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1. Introduction

An algebraic theory of Dirac structures first appeared in [1] within the Hamiltonian framework
of integrable evolution equations. The geometric approach was later realized in [2] and [3] in the
finite-dimensional setting, where Dirac structures were defined as subsets D of the Pontryagin bundle
TM @ T*M satistying specific conditions. This provides a unified treatment of weak symplectic and
Poisson structures. The notion was further developed in finite dimensions, particularly in the study of
nonholonomic mechanical systems. The Hamiltonian framework itself relies on the principle of least
action and the Legendre transformation, expressed through Euler—Lagrange equations and a variational
approach (cf. [4,5]).

In order to extend this variational and geometric picture to infinite-dimensional systems
arising in field theory and fluid mechanics, one is naturally led to a functional-analytic setting.
However, the standard framework of locally convex topological vector spaces turns out to be poorly
adapted to such problems. In particular, classical tools from the calculus of variations may fail: le
lemme de du Bois-Reymond does not hold in this generality, which obstructs a direct extension of
Euler-Lagrange-type arguments. By contrast, the category of convenient vector spaces provides
a more suitable setting for infinite-dimensional differential geometry, in which a robust notion
of smoothness is available and variational arguments can be recovered in a consistent way. This
motivates working within the convenient framework when passing from finite-dimensional Dirac
structures to infinite-dimensional contexts.

In this paper, the main contributions are the following:

e From Section 3 to Section 5 together with the applications developed in Section 6, and building
on the framework introduced in [6] and [7] (see also the references therein), we extend to
the convenient setting the finite-dimensional geometric framework of Dirac structures and
its associated Lagrangian formalism (see, for instance, [4] and [5]). This provides a unified
variational framework for constrained mechanical systems defined on subbundles of infinite-
dimensional configuration manifolds. Such a framework is motivated by a variety of infinite-
dimensional mechanical and control-theoretic problems arising in Hilbert, Banach, Fréchet,
and more generally convenient manifolds. Examples include the Korteweg—de Vries hierarchy,
the nonlinear Schrédinger equation, geodesic problems on diffeomorphism groups, and sub-
Riemannian geometry (cf., for example [7], [8—15]).

e In Section 7, we extend the previous framework to mechanical systems subject to singular con-
straints, viewed as control systems. Within this setting, several characterizations of normal ex-
tremals are obtained. In particular, Theorem 7.18 provides a characterization of normal extremals
in an infinite-dimensional context and constitutes the main result of the paper.

e In Section 8, the preceding theory is applied to conic Finsler metrics viewed as a generalization of
sub-Riemannian problems in the Banach setting (cf. [14]).

Recall that, in [16], we introduced the notion of a partial Dirac structure on convenient manifolds
and studied its geometric properties.
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According to the framework of partial Poisson structures (cf. [17], Chap. 7), we introduce the notion
on the partial bundle

T°"M =TM&T"M,

where T’ M is a weak subbundle of the kinematic cotangent bundle 7’ M of a convenient manifold'.

As in finite dimension, this bundle can be equipped with a Courant bracket and an anchor map
pP : TP(M) — TM, and it defines a partial Dirac structure if the Courant bracket, restricted to local
sections of T%(M), takes values in such a set of sections.

In finite dimensions, any Dirac structure is integrable, that is, the distribution defines a (singular)
foliation equipped with a canonical pre-symplectic structure on each leaf. Unfortunately, even in the
Hilbert setting, this result in no longer true. The interested reader will find sufficient conditions in the
Banach setting under which a singular Banach foliation is associated to a Banach partial Dirac structure
as well as conditions under which such a foliation can be equipped with a pre-symplectic structure.
Throughout the text, the reader will find examples of partial Dirac structures.

In this paper, most of these geometric results will be applied to:

1. Non-degenerate and degenerate Lagrangians (generalizing [18] to our context);

2. Dynamical systems with non-degenerate Lagrangians subject to singular nonholonomic constraints,
with application, in the Banach setting, to the conic sub-Finsler metric and, in particular, the
(singular) sub-Riemannian metric, including a characterization of their geodesics, generalizing [14].

This paper is organized as follows:

e In Section 2, we review the fundamental elements of the convenient calculus, as developed by
Frolicher, Kriegl, and Michor.

e In Section 3, we first recall the notion of the (weak) Pontryagin bundle 7*M — M, where
T°M = TM & T’ M, in the convenient setting. We then introduce key concepts such as the Courant
bracket and partial almost-Dirac structures and study their properties.

e In Section 4, we extend the notion of implicit Lagrangians, as well as several finite-dimensional
results by Yoshimura, Jacobs, and Marsden ( [5]), to the convenient setting.

e In Section 5, we establish the equivalence between the variational formulation of implicit La-
grangian systems and their implicit Hamiltonian formulation in the convenient setting.

e Section 6 studies properties of direct limits of ascending sequences of almost-Dirac structures
(including the Banach case) and provides sufficient conditions for such a direct limit of integrable
Hilbert—Dirac structures to be a convenient integrable Dirac structure.

e In Section 7, we generalize, in the Banach setting, the partial almost-Dirac structure induced
by a closed subbundle Ay, of TM to singular distributions on M, interpreted as optimal control
problems within a framework adapted to a suitable form of the maximum principle.

e The final section is devoted to the study of normal geodesics in a conic sub-Hilbert—Finsler structure
on a Banach manifold.

!That is, the inclusion T°M — T’ M is an injective convenient morphism.
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2. Basic elements of the convenient setting

In this section, we recall the basic framework of convenient calculus developed by Frolicher, Kriegl,
and Michor in [19] and [20].

This calculus is based on an infinite-dimensional extension of Boman’s theorem ( [21]), according
to which smoothness can be characterized through smooth curves. A curve ¢ : R — E is smooth
if and only if, for every continuous linear functional 4 € E*, the composition A o ¢ is smooth
( [20], Theorem 2.14 (4)). We then get a second topology on E, which is the final topology relative
to the set of all smooth curves and is called the c*-topology ( [20], Definition 2.12). This last
topology may be different from the locally convex topological vector space topology and, for this
topology, E cannot be a topological vector space. However, for Fréchet (and so Banach) spaces,
both topologies coincide. A map f : E — R is smooth if and only if f oc : R — R is a smooth
map for any smooth curve c in E ( [20], Definition 3.11). Any composition of smooth maps is also smooth.

In Banach space theory, the Cauchy condition is a necessary condition for the convergence of a
sequence, and completeness is defined by requiring that every Cauchy sequence converges. In the
convenient setting, the weaker notion of Mackey—Cauchy sequence (cf. [20, Section 2]) is used. Let B
be a bounded absolutely convex subset of a locally convex topological vector space E. We define

Ep := U tB = span(B).

>0

The Minkowski functional associated with B is the map
Il -1l : Ez — Ry

defined by
Yu € Ep, ||lullg = inf{t > 0 | u € tB}.

If B is closed and absolutely convex, then || - ||z is a norm on Eg, and (Eg, || - ||z) is a normed space.
A sequence (x,),en in E is called Mackey—Cauchy if there exists a bounded absolutely convex subset B
of E such that (x,) is a Cauchy sequence in the normed space (Eg, || - ||5), that is,

Ye>0, dn. €N, Vn,m > n,., x, — x,, € €B.

A locally convex topological vector space E is said to be convenient, or c*-complete, if every Mackey—

Cauchy sequence in E converges with respect to the original locally convex topology of E. This property
is called c™-completeness.

The convenient calculus provides an appropriate extension of differential calculus to such spaces
because, for any c¢*-open set U of a convenient space E and any convenient space F, the following
properties hold:

e the space C*(U, F) of smooth maps may also be endowed with a structure of convenient space;
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e the differential operator d : C*(U,F) — C* (U, L(E, F)) defined by:
S+ 1) - f(x)
t

df(x).v = lim
t—0

exists for every f € C* (U, F). Moreover, d is a linear and smooth map ( [20, Section 3.18]). Here
L(E, F) denotes the space of bounded (equivalently smooth) linear mappings® from E to F;
e the chain rule holds ( [20, Section 3.18]).

The notion of a convenient manifold modeled on a convenient vector space is then defined via an
equivalent class of smooth atlases ( [20, Section 27.1]).

On a convenient vector space E, two kinds of tangent spaces at a point a of this space can be
defined ( [20, Section 28.1]): the kinematic tangent space and the operational tangent space. We are
only interested in the first one?, T,E consisting of all derivatives ¢’(0) at 0 of smooth curves ¢ : R — E
with ¢(0) = a.

The kinematic tangent bundle T M of a convenient manifold M ( [20, Section 29.9]) is the quotient space
for the equivalence relation:

xX=y
=y

(a, x,v) ~ (B, y,w) (:){ (d%ﬁ

w
ép(x)

defined on the disjoint union U {a} x Uy, x M, where {(U,, ¢o)},e4 15 @ smooth atlas of M.

a€cA

A kinematic vector field is a smooth section of the bundle 7M ( [20, Section 32.1]).

The kinematic cotangent bundle T’ M is defined as the union of the convenient vector spaces 7, M of
all bounded linear functionals on the convenient vector space T, M endowed with an equivalence class of
atlases ( [20, Section 33.1]). A kinematic 1-form is a smooth section of the bundle 7’ M ( [20, Section 33.2]).

3. Partial almost-Dirac structures

3.1. The Pontryagin bundle

Throughout this section, M denotes a convenient manifold modeled on a convenient space M. We
write pry : TM — M for its kinematic bundle ( [20, Section 28.1]) and pyy : T'M — M for its
associated convenient dual bundle ( [20, Section 33.1]).

A weak subbundle pyvy, : T"M — M of T’'M is a linear subbundle T°M of T’M modeled on a
convenient space M’ such that the inclusion 7 M < T’M is an injective convenient bundle morphism
(cf. [17], Chap. 3). Without loss of generality, we shall assume that M" is a subspace of M’ and that the

%Let E and F be convenient vector spaces and let 7 : E — F be a linear map. Then the following conditions are equivalent:

(a) T is bounded, i.e., it maps bounded subsets of E to bounded subsets of [F;
(b) T is C®-smooth;
(c) T is c¢™-continuous, i.e., continuous with respect to the c¢*-topologies on E and F.

3The second one, D,E, corresponds to a family of bounded derivations.
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inclusion M” < M’ is bounded. Thus p;s, is simply the restriction of p7.4 to T’ M.
Once a weak subbundle T° M has been fixed, the annihilator of a closed subbundle A ¢ TM is defined
fiberwise by:

X =

A ={aeT!M: YueA, o) =0}

for every x € M.
The bundle

A= A

xeM

is called the annihilator of A in T°M. Tt is a closed subbundle of 7°M.

The Pontryagin bundle associated with the weak subbundle 7°M is the vector bundle

o T"M=TM&T'M - M.

Let (U, ¢) be a chart such that U is simply connected. As usual in convenient calculus, we may
assume that U is a ¢™-open set in M. The above bundles admit the following local trivialisations:

TMy = UXM, T'My = U x M,
T'My =UxM’, T°M=UxMxM.

The corresponding local coordinates are denoted by

X,v) e U XM, xX,p) € U XM,
x,p) e UxM’, (x,v,p) e UxM x M.

These trivialisations induce the following local expressions for the bundle projections:

pTME(X’V)HX9 PT’ME(X,p)'_)X,
pr:T°M — TM = (x,v,p) — (X,V), pr’:T°M — T°M = (x,v,p) — (X,p).

3.2. Some canonical maps on double-vector bundles

We consider the two projections associated with the double-vector bundle structures of 77’ M and
T'TM:
Trrm - T'TM - TM and TpT’M :TT'M — TM.

In local coordinates induced by a chart of M, they are given by
mrrm = (X P,X,P) = (X, X)  and  Tproy = (X, X,P,P) > (X, X).
As in finite dimensions, there exists a unique smooth diffeomorphism
ky :TT'M - T'TM,
called the canonical flip, which identifies the two double-vector bundle structures. It is characterized by
nprym © ky = Tpry, and  mppy = pry o KX/II-
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In local coordinates, the map «,, is given by

Ky = (X, P, X, P) — (X, X, P, P).

Thus, ky, exchanges the two vector-bundle structures of the double-vector bundle while leaving the base
variables unchanged.

Let Q be the weak canonical symplectic form on 7’M. Then Q’ : TT’M — T'T’M is an injective
convenient morphism whose range is a weak subbundle 7T’ M of T'T’ M. Moreover, Q' induces an
isomorphism of vector bundles between T7’'M and T'T’M (cf. [20, Section 48]). Since T°T'M is
isomorphic to 7T’ M, over a chart domain U of M, we obtain the local trivialisation:

T'T'M = (U x M) x (M’ x M),
where M’ X M is viewed as a subspace of M’ x M".

Denote by (X, p, a, w), the local coordinates on 7'T'M = (U X M") x M’ x M"). Thus, in local
coordinates, the bundle morphism Q° = TT'M — T'T’M is given by:

QP ~ X, p, X, p) — (X,p,a=—p,W = X).

Here, in the target space, X is identified with its image under the canonical injection M — M”, so that
w € M"”. Consequently, the composition

yu=Q oky) : T'TM — T°T'M

is a smooth diffeomorphism.
In local coordinates, y,, is given by:

Ym = (X’ X’ p’ p) = (Xa pa _p, X)

In particular, the quadruple (X, p, —p, X) provides a system of local coordinates on the weak subbundle
T°T'M.

Remark 3.1. In the convenient setting, one obtains a canonical diffeomorphism that formally generalizes
the classical Tulczyjew isomorphism in finite dimensions (cf. [22]). It should be emphasized that, in
general, this is not a diffeomorphism 7'TM — T'T’M but rather a diffeomorphism from 7’7 M onto the
weak subbundle 7°7T’M c T’T’ M. However, if the convenient space M is reflexive, then the canonical
injection M < M" is an isomorphism and Q" is surjective. In this case,

T'T'M =T'T'M,
and one recovers the classical Tulczyjew isomorphism exactly as in the finite-dimensional setting.
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3.3. Partial almost-Dirac structures

Partial almost-Dirac structures provide a natural geometric framework for treating tangent and
cotangent variables simultaneously. In the convenient setting, they are defined on a weak Pontryagin
bundle

T°"M =TM&T"M,

where T°M is a weak subbundle of the kinematic cotangent bundle 7’ M. This construction extends the
classical finite-dimensional theory by replacing the cotangent bundle with a suitable weak dual bundle.

Throughout this subsection, we fix a weak subbundle T'M of T’ M and consider the associated weak
Pontryagin bundle 7°M.

Let < ., . > denote the canonical pairing between 7'M and TM. Its restriction to T°M x TM
induces a bilinear form, which is bounded since the injection T "M < T’M is bounded. If there is no
ambiguity, this restriction will be also denoted by < ., . >.

The Pontryagin bundle 7°M is endowed with the symmetric pairing { . , . ) defined as follows. For
every x e M, X,,Y, € T M, and every «,,f, € T)EM, we set:

(Xs, @), (Vo B)) = Bu(Xo) + (). (3.1

Let D be a closed subbundle of 7" M. Its orthogonal complement D+ is the subbundle whose fiber at
x € M is defined by

Dy ={(u,@) e T{M : Y(v,p) € Dy, {(u,@),(»,8)) = 0}.
Definition 3.2. A partial almost-Dirac structure on M is a closed subbundle D of T*M satisfying
D+ =D.

For every open set U in M, the space of local sections I' (T"M|y) is endowed with a Courant bracket
defined by

1
[(X, @), (Y. B)]c = ([X, Y], Lyf - Lya — Sd(iye - ixﬂ)) (3.2)

for all sections (X, @) and (¥, ) in ' (T"M|y). Here [.,.] denotes the usual Lie bracket of vector fields,
while Ly, ix, and d denote, respectively, the Lie derivative, the contraction, and the exterior differential

associated with the convenient differential calculus. The above expression defines a section of 7" M,y
(cf. [16], 3.3). Note that [(X, @), (Y, 8)]c always belongs to I' (T*M,y) (cf. [17], 3.2).

3.4. Induced partial almost-Dirac structures

In this subsection, we define a partial almost-Dirac structure on the cotangent bundle that plays a key
role for implicit Lagrangians mirroring the finite-dimensional case (cf. [5], for instance). We then adapt
this framework to our current context.
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Let A, be a closed* subbundle of TM called a constraint distribution. To lift these constraints to
the cotangent bundle 7’ M, where the Hamiltonian formulation takes place, we consider the tangent
directions of T’ M whose projection onto 7'M remains admissible. This leads naturally to the following
induced distribution on 7’ M:

Ay = (Tprw) ' (Ay) € TT'M,

where T pry : TT'M — T M is the tangent map of the projection pr/y : T'M — M.

Let Q be the weak canonical symplectic form on 7M. We associate to Ay the subset D,,, of
TPT'M = TT'M & T"T’ M defined, for each (x, p) € T'M, by:

(Day)p) = {,0) € TPT'M = w0 € Mgy @ = Q)W) € (AJp)iep ) -
We then set

Dy, = U (Da)xp)-

(x.p)eT’M

As in [23, Theorem 2.3], we have the following result:

Proposition 3.3. Let .
Q" Apy — T'T'M

denote the restriction of Q" to Agryy. Then Dy , can be written as
o 0
Dy, = Graph(Q") & ({0} x AY. ).
and it constitutes a partial almost-Dirac structure on T’ M.

