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1. Introduction

In the past decades, many scholars have extensively studied operators in harmonic analysis derived
from Schrodinger operators in Euclidean spaces R”, such as the maximal semigroup operator, Riesz
transforms, Littlewood—Paley functions, and more. They obtain the boundedness of the above operators
in weighted Lebesgue spaces, properly regular spaces and their weighted forms; see, for instance, [1-9]
and the references therein.

The classical Morrey spaces were introduced by Morrey [10] to study the local behavior of solutions to
second-order elliptic partial differential equations. Subsequently, various generalizations of Morrey spaces
have been developed; see [11-13] and references therein. In particular, the generalized Morrey spaces
LP#(R™) (also denoted by M7¥(R")) were introduced independently by Guliyev [14], Mizuhara [15],
and Nakai [16] (see, also [17-19]). Later, Komori and Shirai [20] defined the weighted Morrey spaces
LP*(w) and established the boundedness of classical operators such as the Hardy—Littlewood maximal
operator and Calderén—Zygmund operators on these spaces. Moreover, Guliyev [21] first introduced the
generalized weighted Morrey spaces L”#(w) (also denoted by M. ¥(R")) and studied the boundedness
of sublinear operators and their higher-order commutators on these spaces. The space L”#(w) can be
viewed as an extension of both the generalized Morrey space LP¥ and the weighted Morrey space LP*(w).
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In addition, lots of Morrey type spaces associated with a Schrodinger operator have been also studied
(see [22-27]) to extend the well-known Morrey spaces.

Recall that (X, d, u) is a space of homogeneous type in the sense of Coifman and Weiss if d is a quasi-
metric, and u is a nonzero measure satisfying the doubling condition. A quasi-metric d : XXX — [0, o0)
satisfies

(1) d(x,y) =d(y,x) > 0forall x,y € X;
(i1) d(x,y) = 0if and only if x = y;
(iii) there is a constant C € [1, o) such that for all x,y,z € X,

d(x,y) < C(d(x,z) + d(z,)).

A nonzero measure u satisfies the doubling condition if there is a constant C, depending on y, such that
forallxe Xand r > 0,
u(B(x,2r)) < Cu(B(x,r)) < oo,

where B(x, r) is the quasi-metric ball by B(x,r) :={y € X : d(x,y) < r} for x € X and r > 0.
We say that (X, d, u) is a reverse doubling space if there exist constants « € (0,n] and C > 1 such
that for all x € X, r € (0, diam(X)/2), and 4 € [1, diam(X)/(2r)),

C™' Xu(B(x, 1)) < u(B(x, Ar)) < CA"u(B(x, 1)),

where diam(X) = sup, .y d(x,y), and the parameter n is a measure of the dimension of the space.
Clearly, any Ahlfors n-regular metric measure space (X, d, u), which means that there exists some n > 0
such that

u(B(x,r)) ~ " forall x€ X and r € (0,diam(X)/2), (1.1)

is a reverse doubling space. Throughout this paper, we assume that (X, d, ) is an Ahlfors n-regular
metric measure space and that u(X) = co. We use C to denote the positive constant, which is independent
of main parameters and may be different at each occurrence. If f < Cg, we then write f < gor g < f,
andif f < g < f, we then write f ~ g.

It turns out that numerous classical results in harmonic analysis within the Euclidean setting can be
extended to both spaces of homogeneous type and reverse doubling spaces; see [28—31] and references
therein. In their foundational work [32], Yang and Zhou first introduced the notion of admissible
functions in spaces of homogeneous type as follows: A positive function p : X — (0, o) is said to be
admissible if there exist positive constants C and [, satisfying

PO) < Cp0) T (p() + d(x, ) (1:2)

for all x,y € X. Then, they developed a real-variable theory for the localized Hardy spaces associated
with admissible functions p, which has found broad applications, particularly in the analysis of the
Schrodinger operator and the degenerate Schrodinger operator on R”. Further, Liu, Huang, and Dong [33]
established the boundedness of the commutator

[0, T1f := bTf = T(bf)
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on LP(X), p € (1, 00), where T is a Calderon—Zygmund operator related to the admissible function p, and
b € BMO,(X). Recently, Qin and Fu [34] extended the results of [33] to the weighted case by employing
a new class of weights that contains the classical Muckenhoupt weights (see Section 2). In particular,
they investigated the boundedness properties of both the fractional integral operators associated with
admissible functions p and their corresponding commutators in weighted L”(X) spaces. As a special
class of spaces of homogeneous type, Wang [35] introduced Morrey spaces associated with Schrodinger
operators on the Heisenberg group H" and established the boundedness of both the Littlewood—Paley
function and the Lusin area integral in these spaces. Further results concerning Morrey-type spaces on
spaces of homogeneous type and the boundedness of certain operators on such spaces can be found
in [36,37].

Inspired by the previous work, the main aim of this paper is to obtain some weighted norm
inequalities for Calderon—Zygmund operators related to admissible functions and their commutators
on weighted Morrey-type spaces using the new class of weights (see Section 2). In what follows, we
introduce a class of weighted Morrey-type space associated with admissible functions p on spaces of
homogeneous type.

