Communications in Analysis and Mechanics, 18(4): 749-782.

= @ S, DOI: 10.3934/cam.2026031
mr ) )
ATRiD < Mmdncaiions i Received: 10 September 2025

L/ Analysis and Mechanics Revised: 22 May 2026

Accepted: 15 September 2026
https://www.aimspress.com/journal/cam Published: 12 October 2026

Research article

Irreversible dynamics on Poisson manifolds

Erwin Luesink!2*

! Korteweg-de Vries Institute of Mathematics, University of Amsterdam, Amsterdam, The Netherlands
2 Mathematical Institute, Utrecht University, Utrecht, The Netherlands

* Correspondence: Email: e.luesink@uva.nl, e.luesink @uu.nl

Abstract: We present a geometric construction of irreversible dynamics on Poisson manifolds that
satisfies the axioms of metriplectic mechanics and the general equation for nonequilibrium reversible-
irreversible coupling (GENERIC) framework. Our approach relies solely on the underlying Poisson
structure and its deformation theory, without requiring any additional metric structure. Specifically, we
show that if the second Lichnerowicz—Poisson cohomology group of a Poisson manifold is nontrivial,
one can construct a symmetric bracket that generates irreversible dynamics compatible with energy
conservation and entropy production. This bracket is derived from a 2-cocycle that deforms the original
Poisson structure, thereby modifying the associated Casimir foliation. We illustrate the construction with
two finite-dimensional examples and one infinite-dimensional example: the duals of the Lie algebras of
the special Euclidean group S E(2), the Galilei group S Gal(3), and the group of diffeomorphisms over
the circle. These examples demonstrate the applicability of the method in classical mechanics, control
theory, and mathematical physics.
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1. Introduction

Nonequilibrium thermodynamics has been an active field of research for over two centuries. Foun-
dational contributions by Clausius, Kelvin, Maxwell, and Rayleigh laid the groundwork for a general
theoretical understanding of irreversible processes. However, what is now known as the classical theory
of nonequilibrium thermodynamics is primarily based on the seminal works of Onsager [1,2], in which
the reciprocal relations connecting the linear coefficients in the phenomenological equations that relate
thermodynamic fluxes and forces were introduced.
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Over the last century, the field of nonequilibrium thermodynamics has diversified into a zoo of
different approaches. Some treatments remain largely phenomenological, while others are rooted
in more fundamental approaches using variational principles or geometric structures. A wide range
of monographs that reflect these perspectives include those of Biot [3], De Groot and Mazur [4],
Glansdorff and Prigogine [5], Kondepudi and Prigogine [6], Lavenda [7], Stueckelberg and Scheurer [8],
Truesdell [9], and Woods [10]. A modern variational theory of irreversible processes is developed in the
works of Gay-Balmaz and Yoshimura [11-13], based on the Lagrange—d’ Alembert variational principle.
The port-Hamiltonian framework introduced by Maschke and Van der Schaft [14] is well-suited by
design for modelling irreversible dynamics by means of the resistive ports that exist in this framework.
Specifically, in the context of thermodynamics, a port-Hamiltonian approach is discussed in Ramirez
and Le Gorrec [15]. There are also modelling approaches to thermodynamics based on contact geometry,
by Grmela [16], Van der Schaft and Maschke [17], and Bravetti [18], where the irreversible part arises
from the Reeb vector field associated with the contact form.

Several axiomatic frameworks have been proposed to model geometric irreversible mechanics and
nonequilibrium thermodynamics. The first general description of dissipative dynamical systems dates
back to the seminal work of Willems [19]. Another formalism, introduced by Kaufman [20] and
generalised by Morrison [21], is metriplectic mechanics, which constructs irreversible dynamics by
combining a Hamiltonian structure with a dissipative gradient-flow structure. The goal of metriplectic
mechanics is to describe thermodynamically consistent systems, particularly in plasma physics and
fluid dynamics. Another prominent framework is the general equation for nonequilibrium reversible-
irreversible coupling (GENERIC), introduced in the works of Grmela and Ottinger [22,23]. Interestingly,
GENERIC and metriplectic mechanics share the same underlying axiomatic structure, despite arising
from different communities and applications.

A key challenge in the metriplectic and GENERIC approaches is to formulate an explicit symmetric
structure that encodes irreversibility while preserving energy. Recently, in Goreac et al. [24], irreversible
dynamics is constructed based on a geometric structure that assigns a dissipating vector field to an
arbitrary Hamiltonian function and an arbitrary entropy function so that the resulting flow automatically
satisfies the laws of thermodynamics. In this work, we provide an explicit construction of such a
symmetric structure on Poisson manifolds—under certain conditions—that satisfies the axioms of
irreversible mechanics based solely on the Poisson structure that underlies the reversible part. Notably,
our construction does not rely on any additional Riemannian structure; the symmetric structure can be
constructed exclusively from Poisson geometric notions.

