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1. Introduction

In the past decades, many scholars have extensively studied operators in harmonic analysis derived
from Schrödinger operators in Euclidean spaces Rn, such as the maximal semigroup operator, Riesz
transforms, Littlewood–Paley functions, and more. They obtain the boundedness of the above operators
in weighted Lebesgue spaces, properly regular spaces and their weighted forms; see, for instance, [1–9]
and the references therein.

The classical Morrey spaces were introduced by Morrey [10] to study the local behavior of solutions to
second-order elliptic partial differential equations. Subsequently, various generalizations of Morrey spaces
have been developed; see [11–13] and references therein. In particular, the generalized Morrey spaces
Lp,ϕ(Rn) (also denoted by Mp,ϕ(Rn)) were introduced independently by Guliyev [14], Mizuhara [15],
and Nakai [16] (see, also [17–19]). Later, Komori and Shirai [20] defined the weighted Morrey spaces
Lp,κ(w) and established the boundedness of classical operators such as the Hardy–Littlewood maximal
operator and Calderón–Zygmund operators on these spaces. Moreover, Guliyev [21] first introduced the
generalized weighted Morrey spaces Lp,ϕ(w) (also denoted by Mp,ϕ

w (Rn)) and studied the boundedness
of sublinear operators and their higher-order commutators on these spaces. The space Lp,ϕ(w) can be
viewed as an extension of both the generalized Morrey space Lp,ϕ and the weighted Morrey space Lp,κ(w).
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In addition, lots of Morrey type spaces associated with a Schrödinger operator have been also studied
(see [22–27]) to extend the well-known Morrey spaces.

Recall that (X, d, µ) is a space of homogeneous type in the sense of Coifman and Weiss if d is a quasi-
metric, and µ is a nonzero measure satisfying the doubling condition. A quasi-metric d : X×X → [0,∞)
satisfies

(i) d(x, y) = d(y, x) ≥ 0 for all x, y ∈ X;
(ii) d(x, y) = 0 if and only if x = y;

(iii) there is a constant C ∈ [1,∞) such that for all x, y, z ∈ X,

d(x, y) ≤ C(d(x, z) + d(z, y)).

A nonzero measure µ satisfies the doubling condition if there is a constant C, depending on µ, such that
for all x ∈ X and r > 0,

µ(B(x, 2r)) ≤ Cµ(B(x, r)) < ∞,

where B(x, r) is the quasi-metric ball by B(x, r) := {y ∈ X : d(x, y) < r} for x ∈ X and r > 0.
We say that (X, d, µ) is a reverse doubling space if there exist constants κ ∈ (0, n] and C ≥ 1 such

that for all x ∈ X, r ∈ (0, diam(X)/2), and λ ∈ [1, diam(X)/(2r)),

C−1λκµ(B(x, r)) ≤ µ(B(x, λr)) ≤ Cλnµ(B(x, r)),

where diam(X) = supx,y∈X d(x, y), and the parameter n is a measure of the dimension of the space.
Clearly, any Ahlfors n-regular metric measure space (X, d, µ), which means that there exists some n > 0
such that

µ(B(x, r)) ∼ rn for all x ∈ X and r ∈ (0, diam(X)/2), (1.1)

is a reverse doubling space. Throughout this paper, we assume that (X, d, µ) is an Ahlfors n-regular
metric measure space and that µ(X) = ∞. We use C to denote the positive constant, which is independent
of main parameters and may be different at each occurrence. If f ≤ Cg, we then write f . g or g . f ,
and if f . g . f , we then write f ∼ g.

It turns out that numerous classical results in harmonic analysis within the Euclidean setting can be
extended to both spaces of homogeneous type and reverse doubling spaces; see [28–31] and references
therein. In their foundational work [32], Yang and Zhou first introduced the notion of admissible
functions in spaces of homogeneous type as follows: A positive function ρ : X → (0,∞) is said to be
admissible if there exist positive constants C and l0 satisfying

ρ(y) ≤ Cρ(x)1/(1+l0)(ρ(x) + d(x, y))l0/(1+l0) (1.2)

for all x, y ∈ X. Then, they developed a real-variable theory for the localized Hardy spaces associated
with admissible functions ρ, which has found broad applications, particularly in the analysis of the
Schrödinger operator and the degenerate Schrödinger operator onRn. Further, Liu, Huang, and Dong [33]
established the boundedness of the commutator

[b,T ] f := bT f − T (b f )
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on Lp(X), p ∈ (1,∞), where T is a Calderón–Zygmund operator related to the admissible function ρ, and
b ∈ BMOρ(X). Recently, Qin and Fu [34] extended the results of [33] to the weighted case by employing
a new class of weights that contains the classical Muckenhoupt weights (see Section 2). In particular,
they investigated the boundedness properties of both the fractional integral operators associated with
admissible functions ρ and their corresponding commutators in weighted Lp(X) spaces. As a special
class of spaces of homogeneous type, Wang [35] introduced Morrey spaces associated with Schrödinger
operators on the Heisenberg group Hn and established the boundedness of both the Littlewood–Paley
function and the Lusin area integral in these spaces. Further results concerning Morrey-type spaces on
spaces of homogeneous type and the boundedness of certain operators on such spaces can be found
in [36, 37].

Inspired by the previous work, the main aim of this paper is to obtain some weighted norm
inequalities for Calderón–Zygmund operators related to admissible functions and their commutators
on weighted Morrey-type spaces using the new class of weights (see Section 2). In what follows, we
introduce a class of weighted Morrey-type space associated with admissible functions ρ on spaces of
homogeneous type.

Definition 1.1. Let (p, κ) ∈ (0,∞) × (0, 1) and w be a weight. Assume that Ψ(·) is a positive increasing
function defined in (0,∞) and satisfies the followingDκ condition:

Ψ(x)
xκ
.

Ψ(y)
yκ

for any 0 < y < x < ∞. (1.3)

For given θ ∈ [0,∞), the space Lp,Ψ
ρ,θ (w) is defined as the set of all Lp(X) locally integrable functions f

satisfying

‖ f ‖Lp,Ψ
ρ,θ (w) := sup

B

1
ϕθ(B)

( 1
Ψ(w(B))

∫
B
| f (x)|pw(x)dµ(x)

)1/p
< ∞.

Here, the supremum is taken over all balls B := B(x0, r) ⊂ X, and

ϕθ(B) = ϕ(B)θ =
(
1 +

r
ρ(x0)

)θ
(1.4)

with ρ being the admissible function from (1.2). Likewise, the weak space WLp,Ψ
ρ,θ (w) is defined with

‖ f ‖WLp,Ψ
ρ,θ (w) := sup

B

1
ϕθ(B)

1
Ψ(w(B))1/p sup

λ>0
λw({x ∈ B : | f (x)| > λ})1/p < ∞.

Obviously, when X = Rn, and θ = 0, the new spaces Lp,Ψ
ρ,θ (w) and WLp,Ψ

ρ,θ (w) are just the generalized
weighted Morrey space Lp,Ψ(w) and the generalized weighted weak Morrey space WLp,Ψ(w), which was
first defined by Guliyev in [21].