Proof. For each (x, p) € T’M, by the definition of D,,,, an element

(Lt, a’) € (DAM)(x,p)

satisfies
b 0
u € (Arm)ixp) and = QW) € (A7) p)-

Hence, there exists 5 € (A(%, w)p) Such that

@=Q) ) +p.

Therefore, _
(Da, )i = Graph (€7, ) & ({0} X (A% ) -

By Lemma 3.6 (2), this is a partial linear Dirac structure on T, )7’ M.

Moreover, Az is a closed subbundle of T7’M. Since Q° : TT'M — T T’M is a vector bundle
isomorphism, its restriction .

Qb . AT’M e TbT’M

has a closed image. Hence, ﬁb(AT/ w) is a closed subbundle of 7T’ M. Consequently, by Definition 3.16
in [16], D,,, 1s a partial almost-Dirac structure on 7’ M. O

“The assumption that Ay is a closed subbundle is essential in the convenient setting. In contrast to the finite-dimensional case, a linear
subspace of a convenient vector space need not be closed, and therefore need not define a convenient subspace.
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Remark 3.4.

1. In local coordinates induced by the chart (U, ¢), and as in the finite-dimensional case (cf. [23]), the
partial almost-Dirac structure D,,, is locally described by

DAM = { ((X’ p’ X’ p) s (X’ p’ a, W)) .

.. . N (3.3)
xeU=¢U), peM, xe€E, w=x, a+peE’},

where E denotes the typical fiber of Ay,.
2. According to [16], Proposition 3.27, since € is closed, the almost-Dirac structure D,,, is a Dirac
structure if and only if the constraint distribution A, is involutive.

4. Implicit Lagrangian and Hamiltonian systems

In this section, we extend to the convenient setting the theory of implicit Lagrangian and Hamiltonian
systems developed by H. Yoshimura, H. Jacobs, J. E. Marsden, and A. J. van der Schaft (see, for
instance, [5,23-26]). We first formulate implicit Lagrangian systems associated with constrained
Lagrangians and establish their fundamental properties. We then introduce the notion of an implicit
Hamiltonian system associated with a partial almost-Dirac structure. Finally, we show that every
regular constrained Lagrangian naturally induces an implicit Hamiltonian system through the restricted
Legendre transformation. In particular, we prove the conservation of the generalized energy and establish
the correspondence between the Lagrangian and Hamiltonian formulations.

Unless otherwise stated, throughout this section, M denotes a fixed convenient connected manifold
and Ay, a closed subbundle of TM. According to § 3.4, we consider the associated closed subbundle

Arv = (Tpr)” (M) € TT'M.

Let Q be the weak canonical symplectic form on 7'M and let 7T’ M denote the range of the bundle
morphism

Q" :TT'M - T'T'M.
Then T°T’M is a weak subbundle of T’T’M. The weak Pontryagin bundle associated with T’M is

therefore
T’T'M =TT'M & T"T’ M.

The subbundle A7y induces a partial almost-Dirac structure Dy,, on 7'M as described in § 3.4. We
shall use throughout the local coordinates introduced in § 3.2.
4.1. Legendre transformation

A smooth map L : TM — R is classically called a Lagrangian’.

The associated Legendre transformation is defined by

FL,(v).w = i (L + sw))j5=0 » 4.1
ds

3In infinite-dimensional settings, for certain physical or mechanical problems, the Lagrangian is not defined on the whole tangent
bundle 7M. Instead, there exists a weak immersed convenient submanifold M, modeled on M, which is in general open or dense in M,
such that the Lagrangian is only defined on the pull-back of TM to M, (cf. [27], p. 108). This situation is studied in [7]. For simplicity,
we assume throughout that the Lagrangian L is defined on the entire tangent bundle 7M.
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where v and w belong to 7M. Here FL,(v).w denotes the vertical derivative of L at (x, v) in the direction
w. The construction of [28, Section 3.5] extends to the convenient setting. Since the map L is smooth, it
follows that the induced map FL. : TM — T’M is a smooth fiber-preserving map. In local coordinates
on TM and T’ M, this map is given by:

PLE(X,V)I—)(X,DI Z—t)

In finite-dimensional mechanics, the Legendre transformation is called non-degenerate if FL is a local
diffeomorphism. In the convenient setting, such a condition does not hold in general. Therefore, in
our context, we say that FL is non-degenerate if FL is locally injective on some open subset U C M,
otherwise, we say that FL is degenerate. In view of the notion of an implicit Lagrangian, we shall work
in this more general setting, allowing FL to be degenerate.

4.2. Dirac differential operator associated with a Lagrangian

Let L : TM — R be a Lagrangian. Then its differential dL is a 1-form on T M.
As introduced in [5, 23], the Dirac differential operator of L is defined by

DL = yy o dL,
where 7y, is the diffeomorphism
yu=Q oKy} : T'TM — T°T'M
introduced in § 3.2. In local coordinates, the Dirac differential operator is given by

R

4.2
e ax,v 4.2)

DL(x,v) = (X,

4.3. Implicit Lagrangian systems
In the setting of § 3.4, following [5], we introduce the following notion.

Definition 4.1. Consider a Lagrangian L. : TM — R and a closed subbundle Ay of TM. Let
Az = (Tpra)~ (Ay) denote the associated closed subbundle of TT'M, let Dy, be the induced partial
almost-Dirac structure on T'M, and let

DL:TM - T'T'M

be the Dirac differential operator of L.
The triple (M, Ay, ©L) is called an implicit Lagrangian system.

An integral curve of an implicit Lagrangian system (M, Ay, ©L) 1s a curve

vil - TMeT'M
t = (x(@),v(@), p(n)

defined on an interval I C R, satisfying

(x(1), p(0), X(1), p(1), DL (x(1), (1)) € D, (x(1), p(1)) (4.3)
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forallt e [.

We define
P:=FL(Ay) c T'M.

Remark 4.2. Let t — (x(¢), v(¢), p(1)) be an integral curve of the implicit Lagrangian system (M, A,;, DL).
Then

(x(0), V(1)) € Ay, FL(x(2), v(1)) = (x(2), p(1))
for every t. Consequently,
(x(1),v(1), p(t)) € Ayy & P.
In the local coordinates introduced in § 3.4, if
(x(2), (1), p(1)) = (X(2), V(), P(2)),

then, by (3.3) and (4.2), condition (4.3) is equivalent to
5 X€B x=v, p—a—XeEO. (4.4)
Equivalently, if
L(x,v) = L(x,V),
then an integral curve
1= (x(1), v(0), p(1)) = (X(1), v(1), p(1))

satisfies the following implicit system of differential equations:

. oL
X _ 0 IdM - 0 . 0
(p)_(—IdM, 0)[ ex)+(a(x))’ forsome o : U — E°,

p= v
(B(x),v) =0, foranyps:U — E°.

4.4. Non-degenerate constraint Lagrangians

In this subsection, we allow the Lagrangian L to be degenerate.
Nevertheless, the Legendre transformation FL. : TM — T'M is still well-defined. We set

P:=FL(Ay) c T'M.

We say that L is a non-degenerate Ay-constraint Lagrangian if, for every x € M, there exists an open
neighborhood U of x such that the restriction

PLKAM)\U . (AM)lU - T’M

is a weak immersion®. In local coordinates, this condition is equivalent to the requirement that the map

2

X W(X)

6See [17, Section 3.7].
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defines, on some open subset U of M, a smooth field of weak non-degenerate bilinear forms on E.
Consequently, we have:

oL
P= {(x E(X’ v)), (x,v) € Ux E} 4.6)

Indeed, in local coordinates, the tangent map

TFL : TMy = UxM - T'My = U x M’

Id 0
oL ﬂ } “4.7)
OxXov  Ov?

Therefore, the weak immersion property of the restricted Legendre transformation is determined by the
vertical block

is represented by the block matrix

7L
ov?’

which defines a smooth field of weak non-degenerate bilinear forms on E.

If L is a non-degenerate Aj,-constraint Lagrangian, then P inherits the structure of a weak convenient
submanifold of 7’M, modeled on M x E’ via the projection onto the M X E coordinates. In finite
dimensions, when P is a submanifold of 7'M, it is called the primary constraint in [29]. Such situations
occur in the following examples.

Example 4.3. Let M be a smooth paracompact Banach manifold and let Ay, be a closed subbundle
of TM of codimension k. Assume that there exists a weak Riemannian metric g on Ay,. Since Ay, is
supplemented, let F be a k-dimensional supplementary subbundle of Ay, in TM. Since M is smooth
and paracompact, we can extend g to a smooth map L. : TM — R. For instance, let /2 be a Riemannian
metric on F and extend it to a weak Riemannian metric g on 7 M defined by

gr=h,  gn,=g  and  gu,v) =0, u € (Ay)y, vE F..
Then, by the same arguments as in Example 4.3, one shows that
P =FL(Ay)

is a weak immersed submanifold of 7’ M.
Therefore, over a coordinate domain U = ¢(U) C M, there exist smooth maps

o U->E, ie{l,... k],

such that
((Yl(X), EI) a’k(X))

"Recall that E denotes the typical fiber of Ay.
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forms a basis of E’. Hence, in the associated local coordinates, there exist Lagrange multipliers

Ay, ..., A such that the associated implicit Lagrangian system can be written as (cf. [30]):
oL :
X =V, p=——XVv)+ ) (X)ai(X),
ZE Z (4.8)

(i(x),v)=0,i€l{l,....k}, p= E(X’V)'

Note that these equations only depend on the restriction of L to A,.
Example 4.4. The heavy rope.
Consider a non-elastic rope. We model such a rope by a map

x: [0, ] » R?

belonging to the Sobolev space H'([0, £],R?)® and satisfying ||x’|l, = 1, a.e. (cf. [31]).
The configuration manifold is then the Hilbert space M = H'([0, £], R?). This space is isomorphic’ to
R2 x L2 ([0, t], RZ). The constraint condition is the vector subbundle!®

4
Ay = {(x, v) € H'([0, €],R?) x H'([0, €], R?) : f X' ()W(o) do = o}
0

of TM of codimension 1. The rope has a mass density per unit length
p :10,£] =10, +oo[,

which we assume to be smooth. For every o € [0, €], p(o) > 0, by a compactness argument, it follows
that we have some positive constant C such that O < ||o(o)|| < C. The rope is subjected to a uniform
gravitational field (0, g). The corresponding potential energy is given by:

Epoi(x) = f: p(o)xy(0)gdo,

where x, denotes the second component of x € H'([0, £],R?).
The kinematic energy is:

1 4
Eiin(v) = 5 f p(o)|v|3do.
0

But, in this context, using the Riesz representation for the Hilbert space H' ([0, ], Rz) according to the
inner product

< (x,v),(y,w) >=< X,y >p2 + <V, W >2,
the bundle Ay, is defined by the constraint v =< a(x),v >:=< x’,v >;2. The Lagrangian associated to
this physical problem is

L(x,v) =< pv,v>p —<p.x,(0,2) > .

8That is, x is continuous and its weak derivative x’ belongs to L2([0, £], R?).

This is the classical identification of H'([0,£],R?) with R? x L2([0, £], R?) via the map x — (x(0),x’), a consequence of the
fundamental theorem of calculus for Sobolev functions.

9Here x’ denotes the derivative of x relative to o.
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2
Thus, by assumption on p, the restriction of the Hessian W(x), in local coordinates, corresponding to

the restriction of L to (Ay), is non-degenerate, since it is positive definite.
Therefore P is an immersed submanifold of

T'H'(10, €1, R*) = TH'([0, 1, R*) = H' ([0, 1, R*) x H' ([0, €], R?),

which, via the Riesz representation theorem, can be identified with A,,.
The associated implicit Lagrangian problem is then

- C 0 ,
X =V, p= p(g)+/l(x)x, . (4.9)

<x,v>=0, p=p.V.

4.5. Conservation of the generalized energy

Given an implicit Lagrangian system (M, D,,,, DL), following [5] and [23] in finite dimensions, the
generalized energy E is defined on the Whitney sum 7M @& T’ M by

E(x,v, p) :=< p,v> -L(x,v). 4.10)

Let t — (x(t), v(?), p(?)) be an integral curve of (4.3). To analyze the evolution of the generalized energy
along such a curve, we compute the total time derivative of E:

L L
iE((x(t),v(t),p(t)) =< p,v>+<p,v> —a—x — a—\'}
dt Ox ov
o oL o
=P Gx’v

=0

since X = veAMandp—(;—L eAY.

Thus, the generalized energyxE is conserved along any integral curve of the implicit Lagrangian system.
Note that given a generalized energy E on TM @ T’ M, one can recover the Lagrangian from the relation
(4.10). Moreover, starting from E, the implicit Lagrangian system (4.3) can equivalently be reformulated
as the implicit system:

(x(®), p(1), X(1), p(0), dE(x(2), (1), p(1)) € D, (x(1), p(1)) (4.11)

4.6. Implicit Hamiltonian systems

The concept of an implicit Hamiltonian system associated with a Dirac structure is classical in
finite dimensions. In this section, we adapt this notion to the convenient setting of partial almost-Dirac
structures, following the approach of A. J. van der Schaft [24-26].

Definition 4.5. Let D be a partial almost-Dirac structure on a convenient manifold M, relative to the
Pontryagin bundle
T"M =TM&T"M,

and let H : M — R be a smooth Hamiltonian.
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1. The implicit Hamiltonian system associated with (M, D, H) is the differential inclusion
(X(1), dxyH) € Dy.

2. A smooth curve y : I — M satisfying
(7(2), dyyH) € Dy

for every t € I is called an integral curve of the implicit Hamiltonian system.
3. Let S be a weak immersed submanifold of M such that Hs is smooth. The induced implicit
Hamiltonian system on S is defined by

(M,D, H),
whose integral curves are the smooth curvesy : I — S satisfying
(@), dyiyHs) € Dyq.

Remark 4.6. If vy is an integral curve of an implicit Hamiltonian system (M, D, H), then

d o
() = (dH.y) =0,

since (@, u) = 0 for every (u, @) € D. Thus the Hamiltonian is conserved along integral curves.

4.7. Implicit Hamiltonian system associated to a Lagrangian

Let L be a non-degenerate A,/-constraint Lagrangian on 7M and set
P = FL(Ay).

Then P is a weak immersed submanifold of 7M. We now show that L naturally induces an implicit
Hamiltonian system on P. More precisely, we adapt to the convenient setting the construction of the
Hamiltonian associated with a constrained Lagrangian developed by H. Yoshimura and J. E. Marsden
(see, for instance, [5,23]).

Theorem 4.7. Let M be a convenient manifold and let Ay be a closed convenient subbundle of T M.
Assume that L is a Ay-constraint regular Lagrangian and that the restricted Legendre transform

FLja, : Ay — P
is injective.
Then the following assertions hold.
(1) The function Hy,, : Ay — R, given by
Hy, (x,v) = E(x,v,FLj5, (x,V)),
is smooth. Moreover, it induces a smooth function
Hp . P— R,
defined by
Hz(x, p) = Ha, ((FLys, )™ (x, p))
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(2) Let
H(x,v,p) ={(p,v) — L(x,v).

The restriction of H to the graph of the restricted Legendre transform
Graph(FLp,,) C Ay X T'M

coincides with Hp. Consequently, the partial almost-Dirac structure D,,, defines the implicit
Hamiltonian system
(M9 DAMa HP)

onP.

In local coordinates, this system is characterized by

(x,v,p) € B,

X—aH(xv) '+6H
B R ™

together with the constraint
oH x,v,p)l =0
ov P B
(3) A smooth curve t — (x(t), p(t)) in P is an integral curve of the induced implicit Hamiltonian system
(M9 DAMa HP)
if and only if there exists a smooth curve t — (x(t), v(t)) in Ay such that
FLa,, (x(2), v(1)) = (x(2), p(1)),
and such that t — (x(t), v(t)) is an integral curve of the implicit Lagrangian system
(M, Ay, DL).

This theorem motivates the following definition:

Definition 4.8. Let L be a Ay;-constraint regular Lagrangian such that the restricted Legendre transform
FL|AM A M — P

is injective.

The implicit Hamiltonian system (M, D,,,, Hp), obtained from the construction of the previous theorem,
is called the induced implicit Hamiltonian system associated with L.

The weak immersed submanifold P = FL(Ay,) is called the integrability domain of the induced implicit
Hamiltonian system (M, Dy,,, Hp).

Remark 4.9.

1. The terminology integrability domain of (M, D,,,, Hp) 1s justified by items (2) and (3) of The-
orem 4.7, which establish the correspondence between integral curves of the induced implicit
Hamiltonian system and those of the implicit Lagrangian system.
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2. Unlike the finite-dimensional case, in the convenient infinite-dimensional setting, the manifold P
is, in general, only a weak immersed submanifold of 7M. Consequently, one cannot, in general,
expect the existence of a smooth extension of

Hp:P—>R

to a neighborhood of P in 7M. The preceding theorem shows that such an extension is not
required for the definition of the induced implicit Hamiltonian system.
3. In local coordinates, by item (2) of Theorem 4.7, and under the constraint

oH
E(X’ V,p)e =0,

the Hamiltonian part of the induced implicit Hamiltonian system is determined only by Hp. Indeed,
if Hp = Hp, then one has

X = aa—?(x, v, p), p+ %(x, v,p) € E°,

which involves only Hp and does not require any smooth extension of Hp to a neighborhood of P
in 7' M. This differs from the finite-dimensional construction of H. Yoshimura and J. E. Marsden,
where such extensions naturally appear.