Definition 1.1. Let (p, «) € (0, 00) X (0, 1) and w be a weight. Assume that P'(-) is a positive increasing
function defined in (0, c0) and satisfies the following 9, condition:

¥ b4
ﬁgﬁ forany 0 <y < x < oo. (1.3)
xK yK

For given 6 € [0, c0), the space Lf)’ :;P(w) is defined as the set of all L”(X) locally integrable functions f
satisfying

1 1 1/p
Al = sup goe(B)(‘I‘(w(B)) Llf(x)lpw(x)dﬂ(x)) < co.

Here, the supremum is taken over all balls B := B(xy,r) C X, and

r (%
¢o(B) = ¢(B) = (1 + p(xO)) (1.4)

with p being the admissible function from (1.2). Likewise, the weak space WL/’)’ :;P(w) is defined with

1 1
o = i €B: > ANVP < oo,
IIfIIWLp;(W) sgp 2o(B) FOou(B)) 17 s;iloa w({x [f(x)] > A}) 00

Obviously, when X = R", and 6 = 0, the new spaces Lﬁf(w) and WLZ;P(W) are just the generalized
weighted Morrey space L”¥(w) and the generalized weighted weak Morrey space WLP¥(w), which was
first defined by Guliyev in [21].

If X =R"60 =0, and Y(x) = x* with « € (0, 1), then the space L;’::(w) is the weighted Morrey
space L”*(w) introduced by Komori and Shirai [20], and WLf)’:gj(w) is the weighted weak Morrey space
WLP(w). Note that, Guliyev [21] gave the concept of generalized weighted Morrey space L”¥(w),
which could be viewed as an extension of both the generalized Morrey space L”! and weighted Morrey
space LP(w).

In the case X = R",0 = 0, and w(x) = 1, the space Lg ::(w) is the generalized Morrey space defined
independently by Guliyev, Mizuhara, and Nakai in [14-16].
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If X =R",0 € (0,00), and ¥Y(x) = x* with « € (0, 1), then the space Lf)7 :‘Hy(w) is the weighted Morrey
space L’ ’K(w) related to a Schrodinger-type operator, and WL/I)):;Y(W) is the weighted weak Morrey space
Lp K(w) see [26].
Insplred by a new class of weights A% and the new bounded mean oscillation (BMO) function space
BMO,, we also define

Lp¥w) o= ) L2y ow) and WLEY(w) o= | WL (w).
6>0 6>0

According to the above definitions, it is easy to verify that

LP¥(w) € Ly (w) € LTy (w);
WL (w) € WLLY (w) € WLE,' (w)

for 0 < 8, < 6, < o0. Hence,
LY (w) c L2¥(w), and WLP¥(w) ¢ WL (w)

for any p € (0, 00) and ¥ satisfying 9, in Condition (1.3).

We next recall some basic definitions and facts for Orlicz spaces. More details can be found in [38].
Let @ : [0, 00) — [0, ) be a Young function, that is, a continuous, convex, increasing function with
®(0) = 0 such that ®(r) — o0 as t — oo. Given a Young function ® and a weight function w, the
®(w)-average of a function f over a ball B via the following Luxemburg norm is defined by

1
Mooz ::inf{/l>0: w(B)qu)(lely)l)W(y)dﬂ(y)S 1}.

Associated with each Young function @, one can define its complementary function ® as follows:

®(s) := sup{st — O(1)}.

>0

It is easy to see that ®(¢) = #(1 + log™ 1) is a Young function and its complementary function ®(f) = ¢'.
In this case, we write || f lzaog £yow).8 = lf llogw),s and || fllexp Lowy.8 = IIf ||<i>(w),B- For a weight w and for any
ball B in X, we can see the following generalized Holder’s inequality in the weighted setting:

(B) f|f()’)g()’)|w()’)dﬂ()’) < C”f”L(logL)(w)B”g”expL(w)B (L.5)
holds (see [39]). Note that # < (1 + log™ ) for all ¢ > 0; then, the inequality
s = g5 [ IFOIO0) < Wl ora (1.6)

holds for any ball B c X.
In order to deal with the boundedness of commutators at the endpoints, we introduce a class of
weighted Llog L type Morrey space associated with the admissible function p.
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Definition 1.2. Let « € (0, 1), and w be a weight. Assume that ¥(-) satisfies 9, Condition (1.3). For
0 € [0, o), the space (Llog L)/l)::(w) is defined as the set of all locally integrable functions f satisfying

w(B)
y = N DY og L)(w),B < 9,
Il ”(LlogL);_j‘(w) S‘;P 20(B)P(u( B))“f llLaog Lyow).B < ©0

where the supremum is taken over all balls B in X, and ¢y(B) appears in (1.4).

From (1.6), it is easy to verify that (Llog L);zg'(w) C L;:g'(w) for any 6 € (0, o0). Moreover, if X = R",
and 6 = 0, then the space (Llog L) ;:;P(w) reduces to the generalized weighted Morrey space of Llog L
type, which was defined by Wang in [40]. When X = R", 0 € (0, ), and ¥(x) = x* with x € (0, 1), the
space (Llog L);:gj(w) is a weighted Morrey space (L log L);:'H((w) related to a Schrodinger type-operator;
see [26].

We now state our main results as follows.

