except for estimate (3.4). Utilizing
Lemma 2.2 gives

‖vν(·, t) − vE(·, t)‖Lp′ (Rn) ≤ Cνmin{p, κ−n+1
2 }‖V0‖

1
p

Wk,1


(
e2|a− |t − 1

)κ/2(
e2a+t − 1

)s/2


1
p

,

which is used to accomplish the proof of Theorem 1.2. �

Proof of Remark 1.4. If there exists a positive integer j0 ∈ {1, . . . , n − 1} such that a j0 = 0, we rewrite
the notations (3.1), (3.2) as

ζ j0 D ξ j0 , A j0(t) = 1.

Then the estimate (3.4) can be written as

ν
−(κ−n+1)p
κ+2p ‖Ṽ(t, ·)(Ẽ(t, ·) − 1)‖p

Lp(Rn−1)

≤ C(n, a, p, κ)‖V0‖Wk,1 max
{
Ai(t)−κe−κait|ai , 0

}∏
a jk>0

(
e2a jk t − 1

)−1/2 ∏
j∈Σ′

(
1 − e2a jt

)−1/2

≤ C‖V0‖Wk,1

(
e2|a′− |t − 1

)κ/2
(
e2a′+t − 1

) s′
2

,

which leads to the proof of Remark 1.4. �
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