Proof of Theorem 4.7. (1) Consider the subset

E
Stab(E) = {(x,p,v) eETMaT'M : (;—(x, p,Vv) = O}.
v

Since
E(-x’ v, p) = <p7 V> - L(-x’ V)a
we have . SL
E(x’ P> V) =p- E(xa V)-
Hence,
(x,p,v) e Stab(E) < p=TFL(x,v).
Therefore,

Hy,,(x,v) = E(x,v,FLj5,,(x,v))

defines a smooth function on A,,.
Since the restricted Legendre transform

FL|AM . AM — P
is assumed to be injective, every (x, p) € P admits a unique preimage (x,v) € Ay. Consequently,

Hz(x, p) = Ha, ((FLys,)™' (x, p))

is well-defined. Since FL,,, is regular, its local inverse is smooth, and therefore Hp is smooth on P.
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(2) Let
H(x,v,p) ={(p,v) — L(x,v).

Its restriction to the graph of the restricted Legendre transform coincides with Hp. Hence the induced
implicit Hamiltonian system

(M, Dy,,, Hy)
is well-defined.
In local coordinates,
oL )
= —WV),
p ov
and
OH OH oL OH OL
—_— =, —_— = -, — = _—
op 0x 0x ov p ov

Therefore the implicit Hamilton equations are

oH OH
(= — y+ — € A
x ap’ p axe b

together with the constraint

which is precisely the Legendre relation
oL
P = g(xa V).

(3) Let t — (x(), p(¢)) be an integral curve of
(M’ DAM7 H]P)’

and let
(x(D), (1)) = (FLja,) " (x(D), p(2)).

Using the identities established in (2), the Hamilton equations become
XxX=ve AM

and 3L
p——(x,v) € A},
0x

while the constraint

0OH
-0
ov
gives
oL
P = g(-xa V).

These are exactly the local equations of the implicit Lagrangian system (M, Ay, DL).
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Conversely, if t — (x(#), v(?)) is an integral curve of the implicit Lagrangian system and

p(t) = FL(x(1), v(1)),

then the above identities show that t — (x(7), p(?)) satisfies the implicit Hamilton equations. This
completes the proof. O

Example 4.10. In the setting of Example 4.3, let g be a strong Riemannian metric on a convenient
manifold M. Since g is strong, the model space is necessarily a Hilbert space M. Given any closed
Banach subbundle A,; of T M, the strong Riemannian metric induces a strong Riemannian metric on
Ay. In fact, the typical fiber of Ay, is a Hilbert space E. Hence, P can be identified with the dual bundle
A, of Ay. Since g := gja,, defines a strong Riemannian metric on Ay, the associated musical map g is
a bundle isomorphism. We obtain a strong Riemannian co-metric g on P:

(g2), (P P) = & (@7 (). @' (P)).
e 1
The Hamiltonian is given by Hp = 3 gp. We have

1 1
H(x,v,p) =< p.v > =28:(.v) = 2. (€)' (0). (807! (p). (4.12)

In local coordinates, if gp = @p, then the associated induced implicit Hamiltonian (M, Da,,, Hiry) reads:

X = a(g]P)x 1 a(g]P‘)x

S, 2 0
o (p) €E, p+ (p) € E". 4.13)

2 0x

Example 4.11. Consider the setting of the heavy rope described in Example 4.4. Taking into account
the Riesz representation, the Hamiltonian on the integrability domain P = FL(A,,) is given by

1
H]p(X, p) = <;p’ (1 - <X,, p>L2)p> - <px’, (O’ g)) .

L

It is induced by the function
1 ,
H(x,p) = <;p, p> —(px',(0,8)),

defined on the ambient cotangent bundle.
The corresponding induced implicit Hamiltonian system (M, D,,,, Hp) is therefore

X = lp’ p =—p (O) + A(X)x,,
p g
X,p)=0, p=pv.

This system is equivalent to the implicit Lagrangian system (4.9).
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5. Variational approach

Following [7], we establish a connection between the variational approaches to implicit La-
grangian and Hamiltonian systems within the framework of convenient calculus, analogous to the
finite-dimensional case (cf. [18]).

As emphasised in the Introduction, the general framework of locally convex spaces is ill-suited to
infinite-dimensional problems arising in physics and fluid mechanics. In contrast, convenient calculus
provides a natural and robust framework in which these variational and geometric constructions can be
consistently developed.

5.1. Hamiltonian principle

Assume that M is a convenient manifold. Let C*(I, M) denote the set of smooth curves from an open
interval with compact closure I C R to M. Recall that, if M admits a local addition!', then C*(I1, M)
carries a structure of a convenient manifold, modeled on the convenient spaces I'y(c'T M) of compactly
supported sections of the pull-back bundle ¢'T M, where c is any curve in C*(I, M). In this setting,
the tangent space T,.C*(I, M) can be identified with ['y(c'T M). In this case, it follows that, for any
X e Iy(c'T M), there exists a smooth curve

¢:l—¢g¢e[— C(U,M)
such that
d
ds|s=0
We now return to the general setting where M is a convenient manifold.

For any ¢ € C*(I, M), the velocity field ¢ defines a lift of ¢ to a curve in C*(I, T M).
Given a smooth'? Lagrangian L : TM — R, we define the functional action

c=X

FL:C(U,M - R)
by:
FLlc) = fL (c(1), ¢(2)) dt. (5.1)
1

It remains to justify that this integral is well-defined. Let ¢ be a smooth curve in M. Then its tangent lift
(c, ¢) 1s a smooth curve in the convenient manifold 7M. As the Lagrangian L. : TM — R is smooth in
the convenient sense'?, the composition

Lo(c,¢):I—>R

is a conveniently smooth curve. As R is finite-dimensional, conveniently smooth curves coincide with
classically smooth curves (cf. [20]). Therefore,

t - L(c(r), &)

1See [20, Section 42.4].

12Smoothness is understood in the convenient sense.

130One of the main advantages of convenient calculus is that smoothness is characterized through the behavior of smooth curves rather
than through the underlying locally convex topology.
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is a classically smooth real-valued function and is consequently Riemann integrable on the compact
closure of I. Thus, the action functional &, is well-defined.

A variation of ¢ € C*(I, M) is a smooth map
c:l—-¢ge[xI->M

such that
o Vrel, ¢0,1) = c(t);
o the associated variational vector field
toc(t) = %(O, 1)
is a compactly supported section of the pull-back bundle ¢'T M with support contained in a compact
subset of 1.
In these conditions, we have:

Remark 5.1.

92
1. For every s €] — g, ¢[, the curve ¢, := ¢(s,.) belongs to C*(I, M). Moreover, oc(t) := a—c(O, 1)
s
defines a compactly supported section of the pull-back bundle ¢'T M, that is,

5c € To(c'TM).

Conversely, if ¢ € C*(I, M) and 6c € Ty(c'T M), then there exists a germ of a smooth curve s > c;
in C*(I, M), with ¢y = ¢, whose infinitesimal variation is given by

oc(t) = %(0, 7).

Such a section dc is called an infinitesimal variation of c. Consequently, unless M is known
to admit a local addition, the space of infinitesimal variations of ¢ may be a proper subset of
Lo(c'TM).

2. Assume that I = [#1,1;]. Let ¢ :] — &,&[ X I — M be a smooth map such that

c0,0)=c0,  s,n)=clt), s, ) =c(rr)

0
for all s €] — ¢, g[. Then 6c(¥) := a—c(O, t) is an infinitesimal variation of c¢ satisfying the endpoints
s

condition
oc(ty) = oc(t) = 0.

Now, as in the classical finite-dimensional setting, we have the following result.

Lemma 5.2. Assume that I = [t;,1>].
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(1) Let
c:l-¢ge[xI > M

be a variation of ¢, and set cg := ¢(s, ). Then the map
& oc
s FLlcy) = f L(é(s, 1), (s, t)) dt
" ot

is well-defined and smooth.
(2) If the associated infinitesimal variation is

oc(t) = %(0, 1,
Js

then the differential of &y, at c in the direction éc is given by

SL(cs) = o)

d.FL(6c) := lim
s—0 S

2 (6L _ d 0L )
= fr. (5 (C(t),C(t))—Ea(C(I),C(t)))(&(t))dt (5.2)

5]

L
(2— (c(0), ¢(1)) (50(1))] :
v

n

+

Definition 5.3. A curve ¢ € C*(I,M) is called a critical point with fixed endpoints of the action

functional &y, if
d.FL(6c) =0

for every infinitesimal variation éc € To(c'T M) arising from a variation with fixed endpoints.

The proof of the Euler—Lagrange equations in the convenient setting relies on the following extension
of the classical lemme de du Bois-Reymond. The continuity of the canonical pairing between a convenient
vector space and its bornological dual with respect to the ¢*-topology makes it possible to adapt the
classical finite-dimensional argument to the convenient setting.

Lemma 5.4. Let f : [t,1,] —» M’ be a smooth map, where M’ denotes the bornological dual of the
convenient vector space M. Let E be a closed subspace of M. Assume that

f (f@),h(®)dr =0

for every smooth map h : [t,,t,] — E satisfying h(t,) = h(t,) = 0. Then
Vie[t, bl @) eE.

In particular, if E = M, then f = 0 on [t,1,].

Proof. Suppose, by contradiction, that there exists 7 € [#, #,] such that f(7) ¢ E°. Since f 1s continuous,
this property holds throughout a neighborhood of 7, and we may therefore assume that #; < 7 < 1.
As f(7) does not annihilate E, there exists u € E such that:

(f(r),u) =K > 0.
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Since both f and the canonical pairing

MxM — R
¢&v) = &

are continuous with respect to the c¢*-topology, there exists an open interval J C (¢, f;) containing 7
such that

GO =

for every t € J.
Choose a smooth function 6 : [#,#,] — [0, +oo[ whose support is contained in J and such that 8 = 1 on
a closed subinterval Jy C J containing 7. Define

h(t) = 6(t)u.

Then 4 is a smooth map from [#;, #,] into E satisfying h(t;) = h(t,) = 0. Moreover,
1)
f (f(@), h(1)) dt = f9(t)<f(t), uydt
1 J

> f(f(t), uydt
Jo
> length(Jy) g > 0,

contradicting the hypothesis. Hence f(¢) € E° for every t € [t;, 1,]. O

The following theorem provides the variational characterization of critical points of the action
functional. It is the convenient infinite-dimensional analogue of the classical Euler—Lagrange theorem

(cf. [7D).

Theorem 5.5. Let L : TM — R be a Lagrangian. Then a curve ¢ € C* ([t,1,], M) is a critical point
with fixed endpoints of the action functional ¥, if and only if c satisfies the local Euler—Lagrange

equations:

oL doL

(a—x - d_@) (c(),¢(n) =0 (5.3)

in any system of local coordinates associated with a chart whose domain meets the image of c.

Proof. By Lemma 5.2, the first variation of the action functional is given by (5.2). The conclusion then
follows exactly as in the finite-dimensional setting by applying Lemma 5.4. We refer to [7] for the
remaining details. O

5.2. Infinite dimensional problems for the Pontryagin maximum principle

The Pontryagin maximum principle arises from the deep interplay between constrained variational
problems, Euler—Lagrange equations, and Hamiltonian dynamics. In finite dimensions, this framework
culminates in the notion of a bi-extremal, a cornerstone of optimal control theory.
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We first recall this classical framework before investigating its extension to the infinite-dimensional
setting of convenient manifolds. Assuming that the space of admissible curves admits a convenient
manifold structure, we discuss the new phenomena arising from the geometry of the endpoint map, in
particular, the appearance of elusive curves.

We then show that, under suitable assumptions in the Banach setting, the fundamental equivalence
between constrained critical points, Euler—Lagrange equations, and implicit Hamiltonian and Lagrangian
dynamics continues to hold. Finally, we explain why these results do not, in general, extend to a
Pontryagin maximum principle in the convenient setting.

5.2.1. Finite-dimensional context

We recall some results of control theory and Pontryagin maximum principle in finite dimensions.
Given an anchored vector bundle (E, &, M, p), a curve

(C’ V) : [tlaIZ] - E

is called admissible if
c(t) = p (c(), v(1)),

for almost every ¢ € [t;,1,], where v is of class L. We denote by A(x, [t1, 1,], E) the set of admissible
curves whose base curve starts at x
For any x € M, the reachable set of x is the set R(x) consisting of all points y in M such that there exists
an admissible curve (c, v) such that

c(t) =x and c(t) = y.
We define the endpoint map :

End: A(x,[t,6],E) - M
c > c(h)

The reachable set of x is therefore the image of the endpoint map associated with x.

The classical Stefan—Sussmann theorem asserts that R(x) is an immersed submanifold of M, although
not necessarily an embedded one (cf. [32,33]). By definition of the reachable set in this setting, y € R(x)
if there exists a smooth piecewise admissible curve (c,v) : [#1, ;] — E joining x to y. In fact, one may
always assume that this curve is smooth and admissible; namely, without loss of generality, there exists
a smooth admissible curve joining x to y. This result is well-known, but in the absence of a precise
reference, we provide a proof for completeness.

Indeed, recall that a cutoff function'* is a function 7. € C*(R) satisfying:

(@) 7(r) =1 fort> ke, 7(t)=0 fort<O;
(b) 7.(r) >0 fort€]0, €.

4See [34].
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Assume that (c,v) is a piecewise smooth admissible curve which fails to be smooth only at a point
to €]t1,1[. Using a cutoff function, one can smooth the curve in a neighborhood of 7, by a suitable
reparametrization. More precisely, for € sufficiently small, let

¢E(t) =1o + 1t — 1p)

in a neighborhood of 7y, and extend it smoothly so that it coincides with the identity outside this
neighborhood. The reparametrized curve

1 cot) = c(@e(1))

is then smooth at 7y. Since the anchor p is fiberwise linear, the corresponding control is given by

Ve(t) = ¢e(t) V(@e(1)).

Indeed,

¢et) = p()E(e(t)) = p()p(W(B(1))) = p(ve(D)),
so that (¢, ve) remains admissible. Moreover, for € sufficiently small, it has the same endpoints as
(c,v) and therefore joins x to y. By iterating this construction at each nonsmooth point of the original
piecewise admissible curve, we obtain a smooth admissible curve joining x to y.

We now recall the Hamiltonian formulation underlying the Pontryagin maximum principle.

Given a Lagrangian L : £ — R and a parameter v € R*, we associate the map called the control

Hamiltonian:
H: ExyT'M — R
(x,v,p) > <p,plx,v)>-vL(x,v) "
Assume that E = M x U, where U is an open subset of R”. If an admissible curve (cy, vo) maximizes
the functional §, among all absolutely continuous admissible curves (c, v) € A([t1, 1,], E) satisfying the
boundary conditions
c(ty) = co(t1) and  c(rr) = co(tr),

then, by the Pontryagin maximum rinciple'®, there exist local coordinates on any chart domain intersect-
ing c¢([#1, ,]) in which the following equations hold (cf. [35]):

oH”
X(0) =~ 5 (x(2), v(1), p(1))
oH"
p@) = ——— (), v(1). p(1)) (5.4)

4

5y XO.V(©.p0)) =0 ae.

A curve t — (x(1),v(t), p(t)) satisfying the implicit differential system (5.4) in local coordinates
on any chart domain intersecting c([t,, t,]) is called!® a bi-extremal of the Pontryagin principle. It is
well-known that bi-extremals in the Pontryagin maximum principle are divided into two classes:

SThe Pontryagin maximum principle states that an optimal state-control pair admits a non-trivial adjoint covector p(f), arising as a
Lagrange multiplier associated with the dynamical constraint, such that the dynamics of the state and adjoint variables are governed by an
associated Hamiltonian system. Moreover, the optimal control maximizes the Hamiltonian almost everywhere along the trajectory.

16The terminology refers to the fact that a bi-extremal is an extremal both for the state equation and for the dual Hamiltonian system
arising in the Pontryagin maximum principle.
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1. normal extremals corresponding to the case v > 0, for which the triple (x(¢), v(¢), p(¢)) is smooth
and satisfies the condition p(f) # O (in particular, p(t;) # O under appropriate non-triviality
conditions);

2. abnormal extremals corresponding to the case where v = (. These extremals do not depend on the
Lagrangian L; rather, they are determined solely by the constraint structure.

Most of the following results are well known in finite-dimensional sub-Riemannian geometry (see,
for instance, [14], and the classical references therein).

Theorem 5.6. Fix c € Ay, (x,[t1, 1], M). Under the previous notations, the following statements are
equivalent:

(1) The following properties hold:
(a) There exists q € T:f(lz)M\ {0} such that
d.&i, = T, End.(9).

(b) c is a critical point with fixed endpoints of .