Theorem 1.3. Let (p, k) € (0,00) X (0, 1), and let w be a weight. Assume that Y(-) satisfies D, Condition
(1.3). Then, the following statements hold:

(i) If w € A with p € (1, 0), then T is bounded on Lﬁ’q}(w).
(ii) If w € A”, then T is bounded from L;’ly(w) into WL;’T(W).

Theorem 1.4. Let (p, k) € (0,00) X (0, 1) and w be a weight. Assume that Y(-) satisfies D, Condition
(1.3), and b € BMO,. Then, the following statements hold.:

(i) If w € A with p € (1, 00), then [b, T] is bounded on Lg’\y(w).
(ii) If w € A", then for any A > 0 and any ball B = B(x, r) in X, there exists a positive constant v such
that the inequalities
o2
A

hold for any f such that ®(|f]) € (Llog L);:O\P(w) with some fixed 6 > 0.

OB wlly € Bk ) 0TI > ) < (14 =)'

(Llog L),y (w)

Remark 1.5. In Theorem 1.4 (ii), the parameter 6 on the right-hand side of the inequality is precisely the
same parameter as in the hypothesis ®(|f]) € (Llog L);:g(w), so it is fixed by f and independent of other
parameters. In the proof, the parameter 6 serves as a known constant when choosing later constants and
the exponent v, but this does not alter its a priori status in the theorem.

The paper is organized as follows. We introduce some preliminary results and notations in Section 2.
Section 3 is devoted to proving the main theorems.

1.1. Notation

Throughout this paper, all notations will be defined as needed. For any subset E of X, denote by yg
its characteristic function. For x,y € X and r > 0, we set B(x,r) = {y € X : d(x,y) < r} to be the open
ball with radius » > 0 and center x € X, and

Vi(x) = V(x,r) = u(B(x, 1)), V(x,y) = pu(B(x,d(x,y))).
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For a locally integrable function f, denoted by f, the average fz = u(B)~! fB JS()du(y). For p € [1, oo],
let p’ be the conjugate exponent of p.

Given a weight function w on X, for p € [1, ), the weighted Lebesgue space L”(w) is defined as the
set of all functions f such that

e := ([ 1FOIw0) " < .

We also denote by WLP(w), p € [1, co0) the weighted weak Lebesgue space consisting of all measurable
functions f such that

Ifllwiron = sup Awty € X = 1f )] > )"’ < oo,

2. Some preliminaries and notations

In this section, we review fundamental concepts and notation, while presenting several lemmas that
will be essential for subsequent proofs.

The admissible function p considered in this paper was originally introduced by Yang and Zhou, and
it satisfies the following properties (see [32, Lemma 2.1]):

(i) For any C” > 0, there exists a positive constant C, depending on C’, such that
if d(x,y) < C'p(x), then C'p(y) < p(x) < Cp(y).
(i1) There exists a positive constant C such that for all x,y € X,
C™'(p(x) + d(x,y)) < p(y) + d(x,y) < C(p(x) + d(x, y)).
(iii) There exists a positive constant C such that for all x,y € X,
p() 2 Clp(x)* " (p(x) + d(x, )™

As a consequence of properties (ii)-(ii1) above, Liu, Huang, and Dong demonstrated that there exists
lp > 0 such that

d(x,y) d(x, y))«f‘il
p(x) p(x)
for all x,y € X; see [33, Corollary 2.3]. Following the proof scheme in [27, Lemma 2.6], one

can readily verify that the admissible functions p possess the following crucial properties: For all
N eN,y e B=B(x,r), and z € 2/*' B\ 2/B, there exists [, € N such that

C*mm@+ )%smwscmm@+ @2.1)

(1 . d(y, z))—N p (1 . 2j+17‘)—N/(10+1). 22

p(y) p(x)

Moreover, we also have

(1 + -55)" <(+wﬂa
(1 + 2)N/o+D=D = p(x)

forevery j € Nand N > (ly + 1)(Ja| — @ + D), where @ € R, D > 0 is a positive constant.
The following result will be useful in the sequel; see [32, Lemmas 2.3 and 2.4].
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Lemma 2.1. Let p be an admissible function on X. Then, there exists a sequence of points {x;}jer C X
such that

(i) Ujer B(xj, p(x))) = X

(ii) There exist constants C and N, such that for every 1 > 1, we have
N
Z){B(xj,ﬂp(xj)) <Ca™.
jel

A weight will always mean a positive function which is locally integrable. As in [34], we say that a
weight w belongs to the class Af,’e for p € [1, 00), if there is a positive constant C such that for all balls
B = B(x,r)in X,

1 1 1 .
DY (R d, ssa— 1, <C
(¢9(B)y(B) wa(y) ”(y))(%(B)ﬂ(B) fB wO) TTdu)) <

for p € (1, 00), and

d, Cinf
(909(3),1(3) f WOM() < Cinf w()

for p = 1. Because @y(B) > 1, it is obvious that A, C Af,’g for p € [1, 00), where A, denotes the classical
Muckenhoupt weight; see [41].

Hereafter, fix 8 € (0, o). ¢y(B) and AZ’H are simply denoted by ¢(B) and A%, respectively. The
following properties for A’, can be seen from [34].