Main result. Our main result can be stated as follows: Given a Poisson manifold (M, {-, -}) with
a degenerate Poisson structure & that has at least one Casimir, if the second Lichnerowicz—Poisson
cohomology H2(M) group is nontrivial, then M admits irreversible dynamics that satisfy the axioms of
metriplectic mechanics and GENERIC.

There has to be at least one Casimir, since the functionally independent Casimirs are entropies in the
metriplectic and GENERIC theories. The nontriviality of the second Lichnerowicz—Poisson cohomology
guarantees the existence of topologically nontrivial deformations of the Poisson bracket. In particular,
this implies that the Casimir foliation associated with the original Poisson structure can be altered
by such a deformation. Consequently, a function that was a Casimir for the original Poisson bracket
may no longer be a Casimir for the deformed bracket. Using this fact, one can explicitly construct a
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dissipative structure from the tensor product of the 2-cocycle responsible for the deformation. This
structure encodes irreversible dynamics consistent with the underlying geometric framework. In other
words, we can guarantee energy preservation, while increasing (or decreasing, depending on convention)
the entropy, in agreement with the second law of thermodynamics.

We provide two detailed finite-dimensional examples and one infinite-dimensional example of
irreversible dynamics constructed using this approach. The first example discusses two constructions of
irreversible dynamics on the special Euclidean group S E(2), which is encountered in planar robotics and
control theory, in physics and chemistry (e.g. the modelling of rigid molecules constrained to a plane),
and in computer vision and image processing. The second example concerns the Galilei group, which
describes transformations between inertial frames and serves as the symmetry group of Newtonian
mechanics. The infinite-dimensional example deals with the group of diffeomorphisms of the circle.

Outlook. The approach that we present also works in the infinite-dimensional case. In fact, the neces-
sary condition for our construction (the nontriviality of the second Lichnerowicz—Poisson cohomology
group) is almost always satisfied for models encountered in continuum mechanics. Detailed examples
of infinite-dimensional irreversible dynamics constructed using the approach in the present work are the
topic of future works.

Overview of the paper. In Section 2, we review the mathematical preliminaries required to dis-
cuss dynamics on Poisson manifolds. We introduce the graded algebra of multivector fields and the
Schouten—Nijenhuis bracket. We further discuss the Lichnerowicz—Poisson cochain complex, with
particular focus on its second cohomology group. In Section 3, we present the axioms of metriplectic
mechanics and the GENERIC framework, and we describe the construction of the symmetric bracket
governing the irreversible dynamics. Section 4 is devoted to the construction of irreversible dynamics on
se(2)*, the dual of the Lie algebra se(2) corresponding to the special Euclidean group S E(2). We illus-
trate the kind of dynamics the framework leads to by considering the example of Kirchhoff equations for
a two-dimensional rigid body moving in an ideal fluid. In Section 5, we construct irreversible dynamics
on sgal(3)”, the dual of the Galilei Lie algebra sgal(3), associated with the Lie group S Gal(3). This
example reveals several striking parallels with familiar structures in quantum mechanics. In Section 6,
we discuss irreversible dynamics on the infinite-dimensional group of diffeomorphisms of the circle and
show that one obtains the Korteweg—de Vries equation with a nonlocal dispersion coefficient. Finally, in
Section 7, we provide a discussion and some concluding remarks.

2. Poisson geometry preliminaries

In this section, we recall the necessary geometric, topological, and algebraic preliminaries for setting
up Hamiltonian mechanics on Poisson manifolds. For more background on geometric mechanics, we
refer to the monographs by Abraham and Marsden [25], Holm [26], and Marsden and Ratiu [27]. We
closely follow Crainic et al. [28] for the necessary tools of Poisson geometry.