(2) In any local coordinates on a chart domain intersecting c([t1, t;]), the Euler—Lagrange equation

holds: 9L 4 6L
(5 - EE) (c(), ¢() = 0 (5.5)

together with the transversality condition
p() # 0,

where p is the lift of c in T' M satisfying

FL(c(®), ¢(1) = (c(@), p(1)).

(3) If g : t = q(¢) is a section of ¢'(T' M) such that q (t,) # 0, and

FL (c(t), &(1)) = (c(1), (1)),

then t — (c(t),¢c(1), q(t)) is a bi-extremal of the Pontryagin maximum principle with v = 1, for
E = Ay and with anchor p given by the inclusion Ay, — T M.
(4) If _
(c(@), p(1)) = FL(c(2), ¢()),

then the curve t — (c(t), p(t)) is an integral curve of the Hamiltonian vector field Xp. In particular,
it is smooth and satisfies p(t,) # 0.

Definition 5.7. A curve c in A(x,[t, 1], Ay) is called a normal extremal if it satisfies any of the
equivalent conditions of Theorem 5.6.

Remark 5.8.

1. By Assertion (4), any normal bi-extremal t — (c(), p(¢)) is smooth. In particular, ¢ is smooth.
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2. The condition that the range of T End, is T,)R(x) implies:
there exists g € T’ M \ {0} such that:

c(t2)

d:5t, = T; Endi(q).

Note that, for v = 0, a bi-extremal (c(¢), ¢(¢), p(t)) is abnormal if and only if ¢ is a singular point of
the endpoint map, that is:

there exists g € T",(IZ)R(x) \ {0} such that:

T End,(g) = 0.

In this case, c is called an abnormal extremal.

5.2.2. Convenient setting context

In infinite-dimensional settings, it is well known that the Pontryagin maximum principle (PMP) does
not hold in full generality. In this section, we survey several reasons why the notion of a bi-extremal
associated with the PMP in the finite-dimensional framework cannot be straightforwardly generalized to
the convenient setting.

Let Ay be a closed subbundle of 7M. Denote by CZ"M([tl,tz],M) the set of smooth curves
¢ : [t;,tb] = M whose tangent vectors lie in Ay,. In general, this space does not admit a convenient
manifold structure.

Henceforth, we assume that C’gM (x, [t1, 2], M) is a convenient manifold'”.
Under this assumption, the endpoint map

End, : CZOM (x, [, ], M) > M

is smooth. For ¢ € CZ"M (x, [t1, 2], M), the range of T. End, may be

e cqual to T;,)M; c is called a normal curve;
e dense in Ty, M'3; c is called elusive (cf. [14])";
e of codimension strictly positive; c is called an abnormal curve or semi-rigid (cf. [13]).

Let L be a Lagrangian on Ay,. By the same argument as in the proof of Lemma 5.2, the reduced
action functional 3§y, 1s differentiable. When the range of 7. End, coincides with T';,)M, there exists a
non-zero covector g € T/, ,M such that 7! End.(¢q) = d.&i. Consequently, by Proposition 7.14 (with
v = 1 and E; = Ay), one obtains a characterization of ¢ in terms of a Hamiltonian condition. This
characterization remains valid under the assumptions previously introduced in the Banach setting. To
recover the notion of a normal bi-extremal, and in view of Remark 5.8, we may consider the situation in

which there exists a nonzero covector g € T, )M satisfying:

T:End,(¢q) = d.JL.

Tf M is a Banach manifold, see Theorem 7.13; if M is a convenient manifold, see Theorem 6.3.
8For the existence of such curves, see [14] or [15].
9Elusive curves cannot occur in finite-dimensional settings.
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In this case, Proposition 7.14 (with v = 1 and E, = Aj,) allows us to recover the notion of a normal
bi-extremal. When c is elusive, 7. End, is not a submersion. Therefore the set

Cx.(x,y, [t 2], M) = End;' ({y})

is, in general, not a submanifold of C*Ay(x, [t,1,], M), even locally. In particular, there may exist
a tangent vector dc € TCCZ"M(x, [t1, 2], M) such that dc(t,) = 0, but for which there is no horizontal

92
variation ¢ with fixed endpoints satisfying —C(O, 1) = dc. Note that, by duality, if 7. End, is a submersion

or if its range is dense, then the adjoint map 7 End, is injective. Consequently, this dual approach does
not distinguish between these two situations.
Finally, observe that a curve c is abnormal if and only if it is a singular point of the endpoint map.

Remark 5.9. The existence of elusive and abnormal curves is closely related to the issue of strong
controllability of Ay, namely, the property that, for every pair of points (x,y) € M?, there exists a
piecewise smooth curve ¢ : [0, 1] — M tangent to Ay, such that ¢(0) = x and ¢(1) = y. For instance,
when Ay, is of finite codimension, then normal curves always exist. On the other hand, if Ay, is not
strongly controllable, then normal curves need not exist. For further details, the reader is referred to [14].

Warning 5.10. From this point until the end of the section, we assume that M is a Banach manifold.
Then, for every x € M and every integer k > 2, the space C ZM (x, [t1, 2], M) consisting of all C* curves
c: [t,1,] = M tangent to Ay, with ¢(¢;) = x carries a natural Banach manifold structure.

As in the finite-dimensional case, for any v > 0, we consider the associated control Hamiltonian

HY :— R defined by:
H: AyoT'M — R
(x,v,p) B <p,v> —vL(x,v)

Of course, there are several difficulties in recovering a situation comparable to the finite-dimensional
case, as discussed in the previous section. The first difficulty is that, in the absence of a decomposition®
TM = Ay @ T, there is no natural way, for v > 0, to extend H” to a Hamiltonian HonTM&T'M
such that the restriction of dA” to the tangent space of TM vanishes identically. Note that even if a
Lagrangian L is defined on TM, its restriction L to A, need not be smooth if A is not supplemented.
In any case, we have a natural map

I:Iv(x, v, p) =< p,v > —vL(x, V)

defined on TM @ T’ M. However, its restriction to Ay, & T’ M defines H”, which in general is not smooth.

In connection with the setting of Theorem 4.7, we propose a framework in which one can define a
normal extremal ¢ for the functional §;, in a way that is consistent with Definition 5.7.

Assume that Ay, is a closed split Banach subbundle of 7M. Let L be a Lagrangian defined on Ay,
and assume that there exists a Lagrangian L : TM — R such that Ly, = L and L is A-constraint
regular.

Then
H (x,v, p) =< p,v>—vL(x,v)

2In the Banach setting, the obstruction is essentially the lack of a canonical supplement to a closed subbundle.
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is an extension of
Hl(x’ v, p) =< p,V > —I:()C, V)

whose restriction to P = FL(Aj,) is smooth. Therefore, according to Theorem 4.7 and Theorem 5.6, we
introduce:

Definition 5.11. Under the previous assumptions, a curve ¢ € C*([t|, ], Ay) is called a normal
extremal if, in any local chart whose domain intersects c([t,,1,]), the curve

1= (c(), p(1)) == FL(c(0), ¢(1))
is a solution of the implicit differential system:
OH!
(1) = 6—p(X(t),V(t), p(1),
OH!
p(r) = ———~(x(), v(1), P(1), (5.6)

1

oH
5y X0V, p(1) =0,

with p(ty) # 0.

Remark 5.12. In finite dimensions, this definition is coherent with the classical one (cf. Theorem 5.6).
In the Banach setting (cf. [14]), if the anchored bundle (H, M, ¢) is (Ay, M,1d), then a normal sub-
Riemannian geodesic satisfies the above definition, according to Proposition 7.14 with v = 1 and
Ey = Ay. More generally, Definition 7 in [13] of a normal sub-Riemannian geodesic satisfies the
previous definition (cf. [14]).

5.3. Characterization of normal extremals

In this subsection, we introduce two variational Hamiltonian—Pontryagin principles associated with
the restriction of a Ay-constraint Lagrangian to the constraint submanifold A,,. Unlike the finite-
dimensional approach of [18], our formulation is adapted to the convenient setting and leads directly to
a characterization of normal extremals.

LetL : TM — R be a Ay-constraint regular Lagrangian. We denote by

L = LIAM

its restriction to the constraint submanifold.
Let C* ([#;, 2], Ay) denote the space of smooth curves

(c,v) : [t1, 5] = Ay
We define CZ"M ([t1, 2], M) as the subset of curves satisfying the tangency condition
c(t) = v(1).

Equivalently,
Ch, (11, 2], M) = {(c,v) € C™([t1, 2], Ay) = ¢ = v}, (5.7
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Thus, CZ"M([tl ,12], M) is the space of smooth Aj-admissible curves.
The variational functional associated with L is

L) = f L(c(1), &(0)) dt.

3

A horizontal variation of ¢ € CZ"M([II, ], M) is a smooth map
c:l—¢gelX[t;, ] o M

such that
¢y = 0(s,) € Cy, ([t1, 2], M)

for every s, and
¢(0,1) = c(v)

for every t € [t1, 1,].
The variation is said to have fixed endpoints if

c(ty) =c(ty) and cy(tr) = c(tr),

for every s.
The infinitesimal horizontal variation is defined by

oc(t) = %(0, 7).

Since every c, is an admissible curve, the infinitesimal variation satisfies the corresponding linearized
constraint equations.
As in the proof of Lemma 5.2, for every horizontal variation ¢, the map

s > FLlcs)
is differentiable at s = 0. Its derivative is denoted by
d:Si(dc¢).
Definition 5.13. A curve c € CZ"M([tl ,h], M) is called a critical point with fixed endpoints of &y, if
d:&i(6c) =0
for every infinitesimal horizontal variation éc associated with a horizontal variation with fixed endpoints.

In view of (5.7), the same variational problem can be described by introducing the Hamilton—
Pontryagin functional

File,v,p) = f (L(c(0), v(0) + {p(®), c(t) — v(2)))dt, (5.8)
where (c,v, p) : [t1,t,] > TM & T’'M is a smooth curve satisfying
(c(0),v(2)) € Ay

The role of the variables is the following: the pair (c, v) is constrained to lie in Aj;, whereas p is an
arbitrary covector field along c. In particular, variations of (c, v, p) must preserve the constraint at the
level of the varied curves.
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Definition 5.14. Let (c,v, p) : [t1, 1] &> TM & T'M be a smooth curve such that
(c(),v(1)) € Ay

for every t.
A variation of (c, v, p) is a smooth map

&, 9,p) 1 - e elXlti, L] > TM®T'M

such that
(0, 1), %0, 1), p(0, 1)) = (c(2), (1), p(1))

and
(e(s,1),V(s,1) € Ay

for every (s, 1).
The variation has fixed endpoints if

c(s,t1) =c(ty) and ¢(s, 1) = c(t)

for every s.
The associated infinitesimal variation is

o 9 9p
(6c,6v,(5p):(c Y p) .
|s=0

3s” 8s” ds
A curve (c, v, p) is called a critical point with fixed endpoints of §L if

d’$§L((5c, ov,0p) =0
for every infinitesimal variation associated with a variation satisfying the above conditions.
Theorem 5.15. Let L : TM — R be a Ay-constraint regular Lagrangian and let

P = FL(Ay).
Assume that the restricted Legendre transform
FLj, : Ay — P

is injective.
Then the following assertions are equivalent:

(1) There exists a section
pel(c'T'M)

such that
t = (c(1), c(0), p(1))

is a critical point with fixed endpoints of the Hamilton—Pontryagin functional §y..
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(2) The curve c € Cy, ([t1,12], M) is a critical point with fixed endpoints of §i..
(3) The constrained Euler—Lagrange equation holds. In local coordinates,

oL doL

S - O
( i av)(c(t),c(t)) eE".

(4) Let Hp be the Hamiltonian induced on P by L. Setting

p(8) = FL(¢(0)),
the curve t — (c(1), ¢(1), p(t)) is an integral curve of the implicit Hamiltonian system
(M9 DAMa H]P)'

Equivalently, in local coordinates,

X = %—?(x,v, p) €E,

H
D+ %(x, v,p) € E°,

together with
OoHp

W(X’ V,p)e = 0.

(5) With
p(t) = FL.(¢(1)),

the curve t — (c(1), ¢(1), p(t)) is an integral curve of the implicit Lagrangian system (M, Ay, DL).

Proof. We first prove (1) < (3).
Let (c, ¢, p) be a critical point of the Hamilton—Pontryagin functional.
For a variation (¢, v, p) in the sense of Definition 7.17, the infinitesimal variation satisfies

(6c,0v) € TeyAuy.

In particular, v is not an arbitrary vector in 7 M, but the linearization of an admissible variation.
A direct computation gives:

— 12
d%L(éC, 6‘)? 6p) = f <C -V, 6p>dl
n

2 oL
+f <—p+0—,6c>dt

n X

2 oL
+f <—p+ 6—,5V>dt.

131 v

Since dp is arbitrary, we obtain:
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Hence the critical curve is admissible.
The remaining variations satisfy
(8¢, 0v) € TAy,.

Therefore the vanishing of the remaining terms means precisely that
- oL N oL
P o P74y

annihilates TAy,.
The second component gives the Legendre relation

JL

P:E

because the restricted Legendre map is injective on Ay,.

Consequently,
p- g_f; €AY,
Since p = ?9—1‘:, we obtain o
ax arav <

which is exactly the constrained Euler—Lagrange equation.

Conversely, assume (3). Define
p(t) = FLy(¢(D)).

oL
Then p = i The constrained Euler-Lagrange equation implies
v

) — — e AY .
p Ox M

Hence the first variation of §L vanishes for every admissible variation. Therefore (1) holds.
(2) < (3). Let 6c be an infinitesimal horizontal variation. Because the variation remains in C °°M,

5C(t) S Ac(t)~
The first variation is

15}
d¥i (oc) = f <6_I; — ia—L,(50> dt.
3]

Therefore this vanishes for all admissible variations if and only if

which proves the equivalence.
(3) &= (4). Let p = FL(¢).
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By the definition of the Hamiltonian on P,

oH:

dap
P

o, __ov

ox  Ox’

Il
=

Hence the Hamiltonian equations become

X=wv,
) — — e AV .
p 0x M

. oL . . .
Using p = 5 the latter equation is exactly the constrained Euler—Lagrange equation.
v

(4) &= (5). The local implicit Lagrangian system is characterized by

_ 0L
P=%
x=veE,

oL

- —eR’
p ox

The Legendre transformation identifies these equations with the implicit Hamiltonian equations obtained
from (D,,,, Hp). Hence the two systems are equivalent. O

Corollary 5.16. Assume that one of the equivalent assertions of Theorem 5.15 holds and that p(t,) # O.
Then c is a normal extremal of ¥i..

Proof. Tt is sufficient to assume that Assertion (4) of Theorem 5.15 holds. Hence, with
p(t) = FL¢(¢(0)),
the curve 1 - (c(?), ¢(7), p(¢)) is an integral curve of the induced implicit Hamiltonian system
(M, Dy, Hp).
By Proposition 7.14, applied with
E=Ay and v=1,

the corresponding Hamiltonian integral curve defines an extremal of &, in the sense of Definition 5.11.
Moreover, the condition

pt) #0

excludes the trivial extremal and ensures that the multiplier associated with the variational problem is
non-zero. Therefore the extremal is a normal extremal.
Hence c is a normal extremal of &j. |
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6. Dynamics and implicit Lagrangian systems on direct limits of finite-dimensional manifolds

In this section, we extend the implicit Lagrangian formalism to direct limits of finite-dimensional
manifolds. We first introduce direct limits of finite-dimensional Dirac structures and then define the
dynamical system associated with an implicit Lagrangian on the resulting direct-limit manifold. Finally,
we illustrate the theory through two classes of examples: direct limits of sub-Riemannian Lie groups
and direct limits of electrical circuits. These examples show how the proposed framework naturally
applies to infinite-dimensional systems arising as limits of finite-dimensional models.

6.1. Direct limits of finite-dimensional Dirac structures

Let (M,), be an ascending sequence of finite-dimensional manifolds such that M,, is a submanifold
of M,,.,. Assume that each M, is equipped with its Pontryagin bundle T*M,, = TM, ® T’ M,, and a Dirac
structure D, such that D, is the pull-back of D, along the inclusion iZ” : M, > M,.,. The sequence
(M, D,,),ex 1s called an ascending sequence of finite-dimensional Dirac structures.

The direct limit M = h_r)n M, = M, carries a natural convenient manifold structure modeled on R®

neN
(the space of finite real sequences). Likewise, the direct limit 7M of the sequence of tangent bundles

T M, inherits a convenient vector bundle over M. On the other hand, the projective limit 7’M of the
sequence of the cotangent bundles 7’ M,, is naturally a Fréchet bundle over M. We denote by

P T°M, - TM, and p,:T°M, - T'M,
the canonical projections. The following results are immediate consequences of [16].
Proposition 6.1. Let (M, D,), o be an ascending sequence of finite-dimensional Dirac structures.