If X = Rn, θ = 0, and Ψ(x) = xκ with κ ∈ (0, 1), then the space Lp,Ψ
ρ,θ (w) is the weighted Morrey

space Lp,κ(w) introduced by Komori and Shirai [20], and WLp,Ψ
ρ,θ (w) is the weighted weak Morrey space

WLp,κ(w). Note that, Guliyev [21] gave the concept of generalized weighted Morrey space Lp,Ψ(w),
which could be viewed as an extension of both the generalized Morrey space Lp,Ψ and weighted Morrey
space Lp,κ(w).

In the case X = Rn, θ = 0, and w(x) = 1, the space Lp,Ψ
ρ,θ (w) is the generalized Morrey space defined

independently by Guliyev, Mizuhara, and Nakai in [14–16].
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If X = Rn, θ ∈ (0,∞), and Ψ(x) = xκ with κ ∈ (0, 1), then the space Lp,Ψ
ρ,θ (w) is the weighted Morrey

space Lp,κ
ρ,θ(w) related to a Schrödinger-type operator, and WLp,Ψ

ρ,θ (w) is the weighted weak Morrey space
WLp,κ

ρ,θ(w); see [26].
Inspired by a new class of weights Aρ

p and the new bounded mean oscillation (BMO) function space
BMOρ, we also define

Lp,Ψ
ρ (w) :=

⋃
θ≥0

Lp,Ψ
ρ,θ (w) and WLp,Ψ

ρ (w) :=
⋃
θ≥0

WLp,Ψ
ρ,θ (w).

According to the above definitions, it is easy to verify that Lp,Ψ(w) ⊂ Lp,Ψ
ρ,θ1

(w) ⊂ Lp,Ψ
ρ,θ2

(w);

WLp,Ψ(w) ⊂ WLp,Ψ
ρ,θ1

(w) ⊂ WLp,Ψ
ρ,θ2

(w)

for 0 < θ1 < θ2 < ∞. Hence,

Lp,Ψ(w) ⊂ Lp,Ψ
ρ (w), and WLp,Ψ(w) ⊂ WLp,Ψ

ρ (w)

for any p ∈ (0,∞) and Ψ satisfyingDκ in Condition (1.3).
We next recall some basic definitions and facts for Orlicz spaces. More details can be found in [38].

Let Φ : [0,∞) → [0,∞) be a Young function, that is, a continuous, convex, increasing function with
Φ(0) = 0 such that Φ(t) → ∞ as t → ∞. Given a Young function Φ and a weight function w, the
Φ(w)-average of a function f over a ball B via the following Luxemburg norm is defined by

‖ f ‖Φ(w),B := inf
{
λ > 0 :

1
w(B)

∫
B

Φ
( | f (y)|
λ

)
w(y)dµ(y) ≤ 1

}
.

Associated with each Young function Φ, one can define its complementary function Φ̄ as follows:

Φ̄(s) := sup
t>0
{st − Φ(t)}.

It is easy to see that Φ(t) = t(1 + log+ t) is a Young function and its complementary function Φ̄(t) = et.

In this case, we write ‖ f ‖L(log L)(w),B = ‖ f ‖Φ(w),B and ‖ f ‖exp L(w),B = ‖ f ‖Φ̄(w),B. For a weight w and for any
ball B in X, we can see the following generalized Hölder’s inequality in the weighted setting:

1
w(B)

∫
B
| f (y)g(y)|w(y)dµ(y) ≤ C‖ f ‖L(log L)(w),B‖g‖exp L(w),B (1.5)

holds (see [39]). Note that t ≤ t(1 + log+ t) for all t > 0; then, the inequality

‖ f ‖L1(w),B =
1

w(B)

∫
B
| f (y)|w(y)dµ(y) ≤ ‖ f ‖L(log L)(w),B (1.6)

holds for any ball B ⊂ X.
In order to deal with the boundedness of commutators at the endpoints, we introduce a class of

weighted L log L type Morrey space associated with the admissible function ρ.
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Definition 1.2. Let κ ∈ (0, 1), and w be a weight. Assume that Ψ(·) satisfies Dκ Condition (1.3). For
θ ∈ [0,∞), the space (L log L)1,Ψ

ρ,θ (w) is defined as the set of all locally integrable functions f satisfying

‖ f ‖(L log L)1,Ψ
ρ,θ (w) := sup

B

w(B)
ϕθ(B)Ψ(w(B))

‖ f ‖L(log L)(w),B < ∞,

where the supremum is taken over all balls B in X, and ϕθ(B) appears in (1.4).

From (1.6), it is easy to verify that (L log L)1,Ψ
ρ,θ (w) ⊂ L1,Ψ

ρ,θ (w) for any θ ∈ (0,∞). Moreover, if X = Rn,

and θ = 0, then the space (L log L)1,Ψ
ρ,θ (w) reduces to the generalized weighted Morrey space of L log L

type, which was defined by Wang in [40]. When X = Rn, θ ∈ (0,∞), and Ψ(x) = xκ with κ ∈ (0, 1), the
space (L log L)1,Ψ

ρ,θ (w) is a weighted Morrey space (L log L)1,κ
ρ,θ(w) related to a Schrödinger type-operator;

see [26].
We now state our main results as follows.

Theorem 1.3. Let (p, κ) ∈ (0,∞)× (0, 1), and let w be a weight. Assume that Ψ(·) satisfiesDκ Condition
(1.3). Then, the following statements hold:

(i) If w ∈ Aρ
p with p ∈ (1,∞), then T is bounded on Lp,Ψ

ρ (w).
(ii) If w ∈ Aρ

1, then T is bounded from L1,Ψ
ρ (w) into WL1,Ψ

ρ (w).

Theorem 1.4. Let (p, κ) ∈ (0,∞) × (0, 1) and w be a weight. Assume that Ψ(·) satisfiesDκ Condition
(1.3), and b ∈ BMOρ. Then, the following statements hold:

(i) If w ∈ Aρ
p with p ∈ (1,∞), then [b,T ] is bounded on Lp,Ψ

ρ (w).
(ii) If w ∈ Aρ

1, then for any λ > 0 and any ball B = B(x, r) in X, there exists a positive constant υ such
that the inequalities

Ψ(w(B))−1w({y ∈ B(x, r) : |[b,T ] f (y)| > λ}) .
(
1 +

r
ρ(x)

)υ∥∥∥∥∥Φ(
| f |
λ

)∥∥∥∥∥
(L log L)1,Ψ

ρ,θ (w)

hold for any f such that Φ(| f |) ∈ (L log L)1,Ψ
ρ,θ (w) with some fixed θ > 0.

Remark 1.5. In Theorem 1.4 (ii), the parameter θ on the right-hand side of the inequality is precisely the
same parameter as in the hypothesis Φ(| f |) ∈ (L log L)1,Ψ

ρ,θ (w), so it is fixed by f and independent of other
parameters. In the proof, the parameter θ serves as a known constant when choosing later constants and
the exponent υ, but this does not alter its a priori status in the theorem.

The paper is organized as follows. We introduce some preliminary results and notations in Section 2.
Section 3 is devoted to proving the main theorems.