A Poisson manifold is a smooth manifold (M, { -, - }) endowed with a Lie bracket on the space C*(M)
of smooth functions

{-, -} :C™(M)xX C*(M) - C*(M), 2.1)
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which also satisfies the Leibniz rule. For any f, g, h € C*(M)

{f.ght = {f.glh + gl f. hi. (2.2)

A Poisson map between Poisson manifolds (M1, {-,, - };) and (M, {-,, - }») is a smooth map ® : M; —
M, which induces a Lie algebra homomorphism

{fO(I),gO(I)}] :{f’g}ZOCD (23)

for all f, g € C*(M,). A Poisson bracket can be degenerate. The kernel of a Poisson bracket is spanned
by the Casimir functions C € C*(M), defined by the condition

{C,f} =0 forall fe C™(M). (2.4)

Casimirs are preserved under every Hamiltonian flow and remain constant along the symplectic leaves
of the foliation determined by the Poisson structure. They play a fundamental role in the geometry and
integrability of Hamiltonian systems on Poisson manifolds.
In a local chart (U, x',..., x™), a Poisson bracket can be expressed in terms of smooth functions
n' e C*(U) as
_ N ij of og
{f,8llv = 4 T O )

LJ

(2.5)

The bivector 7 = };; n'l % A % thus gives a Poisson bracket under certain conditions. Bilinearity,
skew-symmetry, and the Leibniz rule follow directly from the definition {f, g} = n(df, dg). However,

the Jacobi identity is more subtle. It holds if and only if the bivector r satisfies the condition
[m, 7] =0, (2.6)

where [ -, -] is the Schouten—Nijenhuis bracket. Before introducing the Schouten—Nijenhuis bracket in
a detailed manner, let us give some practical consequences of this necessary and sufficient condition.
Equation (2.6) is a nonlinear partial differential equation that is, in general, difficult to solve explicitly.
For this reason, it is often more practical to define a Poisson manifold via a Poisson bracket satisfying
the Jacobi identity and then recover the associated bivector field, rather than starting with a bivector
field and checking whether it defines a Poisson structure.

The Poisson bivector is a multivector field of degree 2. In general, a multivector field ¢ of degree k
on M is an element of the space X*(M) := I'( /\k T M) and can be identified with a C*(M)-multilinear,
alternating map of degree k on the space Q!'(M) of 1-forms on M. Under this identification, analogous
to constructions on differential forms, one can describe a wedge product to introduce a grading

A XM x X(M) — XM (2.7)
by the formula
@ AN ay, ..., ak) = Z D7 Hagay, - - > Q@) (@ortys - - - > Uokr1))s (2.8)
O'ESU
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with the sum over all (k, /)-shuffles, i.e., permutations o € §;,; such that o(1) < --- < o(k) and
o(k+1) < --- < o(k+1). For k = 0, the space X°(M) = C*(M), i.e., the ring over which these modules
are defined. The wedge product on multivector fields is graded commutative and associative

9 A éf — (_l)degﬁdeg{{/\ 19,

(2.9)
W@ANDAT=OANAT).

The grading for multivector fields is by total degree, that is, deg 6 = k if § € X*(M). The properties of
the wedge product give

X(M) = EB k(M) (2.10)
k=0

the structure of a graded commutative algebra. On X°*(M), the Schouten—Nijenhuis bracket is the
unique R-bilinear operation [ -, -] : X¥*1(M) x X*1(M) — X¥¥*1(M) with k, [ > —1 with the following
properties:

When k = [ = 0, the Schouten—Nijenhuis bracket is the usual Lie bracket of vector fields.

When k = 0 and [ = —1, it is the Lie derivative: [X, f] = Lxf = X(f).

It is graded skew-symmetric: [, (] = —(—=1)¥[£, 9], for ¢ € X**1(M) and ¢ € X' (M).

It satisfies the graded Leibniz identity: [¢,¢ A 7] = [3,¢] A T+ (DD A [0, 7], for & €
XM, ¢ € XYM, and T € X (M).

Ll

The Schouten-Nijenhuis bracket also satisfies the graded Jacobi identity

(_l)kl’l’l[,ﬂ’ [{’ T]] + (_1)”([{’ [Ta ﬂ]] + (_1)1771[7., [19’ {]] = O’ (211)

for 9 € X**' (M), ¢ € X'*'(M) and T € X™*!(M). The properties of the Schouten—Nijenhuis bracket mean
that the space (X*(M), [ -, -]) has the structure of a Gerstenhaber algebra, which plays a central role in
Poisson geometry and deformation quantisation, because its cohomology theory determines when a
Poisson bracket can be deformed into another Poisson bracket in a nontrivial way.
Given a bivector field 7 € ¥2(M), one defines the Lichnerowicz—Poisson differential d, on multivector
fields by
d,; 9 = [r, ], (2.12)

for any © € X*(M), where [ -, -] denotes the Schouten—Nijenhuis bracket. The bracket properties ensure
that d, is a graded derivation of degree +1, and it satisfies d> = 0 if and only if [x, 7] = 0. This can be
seen in the following way. Suppose that [, 7] = 0, then it follows from the graded Jacobi identity of the
Schouten—Nijenhuis bracket that dfr =dyod; =[n[n 1] = %[[ﬂ', n], -] = 0. In this case, the bivector
n is a Poisson bivector, and the operation d, defines a differential graded algebra structure on X*(M).
The resulting cochain complex (X*(M), d,)

e — XN S ¥Ry D ¥ (M) — - (2.13)

is the Lichnerowicz—Poisson complex, and its cohomology groups

ker(d, : XK(M) — X1(M))

k .
Ha(M) := im(d, : ¥*1(M) — X*(M))