1. There exist convenient vector bundle projections
p:T°"M - TM and p' :T°'M - T'M

given, respectively, by p = ll_I)l’l pnand p’ = lin Do

2. The limit D = h_r)n pn (D)) X lln p,, (D,) defines an almost-Dirac structure on M.

3. A dual pairing < .,. > is defined as follows.
Leta = lii]a" € T'M and u = limu, € T M. Ifi is the smallest integer such that « is represented
by an element of T\ M,, then

<a,u>=lim < a,,u; >=lim < a;,u, > .
— —
n>j nxi

4. The Courant bracket
1
(X, @), (Y,B)]c = ([X, Y],Lxf — Lya — Ed(iYa' - ixﬁ)) (6.1)

is well-defined for all sections (X, «) and (Y,3) of T*M such that X = li_r)an (resp., Y = h_r)n Y,)
and a = yLna/,, (resp., B = liLn,B,,)), where (X,, a,) (resp., (Y,,[,)) is a section of T°M,*'. This
implies that:

[(X, @), (% B)]c = (mlX,, ¥, 1, 1im py([(X,. @), (Y BIC)) (6.2)

2n general, a section of 7" M is not the direct limit of an ascending sequence of sections of 7% M,,; consequently, the Courant bracket
is not defined on all sections of 7°M (see Remark 5.11 in [16]).
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The next proposition provides a partial converse to Proposition 6.1. Its proof follows directly from
the constructions developed in [16] and is therefore omitted.

Proposition 6.2. Let (Mn, aﬁ“)neN be an ascending sequence of finite-dimensional manifolds satisfying
the direct limit chart property, and let M = li_r)nMn.
For each n, let

tw: T'M, > T'M

denote the canonical injection into the convenient kinematic cotangent bundle
T'M =1imT’'M,,.
(—
Then the following assertions hold.
(1) The weak canonical symplectic form Q on T’ M induces the partial Dirac structure
D = graph(Q’) c TN(T'M) = T(T'M) & T"(T'M).
Moreover, for every n, the pull-back
D,=.D

coincides with the Dirac structure on T’ M, associated with the canonical symplectic form €.
Consequently,

D =1im p,(D,) x lim p} (D),

so that D is completely determined by the compatible sequence (D,),cy-

(2) Let U be an open subset of M. The space of local sections T'(T*M,y) admits the Courant bracket
defined by (3.2) whenever the sections arise as limits of compatible local sections on the finite-
dimensional approximations. Under this identification, the Courant bracket is the direct limit of
the finite-dimensional Courant brackets, namely,

(X, @), (% P)le = (HM(X,, Y1, im pl, (X, ), (Yo, B)]e)),

and therefore satisfies the compatibility property stated in Proposition 6.1, (4).

6.2. Dynamical system associated to an implicit Lagrangian on the direct limit of finite-dimensional
manifolds

First, we state the following results on direct limits of implicit non-degenerate constraint Lagrangians.
Theorem 6.3. We consider the following data:

e an increasing sequence of integers (m,),y such that 0 < m, < n;

e an ascending sequence (M),), e of manifolds with dim M,, = n;

e an ascending sequence (Ay,), o of subbundles of T M, of rank m,,;

e for each n, a Lagrangian L, : TM,, — R, which is non-degenerate on Ay, .

Then the following assertions hold.
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(1) On M = li_I)nM,,, the direct limit
L =1limL,
H
defines a Lagrangian on T M, which is non-degenerate on
ATM = lim ATM,,-
H

(2) The Legendre transformation satisfies

FL = lim FL,,,
—)
and P := FL is the direct limit of
P, := FL,.

(3) If
Hn(xna Vi, pn) = <pna Vn> - Ln(xn, Vn)

is the Hamiltonian associated with L,, then
H=1mH,
—

is the Hamiltonian associated with L.
(4) If t = (c,(2), v,(2), pa()) is an integral curve of the implicit Lagrangian system (M,, Ay, ©L,),
then
£+ (c(@), v(0), p) = (lim ¢, (1), lim v, (1), lim p,. (1))
is an integral curve of (M, Ay, DL).
(5) For x, € M,, and k > 2, consider the Banach manifold

CZMM (-xns [tl’ t2]a Mn)
of C* curves tangent to Ay, satisfying c(t;) = x,. Let x = li_r)nx,,. For sufficiently small [, t5],
CﬁM(x’ [tla t2]9 M) = h_n;l CZMH('X"’ [tl’ IZ]’ Mn)
is a convenient manifold, and the endpoint map
End, : C} (x,[0.0],M) > M
is the direct limit of the maps
Endx,, : CIRM (xn’ [tl’ t2]’ Mn) - Mn

In particular, the range of T. End, is the direct limit of the ranges of T., End,,, and is closed in
TC([Z)M'
(6) There are no elusive curves in CZM(x, [t1, 1], M). Moreover, the curve

£+ (), v(0), p(0)) = (lLim ¢, (1), lim v, (1), lim p,(1))

is normal (respectively, abnormal) if and only if there exists an integer ny such that

t = (cn(), va(1), pu())

is normal (respectively, abnormal) for every n > ny.
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(7) For x = h_r)n Xn, there exists an ascending sequence of immersed submanifolds
Ru(xn) € M,

such that:
o Ay, (Xu, [11, 2], My) is a submanifold of A(x,, [t1, 12], Ru(xn));
e End,, rakes values in R,(x,) and is a submersion;

e R(x):= U R, (x,) is an immersed convenient submanifold of M.
neN

Moreover, every point y € R(x) can be joined to x by a horizontal C* curve, and End, takes values
in R(x) and is a submersion.

Proof. Assertions (1), (2), and (3) follow directly from the definition of the direct limit of maps. To
prove that L is non-degenerate, let x € M. Then there exists n such that x € M,,. Since the Hessian of L
restricted to Ay, coincides with the Hessian of L, and the latter is non-degenerate by assumption, the
result follows.

For Assertion (4), let DL, denote the Dirac differential associated with L,,. By the definition of the
Dirac differential, Assertion (1), and the definition of the direct limit of maps, we have

DL = lim OL,.
—_

The conclusion therefore follows immediately from the definition of an integral curve of an implicit
Lagrangian system together with Proposition 6.2 (1).

To prove Assertion (5), observe first that the sequence

(CIXM,, (.X'n, [tl’ tz]’ M"))neN

is an ascending sequence of Banach manifolds. Hence, its direct limit is a convenient manifold (cf. [17],
Chap. 5) naturally contained in C’;M (x, [t1, 2], M).

On the other hand, if ¢ : [t;,,] — M is tangent to Ay, and if ¢(¢;) = x = lim x,,, let ny be the smallest
integer such that ¢(#,) belongs to AMnO' There exists € > 0 such that ¢ ([, €[) C M,,. Since AMn0 is closed,
¢(e) must belong to A Moy - By a connectedness argument, it follows that ¢ € CZM (x4, [11, 121, M,).
Therefore, we have

Chy, (i3 [11, 12, M) = im €y, (s [11, 221, M)

The last part of the assertion follows from the properties of direct limits of ascending sequences of
Banach spaces (cf. [17], Chap. 5).

For Assertion (6), since the range of 7. End, is closed in T,)M, it is either equal to T, M, or there
exists a nonzero covector g € T:»(n)M such that g annihilates the range of T, End,:

g€ (mT. End,)°.
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In the first case, the curve is normal, whereas in the second, it is abnormal. In the normal case, this
is equivalent to the fact that End,, is a submersion for all n > ny for some ny, that is, the curves

t — (c,(1),vu(1), pu(t)) are normal for all n > ny. In the abnormal case, one similarly obtains that
t = (c,(1), vu(2), pu(t)) are abnormal for all sufficiently large n.

Finally, Assertion (7) follows from the results established at the beginning of § 5.2.1 together with
the properties of direct limits of ascending sequences of finite-dimensional manifolds (cf. [36]). The
corresponding property of the endpoint map End, is then an immediate consequence of the functoriality
of direct limits and Remark 5.8. O

Conversely, let L : TM — R be an implicit Lagrangian defined on the direct limit M = h_r)n M, and
let Ay, be a subbundle of 7M. We denote by

Ariag = (T proag) " (Ay)
the associated closed subbundle of T7T'M.

According to Definition 4.1, we obtain an induced partial almost-Dirac structure Dy, on 7’ M, where
FL denotes the Legendre transformation of L and DL its Dirac operator. We then set

P := FL(Ay) C T'M.

Proposition 6.4. Under the previous context, we have:

1. Let L, := ¢, L. Then
L=ImL,.
—

2. For each n, the intersection Ay N T M, defines a subbundle Ay, of TM,. This yields an ascending
sequence of vector bundles (Ay,),o; 0ver the ascending sequence of manifolds (M), such that
Ay = h_n>1 Ay,
Moreover,
Ary = h_r)n A7y,

3. The sequence (M,, Ay, L), satisfies the assumptions of Theorem 6.3. Consequently, the implicit
Lagrangian system (M, Ay, DL) is obtained as the direct limit of the sequence of the implicit
Lagrangian systems (M,,, Ay,, ©L,), o as described in the conclusion of that theorem.

Proof. Assertion 1 is immediate.

For Assertion 2, for any x = li_r)nxn € M, according to [36], there exists an ascending sequence

of charts (U,, ¢,),ay around x, such that the pair (U = h_n} U, ¢ = li_n)uﬁn) is a chart around x in M.
Without loss of generality, we may assume that ¢,(U,) is an open set U, of M,, = R" around 0 so that
U= l'i)nU,, is an open set in R™ around 0. After restricting each U, if necessary, we may assume that

(AM)IU =UXEC TM|U =UxR™.
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Since R* = U R", it follows that E,, := E N R" is a vector subspace of R". Hence, we have
neN

(AM N TMn)lUn = Un X En'

Consequently, Ay, N TM, is a subbundle Ay, of TM, and we also have Ay, = li_n)lAMn. Finally, we
obtain AT’M = li_r)nATan.

Assertion 3 follows directly from Theorem 6.3. O

6.3. Direct limit of sub-Riemannian Lie groups

Consider an ascending sequence of Lie groups (G,),«y, €ach equipped with an ascending sequence
of left invariant distributions (Ag, ), and a left invariant sub-Riemannian metric* (., .)".

We denote such a structure by (G,,Ag,,{.,.)") and refer to it as an ascending sequence of
sub-Riemannian Lie groups.

From properties of direct limits (cf. [17]), it follows that G = 1i_rr>1G,, defines a convenient regular Lie
group, that Ag = li_r)nAGn defines a left invariant distribution on G, and that (-, -), := h_r)n(-, -)Zn is a left
invariant sub-Riemannian metric on G. Moreover, Ag is bracket generating.

By an application of Theorem 6.3, normal curves associated with this direct-limit structure always
exist and arise as direct limits of normal curves associated with the sub-Riemannian structures on G,,.
Likewise, abnormal curves are direct limits of abnormal curves associated with the sub-Riemannian
structures on G,. In particular, elusive curves do not exist.

As an application of this setting, we consider G, = GL(n,R). Such an ascending sequence of
sub-Riemannian structures induces a sub-Riemannian structure on the direct limit>* GL(co, R). The
same holds for any ascending sequence of Lie subgroups of GL(n, R).

Conversely, by Proposition 6.4, any sub-Riemannian structure on GL(co, R) induces compatible
sub-Riemannian structures on each GL(n, R). In this sense, GL(co, R) can be regarded as a classifying
object for sub-Riemannian structures on the sequence (GL(n, R)), -

6.4. Direct limits of electric circuits

This subsection develops a geometric and variational framework for electric circuits viewed as
inductive limits of finite networks of inductors and capacitors (LC networks). Starting from the Dirac
formulation of constrained Lagrangian systems encoding Kirchhoft’s laws, we construct compatible
sequences of finite-dimensional circuit manifolds with constraint distributions and Lagrangians. The
resulting direct limit provides a setting for large-scale circuits in which the Dirac structure and energy
formulation are preserved, and Kirchhoff’s laws persist as distributional constraints inherited from the
finite levels.

2For the study of sub-Riemannain finite Lie groups, see [37, Chap. 5] or [38].
2See [20, Section 47.7], for basic properties of GL(co, R).
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6.4.1. Electric circuits

We first recall the formalism of the constraint Lagrangian on LC circuits. For this section, we refer
to [39] and [23].

For a given electric circuit graph, Kirchhoft’s current law (KCL) can be formulated on an n-
dimensional manifold Q, called the set of charges, together with a finite family of 1-forms (w")1<,<p—m>
where m < n, such that:

(' ) =0,
where f = ( ..., f") € T,0 represents the set of currents associated with the branches of the circuit.
The 1-forms w* are given, using Einstein notation, by:

w“:deqk, ae{l,....n—-m}, ke{l,...,n},

where the coefficients w{ € {-1,0, 1} are determined by the topology of the circuit. The set of all
branch currents f = ( ..., f") satisfying the KCL constraints forms an m-dimensional subspace

Ap(q) € T,Q defined by:
Ao(q) ={f €T,Q: Yae(l,....n—m), (" f) =0}

This subspace is called the Kirchhoff current law distribution, or the KCL distribution for short.

Let A%(q) cT,0 denote the annihilator of Ay(g). We assume that A%(q) is spanned by m linearly
independent 1-forms w!, ..., w™, which represent the Kirchoff voltage law (KVL).
Let T, : TT*Q — TQ denote the tangent map of the cotangent bundle projection 7y : 7°Q — Q.
We define the distribution A7.p on T*Q as the pull-back of the constrained distribution Ay C TQ via
T'rp, namely,
Ao = (Trg) ' (Ag) c TT*Q.

The annihilator A9, o of Ar+g is given for each z = (¢, p) € T*Q by
ADo@ ={a, € TIT*Q 2 Yw. € Areg, (o, w.) = 0).

Consider the bundle morphism Q° : TT*Q — T*T*Q associated with the Liouville 2-form Q (canonical
symplectic structure on 7°Q). The Dirac structure Dy, on T Q, which is induced from the Kirchoff
distribution Ay C T'Q is defined, at each point z = (g, p) € T*Q by:

DAQ(Z) = {(Vzaaz) € TZT*Q @ T;T*Q ‘v € AT*Q(Z)’
@, - Q1) € A y(2)).

For simplicity, we henceforth assume that Q is an open submanifold of R” and work in the standard
coordinates on R". Let Ay be a subbundle of 7Q and let A% denote its annihilator.

We consider the Lagrangian given by

1
Lig.v) =5 (v'Lv-¢"Cq)*,

24More general Lagrangians can be considered as in [39].
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1 1
where L. = diag (L4,...,L,) and C = diag (C—, ey C—) are constant diagonal matrices.
1 n

Therefore, the Legendre transform is given by:

oL
FL(g,v) = (q, E(q, V)) = (q,Lv) = (¢, p).

Again, let P = FL(Ap). If E denotes the typical fiber of Ay, then the equations of motion of the
associated nonholonomic Kirchhoff circuit are locally given by:

a=yv,
5+ Cq e B,
P+q 6.3)
p =Ly,
v € E.
We assume that each L; > 0 and C; > O for i € {1,...,n}. Hence the Legendre transformation is

non-degenerate and consequently P is a submanifold of 7*Q (cf. [39]).

Remark 6.5. Every integral curve of this system with initial condition

= fhee

remains in the reachable set R(f°). Moreover, every integral curve of the previous dynamical system
restricted to the immersed submanifold R(f°) is a normal bi-extremal. It is an abnormal bi-extremal if
and only if R(f°) # Q.

6.4.2. Direct limits of LC electric circuits

We begin by fixing the following data:

an increasing sequence of integers (m,,), oy such that 0 < m, < n;
infinite sequences (L,),cy and (C,),ay of strictly positive real numbers;
an ascending sequence (Q,) where Q, is an open submanifold of R";

an ascending sequence Ay, where Q, is a subbundle of 7'Q,, of rank m,,.

For each n, we set

L, =diag(L,...,L,) and C= diag(Cil,...,Cin).
Given these data, for each fixed sequence m,, ascending sequence Q, of open submanifolds of R", and
ascending sequence Ay, of rank m,, we define the direct limits: Q := h_r)n On, Ag = 1i_n>1AQn, L= li_n}L,,.
By application of Theorem 6.3, we obtain an implicit Lagrangian system (Q, Ay, DL)), which satisfies
the conclusions of that theorem. Conversely, any such implicit Lagrangian system (Q, Ap, DL)) induces
on each Q, a finite-dimensional Lagrangian system (Q,, Ag,, ©,L,) as stated in Proposition 6.4.
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7. Banach Dirac structures and implicit Lagrangian systems with singular constraints
In this section, we work entirely in the Banach setting.

Our first objective is to extend the construction of induced partial almost-Dirac structures associated
with closed subbundles of 7'M to the case of singular constraints. To this end, we consider an anchored
Banach bundle (E, M, p), where 7 : E — M is a vector bundle with reflexive typical fiber E, together
with an open subset E, C E such that the restriction 7y : Ey — M is a locally trivial bundle whose
typical fiber E is an open subset of E. Let py denote the restriction of the anchor p to Ey, and define

Xy = Po (Ey) cTM.
We call £, a singular nonholonomic constraint.

We then introduce the corresponding notion of singular partial almost-Dirac structure and show that it
provides a natural geometric framework for implicit Lagrangian systems associated with non-degenerate
Lagrangians on Ey. This extends the formalism developed in Sections 3, 4, and 5.