1.1. Notation

Throughout this paper, all notations will be defined as needed. For any subset E of X, denote by χE

its characteristic function. For x, y ∈ X and r > 0, we set B(x, r) = {y ∈ X : d(x, y) < r} to be the open
ball with radius r > 0 and center x ∈ X, and

Vr(x) := V(x, r) = µ(B(x, r)), V(x, y) := µ(B(x, d(x, y))).

Communications in Analysis and Mechanics Volume 18, Issue 4, 783–805.
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For a locally integrable function f , denoted by fB, the average fB = µ(B)−1
∫

B
f (y)dµ(y). For p ∈ [1,∞],

let p′ be the conjugate exponent of p.
Given a weight function w on X, for p ∈ [1,∞), the weighted Lebesgue space Lp(w) is defined as the

set of all functions f such that

‖ f ‖Lp(w) :=
( ∫
X

| f (y)|pw(y)dµ(y)
)1/p

< ∞.

We also denote by WLp(w), p ∈ [1,∞) the weighted weak Lebesgue space consisting of all measurable
functions f such that

‖ f ‖WLp(w) := sup
λ>0

λ
(
w({y ∈ X : | f (y)| > λ})

)1/p
< ∞.

2. Some preliminaries and notations

In this section, we review fundamental concepts and notation, while presenting several lemmas that
will be essential for subsequent proofs.

The admissible function ρ considered in this paper was originally introduced by Yang and Zhou, and
it satisfies the following properties (see [32, Lemma 2.1]):

(i) For any C′ > 0, there exists a positive constant C, depending on C′, such that

if d(x, y) ≤ C′ρ(x), then C−1ρ(y) ≤ ρ(x) ≤ Cρ(y).

(ii) There exists a positive constant C such that for all x, y ∈ X,

C−1(ρ(x) + d(x, y)) ≤ ρ(y) + d(x, y) ≤ C(ρ(x) + d(x, y)).

(iii) There exists a positive constant C such that for all x, y ∈ X,

ρ(y) ≥ C(ρ(x))1+l0(ρ(x) + d(x, y))−l0 .

As a consequence of properties (ii)-(iii) above, Liu, Huang, and Dong demonstrated that there exists
l0 > 0 such that

C−1ρ(x)
(
1 +

d(x, y)
ρ(x)

)−l0
≤ ρ(y) ≤ Cρ(x)

(
1 +

d(x, y)
ρ(x)

) l0
l0+1

(2.1)

for all x, y ∈ X; see [33, Corollary 2.3]. Following the proof scheme in [27, Lemma 2.6], one
can readily verify that the admissible functions ρ possess the following crucial properties: For all
N ∈ N, y ∈ B = B(x, r), and z ∈ 2 j+1B \ 2 jB, there exists l0 ∈ N such that(

1 +
d(y, z)
ρ(y)

)−N
.

(
1 +

2 j+1r
ρ(x)

)−N/(l0+1)
. (2.2)

Moreover, we also have
(1 + r

ρ(x) )
α

(1 + 2 j+1r
ρ(x) )N/(l0+1)−D

.
(
1 +

2 j+1r
ρ(x)

)α
for every j ∈ N and N > (l0 + 1)(|α| − α + D), where α ∈ R, D > 0 is a positive constant.

The following result will be useful in the sequel; see [32, Lemmas 2.3 and 2.4].
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789

Lemma 2.1. Let ρ be an admissible function on X. Then, there exists a sequence of points {x j} j∈I ⊂ X

such that

(i)
⋃

j∈I B(x j, ρ(x j)) = X.

(ii) There exist constants C and N1 such that for every λ ≥ 1, we have∑
j∈I

χB(x j,λρ(x j)) ≤ CλN1 .

A weight will always mean a positive function which is locally integrable. As in [34], we say that a
weight w belongs to the class Aρ,θ

p for p ∈ [1,∞), if there is a positive constant C such that for all balls
B = B(x, r) in X, ( 1

ϕθ(B)µ(B)

∫
B

w(y)dµ(y)
)( 1
ϕθ(B)µ(B)

∫
B

w(y)−
1

p−1 dµ(y)
)p−1
≤ C

for p ∈ (1,∞), and ( 1
ϕθ(B)µ(B)

∫
B

w(y)dµ(y)
)
≤ C inf

y∈B
w(y)

for p = 1. Because ϕθ(B) ≥ 1, it is obvious that Ap ⊂ Aρ,θ
p for p ∈ [1,∞), where Ap denotes the classical

Muckenhoupt weight; see [41].
Hereafter, fix θ ∈ (0,∞). ϕθ(B) and Aρ,θ

p are simply denoted by ϕ(B) and Aρ
p, respectively. The

following properties for Aρ
p can be seen from [34].

Lemma 2.2. Let p ∈ (1,∞). Then, the following statements hold:

(i) If 1 ≤ p < q < ∞, then Aρ
p ⊂ Aρ

q.

(ii) w ∈ Aρ
p if and only if w1−p′ ∈ Aρ

p′ , where 1/p + 1/p′ = 1.
(iii) If w ∈ Aρ

p for p ∈ [1,∞), then

1
ϕ(B)µ(B)

∫
B
| f (y)|dµ(y) .

( 1
w(5B)

∫
B
| f (y)|pw(y)dµ(y)

)1/p

,

where
w(E) =

∫
E

w(y)dµ(y).

As in the classical theory of weights, the following result reveals the reverse Hölder property of Aρ
p

weights, which generalizes [2, Lemma 5].

Proposition 2.3. If w ∈ Aρ
p with p ≥ 1, then there exist positive constants ε, η, and C so that for all balls

B in X, ( 1
µ(B)

∫
B

w1+ε(y)dµ(y)
)1/(1+ε)

.
( 1
µ(B)

∫
B

w(y)dµ(y)
)(

1 +
r

ρ(x)

)η
.

Proof. Let B = B(x, r). We discuss the two cases r ≤ ρ(x) and r > ρ(x) separately. If r ≤ ρ(x), it is clear
that there is ( 1

µ(B)

∫
B

w1+ε(y)dµ(y)
)1/(1+ε)

.
w(B)
µ(B)

(2.3)

Communications in Analysis and Mechanics Volume 18, Issue 4, 783–805.
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following the classical theory for Ap.
For r > ρ(x), let F = { j : B j∩B , ∅}, where B j = B(x j, ρ(x j)), and {x j} j∈I is the sequence of Lemma

2.1. For j ∈ F , it follows from (2.1) that

ρ(x j) .
(
1 +

r
ρ(x)

)l0/(l0+1)
r,

which implies ⋃
j∈F

B j ⊂ c̃B, (2.4)

where c̃ := C(1 + rρ(x)−1)l0/(l0+1). On the other hand, we deduce from (2.1) that

ρ(x j) & ρ(x)
(
1 +

r
ρ(x)

)−l0
(2.5)

for any j ∈ F . Therefore, by using (2.3)–(2.5) and Lemma 2.1,( ∫
B

w1+ε(y)dµ(y)
)1/(1+ε)

≤
∑
j∈F

( ∫
B j

w1+ε(y)dµ(y)
)1/(1+ε)

.
∑
j∈F

w(B j)µ(B j)−ε/(1+ε)

. w(c̃B)ρ(x)−nε/(1+ε)
(
1 +

r
ρ(x)

)nεl0/(1+ε)
. (2.6)

Furthermore, the Aρ
p weight condition of w and (1.1) yield that

w(c̃B) . µ(c̃B)p
( ∫

c̃B
w−

1
p−1 (y)dµ(y)

)1−p
ϕθ(c̃B)p

. w(B)
(
1 +

r
ρ(x)

)θp+(θ+n) pl0
l0+1
, (2.7)

where in the last inequality, we have used that

µ(B)p =
( ∫
X

w(y)
1
p w(y)−

1
pχB(y)dµ(y)

)p
≤ w(B)

( ∫
B

w−
1

p−1 (y)dµ(y)
)p−1

.