Lemma 2.2. Let p € (1, 0). Then, the following statements hold:

(i) Ifl£p<q<oo,thenAZ/CAZ.
(ii) w € A if and only if w'™P € A", where 1/p +1/p’ = 1.
(iii) If w € A%, for p € [1, 00), then

! 1 1/p
U (oo <(— ool
| N0 < (s [ o)

where

W(E) = fE W),

As in the classical theory of weights, the following result reveals the reverse Holder property of A%
weights, which generalizes [2, Lemma 5].

Proposition 2.3. If w € A with p > 1, then there exist positive constants €,1, and C so that for all balls

. X, 1/(1+&)
(@ fB w1+s(y)d,u(y)) g(ﬁ% fB w0) d#(y))( 1+ﬁ)n

Proof. Let B = B(x,r). We discuss the two cases r < p(x) and r > p(x) separately. If r < p(x), it is clear
that there is

)1/(1+s) < w(B)

= 2.3
= u(B) @3

1 l+e
— d,
(ﬂ(B) fB wE(y)du(y)
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following the classical theory for A,,.

For r > p(x),let ¥ = {j : B;NB # 0}, where B, = B(x;, p(x;)), and {x,} jc7 is the sequence of Lemma

2.1. For j € 7, it follows from (2.1) that
r )lo/(lo+1)

p(x)) S (1 + m

| JBiceB,

JeF

’

which implies

where ¢ := C(1 + rp(x)~")/®+D_On the other hand, we deduce from (2.1) that
r \—lh
(x) 2 p(O(1 + —

for any j € F. Therefore, by using (2.3)—(2.5) and Lemma 2.1,

([ o) < 32 [ wtodue)

jeF vBj
< D w(B)u(B)
JEF

- _ne " r \nel/(l+e)
< w(EB)p(x) (1 + @)

Furthermore, the A, weight condition of w and (1.1) yield that

wie) < ueBy( [ w o) ety

¢B

Op+(0-+n) 20,
SW(B)(I+/%)IH— ) eI

where in the last inequality, we have used that

b

w8y = ([ W o) < we( [ wH o)

B

Combining (2.6) and (2.7), we have

te 1/(1+e)
( fB W't GduG)) < wB)(1 +$)n,

where n = 0p + (0 + n)ply(ly + 1) + (lp + Dne(1 + &)L,

Applying Proposition 2.3 and Holder’s inequality, we can obtain the following Lemma 2.4.

(2.4)

(2.5)

(2.6)

2.7)

Lemma 2.4. Let p € [1,0). If w € A%, then there exist positive constants & € (0, 1),n, and C such that

v <) )

for any measurable subset E of a ball B in X.
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Proof. Suppose that E ¢ B. For any given ball B, by Holder’s inequality with exponent 1 + £ and
Proposition 2.3, we obtain

w(E) = fB XE)W)du(y)

< fB w<y>‘+€du<y>)'l”( fB XE@)'?du@))'iS

S u(B)lis(ﬂ(lB) f w1+ ) (B

p(x)
- (%)m(l - p(rx)) w(B),

which proves Lemma 2.4 with 6 = g/(1 + ¢). O

Applying Holder’s inequality and the definition of A% deduces that the following lemma holds.
Lemma 2.5. Let p € [1,00). If w € A", then there exists a positive constant C such that for any o > 1,
w(eB) < ¢(0B)’'w(B)

holds for any ball B in X.

Proof. For p € (1,0) and o > 1, we deduce from Holder’s inequality and the definition of A’ that

_— d
SD(QB),U(QB) f FONpE)

N D 1/p 1pg
w(QB),u(QB) f LFOIw) w7 du(y)

e f PO )”p(; f W) P dya( ))l/p
“\o©Bu©B) Jo" "~ H) \oBu@B) J,, "> MY

! Poodun) 1 PR
<l L
<(ompian) |, FOrroso) (omem f W)
1/p
S( f lFIP W(y)d,u(y)) w(oB) ™/, 28
oB

where 1/p+ 1/p’ =1, and w(oB) = ng w(y)du(y). If we take f(y) = x(y) in (2.8), noting that B C oB
and (1.1), then we have
1 H(B)

9(0B)"  p(oB)u(oB)

< w(eB) "Pw(B)'?,

which derives
w(oB) < C'¢p(0B)’w(B)

with C" = o"".
For p = 1 and o > 1, it follows from the definition of A/ that

—_—— d, B
BB )., ) B

Communications in Analysis and Mechanics Volume 18, Issue 4, 783-805.



792

1
= d —_— d
L ) |fOldu(y) @By fg BW(y) u(y)

LfFO)ldp(y) - lnf w(y)

oB

. lfFOIw)du(y). (2.9)
.

If we take f(y) = x(y) in (2.9), noting that B C oB and (1.1) again, then we have

1 B
p(0B)o" wieB) ~ sa(gggﬂzQB) ‘WieB) s wiB),

which derives
w(oB) < C'p(0B)w(B)
with C” = o". O
In what follows, we will recall the definition and some basic properties of the new type BMO
function spaces. According to [33], we say a locally integrable function b is in BM Oy(p) if

1611 Broy(p) = f|b()’) bpldu(y) < oo,

BcRn <P9(B),u(B)
where

bg =

1 ro\f
B f f()du(y) and  y(B) = (1+@)

with B = B(x,r) and 6 > 0. Obviously, the classical BMO is properly contained in BMOy(p). For
convenience, we let BMO, = | Jg.oc BMOy(p). The following result can be considered to be a variant of
John—Nirenberg inequality for the space BMO,; see [33].