7.1. Singular Induced Partial almost-Dirac Structures

In this subsection, we extend the notion of a partial almost-Dirac structure associated with a regular
distribution, introduced in § 3.4, to the singular setting. More precisely, let (E, M, p) be an anchored
Banach bundle whose typical fiber E is reflexive, and let Ey C E be a locally trivial subbundle with
conic® typical fiber Ey.

Throughout this subsection, we assume that, for every x € M, the kernel of p, is supplemented in
the fiber E, = n~'(x), and that its range is a closed subspace of T,M?%. These assumptions are always
satisfied if p, is a Fredholm operator for all x € M (cf. [16], Examples A.12 (4)).

We now introduce the singular induced partial almost-Dirac structure on 7’ M associated with Ay,.
To this end, we first fix some notation.

Notations 7.1. Let (U, ¢) be a chart on M such that Ey is trivializable, and set U = ¢(U). We have a
trivialization ¥ : E;y — U X E. The restriction ¥, to (Ey)y is a trivialization onto U X Eq. In these
local coordinates, for (x,v) € E|y, the representation ¥'(x, v) will be again denoted as (x,v) = (X, V).
The tangent map T induces a trivialization of T'(E;y) onto U X E X M X E, whose associated local
coordinates are denoted as (X, v, X, V). We also have a trivialization T¢ : TM,;, — U X M under which
the anchor map is locally expressed as p(x, v) := p,(v) = ry(V).

On the other hand, let 7 : E/ — M denote the dual bundle of # : E — M. As before, let
(U, ¢) be a chart in M such that E}; is trivializable. Then the dual bundle E’ is also trivializable and
(P : E}, » U x Eis a trivialization”’. The representation (¥*)~'(x, ) is denoted as (x,m).

A subset By C E is conic if AEy C Ey, for every 1 > 0.
26For further details on this geometric framework, see [17, Section 8.1].
YFollowing the convention in [20], the adjoint of a morphism ¥ between two Banach bundles is denoted as P*.
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Moreover, T(¥*)~! defines a trivialization TE’ — U x E’ X M x E’ and the associated local coordinates
are denoted (x, m, X, m).

Given any x € M, we have (Ay), = {(X,1x(v), v € E}. Now for every p € T.M, we set:

(A7 ) p) i= (Tprm) " (Ap)).
Then we obtain:
(AT’M)(x,p) = {(X7 p’-x = rX(V)’ pa ue E’ p € M,}

Considering the weak canonical symplectic form Q on 7'M, as in § 3.4, to any (x,p) € T'M, we
associate the following vector space (Da,, ), of T&’p)T’M :

. , X =p(v), VvEE,
(Day)ep =X, p,a) € T ) (T'M) .

@ =, €AYy
From the proof of Proposition 3.3, we obtain the following result:
Proposition 7.2. One has
(Day ey = Graph (9 ) @ ({0} X (A7)
where Q" denotes the restriction of Q" to Arry. In particular; (Da,, ). » defines a partial linear Dirac
structure on T, ) (T'M).

As in Remark 3.4 (1), we have:

(D) = (X, P, 1x(W), P), (X, p, =P, 1x(U)) : U€E, peM}. (7.1)
Definition 7.3. The map
Dy, 2 (x,p) = (Day)ip) € Ty TPM
is called the singular Dirac structure associated to Ay,.

Note that if E is a closed subbundle of M, with the anchor given by the inclusion £ — TM,
then E = Ay, and the above construction of D,,, reduces to the induced partial almost-Dirac structure
associated with Ay,.

Proposition 7.4. For any x € M and any (x, p) € T.M fixed, there exist an open neighborhood U of
x € M and a smooth map
e': T/M|U X (DAM)(x,p) - T'M

such that:

(1) VX', p) e T'"Myy, OP((xX', p')} X (Day)xep)) € (Day)w pys
(2) foreach (x',p") € T"Myy,

®Ex/’p/) = ®p((x,’ p,)’ ') : (DAM)()C,]J) - T(}jC’,p')M

. . p . p . . . .
is a continuous operator and O, = (Da,)xp) = T, )M is the natural inclusion,
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(3) @?x, - (Day)epy = (Day)e py s an isomorphism onto its range.

Definition 7.5. By abuse of terminology, we say that the induced partial almost-Dirac D,,, is a smooth
distribution in T* M.

Proof. Assume that there exists a smooth map ® : U X (Ay), — T M satisfying Properties (1) and (2).
Then by (1), for any x" € U and (x’, p’) € T'M,y, we have:

[(Tpr )™ @ (A DI, P') € (Agaa)iw - (7.2)

On the other hand, since the problem is local, we may assume without loss of generality that
M = U c M. In this setting, we shall use the notations introduced in § 3.2 and in Notations 7.1.

For a fixed (x, p) € T'M, we define 0: T'My X (At s)epy = T py(T'M) by
O((X',p'). (X, p) = (X, ). (O(X', X), ).
Then, for any (x’,p’) € T’ M, the map
O = O((X'.P). )

defines a continuous operator and, by (7.2), we have:

O o) (A1 w0 i) € A s (7.3)
Oup = Idiay, (7.4)
O pr) is an isomorphism (Azr ) p) = Opepr) (A7 41)xy)- (7.5)
Now, from Proposition 7.2, since
(DAM)(x,p) = (AT’M)(x,p) 7] Qb ((AT’M)(x,p)) s
an using (7.2), we obtain:
O p) (A M) ) @ Qb((a(x,p)((AT/M)(x,p))) 7.6)

C (A m)w p) ® Qb((AT’M)(x’,p’))'

Thus, we can consider the map
e': T/M|U X (DAM)(x,p) - T'M

defined by
@°((X. P). (%.9) ) (% D)) = (O (X, P). Q) © Oy (X.P))-
According to this definition, using the relations (7.3), (7.4), and (7.5), we obtain the announced

results. O
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7.2. Lagrangians and associated integrability domains with singular constraints

As announced in the introduction to this section, let £, be an open subset of E such that the
restriction 7y : Eg — M of « is a locally trivial bundle with typical fiber E,, where E; is a conic open
subset of the typical fiber E of E. We denote by py the restriction of p to Ey. Then X, := p(Ep) is a
singular nonholonomic constraint.

Consider a smooth map LL : Ey — R. As in § 4, for (x,v) € E, since ﬂal(x) is conic, we can define:
d

(FL)(v).w = 7 (L(x, v+ sw))i=0 » (7.7)
s

where v and w belong to '(x). Thus FL,(v).w is the derivative of L along the vertical fiber of
TE, — E, at point (x,v), in the vertical direction determined by w € E,. Since E is an open conic
subbundle of E, for every x € M, the map

(FL), : 7, (x) > E.

is well-defined. Moreover, for each v € 7 !(x), the element (FL),(v) € E’ is a continuous linear
functional on E,?8. Since L is smooth on the open conic subbundle E of E, it follows that the associated
Legendre map FL : Ey — E’ is a smooth fiber-preserving map.

In local coordinates on E and E’, the Legendre map is given by:

oL

PLE(X,V)}—)(X,DI E)

Since E is reflexive, there is no a priori obstruction to the Legendre map
FL: Ey— E’

being a local diffeomorphism. If this holds at every point (x, v) € E(, we shall say that L is regular.

On the other hand, consider the pull-back E Xx,; T’M of E along the projection pry : T'M — M.
Then we have a bundle morphism p7y; : E X3 T'M — E, which is a fiberwise isomorphism and a
projection 7wy : E Xy T'M — T’ M. These maps fit into the following commutative diagram:

Exy T'MP E (7.8)

| L

T' ML M

Since Ej is an open subbundle of E, the same diagram holds upon restriction to Ey:

Ey x3 T'M 2 E, (7.9

oo
T'M L7 pm

2 Here, E’, denotes the fiber over x of the dual bundle E’.

Communications in Analysis and Mechanics Volume 18, Issue 4, 806-876.



853

Lemma 7.6. If the Lagrangian L : Ey — R is regular, then for every x € M, there exist a chart (U, ¢)
around x and a trivialization @ : Ey — ¢(U) X E such that, in the associated local coordinates, the

map
2

oz
defines a smooth field of bilinear forms on E, which is strongly nondegenerate at (X, U).

(z,v) — (z,v)

Proof. Let (x,u) € Ey. We work in a local trivialization of E over a chart (U, ¢) around x, identifying
a neighborhood of (x, #) with an open subset of U X E, where U = ¢(U). In these coordinates, the
Legendre map FL is given by

oL
(z,v) — (z, E(Z’ v)) .

Its differential at (x, u) has the block form:

Id 0
TwFL = 0*L ﬂ . (7.10)
oxov  Ov?

Since the upper-left block is the identity, the map 7 FL is an isomorphism if and only if the
vertical block
oL
F2 %W
is a strongly non-degenerate bilinear form on E. By the inverse function theorem, FL is a local
diffeomorphism around (x, u) if and only if its differential at (x, u) is an isomorphism. Therefore,
regularity of L is equivalent to strong non-degeneracy of the fiberwise Hessian, as claimed. O

Proposition 7.7. Assume that the Lagrangian L is regular.

(1) The set
P:={(z,v,p) € Eo xT'M : p.(p) = FL(z,v)}

is a split Banach immersed submanifold of Ey Xy T'M modeled on the space M. X M. Moreover,
the restriction Oy, of my to P is a surjective local diffeomorphism from P into T' M.

(2) Let Q be the pull-back ;. Then Qisa strong symplectic 2-form on Ey Xy T’ M*® whose kernel is
ker Tty and whose supplementary distribution is ker T pr.y;. Consequently, the graph of Q defines
a partial Dirac structure Dg on Eq Xy T'M. In particular, the induced Dirac structure Dp on P is
the graph of the (weak) symplectic 2-form Qp induced by QonP. Equivalently, ©; (Q) is a weak
symplectic form on P whose associated Dirac structure Dq, is also the pull-back ®!L(DAM) onP.

Proof. (1) Let (U, ¢) be a chart on M such that E|; is trivial, and let ® : Ey; — ¢(U) X E be a local
trivialization. Since Ej is an open subbundle of E, the restriction ® : Eoy — ¢(U) X Ej is also a
trivialization. Likewise, the cotangent bundle 7’ M|y is trivialized by the adjoint map 7*¢. In the same
way, T’ My is trivialized by the adjoint map 7*¢. Since the statement is local, we may identify U with
its image U = ¢(U) and write

EOIU = U x Ey, T/M|U = UXM/,

See [16, Section 4.1].
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so that
EOlU Xm T,M|U =TUXEp x M.

In this situation, we have

oL
P= {(z, v,p) : p.(p)— 5(2’ V) = O}. (7.11)

Let (x, u, py) € P and write
FL(x, u) = (x,8).

By Lemma 7.6, the differential of FL at (x, u) is an isomorphism. Hence, by the inverse function theorem
for Banach manifolds, after possibly shrinking U, there exist open neighborhoods

UxVcUXE, and UxV' cUXE
of (x,u) and (x, &), respectively, such that
FL:UXV —>UXV'.

Define
W={@p) eUxM : (zpi(p)eUxV}. (7.12)

Since p* is smooth, W is an open subset of U X M'. Moreover, on W, the local inverse of the Legendre
map is well-defined, and PP is locally the graph of the smooth map

(2, p) = (FLiyxy)™ (2 05(P))-

More precisely,
PN (U XV XM) = {(z FLgsw) ™ @pip)). p) : (2. p) € W} (7.13)

Therefore, P is a closed immersed submanifold in Ey X,; T°M modeled on M X M’ and whose tangent
bundle is transverse to ker 77, and so is a split immersed submanifold of Ey X3, T’ M. The last property
is clear.

(2) Consider the closed 2-form 7, () on P. Using the local description established in the proof (1),
we see that
ker 7, (Q) = ker T.

It follows that the closed 2-form Q is a strong pre-symplectic form.
On the other hand, @’(T(Eo Xy T'M) is the pull-back of T"(T(T'M)) over T, Therefore the graph

of Q defines a partial Dirac structure Dg (cf. [16], Example 4.17). Moreover, by Assertion (1), the
tangent bundle of P is transverse to the kernel of 7;(€2). Hence the induced form Qp on P is a weak

symplectic form and its graph is a partial almost-Dirac structure by the same argument as for Q. Now,
from [16, Lemma-Definition 5.1], the pull-back @IL(DAM) on P is the graph of Q. ]

In the context of Proposition 7.7, we set:

M=EyxyT'M and Z=(z,v,p) € M.
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Definition 7.8. Let H : M — R be a Hamiltonian function.

(1) The implicit Hamiltonian system associated with (M, Dg, H) is the dynamical system defined by

the differential inclusion
@), dsH) € (Dg)z0)- (7.14)

(2) A smooth curvec :] — g, &[— M is called an integral curve of the system if it satisfies:

(’é'(t), dzwH) € (Dg)ey forallt € (=&, ¢).

Such a curve is said to pass throughz = ¢(0).

Remark 7.9.

1. Using the local context of the proof of Proposition 7.7, in local coordinates, we have

Q= ((h, v, p), (7, V', ) = P'(2) — p). (7.15)

2. LetT:]—¢&,&[— M bean integral curve of the implicit Hamiltonian system (7.14) throughz, = ¢(0).
This means that we have

QE(D), ) = —d, H.
If we write ¢ := (z(¢), v(¢), p(1)), this implies s, ((2(1), v(2), p(1)) = O for all 1 €] — &, &[ and so this

implies aail(E(t)) =0forall t €] — ¢, g[. If we write ¢ := (z(¢), v(¢), p(1)), its projection (z(1), p(t))
onT'M isvan integral curve of the singular partial almost-Dirac (Da,, ). p«); in particular, if we
have z(t) = p,(v(t)) on ] — €, €[, then z is an admissible curve.

. Conversely, consider a curve t = (z(7), p(t)) on | — &, [ which is an integral curve of (Da,,) ), p)-
Then z(7) belongs to (Ay).» and we assume that z(7) = p(z(2), v(¢)). Then t — (z(2), v(2), p(?)) 18
an integral curve of the implicit Hamiltonian system (7.14) if and only if Zij((?(t)) = 0, for all
te]l—gél.

. More generally, assume that H is a Hamiltonian; since Qisa strong pre-symplectic form on M,
then the equation

QX, )= -dH (7.16)

OH
has a solution if and only if 6_(Z’ v, p) = 0. Such a solution is determined only up to the addition
Y

of elements in ker Q. For further details on this degeneracy, see [16], Proposition 4.6.
5. Inlocal coordinates, the implicit Hamiltonian system (M, Dg, H) can be written as follows:

oH
2(r) = %(Z(l), v(1), p(1))),
oH
oH
E(z(t),v(t), p(») = 0.
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oH
For simplicity, we set Z(¢) = (z(t), v(), p(?)). Since E(Z(t)) = 0, we obtain that

oH oH
dzoH(Z ¥(1), p() - = —-(2(1)2(0) + - -(2(0)p()

OH _ OH _ OH . OH _
= &(Z(t))%(z(t)) - a—p(Z(t))&(Z(t))
= 0.

Hence, H is constant along any solution of (7.17).
6. An integral curve t — 7(¢) = (z(¢), v(¢), p(t)) of (1\7 , Dg, H) satisfies that the curve t = (z(1), v(7)) is
tangent to Ay, and that
FL(z(1), v(1)) = (z(0), p(1)).

Hence, 7(¢) takes values in P. In particular, P is the integrability domain of (1\7 ,Dg, H). Since the
restriction of Q to P is weak symplectic, let H be a Hamiltonian function on M. If the differential
of the restriction Hp := Hjp satisfies the hypotheses of [16], Proposition 4.6, on some open subset
U cC P, then there exists a unique Hamiltonian vector field Xy on P. Moreover, ¢ — (z(t), v(¢), p(?))
is an integral curve of the implicit Hamiltonian system (7.14) on U if and only if it is an integral
curve of Xy. Thus, by Assertion (5), there exists an open set W C 7'M on which Ay is defined (cf.
relation (8.11)). Moreover, hy is constant along each integral curve of X contained in U.

To the Lagrangian L, we associate the Hamiltonian on M defined by:
H(z,v,p) =< p,p.(v) > =L(z,v). (7.18)

From Remark 7.9, we have:

Proposition 7.10. Let Hi denote the restriction of Hy, to P. Then the equation
iXQP = —dH}Ij

admits a unique solution Xy, on P. Moreover, any integral curve of the implicit Hamiltonian system
(M, Dg, Hy,) through any point of P is an integral curve of Xy,. In particular, such curves are unique and
tangent to P.

Proof. Recall that Qp is a weak symplectic form on P. Now we have

0H

L #
W(Z’ v, P) =p;p— FL.