Combining (2.6) and (2.7), we have( ∫
B

w1+ε(y)dµ(y)
)1/(1+ε)

. w(B)
(
1 +

r
ρ(x)

)η
,

where η = θp + (θ + n)pl0(l0 + 1)−1 + (l0 + 1)nε(1 + ε)−1. �

Applying Proposition 2.3 and Hölder’s inequality, we can obtain the following Lemma 2.4.

Lemma 2.4. Let p ∈ [1,∞). If w ∈ Aρ
p, then there exist positive constants δ ∈ (0, 1), η, and C such that

w(E)
w(B)

.
(
1 +

r
ρ(x)

)η(µ(E)
µ(B)

)δ
for any measurable subset E of a ball B in X.
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Proof. Suppose that E ⊂ B. For any given ball B, by Hölder’s inequality with exponent 1 + ε and
Proposition 2.3, we obtain

w(E) =

∫
B
χE(y)w(y)dµ(y)

≤

( ∫
B

w(y)1+εdµ(y)
) 1

1+ε
( ∫

B
χE(y)

1+ε
ε dµ(y)

) ε
1+ε

. µ(B)
1

1+ε

( 1
µ(B)

∫
B

w(y)dµ(y)
)(

1 +
r

ρ(x)

)η
µ(E)

ε
1+ε

∼
(
µ(E)
µ(B)

) ε
1+ε

(
1 +

r
ρ(x)

)η
w(B),

which proves Lemma 2.4 with δ = ε/(1 + ε). �

Applying Hölder’s inequality and the definition of Aρ
p deduces that the following lemma holds.

Lemma 2.5. Let p ∈ [1,∞). If w ∈ Aρ
p, then there exists a positive constant C such that for any % > 1,

w(%B) . ϕ(%B)pw(B)

holds for any ball B in X.

Proof. For p ∈ (1,∞) and % > 1, we deduce from Hölder’s inequality and the definition of Aρ
p that

1
ϕ(%B)µ(%B)

∫
%B
| f (y)|dµ(y)

=
1

ϕ(%B)µ(%B)

∫
%B
| f (y)|w(y)1/pw(y)−1/pdµ(y)

≤

( 1
ϕ(%B)µ(%B)

∫
%B
| f (y)|pw(y)dµ

)1/p( 1
ϕ(%B)µ(%B)

∫
%B

w(y)−p′/pdµ(y)
)1/p′

.
( 1
ϕ(%B)µ(%B)

∫
%B
| f (y)|pw(y)dµ(y)

)1/p( 1
ϕ(%B)µ(%B)

∫
%B

w(y)dµ(y)
)−1/p

.
( ∫

%B
| f (y)|pw(y)dµ(y)

)1/p

w(%B)−1/p, (2.8)

where 1/p + 1/p′ = 1, and w(%B) =
∫
%B

w(y)dµ(y). If we take f (y) = χB(y) in (2.8), noting that B ⊆ %B
and (1.1), then we have

1
ϕ(%B)%n ∼

µ(B)
ϕ(%B)µ(%B)

. w(%B)−1/pw(B)1/p,

which derives
w(%B) ≤ C′ϕ(%B)pw(B)

with C′ = %np.
For p = 1 and % > 1, it follows from the definition of Aρ

1 that

1
ϕ(%B)µ(%B)

∫
%B
| f (y)|dµ(y) · w(%B)
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=

∫
%B
| f (y)|dµ(y) ·

1
ϕ(%B)µ(%B)

∫
%B

w(y)dµ(y)

.

∫
%B
| f (y)|dµ(y) · inf

y∈%B
w(y)

.

∫
%B
| f (y)|w(y)dµ(y). (2.9)

If we take f (y) = χB(y) in (2.9), noting that B ⊆ %B and (1.1) again, then we have

1
ϕ(%B)%n · w(%B) ∼

µ(B)
ϕ(%B)µ(%B)

· w(%B) . w(B),

which derives
w(%B) ≤ C′ϕ(%B)w(B)

with C′ = %n. �

In what follows, we will recall the definition and some basic properties of the new type BMO
function spaces. According to [33], we say a locally integrable function b is in BMOθ(ρ) if

‖b‖BMOθ(ρ) := sup
B⊂Rn

1
ϕθ(B)µ(B)

∫
B
|b(y) − bB|dµ(y) < ∞,

where
bB =

1
µ(B)

∫
B

f (y)dµ(y) and ϕθ(B) =
(
1 +

r
ρ(x)

)θ
with B = B(x, r) and θ > 0. Obviously, the classical BMO is properly contained in BMOθ(ρ). For
convenience, we let BMOρ =

⋃
θ>0 BMOθ(ρ). The following result can be considered to be a variant of

John–Nirenberg inequality for the space BMOρ; see [33].

Lemma 2.6. Let s ≥ 1. If b ∈ BMOρ, then, for all balls B in X,

(i)
(
µ(B)−1

∫
B
|b(y) − bB|

sdµ(y)
) 1

s
. ‖b‖BMOρ

ϕ(B)l0+1;

(ii)
(
µ(2kB)−1

∫
2k B
|b(y) − bB|

sdµ(y)
) 1

s
. k‖b‖BMOρ

ϕ(2kB)l0+1 for all k ∈ N.

Lemma 2.7. If f ∈ BMOρ, then there exist positive constants C1 and C2 such that for all balls B in X
and every λ > 0, we have

µ({y ∈ B : | f (y) − fB| > λ}) ≤ C1µ(B) exp
{
−

C2λ

‖ f ‖BMOρ
ϕ(B)l0+1

}
.

Proof. The proof of Lemma 2.7 is accomplished immediately by applying Lemma 2.6 (i) and adopting
the proof technique established in [6, Proposition 4.2]. �

Lemma 2.8. If f ∈ BMOρ, and w ∈ Aρ
p with p ∈ [1,∞), then there exist positive constants C and τ such

that for all balls B in X, we have( 1
w(B)

∫
B
| f (y) − fB|

pw(y)dµ(y)
)1/p

. ϕ(B)τ/p‖ f ‖BMOρ
.
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Proof. Applying Lemma 2.4 and Lemma 2.7, we have

w({y ∈ B : | f (y) − fB| > λ})

≤ CCδ
1ϕ(B)η/θ exp

{
−

C2δλ

‖ f ‖BMOρ
ϕ(B)l0+1

}
w(B). (2.10)

Let τ = η/θ + (l0 + 1)p. Then, for any ball B,

1
w(B)

∫
B
| f (y) − fB|

pw(y)dµ(y)

=
p

w(B)

∫ ∞

0
λp−1w({y ∈ B : | f (y) − fB| > λ})dλ

≤ CCδ
1 pϕ(B)η/θ

∫ ∞

0
λp−1 exp

{
−

C2δλ

‖ f ‖BMOρ
ϕ(B)l0+1

}
dλ

≤ Cϕ(B)τ‖ f ‖p
BMOρ

.