Lemma 2.6. Let s > 1. If b € BMO,, then, for all balls B in X,

(i) (B [, 105) = bul'du(»)” < Wollswo, £(B)":
(ii) (1@ B)™ [ 1) = bul'du(y)" < Kibllswo, @2 B)**" for all k € N.

Lemma 2.7. If f € BMO,, then there exist positive constants Cy and C, such that for all balls B in X
and every A > 0, we have

CoA }
1/ llsso, p(B)o+! )

Proof. The proof of Lemma 2.7 is accomplished immediately by applying Lemma 2.6 (i) and adopting
the proof technique established in [6, Proposition 4.2]. O

u(ly € B:1/0) ~ fol > A1) < CpaB) exp (-

Lemma 2.8. If f € BMO,, and w € Al with p € [1, ), then there exist positive constants C and T such
that for all balls B in X, we have

(=55 170~ s w)d)) < BTl
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Proof. Applying Lemma 2.4 and Lemma 2.7, we have

w(ly € B: |f(y) = fsl > 4})

Cr60
< CCPp(BY" ex {— }w B). 2.10
190( ) p ”f”BMOp()D(B)lO-H ( ) ( )

Let t =n/6 + (ly + 1)p. Then, for any ball B,

1
. fB ) = FoPwO)du()

= %j{: /U’—lw({y € B:|f(y)— fz| > A}dA

o0 Cy61
< CC°pe(B)"? f A7 ex {— }
1Pe 0 P U 1 llanro, 0 (BYo

< Co(B)'lIf 13m0,

This completes the proof of Lemma 2.8.

As a consequence of Lemma 2.7, we can then obtain the following result.

Lemma 2.9. If f € BMO,, and w € A), with p € [1, ), then there exist positive constants y and C such
that

1 YD) = f3l
o(B)"*w(B) du(y) < C.
22}\2 @(B)"'w(B) Lexp @(BYo* || fllzmo, }W(J’) u(y) <

Proof. It follows from (2.10) that

C257
@B fllzmo,

w(ly € B: 1f() — fal > ¥} < CClo(B)"" exp | - Iw(B).

Choosing y = C,6/2, we deduce from the last inequality above that

NG = fil
fge"p B [l " H0)

- 10) ~
R R e

o B lp+1 1 t
<w®+ [ ullyeB: 10— il > ad ”Q'BMO" = )ar

: Cyslog 1
< w(B) + CC2(B)"*w(B) f exp{ - 2" Nas
1 Y

< Co(B)"?w(B).

Thus, the proof is completed. O

Communications in Analysis and Mechanics Volume 18, Issue 4, 783-805.



794

3. Proof of the main results

Let L;°(X) denote the space of all bounded measurable functions with bounded support. In this paper,
we always assume that 7" is a Calderon—Zygmund operator associated with the admissible function p,
which is bounded on L*(X), defined by

T = fx KGe)fO)duG). Vf € L3(X), Yx € supp f

with the kernel K satisfying the following:

(1) For any [, there exists a positive constant C; such that

IK(x,y)| < < 3.1

[1 +d(x, y)(p(X) p(y))] Vix, y)

(i1) For any x,y,z € X with x # z,
|K(x,2) = K(y,2)| + |K(z, x) — K(z,y)|
Cl d(-x’ )’)5

: [1 +d(x, Z)( )]l Ve d(x,2)

p(x) ,o(z)
whenever d(x,y) < d(x,z)/2,and ¢ € (0, 1].

Recall that the commutator [b, T'] of a linear operator 7 and a function b € L}OC(X ) are defined by
setting, for any suitable function f,

[b, T1£(x) := T(bf)(x) — b()T f(x), ¥ x € X.

Recently, Qin and Fu [34] proved the L”(w) boundedness for Calderén—Zygmund operator, which
will be satisfied if w € Af,. When b € BMO,, they also proved that the commutator [b, T'] is bounded
on the weighted Lebesgue space L?(w) with p € (1, 00) and w € AY. Meanwhile, the estimate for the
commutator at the endpoints were also provided.

Theorem 3.1. ([34]) Let T be a Calderon—Zygmund operator associated with the admissible function
p. Then, the following statements hold:

(i) If w e A‘; with p € (1,00), then T is bounded on LP(w).

(ii) If w € A”, then T is bounded from L'(w) into WL (w).
Theorem 3.2. ([34]) Let T be a Calderon—Zygmund operator associated with the admissible function p
and b € BMO,. Then, the following statements hold:

(i) If we Af, with p € (1, 00), then [b, T] is bounded on LP(w).

(ii) If w € AY, then for any measurable function f and t € (0, c0),
(If (x )I)

t

Wilx € X : b, T1f()| > 1) < f (),

X

where ®(t) = t(1 + log™ 1), and log" t = max{log r, 0}.
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We now present the proof of the main theorem in this paper.