P

0H
It follows that 8_L = 0. Thus Hj trivially satisfies the hypothesis of [16], Proposition 4.6, and

u
hence the Hamiltonian vector field Xj, is well-defined. The final statement of the proposition follows
immediately. O

This proposition justifies the following definition:
Definition 7.11. The immersed submanifold P of M is called the integrability domain of the implicit

Hamiltonian system (1\7 , Dg, Hy,) associated with L.
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Remark 7.12. Taking into account Remark 7.9 (1), the Hamiltonian vector field Xj, can be written as
2

0xdv

0
XLz v, p) =P v), 0, = < p, = (p(z, V) > + (L(z, V)))- (7.19)

Moreover, according to (7.13), since FL is invertible on an open set U X V, there exists an open set
W c T’ M on which the smooth map

vw(z, p) := (FL)™" (p3(p))
is well-defined. For (z, p) € W, we have:
Hi (z,v, p) =< p,p(z,vw(z, P)) — Lz, vw(z, p)) >:= hw(z, p). (7.20)

Therefore, for (z, p) € W, we have:
2

0xou

O(uw)
ox

Ohw Ohw
=l ——«K ’O, T a K .
( p (z, p) o (2, p)

XL(Z’ v, p) = (P(Za V), 0’ -<p, (Z’ p)) >+ (L(Z’ uW(Z’ V))))

(7.21)

Note that Ay can be regarded as a Hamiltonian function on W € T’ M, and hence Xj, as a Hamiltonian
vector field with respect to the canonical symplectic form Q on 7’ M. Moreover, by Remark 7.9 (6), the
function Ay is constant along any integral curve of Xi,.

7.3. Normal extremals of a Lagrangian with singular constraints

In this subsection, we study the normal extremals of the dynamical system associated with a regular
Lagrangian defined on Ej in the presence of singular constraints.

Consider a regular Lagrangian L : E; — R. For 2 < k < oo, let C*([t;, 1], E,) denote the set of
curves (z,v) : [t1,t:] — E, of class C* and let C’go([tl, t,], M) denote the set of Ey-admissible curves
c:[t, ] = M, thatis,

Ch, (1,121, M) = {(c,v) € CX (I, 1], Eo) 1 (1) = peiy (1))} (7.22)

Associated with the Lagrangian L is the action functional

&) = f L(c(2), v(7))dt

1
defined on the space Cy, ([71, 2], M).
A horizontal variation of (c,v) € C’,‘f0 ([t;,t,], M) is a C* map
¢:]-ge[X[t1,1] = Ey

such that
cs :=0C(s,.) € C’go ([t1, 2], M) and ¢&(0,1) = c(¢).
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We say that ¢ is a horizontal variation with fixed origin (resp., ends) if for all s, ¢ (t;) = c(t;) (resp.,

cs(t)) = c(t)) and c(1,) = c(t) for all s). d¢(t) = a—C(O, t) is called an infinitesimal horizontal variation
s
of c.

For any horizontal variation ¢ of ¢, the map s — Fr(c;) is differentiable at s = 0. Its derivative at
s = 0 is denoted by d. & (dc).
More precisely, for k > 2, in this Banach context (cf. Warning 5.10), we have (cf. [40]) and [41]):

Theorem 7.13.

(1) The space C*([t1,1,], M) of C* curves in M, as well as the space Ck([t1, 2], M) of E-admissible
curves y = (c,v) : [t1,tn] = E of class C*, carries a Banach manifold structure. Moreover; the
natural projection Cﬁ([tl, ], M) = C*([t,, t,], M) is a Banach bundle.

(2) For every fixed x € M, the subset

Cg(xa [tla t2]9 M) = {((C, V) € Clé([tb t2]’ M) . C(tl) = X}
is a split submanifold of C%([tl, 1,1, M) and the endpoint map End, : Cg(x, [t, 6], M) > M is
smooth.

Since E is an open subbundle of E, Theorem 7.13 remains valid after replacing E with E.

We now present a global generalization of Proposition 2 in [14], extending it beyond the framework
of sub-Riemannian geometry. Although the proof follows the same general strategy as in [14], several
arguments require careful adaptation to the present setting. For the reader’s convenience, we provide a
complete proof.

Proposition 7.14. Consider a curve ¢ € C'I‘Eo(x, [t1, 2], M). Then there exists a nonzero covector
q € T}, )M such that
Vdcg'L - T: Endc(tl)(q) =0

if and only if there exists a C* section p of ¢'T'M such that p(t,) = q satisfying:

oH"
¢ = > (C(0), v(1), p(1)))

oH"
p@) = ———(c(®), (1), p())) (7.23)

v

v (c(®),v(®),p) =0

In this case, either y = (c,v) is a critical point of &y, with fixed endpoints and v = 1, or it is a critical
point of the endpoint map End, with v = 0.

Remark 7.15. According to Proposition 7.14, Remark 7.9 (3), and Proposition 7.10, we have:

e if (7, p) is a solution of the differential system (7.23), then p = FL(y) with p(#;) # 0 for v = 1 and
so (v, p) is an integral curve of the Hamiltonian vector field Xy, ; therefore it is a smooth curve.

e Conversely, if ¥ := (c,v) is an Ey-lift of ¢ such that (y,FL(y)) is an integral curve of Xj, with
p(t2) # 0, then 1y is a critical point of §, with fixed endpoints with v = 1.
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Proof of Proposition 7.14. Let c € C’go(x, [t1, 2], M), and let
Yt = () = (c(),v(©)
be an Ey-lift of c. We first prove that the existence of a covector g € T/, \ M satisfying
vd 1, — T, Endy,)(q) = 0
is equivalent to the existence of a section
p eTHCT M)
with p(t,) = g satisfying the Hamiltonian equations.

Let p be the solution of the adjoint equation

OH

o (D@, p@),  pla) =4
x

po) = -

In local coordinates, this equation becomes
o dp oL
p@) = <|0, I (C(t),V(t))> Y o (c(®), v(1)).

Since the coeflicients of this equation are of class C*, the section p is also of class C*.
Moreover, since ¢ = p(y), we have, for every variation,

0,
oc = —p()/)c?c + p(c, ov).
0x

Using the definition of the differential of the action functional, we obtain
vd F1(0c) — T End,,)(q)(0c)

2 L “l 9
= vf 0—(7)(&) dt + f <P, —p()’)(5v)> dt = p(t)(6¢(22)).
X ov

151 1
From (7.24), we obtain
oL _ 0,
v=60) =~ [p+(p. 20| @),
0x 0x
Substituting this expression into (7.25), we get

vd &1(6¢) — T; End(,)(g)(6¢)

t 1 3
__ f (p,5¢)dt — f <p,6—§(y)(5c)>dt

15 a
+ ft <P, 6—’;(7)(5V)>dt—p(tz)((SC(tz))-

(7.24)

(7.25)

(7.26)
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Integrating by parts, and using the fixed endpoint conditions

oc(ty) = dc(ty) = 0,

we have . .,
f (prbcydr = - f (p. 66y,
5l 151
Therefore,
vd F1(6¢) — T, End,,)(g)(d¢)
15)
- f <p,6c—‘9—p<y>(6c>>dr
f 3)6
15 a
+ f <p,a—”(y)(6v>>dt.
131 14
Using

oc = 6—p(7)(5c) + p(c, 6v),
ox

the terms involving dc¢ cancel and we obtain

5] 5] a
vd F1(6¢) — T; End,)(q)(6¢) = f (p,p(c,ov))dt + f <p, a—ﬁ(y)(5\/)> dr.
n n
By the definition of the Hamiltonian

Hv(x’ v, P) = <pa P(Xa V)> - VL(X, V),

5] HY
—f <6 (Y(I),P(t)),5V(l)>dl-

the last expression is exactly

ov
Hence

15}
vd.F1, — T, End.(q) = — f

3

<(9H , 6v> dt. (7.27)
ov

Since the equality holds for every admissible variation v, the fundamental lemma of the calculus of
variations implies that

oH"
v (C(Z)$ V(t), p(t)) = 0’ re [t]’ t2]
Together with the equations defining p and ¢, this gives the system
6= oH"
= o
. OH
P= "
OH"
o

Conversely, if a section p satisfies these Hamiltonian equations and p(#,) = ¢, reversing the above
computation gives
Vdcg’L - TL* Endc(tl)(q) =0.

Finally, when v = 1, this condition is precisely the critical point condition for §§, with fixed endpoints,
whereas when v = 0, it is the critical point condition for the endpoint map. This completes the proof. O
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Definition 7.16. A curve ¢ € Cg, ([t1,12], M) is called a critical point of 1, with fixed endpoints if
dgL(6c) =0 (7.28)

for every infinitesimal horizontal variation dc with vanishing endpoints.

Once again, we observe that
Cr, ([t 2], M) = {(c,v) € C¥ ([t1, 2], Ep) = &(8) — peiry(v(2)) = O} . (7.29)

Accordingly, on C* ([ﬁ ,b], M ) we define the functional:

—_ tz —_

B = f (EG@).v0) + < p(0), (5(1) = psp(v(1))) >) dir. (7.30)
1

Let (¢, 7, p) be a variation defined on | — ¢, g[ X [t;, 2] of (¢, v, p) in C* ([tl,tz], M) Then the map

s = §I:(CS, vy, ps) 18 differentiable at s = 0. Its differential at (c, v, p) in the direction (dv, dv, dp) is

denoted by d. & (dc, ov, dp).

Definition 7.17. A curvet (c(t), v(t), p(1)) in M, defined on [t,1,), is said to be a critical point with

fixed endpoints of ¥y, if _
d¥L(6c,6v,0p) =0 (7.31)

for every infinitesimal variation (6c, v, dp) associated with a variations (C,V, p) satisfying
&(s,n) =c(ty) and &(s,1) = c(tr)

for all s.

The previous characterization admits a simplified form when the configuration curve is fixed. In this
case, the variational principle is defined only with respect to vertical variations along the prescribed
curve c. Consequently, no integration by parts with respect to the base curve is involved, and the
variational equations are obtained directly from the vertical first variation. The proof follows the same
strategy as that of Theorem 5.15, taking into account that the admissible variations are now vertical
along the fixed curve.

Theorem 7.18. Let
c e C3 ([, 1], M)

be fixed.

Under the preceding assumptions, the following assertions are equivalent.

(1) There exists a section
pel(c'T'M)

such that
t > (c(0), (1), p(1)

is a critical point with fixed endpoints of the Hamilton—Pontryagin functional §L.
(2) The prescribed curve c is a critical point with fixed endpoints of Fy.
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(3) In every local coordinate system associated with a chart whose domain intersects c([t,,1,]), the
Euler—Lagrange equation is

oL d oL
oy G- V() — == (D), V(1) = 0.

(4) Let Hy, denote the Hamiltonian induced on P by L. Then there exists a section

pel(c'T'M)
such that

t = (c(0), (1), p(1))

is an integral curve of the implicit Hamiltonian system

(M, Dg, Hy).
Equivalently, in local coordinates, the curve satisfies the system (7.17).
In reference to Definition 5.11, we introduce the following notion:

Definition 7.19. Under the previous assumptions, a curve ¢ € CE) ([t1, 2], M) is called a normal
extremal if, in any local coordinate system associated with a chart domain intersecting c([t1, 1,]), there
exists a section p : t = p(t) of ¢'T’M such that the curve

1= (c(), p(1)) = FL(c(0), v(1))
is a solution of the implicit differential system (7.17) with p(t;) # O.
We then have the following corollary:

Corollary 7.20. Let L be a regular Lagrangian on Ey and let c € Cz"o([tl, 1], M) be a curve. Assume
that c satisfies any of the equivalent conditions of Theorem 7.18 and that there exists a section p of
c'T’M such that p(t,) # 0. Then c is a normal extremal of i, and, moreover,

Fl(c(n), v()) = (c(), p(0)).

Proof. We may assume condition (4) in Theorem 7.18 together with p(z,) # 0. It follows that
(c(1), v(1), p(1)) satisfies the differential system (7.23) of Theorem 7.18. Hence c is a normal extremal
since p(t;) # 0. O

Remark 7.21. According to Corollary 7.20 and Theorem 7.18, ¢ € CZS; ([t1,1.], M) is a normal extremal
if and only if c is a critical point of §, and

FL(c(12), v(12)) # (c(12),0).

8. Normal geodesics of a conic sub-Hilbert-Finsler structure on a Banach manifold
As in the previous section, we restrict ourselves in this section to the Banach setting.

We present an application of the results of Section 7, and we also characterize the normal geodesics
associated with this metric.
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8.1. Conic Minkowski norm on a Banach space

Let E be a Banach space. Recall that a conic domain E in E is an open subset of E such that if
u € By, then Au belongs to E, for any 4 > 0 and any u € Ey.
A weak conic Minkowski norm on E is a map F from a conic domain E; in E into [0, co[ with the
following properties:

1. Yu € Eo \ {0}, F(u) > 0;
2. ¥4 >0, Yu € Ey, F(du) = AF(u);

1
3. F is smooth on E, \ {0}, so that the Hessian of EF 2 is well-defined.

Note that if O € E,, then the conic property implies E, = E.

If S is a hypersurface of E not containing 0, then
Eo={Au, uesS, 1> 0}

is a conic domain in E.

The Hessian g of F? is defined, for any u € E, any v and w in E, by:

0 (1
= —|=F? . .1
gu(v,w) 351 (2 (u+sv+ tW))|s=,=o (8.1)

Therefore, g, is positive definite on E. In particular, g is a (weak) Riemannian metric on the Banach
manifold E, and each g, defines an inner product on E. From the definition of F', we obtain the following
proposition (see [42], Proposition 2.2).

Proposition 8.1. The following properties hold.

1. YA >0, g = gu-
2. guu,u) = |lull* := F2(u).

0
3. g.(u,w) = s (FZ(u + sw))S:O.

Definition 8.2. A conic Minkowski norm on E is a weak conic Minkowski norm F whose Hessian g
defines a strong Riemannian metric on the domain E,.

When the domain E, contains 0, a conic Minkowski norm will simply be called a Minkowski norm,
even though it is not a norm on E in the classical sense.

If F is a conic Minkowski norm on E, then each inner product g, endows E with a Hilbert space
structure. Conversely, if E is Hilbertizable, we consider an inner product < .,. > on E and denote
by F the associated norm. For any conic domain in Ey, the restriction F' to Ey is a conic Minkowski
norm. More generally, given a non-zero vector & in E such that F(¢) < 1, then the function F : u —
F(u)+ < &, u > restricted to Ej is also a conic Minkowski norm. We will give further original examples
in subsection 8.2.

Remark 8.3. The term “norm” is not strictly appropriate in the classical sense, since even when Ej = E,
the definition of a conic Minkowski norm F does not imply that F is a norm on E in the usual sense.
Indeed, in general, one has F(u) # F(—u) (see the previous example).
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Remark 8.4. Let v, w € Eq be such that the segment {tv + (1 — ©)w, ¢ €]0, 1[} is contained in Ey. Then
the strict triangle inequality
Fov+w)<F@W)+ F(w)

holds, with equality if and only if v = Aw for some A > 0. In particular, if E, is convex, then F is a
convex function. This situation occurs, in particular, for any Minkowski norm.

8.2. Conic sub-Hilbert—Finsler structures

Let (E, M, p) be a Banach anchored bundle and let £, be a conic (open) subbundle of E whose typical
fiber E is a convex conic domain in E. A standard example is obtained as follows. Let S C E be a
hypersurface that does not intersect the zero section Oz and assume that the restriction g : S — M is a
surjective fibration with a typical fiber a hypersurface S C E.

The positive cone generated by S,

Ep = {(x, ), (x,u) € S, 1> 0},
is then an open conic subbundle of E.

Definition 8.5. A conic Hilbert—Finsler metric on a bundle n : E — M is a map ¥ : Ey — [0, +oo[
defined on a conic subbundle E of E, which is continuous on Ey and smooth on E \ {Og}, and whose
restriction F, : (Ey), — [0, +oo[ is a conic Minkowski norm for every x € M.

When E is endowed with an anchor p : E — T M, the pair (E,F) is called a conic sub-Hilbert—Finsler
structure on M. If Eq = E, then F is simply called a Hilbert—Finsler metric on E, and the corresponding
anchored bundle is called a sub-Hilbert—Finsler structure on M.

Example 8.6. Let g be a strong Riemannian metric on E. Then 7 (x,u) = +/g.(u, u) defines a conic
Hilbert—Finsler metric on E (that is, a conic Hilbert—Finsler metric with the domain Ey, = E). More
generally, suppose that there exists a global section X of E satisfying g(X, X) < 1. Then the function ¥
defined by:

Fx,u) = Vg, u) — g(X(x), u)
also defines a Hilbert—Finsler metric on E. This is the infinite-dimensional analogue of a Randers metric.
In general, its restriction to each fiber is not induced by a norm.

Example 8.7. A Hilbert—Finsler metric on E is a conic Hilbert—Finsler on E, = E such that ¥, is a
Minkowski norm on E,, for each x € M. Thus it is a particular case of conic Hilbert—Finsler metric.

Example 8.8. Let H be a Hilbert space with the inner product (. ,.). On the trivial bundle E = M X H,
define the strong Riemannian metric
gx(u,v) = (u, v).

Fix a nonzero vector ¢ € Hand let 0 < @ < 8 < 1. Define the conic subset

E, = {(x,u) eMxMH\{0): a< K&, w)l </3}.
E] ]|

Then E is a conic subbundle of E, and the restriction

F(x,u) = Ngx(u,u) = [lul| on Ey

defines a conic Hilbert—Finsler metric.
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Example 8.9. As in finite dimensions (see [42]), let 71, ..., ¥« be conic Hilbert-Finsler metrics on E,
k
defined on conic domains K, ..., K, respectively. Set E, := m %K. Since each K is a conic domain,

i=1
E is again a conic domain, and all the functions ¥; are well-defined on E|,.
k

Then the sum ¥ := Z F; defines a conic Hilbert—Finsler metric on E with the domain Ej.
i=1
More generally, any convex combination

i=1 i=1

is also a conic Hilbert—Finsler metric on E with domain E,. Finally, for g > 2, the function ¥ defined
by:

k q
Fx,u) = [Z Filx, u)é]
i=1

defines a conic Hilbert—Finsler metric on E with domain E.