This completes the proof of Lemma 2.8. �

As a consequence of Lemma 2.7, we can then obtain the following result.

Lemma 2.9. If f ∈ BMOρ, and w ∈ Aρ
p with p ∈ [1,∞), then there exist positive constants γ and C such

that

sup
B⊆X

1
ϕ(B)η/θw(B)

∫
B

exp
{

γ| f (y) − fB|

ϕ(B)l0+1‖ f ‖BMOρ

}
w(y)dµ(y) ≤ C.

Proof. It follows from (2.10) that

w({y ∈ B : | f (y) − fB| > γ}) ≤ CCδ
1ϕ(B)η/θ exp

{
−

C2δγ

ϕ(B)l0+1‖ f ‖BMOρ

}
w(B).

Choosing γ = C2δ/2, we deduce from the last inequality above that∫
B

exp
{ γ| f (y) − fB|

ϕ(B)l0+1‖ f ‖BMOρ

}
w(y)dµ(y)

=

∫ ∞

0
w
({

y ∈ B : exp
{ γ| f (y) − fB|

ϕ(B)l0+1‖ f ‖BMOρ

}
> t

})
dt

≤ w(B) +

∫ ∞

1
w
({

y ∈ B : | f (y) − fB| >
ϕ(B)l0+1‖ f ‖BMOρ

log t
γ

})
dt

≤ w(B) + CCδ
1ϕ(B)η/θw(B)

∫ ∞

1
exp

{
−

C2δ log t
γ

}
dt

≤ Cϕ(B)η/θw(B).

Thus, the proof is completed. �
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3. Proof of the main results

Let L∞b (X) denote the space of all bounded measurable functions with bounded support. In this paper,
we always assume that T is a Calderón–Zygmund operator associated with the admissible function ρ,
which is bounded on L2(X), defined by

T f (x) :=
∫
X

K(x, y) f (y)dµ(y), ∀ f ∈ L∞b (X), ∀x ∈ supp f

with the kernel K satisfying the following:

(i) For any l, there exists a positive constant Cl such that

|K(x, y)| ≤
Cl[

1 + d(x, y)
(

1
ρ(x) + 1

ρ(y)

)]l
V(x, y)

. (3.1)

(ii) For any x, y, z ∈ X with x , z,

|K(x, z) − K(y, z)| + |K(z, x) − K(z, y)|

≤
Cl[

1 + d(x, z)
(

1
ρ(x) + 1

ρ(z)

)]l

d(x, y)δ

V(x, z)d(x, z)δ
,

whenever d(x, y) < d(x, z)/2, and δ ∈ (0, 1].

Recall that the commutator [b,T ] of a linear operator T and a function b ∈ L1
loc(X) are defined by

setting, for any suitable function f ,

[b,T ] f (x) := T (b f )(x) − b(x)T f (x), ∀ x ∈ X.

Recently, Qin and Fu [34] proved the Lp(w) boundedness for Calderón–Zygmund operator, which
will be satisfied if w ∈ Aρ

p. When b ∈ BMOρ, they also proved that the commutator [b,T ] is bounded
on the weighted Lebesgue space Lp(w) with p ∈ (1,∞) and w ∈ Aρ

p. Meanwhile, the estimate for the
commutator at the endpoints were also provided.

Theorem 3.1. ([34]) Let T be a Calderón–Zygmund operator associated with the admissible function
ρ. Then, the following statements hold:

(i) If w ∈ Aρ
p with p ∈ (1,∞), then T is bounded on Lp(w).

(ii) If w ∈ Aρ
1, then T is bounded from L1(w) into WL1(w).

Theorem 3.2. ([34]) Let T be a Calderón–Zygmund operator associated with the admissible function ρ
and b ∈ BMOρ. Then, the following statements hold:

(i) If w ∈ Aρ
p with p ∈ (1,∞), then [b,T ] is bounded on Lp(w).

(ii) If w ∈ Aρ
1, then for any measurable function f and t ∈ (0,∞),

w({x ∈ X : |[b,T ] f (x)| > t}) .
∫
X

Φ
( | f (x)|

t

)
w(x)dµ(x),

where Φ(t) = t(1 + log+ t), and log+ t = max{log t, 0}.
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We now present the proof of the main theorem in this paper.

Proof of Theorem 1.3. (i) Let (p, κ) ∈ (1,∞) × (0, 1). For any given ball B = B(x0, r) in X, it suffices to
prove that there exists some υ > 0 such that( 1

Ψ(w(B))

∫
B
|T f (x)|pw(x)dµ(x)

)1/p
.

(
1 +

r
ρ(x0)

)υ
(3.2)

holds for any f ∈ Lp,Ψ
ρ (w) with ‖ f ‖Lp,Ψ

ρ (w) = 1 and w ∈ Aρ
p.

Suppose that f ∈ Lp,Ψ
ρ,θ (w) with ‖ f ‖Lp,Ψ

ρ,θ (w) = 1 for some θ > 0 and that Ψ(·) satisfies Dκ Condition
(1.3). We decompose f by

f = fχ2B + fχ(2B)c =: f1 + f2.

Then we have ( 1
Ψ(w(B))

∫
B
|T f (x)|pw(x)dµ(x)

)1/p

≤
( 1
Ψ(w(B))

∫
B
|T f1(x)|pw(x)dµ(x)

)1/p

+
( 1
Ψ(w(B))

∫
B
|T f2(x)|pw(x)dµ(x)

)1/p

=: I + II.

Let us first estimate the term I. By using Theorem 3.1 (i) andDκ Condition (1.3),

I .
1

Ψ(w(B))1/p

( ∫
2B
| f (x)|pw(x)dx

)1/p

= ‖ f ‖Lp,Ψ
ρ,θ (w)

(Ψ(w(2B))
Ψ(w(B))

)1/p
ϕ(2B)

. ‖ f ‖Lp,Ψ
ρ,θ (w)

(w(2B)
w(B)

)κ/p
ϕ(2B)

. ϕ(B)1+κ,

where in the last inequality, we have used Lemma 2.5.
For the term II, notice that for any x ∈ B and y ∈ (2B)c, we have d(x, y) ∼ d(x0, y). It follows from

(3.1) that

|T f2(x)| .
∫

(2B)c

| f (y)|(
1 + d(x, y)/ρ(x)

)lV(x, y)
dµ(y)

.

∫
(2B)c

| f (y)|(
1 + d(x0, y)/ρ(x)

)lV(x0, y)
dµ(y)

.
∞∑

k=1

∫
2k+1B\2k B

| f (y)|(
1 + d(x0, y)/ρ(x)

)lV(x0, y)
dµ(y)

.
∞∑

k=1

∫
2k+1B

| f (y)|(
1 + 2k+1r/ρ(x)

)lV(x0, 2k+1r)
dµ(y)

Communications in Analysis and Mechanics Volume 18, Issue 4, 783–805.