Proof of Theorem 1.3. (i) Let (p, k) € (1, 00) X (0, 1). For any given ball B = B(xy, r) in X, it suffices to
prove that there exists some v > 0 such that

(oo | T reommedun)” < (1+ =) (32)

Y(w(B)) p(xo)

holds for any f € LS’\P(W) with ”f”Lg"P(w) =landw € A%,
Suppose that f € Lﬁ :;P(w) with || f]| ¥ = 1 for some 6 > 0 and that W(-) satisfies D, Condition
(1.3). We decompose f by
f =+ fxese = fi + fo

Then we have

( f T F P W)
Fw(B) Jy

1 1/p
< (G | 1A w00duo)

1 1/p

=1+l

Let us first estimate the term /. By using Theorem 3.1 (i) and D, Condition (1.3),

1 1/p
I< W(L; |f(x)|pw(x)dx)

Y(w(2B
_ ||f||L5:3(W)(%)% o8

2B)\«
< ||f||L£’,3(W)(%) o)
g SD(B)H-K,

where in the last inequality, we have used Lemma 2.5.
For the term /1, notice that for any x € B and y € (2B)¢, we have d(x, y) ~ d(x, y). It follows from

(3.1) that
ThWIs | UL )
@r (1 +d(x,y)/p(x)) V(x,y)

A

f IfO) )
ey (1+ d(x0,)/p(x)) V(x0, y)

N

lf I
7 du(y)
#1328 (1 + d(x0,y)/p(x)) V(x0,)

A

k=1
N Lf )l

d,
; fzkﬂB (1+ 2"“r/p(x))lV(xo, 2k+1p) HO)
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N o)
du(y), 3.3
Z; L‘“B (1 + 2k+lr/p(x ))1/(10+1)V( 2k+]r) /’L(y) ( )

which implies

w(B) up f f O y
‘P(W(B)) Z 2418 (1 + 217/ p(x0)) "V Vi(xg, 2641 1) HO

Because w € A, we deduce from Holder’s inequality that

[ oo <( [ irowvoam) ([ worr )"
k+1 B k+1 B

k+1p
Y(wH1B))\1/

< (Srrrg) e B Bl (34)

Therefore, the D, conditions (1.3) of ¥(-), Lemma 2.4, and (1.1) lead to

o, w(B) (1 DI ksl 21 (lo+1)0
SZ w(2k+lB) S ”L’”’(w)

-y

Z _ G nli=w i
S ||f||LP’;P(W) 2 P (’0(2k+lB)2 (10+1)9+ po
2

k=1

S ¢(B)",

where we choose / large enough such that [ > (Iy + 1)(2p8 + (1 — k)1)/ p.

Finally, collecting the above estimates for I and /7, and letting v = max{0, 1 + «} = 1 + «, the desired
inequality (3.2) is obtained.

(i1) The proof can be given by replacing (3.2) with the corresponding weak estimate. O

Proof of Theorem 1.4. (i) Let (p, k) € (1, 00) X (0, 1). For any given ball B = B(xy, r) in X, it suffices to
prove that there exists some v > 0 such that

(3.5)

f b, TP w(xdu) " < (1+
Y(w(B)) Jy

r )U
p(xo)
holds for any f € Lp’lp(w) with ||f||Lp~p(W) 1 and w € A}, and b € BMO,, with IbllBaso, = 1.
Suppose that f € L} (w) with | Pl =

with the same f; and fz as in the proof of Theorem 1. 3, we see that

= 1 for some 8 > 0. Using the representation [ = f; + f>

1/p
Y(w(B)) Ll[b’ T]f(x)lpW(x)d#(x))

< (g J 16T wduo)
_‘P( (B)) , TP w(x)du(x

‘I’( (B)) f (b, T]fz(x)lpw(x)d#(x))

=111 +1V.
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From the weighted L”(w) boundedness of [b, T'] (see Theorem 3.2 (i)) and the D, condition (1.3) of
Y(-), we thus obtain

11 < W f W)

Y(w(2B))\!

< “f”Lgf:(W)(‘P(W—(B)))
2B)\x

< IIfIIngg(W)(W( )7 o0p)

w(B)
< @(B)'™,

»(2B)

where in the last inequality, we have used Lemma 2.5.
Let us now turn to the estimate of /V. For any x € B(xy, r), notice that

b, T1/2(0)| < [b(x) = bg[|IT f2(x0)] + [T ((bs = b) f2(x))]. (3.6)
Following the same arguments as in (3.3), we obtain

IT((bs - b) ()] < f s —bOWEDN
X (1+d(x,y)/p(x) V(x,y)
< f b5 = BO)IF)

(

23 (1 + d(x0,y)/p(x)) V(x0,)

3 1bs — LSO
: du(y), 377
; «IZ:‘HB (1 + 2k+1r/p(xo))l/(lo+l)V(X0, 2k+l}") :U(Y) ( )

du(y)

which, together with (3.3), implies that

1/p
< (G | 160 = balwdu)

lF
d
* kZ‘ fzw (1 + 217/ p(x) " PV (x, 2641 r) HO)

w(B) 1,,, f by — bO)IIF )|
d
\P(w(B)) Z 21 (1 4+ 267/ p(x0)) PV (x0, 261 r) HO)

f 1b(x) - byl wdu(x) "
B

<
- ‘I’(W(B))