Definition 8.10. A conic sub-Hilbert—Finsler structure on M is the data of an anchored bundle (E, M, p)
together with a conic Hilbert—Finsler metric F defined on a conic domain Ey C E. When E, = E, the
structure is called a sub-Hilbert—Finsler structure.

Remark 8.11. A (singular) sub-Riemannian structure on M consists of an anchored bundle (E, M, p)
together with a Riemannian metric g on E. The function

F(x,u) = gx(u,u)

then defines a Hilbert—Finsler metric on E, and hence a particular case of a sub-Hilbert—Finsler structure

1
on M (see [14]). Conversely, let ¥ be a Hilbert—Finsler metric on E. If =2 is smooth on E and

its Hessian depends only on the base point x (and not on the fiber variable u), then ¥ arises from a
(singular) sub-Riemannian structure on M.

As in finite-dimensional Finsler geometry, one associates with ¥ its Cartan tensor C¢, defined by:

63
(Cr)(x, u) (uy, up, u3) = FPRF T (x U+ Z 5; u,)

|s1=s52=53=0

When F72 is smooth on E, F2 gives rise to a sub-Riemannian structure on M if and only if the Cartan
tensor C# vanishes identically.

Let (E, M, p, ) be a conic sub-Hilbert—Finsler structure with domain Ej, and let A = p(E) be the
associated distribution on M. For each x € M, define

2= ,Ox( (EO)x) CA,.
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Then X, is a conic domain in the vector space A,. On X, define

Fo(v) := inf{F (), u € (Eo)r, px(u) = v}.
For every v € Z,, the following properties hold:

1. F.(v) > 0 whenever v # 0;
2. F(Av) = AF (v) for every 4 > 0.

Unfortunately, F, is not in general a conic Minkowski norm on (A,,), with the domain X,, even when
the typical fiber E; is convex.

8.3. Extremals and geodesics of admissible curves in a sub-Hilbert—Finsler structure

8.3.1. Energy, length and geodesics

Consider a conic sub-Hilbert—Finsler metric # on an anchored bundle (E, M, p) defined on a conic
domain E,.

Definition 8.12.

1. Lety :=(c,v) : [t1,t,] = Eq be a smooth curve.

(a) The energy of v is defined by:

53 1
Ely) = f 59—’2((:(z),v(r))dr.

(b) The length of y is defined by:

L(y) = f F(c(t), v(1))dt.

2. Letc € CE) ([t, 12], M).
A smooth curve y = (c,v) : [t;, 2] = Ey is called a lift of ¢ if

moy=c and ¢=p(y).

(a) The energy of c is
E(c) = inf{&E(y) | v is a lift of c}.
(b) The length of c is
L(c) = inf{L(y) | v is a lift of c}.
Definition 8.13.

1. An Ey-admissible curve c : [a,b] — M is said to be locally trivial if there exist ty € (a,b) and a
subinterval [t,, 1] C [a, b] containing t, such that c,, ;,) is constant.

2. An Ey-admissible curve c : [a,b] — M that is not locally trivial is said to be locally length-
minimizing if, for every t, € [a, b, there exist a subinterval [t|,1,] C [a, b] containing ty and an
open neighborhood U of c([t1,1,]) such that, for every ¢ € Cg"o([tl, 11, U) satisfying c(t;) = c(t;),
i €{1,2}, one has

L)) < L(©).

Such a curve is called a geodesic.
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As in classical Finsler geometry, the following result relates the energy and the length of locally
length-minimizing curves.

Proposition 8.14. Let c : [a,b] — M be an Ey-admissible curve admitting a lift y : [a,b] — Ey \ {Og}.
Then the following properties hold.

(1) For every lifty = (c,v) : [a,b] — Ey, the length L(y) is independent of the parametrization of c.
(2) Lety = (c,v) : [a,b] = Ey \ {Og} be a lift of c. The map 7 defined, for every t € [a, b), by

() =a+ f F(c(s),v(s))ds

is a well-defined, smooth, strictly increasing diffeomorphism satisfying

dr
— = 1),v()).
7 F (c(0), v(1))
Consequently, the reparametrized lift has a constant speed equal to 1.
(3) The curve c is locally length-minimizing if and only if it admits an Ey-lift that is locally energy-
minimizing.

Proof. Assertions (1) and (2) follow immediately from the change-of-variables formula.

For Assertion (3), lety = (¢, V) : [t1, ] = Ej be alift of c. By the Cauchy—Schwarz inequality,

fy 2 )
(f 77(7(f))dl) S(fz—fl)f F2(y(1)) dt,

or equivalently,
L(y)* < 2(t, — 1)) E(y).

Moreover, equality holds if and only if the speed ¢ — F (y(¢)) is constant.

Assume first that y is a locally energy-minimizing lift. By Assertion (2), y admits a reparametrization
with constant speed. For this parametrization, equality holds in the above inequality, and therefore
minimizing the energy is equivalent to minimizing the length. Consequently, the underlying curve c is
locally length-minimizing.

Conversely, suppose that c is locally length-minimizing. By Assertion (2), ¢ admits a constant-speed
lift y. For such a lift, the previous inequality becomes

L(y)* = 2(t — t)E(y).

Since the factor 2(#, — t;) is fixed, minimizing the length is equivalent to minimizing the energy among
constant-speed lifts. Hence 7 is a locally energy-minimizing lift.

Therefore, an Ey-admissible curve is locally length-minimizing if and only if it admits an Ey-lift that
is locally energy-minimizing. O
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Remark 8.15. As follows from the proof of Proposition 8.14, for every #, € [a, b], there exists a
subinterval [t,, ;] C [a, b] containing f, such that the restriction ¢y, ,,; admits an Ey-lift y, which can be
reparametrized with constant speed. For this parametrization,

L(cl[ll Jz]) = L()’)

and
L(y)* = 2(t, - 1) &(y).

Thus, for constant-speed lifts, minimizing the length is equivalent to minimizing the energy.

1. The energy functional
&:C%([t, 0], En) > R

is defined by
&) = f L Paw (8.2)
2. The augmented energy functional
E:C>(t, 6], M) > R
is defined by
Ey,p) = f " (% F20) + (p(e), 60) - peo VD) (8.3)
where y(t) = (c(t), v(?)) and (y, p) € C*([t, 1], 1\71)

Then we have the following proposition.

Proposition 8.16. Let ¢ : [a,b] — M be a locally length-minimizing Ey-admissible curve admitting
a lift into Ey. For every ty € [a,b), let [t,1,] C [a,b] and U be an open neighborhood of c([t,,1,])
satisfying the assumptions of Definition 8.13. Then there exists a lift

y i [, 2] = Eo \ {Og}
of Cii.1y) SUch that vy is a critical point of the energy functional
&E:C%([t, 1], Ep) — R.

Proof. By Proposition 8.14, a locally length-minimizing curve admits a parametrization with constant
speed, and the corresponding lift  is locally minimizing for the energy functional & More precisely,
after restricting to a sufficiently small interval [#,, #,] containing 7y, the lift can be chosen so that

E(y) < E(yy)

for every sufficiently small variation y; with fixed endpoints.

Let us prove that this lift is a critical point of &. Suppose, by contradiction, that

d,& # 0.
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Then there exists an admissible variation y, = (cj, v;) with fixed endpoints such that the derivative of
s E(y5)

at s = 0 is non-zero. Changing the sign of the parameter s if necessary, one obtains, for sufficiently
small s,

E(yy) < EW).

This contradicts the local energy-minimizing property of y. Consequently,
d,& =0,

and v is a critical point of the energy functional. Finally, by Theorem 7.18, the corresponding curve is
also a critical point of & on C*([t;,1,], M). O

According to Remark 7.21, this proposition justifies the following definition.

Definition 8.17. A locally length-minimizing curve ¢ € Cg, ([11, 2], M) is called a normal geodesic if,
for every ty € [t, 1], there exist a subinterval [t,,1,] C [a, b] containing ty, an open neighborhood U of
c([t1, 1,]) satisfying the assumptions of Dgﬁnition 8.13, and a section p of c*T*M over [t,,1,] such that
t — (c(1),v(t), p(1)) is a critical point of & on C*([t1, 1], U), with p(t;) # O.

8.3.2. Characterization of normal geodesics

On M, the variational problem associated with the augmented energy functional Eis governed by
the Hamiltonian:

1 1
H(x,v,p) = (p.p(x,v)) = 5 F 2(x,v) = (p, p(x,v)) — 3 8n(v:v), (8.4)

where g(..,) denotes the fundamental tensor of the Hilbert—Finsler metric #. By the elementary properties
of the fundamental tensor on each fiber (Ey), (cf. (8.1)), we have:

OF?
ov

g(x,v)(v’ ) = (V, )

Thus, the covector g(,,(v, -) is the Legendre transform associated with the Lagrangian
1 2
L(x,v) = > F(x,v).

Moreover, Proposition 8.1 gives
Fx,) = gV, V).

Consequently,

1. the Hamiltonian can be written as
1
H(x,v,p) ={p,p(x,v)) — 3 8oV, V); (8.5)
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2. its partial derivative with respect to the fiber variable v is:

OH
E(X’ v, P) = PP — 8wV, 0); (8.6)

3. the submanifold P ¢ M is characterized by:

P={xv.p)eM: pip = gun(v.))}. (8.7)
and therefore

OH
G_(X’ v,p)=0 for every (x,v, p) € P.
Y
Now, as in [14], we obtain the following characterization of normal geodesics.

Theorem 8.18. Let ¢ : [a,b] — M be an Ey-admissible curve. Then c is a normal geodesic if and only
if there exists a lift

Yy =(c,v) : la,b] = Eop \ {Og}
such that the covector field p : [a,b] — E*, defined by:
p(t) = g1, ) € El,
satisfying
1= (c(), p(1)
is an integral curve of the Hamiltonian vector field X 1 720,
Proof. The proof of Theorem 8.18 will proceed in two steps:

e The first step for the necessary condition, which is very easy.
e The second step for the sufficient condition is much more technical and follows, step by step, the
proof of the property “local minimizing geodesic” in the proof of Theorem 7 of [14].

1. Necessary condition.
Fix a normal geodesic c : [a,b] — M. The necessary condition is local, so we work on a sufficiently
small interval [#{, ;] C [a, b]. By (8.5) and (8.7), the restriction of the Hamiltonian to P is

1
H(x’ v, p) = Eg(x,v)(v, V). (88)

Since c is a geodesic, Proposition 8.16 ensures the existence of an Ey-lift y = (¢, v), which is a critical
point of & By Theorem 7.18 and Remark 7.9, it follows from (8.8) that

&yn(v(1), v(1)) = const (8.9)

for all 7 € [#;,1,]. Since c is not locally trivial, this constant is non-zero, hence p(f) = g, (v(?),-) # 0
for all ¢, in particular at #,. As g, is non-degenerate, it follows that v(¢) # O for all z. Therefore, by
Corollary 7.20, ¢ is a normal geodesic whose lift lies in Ej \ {Og}.

2. Sufficient condition.
We follow the proof of Theorem 7 in [14]. It suffices to construct a closed 1-form 6 on a neighborhood
of c¢([t1, 1,]), called a calibration, satisfying the following properties:

There exists 6 > 0 such that

3See Proposition 7.10 for the notation.
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e for 7 close to 1y,

Oyy(7(1) = 6 VH(y(1), p(1)) < 6 /8y (V(D, (1)),

10:(0x (V)] < 6 V810 (V> V)

The remainder of the proof consists in constructing such a calibration, following the same strategy as
in [14], and verifying that all arguments extend to the present setting.

e for all (x, v) near y(1y),

We apply the setting of Remark 7.12 to the case of a sub-Hilbert—Finsler metric. Fix an Ey-admissible
curve c : [a,b] - M with lifty = (¢,v) € Ey \ {Og} and define

P(0) = &y (1), ).

Fix ty € [a, b], a subinterval [#,, t,] containing 7y, and an open set U C M containing c([#;,1,]). Let W
be a neighborhood of (¢ (#1,12), p (t1, 1)) whose projection contains U. Since g, (v, ) is the Legendre
transform of %7:2 and since, by assumption, g)( , ) is a strong Riemannian metric on the manifold E,
it follows that the Lagrangian ¥ is regular.

We denote by g?x’v) : E, — E* the induced isomorphism®'. From Remark 7.12, we may assume, after
possibly shrinking [#, #,], U, and W, that:

vn(x, p) = (80,) " (O%D)- (8.10)

On W, we have
PP = 8wy (Vw(x, p), ),
and by (8.8), we obtain:

1
hW(-x’ P) = 5 g(x,vW(X,P))(VW(-x’ p)’ VW(.X, p))

1
=5 F2(x, vip(x, p)).
Thus, by relations (8.10) and (8.11), Ay is a Hamiltonian on W C T*M, homogeneous of degree 2 with

respect to p.

(8.11)

Assume t — (c(t), p(t)) is an integral curve of the Hamiltonian vector field X 152, Since v(t) # 0
on [a, b], Proposition 8.14 implies F (c(¢), v(t)) = 1. Hence, up to reparametrization, we may assume
[a,b] = [0, 1].

For simplicity, we write vy = v, hy = h, and denote X, its Hamiltonian vector field.
Without loss of generality, we identify U with an open subset of M and W with an open subset of
T*U = UxM". Moreover, W can be chosen of the form U X U’, where U’ is an open subset of M*. Thus,
the Hamiltonian vector field X, is defined on U X U’. Moreover, we may assume that xo = ¢(ty) =0 € U,
and we set py = p(ty) € U’, so that y(ty) = (0, pp) € U x U".

Construction of 0

After shrinking U, the flow of X, is defined and written as

(t’ X, p) — (Fll(t7 X, p)7 FIZ(Z’ X, P))

31Recall that g, is a strong non-degenerate bilinear form on each fiber E, ).
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Note that since y([0, 1]) € Ey \ {Og}, we have v(¢) # O for all ¢ € [0, 1]. Hence

Do = 8y (V(to), v(t)) > 0,

and in particular, py # 0. Since the curve (c, p) is an integral curve of X), passing through (0, py), we
have

Fl, (1,0, po) = (c(1), p(1))

for ¢ sufficiently small, and p(#y) = po. Let K = ker py C M be a hyperplane, and set Uy = KN U. As in
the proof of Theorem 7 in [14], for £ > 0O sufficiently small, we define a map

Filto—&,tg+e[xUy— U,

possibly after shrinking Uy, by:

f(z, x) = Fli(¢, x, v(x) po), (8.12)
where
oy = [0 p0)
h(x, po)

Since & is 2-homogeneous in the variable p, we obtain:
Yx € Uy, h(x,v(x)po) = h(0, po). (8.13)

By the same arguments as in the proof of Lemma 5 in [14], possibly after further reducing &, Uy, and U,
we obtain that f is a diffeomorphism onto its image. Note that the map ¢ — {(¢, x) coincides with the
projection onto U of the integral curve of X, with the initial condition (x, v(x)po) at time ¢ = ;. For
each x € U, we set (#(x), z(x)) = {!(x). The map x — (#(x), z(x)) is smooth.

Now consider the 1-form 6 on U defined by:

0(x) = Fla(t(x), 2(x), v(z(x)) po)-

By construction, we have 6(f(z, 7)) = p.(t), with the initial condition p,(fy) = v(z)po. Hence, with these
notations, we obtain 68(x) = p,(#(x)). We set c.(t) = {(¢, 2), so that (c.(?), p.(¢)) is an integral curve of
X, with the initial conditions c,(#y) = z and p,(¢y) = v(z)po. As in the sub-Riemannian context (cf. [14]),
we also have

100)(0x))] = [(Poi (1(x)), px(1)))|
= [ 8wt pa 100 (VX P (1)), )]

< 8esntipantrtom (V08 P (IO, V. P (1))

X \/ 8, 1)) (Us U)

< \/ 2 h(x, Pt (x))) \/ g(x,v(x,pz(x)(t(x))))(u» u),

since
8wV, V) = 2h(x,p) forv = v(x, pyy(t(x))).
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Now, by (8.13), we obtain:

h(x, 6(x)) = h(x, p(t(x))) = h(z(x), v(z(x))po) = h(0, po).
Hence, setting 6 = /2h(0, py), the previous estimate yields:

0CH PN < 6 3wt pnrcom (8 )

It remains to prove that 6 is closed. Since f is a diffeomorphism, it is sufficient to verify that the pull-back
of 6 by f satisfies:
0 = 5" dt.

This identity is precisely the content of Lemma 6 in [14], and its proof adapts verbatim to the present
setting, as it relies only on the Hamiltonian flow structure and the homogeneity properties already
established. We therefore omit the details. It follows that {*8 is closed, and hence 0 is closed as well.
This completes the proof of Theorem 8.18. O
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