796

.
∞∑

k=1

∫
2k+1B

| f (y)|(
1 + 2k+1r/ρ(x0)

)l/(l0+1)V(x0, 2k+1r)
dµ(y), (3.3)

which implies

II .
( w(B)
Ψ(w(B))

)1/p
∞∑

k=1

∫
2k+1B

| f (y)|(
1 + 2k+1r/ρ(x0)

)l/(l0+1)V(x0, 2k+1r)
dµ(y).

Because w ∈ Aρ
p, we deduce from Hölder’s inequality that∫

2k+1B
| f (y)|dµ(y) ≤

( ∫
2k+1B
| f (y)|pw(y)dµ(y)

)1/p( ∫
2k+1B

w(y)−p′/pdµ(y)
)1/p′

.
(Ψ(w(2k+1B))

w(2k+1B)

)1/p
ϕ(2k+1B)2µ(2k+1B)‖ f ‖Lp,Ψ

ρ,θ (w). (3.4)

Therefore, theDκ conditions (1.3) of Ψ(·), Lemma 2.4, and (1.1) lead to

II .
∞∑

k=1

( w(B)
w(2k+1B)

)(1−κ)/p
ϕ(2k+1B)2−l/(l0+1)θ‖ f ‖Lp,Ψ

ρ,θ (w)

. ‖ f ‖Lp,Ψ
ρ,θ (w)

∞∑
k=1

2−
(k+1)n(1−κ)δ

p ϕ(2k+1B)2− l
(l0+1)θ+

(1−κ)η
pθ

. ϕ(B)0,

where we choose l large enough such that l ≥ (l0 + 1)(2pθ + (1 − κ)η)/p.
Finally, collecting the above estimates for I and II, and letting υ = max{0, 1 + κ} = 1 + κ, the desired

inequality (3.2) is obtained.
(ii) The proof can be given by replacing (3.2) with the corresponding weak estimate. �

Proof of Theorem 1.4. (i) Let (p, κ) ∈ (1,∞) × (0, 1). For any given ball B = B(x0, r) in X, it suffices to
prove that there exists some υ > 0 such that( 1

Ψ(w(B))

∫
B
|[b,T ] f (x)|pw(x)dµ(x)

)1/p
.

(
1 +

r
ρ(x0)

)υ
(3.5)

holds for any f ∈ Lp,Ψ
ρ (w) with ‖ f ‖Lp,Ψ

ρ (w) = 1 and w ∈ Aρ
p, and b ∈ BMOρ with ‖b‖BMOρ

= 1.

Suppose that f ∈ Lp,Ψ
ρ,θ (w) with ‖ f ‖Lp,Ψ

ρ,θ (w) = 1 for some θ > 0. Using the representation f = f1 + f2

with the same f1 and f2 as in the proof of Theorem 1.3, we see that( 1
Ψ(w(B))

∫
B
|[b,T ] f (x)|pw(x)dµ(x)

)1/p

≤
( 1
Ψ(w(B))

∫
B
|[b,T ] f1(x)|pw(x)dµ(x)

)1/p

+
( 1
Ψ(w(B))

∫
B
|[b,T ] f2(x)|pw(x)dµ(x)

)1/p

=: III + IV.
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From the weighted Lp(w) boundedness of [b,T ] (see Theorem 3.2 (i)) and the Dκ condition (1.3) of
Ψ(·), we thus obtain

III .
1

Ψ(w(B))1/p

( ∫
2B
| f (x)|pw(x)dµ(x)

)1/p

. ‖ f ‖Lp,Ψ
ρ,θ (w)

(Ψ(w(2B))
Ψ(w(B))

)1/p
ϕ(2B)

. ‖ f ‖Lp,Ψ
ρ,θ (w)

(w(2B)
w(B)

)κ/p
ϕ(2B)

. ϕ(B)1+κ,

where in the last inequality, we have used Lemma 2.5.
Let us now turn to the estimate of IV. For any x ∈ B(x0, r), notice that

|[b,T ] f2(x)| ≤ |b(x) − bB||T f2(x)| + |T ((bB − b) f2(x))|. (3.6)

Following the same arguments as in (3.3), we obtain

|T ((bB − b) f2(x))| .
∫
X

|bB − b(y)|| f2(y)|(
1 + d(x, y)/ρ(x)

)lV(x, y)
dµ(y)

.

∫
(2B)c

|bB − b(y)|| f (y)|(
1 + d(x0, y)/ρ(x)

)lV(x0, y)
dµ(y)

.
∞∑

k=1

∫
2k+1B

|bB − b(y)|| f (y)|(
1 + 2k+1r/ρ(x0)

)l/(l0+1)V(x0, 2k+1r)
dµ(y), (3.7)

which, together with (3.3), implies that

IV .
( 1
Ψ(w(B))

∫
B
|b(x) − bB|

pw(x)dµ(x)
)1/p

×

∞∑
k=1

∫
2k+1B

| f (y)|(
1 + 2k+1r/ρ(x0)

)l/(l0+1)V(x0, 2k+1r)
dµ(y)

+
( w(B)
Ψ(w(B))

)1/p
∞∑

k=1

∫
2k+1B

|bB − b(y)|| f (y)|(
1 + 2k+1r/ρ(x0)

)l/(l0+1)V(x0, 2k+1r)
dµ(y)

.
( 1
Ψ(w(B))

∫
B
|b(x) − bB|

pw(x)dµ(x)
)1/p

×

∞∑
k=1

∫
2k+1B

| f (y)|(
1 + 2k+1r/ρ(x0)

)l/(l0+1)V(x0, 2k+1r)
dµ(y)

+
( w(B)
Ψ(w(B))

)1/p
∞∑

k=1

∫
2k+1B

|b2k+1B − bB|| f (y)|(
1 + 2k+1r/ρ(x0)

)l/(l0+1)V(x0, 2k+1r)
dµ(y)

+
( w(B)
Ψ(w(B))

)1/p
∞∑

k=1

∫
2k+1B

|b(y) − b2k+1B|| f (y)|(
1 + 2k+1r/ρ(x0)

)l/(l0+1)V(x0, 2k+1r)
dµ(y)

=: IV1 + IV2 + IV3.
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For IV1, by using Lemma 2.8, (3.4), and theDκ condition (1.3),

IV1 .
( w(B)
Ψ(w(B))

)1/p
ϕ(B)τ/p‖b‖BMOρ

∞∑
k=1

∫
2k+1B

| f (y)|
ϕ(2k+1B)l/(l0+1)θV(x0, 2k+1r)

dµ(y)

. ‖b‖BMOρ
‖ f ‖Lp,Ψ

ρ,θ (w)

∞∑
k=1

( w(B)
w(2k+1B)

)(1−κ)/p ϕ(B)τ/p

ϕ(2k+1B)l/(l0+1)θ−2

. ‖b‖BMOρ
‖ f ‖Lp,Ψ

ρ,θ (w)

∞∑
k=1

2−
(k+1)nδ(1−κ)

p
ϕ(2k+1B)

τ
p +

(1−κ)η
pθ

ϕ(2k+1B)l/(l0+1)θ−2

. ϕ(B)0,

where we have used Lemma 2.4 and let l ≥ (2pθ + 2θ + (1 − κ)η)(l0 + 1)/p, observe that for any
b ∈ BMOρ, there is

|b2k+1B − bB| . (k + 1)ϕ(2k+1B)‖b‖BMOρ
. (3.8)