N Lf )
d
% ,Z* fzwg (1 + 2517/ p(x0)) " DV (x, 2641 ) HO)

w(B) 1/P Z f by g — Dll f(¥) du)
‘P(w(B)) 218 (1 + 2617/ p(x0)) "DV (9, 26+17)

W(B) 1/p Z f 1b(y) — b1l f (V)]
‘I’(w(B)) 2418 (1 + 2517/ p(x0)) "V (xg, 2641 1)
= IV + 1V, +1V;.

du(y)
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For 1V, by using Lemma 2.8, (3.4), and the D, condition (1.3),

w(B) up . Lf )l
1s(q,(w(3))) )“’nanMopZ f TR G M)

w(B) \a-0/p  @(B)P
< 118llmo, ||f||L”T(w) Z (2k+lB)) @(2K+1 B/ (lo+1)6-2

(l K

k+1
AT w2 B)I’ v
< b f p E
” ”BMO ” ”LP w) (p(2k+1B)l/(lO+l)9_2

< @(B)’,

where we have used Lemma 2.4 and let [ >

2po + 20 + (1 — k)n)(ly + 1)/p, observe that for any
b € BMO,, there is

byt g = bl < (k + 12" B)lIbllsuro, - (3.8)

Thus, we obtain

w(B) 1/P (k + D' B)|f )
(‘P( (B)) 1 ”BMO Zﬁﬂg @(2F1 BY/ o+ DOV (x,, 251 ) u(y)

w(B) - olp (k+ (2" B)
< 1Bllzamo, ||f||L" (w) Z y

(2k+lB) 90(2k+lB)l/(10+1)0—2
n
(k+1)m)(l ) 90(2k+lB)1+7
< llawo, 11l ;ac SQF By

where we let [ > 3p8 + (1 —)n)(ly + 1)/p.

We now turn to deal with the term /V3. Because w € Af,, we know from Lemma 2.2 (ii) that
wPlP e Af) .. Thus, by Holder’s inequality and Lemma 2.8,

f2 1b(Y) = basersll FOIAH()
k+lB

/
<( [ rorsom) ([

k+1 B

< Ibllswo, f2 FOIPwIdu) " p@ By ( f w7 du(y) "
k+1 B

k+1 g

2k+lB T/p' +1 2k+1B
< Wl ( [ 170w " EE D

, o 1/p
b(y) = baer gl” W) 7 7du(y))

P(w (2K B))\1

/p .

which, combined with the D, condition (1.3) and Lemma 2.4, further implies that

(B 1b(Y) = byl fO)
Vs % (Gouian) meso(zk“By/Uo“wvuo 2617 HO)
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w(B) \(1-0/p @2k B)T/P'+2
S [IPllsyo, ”fllL”"“(w)Z 2k+lB)) @(2k+1B)llo+ 10
(=K

< ”b” ||f|| Z (k+1)rlb(1 ) Q0(2k+lB) > T 404 =
ANd
BMO, LP (w) 90(2k+lB)1/(10+1)9

< ¢(B),

where we let [ > (7(p — )0+ 2p6 + (1 — «)n)(lp + 1)/ p.

Combining the estimates of the terms /11 and IV, and letting v = max{1 + «,0} = 1 + «, we obtain
the desired result (3.5).

(i) Let p = 1, and « € (0, 1). For any A > 0 and any given ball B = B(xy, r) in X, it suffices to prove
that there exists some v > 0 such that

w(ix € B |[b, T1fF(x0)| > ah) s (1+

” |f| (3.9)

1
Y(w(B)) ,O(XO) (L log L)' w)

holds for any f such that d(f]) € (Llog L), (w) with w € A7, and b € BMO,.
Without loss of generality, suppose that ||bl|gy0, = 1. Using the representation f = f; + f,, where

fi = fxas, f» = f — fi, we have

w(ix € B:[[b, T]f(x)] > 4})

Y(w(B))

< ‘I’(W(B))W({x € B:|[b, T1/i(x) > 1/2})
+ ‘P(W(B))W({x € B:|[b, T1f>(x)| > 1/2})

= III' +1V'.

By using Theorem 3.2 (ii) and (1.6),

, 1 |/ ()l
Hr's o B @(T) w(x)dp(x)
I ('f Dl
> $w(B)) (log L)(w).2B
_ $@2B)¥Y(w(2B))

£
P(w(B)) ”( )”(LlogL)]ly(w)
(]
S ¢(B) ”(D( 4 )”(LlogL)“"(wy

where in the last inequality, we have used the D, condition (1.3) and Lemma 2.5.
For the term IV’, by (3.6), we can further decompose IV’ as

1
V' < ‘P(W(B))W({x € B : |b(x) = bglIT f2(x)| > A/4})

L
Y(w(B))

w({x € B : [T((bp — D) 2)(0)| > 1/4})
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= IV] + 1V},

Using Chebyshev’s inequality (in the measure-theoretic form: For any non-negative measurable function
gand any t > 0, u({x : g(x) > t}) < ! fXg(x)d,u), the pointwise estimate (3.3) and Lemma 2.8, we

obtain

M T 10 = BallT Ao

lFO)
< Z L‘“"B ()0(2/(+1B)l/(lo+l)ev(x0 2k+1r)d/.1(y)

W fB Ib(x) — bplw(x)du(x)

N W(B) f C(BY £ )
LiWWB)A Jyi s 25 BYI @0V (x, 25°17)

du(y).