Thus, we obtain

IV2 .
( w(B)
Ψ(w(B))

)1/p
‖b‖BMOρ

∞∑
k=1

∫
2k+1B

(k + 1)ϕ(2k+1B)| f (y)|
ϕ(2k+1B)l/(l0+1)θV(x0, 2k+1r)

dµ(y)

. ‖b‖BMOρ
‖ f ‖Lp,Ψ

ρ,θ (w)

∞∑
k=1

( w(B)
w(2k+1B)

)(1−κ)/p (k + 1)ϕ(2k+1B)
ϕ(2k+1B)l/(l0+1)θ−2

. ‖b‖BMOρ
‖ f ‖Lp,Ψ

ρ,θ (w)

∞∑
k=1

(k + 1)2−
(k+1)nδ(1−κ)

p
ϕ(2k+1B)1+

(1−κ)η
pθ

ϕ(2k+1B)l/(l0+1)θ−2 ,

where we let l ≥ (3pθ + (1 − κ)η)(l0 + 1)/p.
We now turn to deal with the term IV3. Because w ∈ Aρ

p, we know from Lemma 2.2 (ii) that
w−p′/p ∈ Aρ

p′ . Thus, by Hölder’s inequality and Lemma 2.8,∫
2k+1B
|b(y) − b2k+1B|| f (y)|dµ(y)

.
( ∫

2k+1B
| f (y)|pw(y)dµ(y)

)1/p( ∫
2k+1B
|b(y) − b2k+1B|

p′w(y)−p′/pdµ(y)
)1/p′

. ‖b‖BMOρ

( ∫
2k+1B
| f (y)|pw(y)dµ(y)

)1/p
ϕ(2k+1B)τ/p′

( ∫
2k+1B

w(y)−p′/pdµ(y)
)1/p′

. ‖b‖BMOρ

( ∫
2k+1B
| f (y)|pw(y)dµ(y)

)1/pϕ(2k+1B)τ/p′+1µ(2k+1B)
w(2k+1B)1/p

= ‖b‖BMOρ
‖ f ‖Lp,Ψ

ρ,θ (w)

(Ψ(w(2k+1B))
w(2k+1B)

)1/p
ϕ(2k+1B)τ/p′+2µ(2k+1B),

which, combined with theDκ condition (1.3) and Lemma 2.4, further implies that

IV3 .
( w(B)
Ψ(w(B))

)1/p
∞∑

k=1

∫
2k+1B

|b(y) − b2k+1B|| f (y)|
ϕ(2k+1B)l/(l0+1)θV(x0, 2k+1r)

dµ(y)
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. ‖b‖BMOρ
‖ f ‖Lp,Ψ

ρ,θ (w)

∞∑
k=1

( w(B)
w(2k+1B)

)(1−κ)/p ϕ(2k+1B)τ/p′+2

ϕ(2k+1B)l/(l0+1)θ

. ‖b‖BMOρ
‖ f ‖Lp,Ψ

ρ,θ (w)

∞∑
k=1

2−
(k+1)nδ(1−κ)

p
ϕ(2k+1B)

τ
p′ +2+

(1−κ)η
pθ

ϕ(2k+1B)l/(l0+1)θ

. ϕ(B)0,

where we let l ≥ (τ(p − 1)θ + 2pθ + (1 − κ)η)(l0 + 1)/p.
Combining the estimates of the terms III and IV, and letting υ = max{1 + κ, 0} = 1 + κ, we obtain

the desired result (3.5).
(ii) Let p = 1, and κ ∈ (0, 1). For any λ > 0 and any given ball B = B(x0, r) in X, it suffices to prove

that there exists some υ > 0 such that

1
Ψ(w(B))

w({x ∈ B : |[b,T ] f (x)| > λ}) .
(
1 +

r
ρ(x0)

)υ∥∥∥∥∥Φ(
| f |
λ

)∥∥∥∥∥
(L log L)1,Ψ

ρ,θ (w)
(3.9)

holds for any f such that Φ(| f |) ∈ (L log L)1,Ψ
ρ,θ (w) with w ∈ Aρ

p and b ∈ BMOρ.

Without loss of generality, suppose that ‖b‖BMOρ
= 1. Using the representation f = f1 + f2, where

f1 = fχ2B, f2 = f − f1, we have

1
Ψ(w(B))

w({x ∈ B : |[b,T ] f (x)| > λ})

≤
1

Ψ(w(B))
w({x ∈ B : |[b,T ] f1(x)| > λ/2})

+
1

Ψ(w(B))
w({x ∈ B : |[b,T ] f2(x)| > λ/2})

=: III′ + IV ′.

By using Theorem 3.2 (ii) and (1.6),

III′ .
1

Ψ(w(B))

∫
2B

Φ
( | f (x)|

λ

)
w(x)dµ(x)

.
w(2B)

Ψ(w(B))
‖Φ

( | f |
λ

)
‖L(log L)(w),2B

=
ϕ(2B)Ψ(w(2B))

Ψ(w(B))
‖Φ

( | f |
λ

)
‖(L log L)1,Ψ

ρ,θ (w)

. ϕ(B)1+κ‖Φ
( | f |
λ

)
‖(L log L)1,Ψ

ρ,θ (w),

where in the last inequality, we have used theDκ condition (1.3) and Lemma 2.5.
For the term IV ′, by (3.6), we can further decompose IV ′ as

IV ′ .
1

Ψ(w(B))
w({x ∈ B : |b(x) − bB||T f2(x)| > λ/4})

+
1

Ψ(w(B))
w({x ∈ B : |T ((bB − b) f2)(x)| > λ/4})
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=: IV ′1 + IV ′2.

Using Chebyshev’s inequality (in the measure-theoretic form: For any non-negative measurable function
g and any t > 0, µ({x : g(x) > t}) ≤ t−1

∫
X

g(x)dµ), the pointwise estimate (3.3) and Lemma 2.8, we
obtain

IV ′1 .
1

Ψ(w(B))λ

∫
B
|b(x) − bB||T f2(x)|w(x)dµ(x)

.
∞∑

k=1

∫
2k+1B

| f (y)|
ϕ(2k+1B)l/(l0+1)θV(x0, 2k+1r)

dµ(y)

×
1

Ψ(w(B))λ

∫
B
|b(x) − bB|w(x)dµ(x)

. ‖b‖BMOρ

∞∑
k=1

w(B)
Ψ(w(B))λ

∫
2k+1B

ϕ(B)τ| f (y)|
ϕ(2k+1B)l/(l0+1)θV(x0, 2k+1r)

dµ(y).

Moreover, we deduce from w ∈ Aρ
1 that

1
V(x0, 2k+1r)

∫
2k+1B

| f (y)|
λ

dµ(y) .
infy∈2k+1B w(y)

w(2k+1B)
ϕ(2k+1B)

∫
2k+1B

| f (y)|
λ

dµ(y)

.
ϕ(2k+1B)
w(2k+1B)

∫
2k+1B

| f (y)|
λ

w(y)dµ(y).

Note that for any t > 0, t ≤ t(1 + log+ t) = Φ(t). It then follows from (1.6) that

1
V(x0, 2k+1r)

∫
2k+1B

| f (y)|
λ

dµ(y) .
ϕ(2k+1B)
w(2k+1B)

∫
2k+1B

Φ
( | f (y)|
λ

)
w(y)dµ(y)

.
ϕ(2k+1B)2Ψ(w(2k+1B))

w(2k+1B)
‖Φ

( | f |
λ

)
‖(L log L)1,Ψ

ρ,θ (w), (3.10)

which, together with theDκ condition (1.3) and Lemma 2.4, implies that

IV ′1 . ‖b‖BMOρ
‖Φ

( | f |
λ

)
‖(L log L)1,Ψ

ρ,θ (w)

∞∑
k=1

w(B)
w(2k+1B)

Ψ(w(2k+1B))
Ψ(w(B))

ϕ(2k+1B)τ+2

ϕ(2k+1B)l/(l0+1)θ

. ‖b‖BMOρ
‖Φ

( | f |
λ

)
‖(L log L)1,Ψ

ρ,θ (w)

∞∑
k=1

( w(B)
w(2k+1B)

)1−κ ϕ(2k+1B)τ+2

ϕ(2k+1B)l/(l0+1)θ

. ‖b‖BMOρ
‖Φ

( | f |
λ

)
‖(L log L)1,Ψ

ρ,θ (w)

∞∑
k=1

2−(k+1)nδ(1−κ)ϕ(2k+1B)τ+2+
(1−κ)η
θ

ϕ(2k+1B)l/(l0+1)θ

. ϕ(B)0‖Φ
( | f |
λ

)
‖(L log L)1,Ψ

ρ,θ (w),

where we let l ≥ ((τ + 2)θ + (1 − κ)η)(l0 + 1).
Next, let us deal with the term IV ′2. By applying Chebyshev’s inequality and the pointwise estimate

(3.7), we obtain

IV ′2 .
1

Ψ(w(B))λ

∫
B
|T ((bB − b) f2)(x)|w(x)dµ(x)
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.
w(B)

Ψ(w(B))λ

∞∑
k=1

∫
2k+1B

|bB − b(y)|| f (y)|(
1 + 2k+1r/ρ(x0)

)l/(l0+1)V(x0, 2k+1r)
dµ(y)

.
w(B)

Ψ(w(B))λ

∞∑
k=1

∫
2k+1B

|b2k+1B − bB|| f (y)|(
1 + 2k+1r/ρ(x0)

)l/(l0+1)V(x0, 2k+1r)
dµ(y)

+
w(B)

Ψ(w(B))λ

∞∑
k=1

∫
2k+1B

|b(y) − b2k+1B|| f (y)|(
1 + 2k+1r/ρ(x0)

)l/(l0+1)V(x0, 2k+1r)
dµ(y)

=: IV ′21 + IV ′22.

It follows from (3.8) and the pointwise estimate (3.10) that

IV ′21 . ‖b‖BMOρ
‖Φ

( | f |
λ

)
‖(L log L)1,Ψ

ρ,θ (w)
w(B)

Ψ(w(B))

∞∑
k=1

(k + 1)
ϕ(2k+1B)3Ψ(w(2k+1B))
ϕ(2k+1B)l/(l0+1)θw(2k+1B)

.

We further deduce from theDκ condition (1.3) and Lemma 2.4 that

IV ′21 . ‖b‖BMOρ
‖Φ

( | f |
λ

)
‖(L log L)1,Ψ

ρ,θ (w)

∞∑
k=1

(k + 1)
( w(B)
w(2k+1B)

)1−κ ϕ(2k+1B)3

ϕ(2k+1B)l/(l0+1)θ

. ‖b‖BMOρ
‖Φ

( | f |
λ

)
‖(L log L)1,Ψ

ρ,θ (w)

∞∑
k=1

(k + 1)
2(k+1)nδ(1−κ)

ϕ(2k+1B)3+
(1−κ)η
θ

ϕ(2k+1B)l/(l0+1)θ

. ϕ(B)0‖Φ
( | f |
λ

)
‖(L log L)1,Ψ

ρ,θ (w),

where we let l ≥ (3θ + (1 − κ)η)(l0 + 1).
For the last term IV ′22, we proceed as follows. By using the Aρ

1 condition and the fact that t ≤ Φ(t),
there is

IV ′22 .
w(B)

Ψ(w(B))

∞∑
k=1

ϕ(2k+1B)
w(2k+1B)

∫
2k+1B
|b(y) − b2k+1B|

| f (y)|
λ

w(y)dµ(y)ϕ(2k+1B)−
l

(l0+1)θ

.
w(B)

Ψ(w(B))

∞∑
k=1

ϕ(2k+1B)
w(2k+1B)

∫
2k+1B
|b(y) − b2k+1B|Φ

( | f (y)|
λ

)
w(y)dµ(y)ϕ(2k+1B)−

l
(l0+1)θ .

From Lemma 2.9, it is easy to verify that

‖b − bB‖exp L(w),B . ϕ(B)
η
θ+l0+1‖b‖BMOρ

.

Combining this and the generalized Hölder inequality (1.5) gives

IV ′22 .
w(B)

Ψ(w(B))

∞∑
k=1

ϕ(2k+1B)
ϕ(2k+1B)l/(l0+1)θ ‖b − b2k+1B‖exp L(w),2k+1B‖Φ

( | f |
λ

)
‖L(log L)(w),2k+1B

. ‖b‖BMOρ

w(B)
Ψ(w(B))

∞∑
k=1

ϕ(2k+1B)l0+2+η/θ

ϕ(2k+1B)l/(l0+1)θ ‖Φ
( | f |
λ

)
‖L(log L)(w),2k+1B

. ‖b‖BMOρ
‖Φ

( | f |
λ

)
‖(L log L)1,Ψ

ρ,θ (w)

∞∑
k=1

w(B)
Ψ(w(B))

Ψ(w(2k+1B))
w(2k+1B)

ϕ(2k+1B)l0+3+η/θ

ϕ(2k+1B)l/(l0+1)θ .
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Furthermore, using theDκ condition (1.3) of Ψ(·) and Lemma 2.4, we obtain

IV ′22 . ‖b‖BMOρ
‖Φ

( | f |
λ

)
‖(L log L)1,Ψ

ρ,θ (w)

∞∑
k=1

( w(B)
w(2k+1B)

)1−κϕ(2k+1B)l0+3+η/θ

ϕ(2k+1B)l/(l0+1)θ

. ‖b‖BMOρ
‖Φ

( | f |
λ

)
‖(L log L)1,Ψ

ρ,θ (w)

∞∑
k=1

2−(k+1)nδ(1−κ)ϕ(2k+1B)l0+3+(2−κ)η/θ

ϕ(2k+1B)l/(l0+1)θ

. ϕ(B)0‖Φ
( | f |
λ

)
‖(L log L)1,Ψ

ρ,θ (w),

where l can be chosen sufficiently large such that l ≥ [(l0 + 3)θ + (2 − κ)η](l0 + 1).
Finally, combining the above estimates for III′ and IV ′, and letting υ = max{1 + κ, 0} = 1 + κ, Ineq

(3.9) is proved, and then the proof of Theorem 1.4 is completed. �
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