< |Ibllsao,

Moreover, we deduce from w € A’f that

1 [f()l infy€2k+1 sw() il M
Voo 257y 4 OIS — oy W) | T O)
2k+lB
o( ) |f(y)| W)y,

~ W(2k+lB) 2k+l g
Note that for any ¢ > 0,7 < (1 + log" ) = ®(¢). It then follows from (1.6) that

1 LI 021 B) IO
V(x0,2k+1r) ok+lpg A d (y) ~ (2k+lB) Shrlp ( ) (.Y)d (y)
40(2"+‘B)2‘I’(W(2"“B)) | f]
w(2¢1B) I ( )”(LlogL)""(ww

which, together with the D, condition (1.3) and Lemma 2.4, implies that

W(B) \P(W(2k+lB)) 90(2k+1B)T+2

, /1
IV] < “b”BMOp||(D(7)”(LlogL)ll)j\:(w) ; W(2k+1B) \P(W(B)) (,D(2k+1B)[/([0+1)6

|1 > w(B) 1« @(2F1B)™2
< ||b||BM0,,||CD(7)||(LlogL);:3’(w) Z (W(2k+lB)) Q(2k+1 Bl lo+ 18
k=1

(1=c)n

(p(2k+lB)T+2+ 7
(p(2k+lB)l/(lo+1)6

|1 N —(k+Dnd(1-«)
< bllasa0, (= M iog ) ), 2
k=

/1
< SO(B) ||®< )”(LlogL)W(W)’

where we let [ > ((t +2)0 + (1 — )n)(lp + 1).

(3.10)

Next, let us deal with the term IV]. By applying Chebyshev’s inequality and the pointwise estimate

(3.7), we obtain

, 1
1V, < YorB)A fB 1T ((bg — b) L)(0)w(x)dp(x)
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_w(B) f lbg = bOYIIf W)
d
S $wB)1 Z 218 (1 + 2511/ p(xo)) " PV (xg, 2641 1) Ho

w(B) f |byip — bpll f ()] 4
S Yw(B) Z 2418 (1 + 217/ p(xo)) "V Vi(xg, 2641 1) Ho
_w(B) Z f 1b(y) = b1l f (V)
‘P(W(B))/l 2x+ip (1 4 281 r/p(xo ))l/(IOH)V(xO, 2k+1r)
= IV}, + 1V},

du(y)

It follows from (3.8) and the pointwise estimate (3.10) that

_w(B) (2" By P(w(2""' B))
H(Llog L) (w) P(w(B)) Z(k + 90(2"”B)Z/UOJ’])BW(Z"”B)'

/1
HAZIES ||b||BM0,,||(D( / )

We further deduce from the D, condition (1.3) and Lemma 2.4 that

w(B) \i«  ¢(2**'B)’
W(2k] B)) o(2k+1 B)ifUy+ Do

/1 (k+1) @21 By
S ”b”BMOpH(I)(7)”(LlogL),£j3’(w) kZ_; 2 (ke+1)ns(1—x) 90(2k+1B)1/(10+1)9

Ifl)

i
1V3y < b, I10(=- ! Mitiog 160 Z(k + 1)

K)lz

< SO(B) ”(D( ”(LlogL)W(W)’

where we let [ > (36 + (1 — K)n)(lp + 1).
For the last term /V;,, we proceed as follows. By using the A/ condition and the fact that t < ®(z),
there is

, _ _WB) 2B o) R

Vi S Gai) 2t wTTB) oy PO P2 OO0 B T
WB) < ¢(21B) o) p—
\P(W(B))ZWQMB) o 100) = by O P )2 B) T

From Lemma 2.9, it is easy to verify that

T4lp+1
16 = Dillexp Lowy.s < @B ||blIgmo, -

Combining this and the generalized Holder inequality (1.5) gives

, . _WB) N ¢'B) 1/
Var S By 24 g By - bt lexp n 2ot 8IO( = Mictog £y 215

W(B) 90(2k+1 B)lo+2+n/e |f|

|f| W(B) \P(W(zk+lB)) ¢(2k+1B)ZO+3+77/9
< ||b||BM0p||(D(_)||(L10gL) w) Z ‘P(W(B)) w(2k+1B) ¢(2k+lB)l/(lo+1)0 )
=1
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Furthermore, using the 9, condition (1.3) of ¥(-) and Lemma 2.4, we obtain

, I/ Y ( W(B) \1mrp(2K I Byl tale
IVy, < ||b||BM0p||(D(7)”(L10g Ly (w) Z (W(2k+1B)) Q(2k+1 B)l/lo+ 10
k=1

(2k+l B)lg+3+(2—l<)17/9
90(2k+1 B)l/(lo+1)9

If1 N o~k s &
$ 10310, 1D Mg s D, 240
k=1

If1
< QD(B)O”(D(7)”(L10gL);::/(W)’

where [ can be chosen sufficiently large such that [ > [(ly + 3)0 + (2 — k)n](ly + 1).
Finally, combining the above estimates for /71’ and IV’, and letting v = max{1 + x,0} = 1 + «, Ineq
(3.9) 1s proved, and then the proof of Theorem 1.4 is completed. m|
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