(2.14)
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are the Lichnerowicz—Poisson cohomology groups of (M, { -, -}). A Lichnerowicz—Poisson k-cocycle is
an object @ such that d,6 = 0. The space of cocycles is denoted Z*(M), and the space of k-coboundaries
is denoted BX(M). The cohomology groups H*(M) =~ Z¥(M)/BX(M) consist of k-cocycles that are not
k-coboundaries. These cohomology groups play a central role in the deformation theory of Poisson
structures. A 2-coboundary a is a 2-cocycle that is obtained by transporting a Poisson structure along a
vector field X, i.e., a = [r, X]. The second Lichnerowicz—Poisson cohomology group H>(M) classifies
infinitesimal deformations modulo trivial ones. The second Lichnerowicz—Poisson cohomology is
particularly important for the development of an irreversible formulation of mechanics.

Any higher order Poisson structure beyond the constant structure may have a nontrivial kernel.
The kernel is important, since it provides candidates for the entropy function in geometric dissipative
mechanics, as we describe in the next section.

In this section, we discussed the mechanical preliminaries. In the next section, we discuss the axioms
of metriplectic mechanics and GENERIC, and focus on explicitly obtaining the symmetric bracket that
defines the irreversible part of the dynamics.

3. Irreversible energy-preserving mechanics

An irreversible energy-preserving system consists of a Poisson manifold (M, {-, -}), a Poisson
structure 7w € I'( /\2 TM), a symmetric structure y € I'(S2TM) (a symmetric (2,0)-tensor), and two
functions H,S € C*(M). The function H is the Hamiltonian, describing the energy in the system, and
the function § is the entropy. Axiomatically, irreversible energy-preserving dynamics is then expressed
in terms of two binary brackets on functions f, g € C*(M). The first bracket is the Poisson bracket
{-, }:C°(M) X C®(M) —» C*(M), associated with the Poisson bivector 7

{f, g} =n(df,dg). (3.1)

The second bracket is a symmetric bracket ((-, -)) : C*(M) X C*(M) — C*(M), defined as

((f, @) == x(df,dg), (3.2)

and is a positive semidefinite symmetric bracket, i.e., (-, -)) is bilinear and symmetric, and ((f, f)) > 0
for every f € C*(M). To obtain irreversible energy-preserving dynamics, we further require the
following two conditions:

{S, £} =0and (H, f)) = 0 for all f € C™(M), (3.3)

or equivalently, 7%(dS) = 0 and y*(dH) = 0. The practical implications of the first condition is that
the entropy is a Casimir of the Poisson bracket, and the second condition ensures that entropy is
non-decreasing (in agreement with the second law of thermodynamics) while preserving the energy. It
is clear that from these axioms, a nondegenerate Poisson bivector cannot be used since there would be
no nontrivial entropy function.

Irreversible energy-preserving dynamics can then be expressed using a generator ¥ = H + 7§, where
H is the Hamiltonian, § is the entropy, and 7 can be interpreted as a global constant temperature. The
physical interpretation of F is a Gibbs free energy function, modulo a sign convention. Given any
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observable f € C*(M), irreversible dynamics is then expressed, using the compatibility properties, as

d

7 =G
= {H +7S, f} + (H + 7S, f)) (3.4)
={H, f} +7((S, /)

It is common to set, without loss of generality, 7 = 1. Given the properties of the Poisson bracket and
the symmetric bracket, we see that

-
ﬁ 3.5)
25 = (5.5 2 0.

For many conservative systems, such as ideal fluid dynamics, rigid bodies, and ideal magnetohydro-
dynamics, the Hamiltonian formulation is known. This means that the Poisson bracket as well as the
Hamiltonian are known. The key question for irreversible formulations of mechanics is then how to
obtain the symmetric structure y, or equivalently, how to obtain the symmetric bracket (( -, -)) such
that the above properties hold, and to determine a suitable entropy. Since the entropy is required to be a
Casimir, the Poisson structure determines the family of candidates for the entropy.

Kulkarni-Nomizu product. In Morrison and Updike [29], it is explained that one way to construct
the symmetric bracket is to first obtain a contravariant (4, 0)-tensor and use this to induce the symmetric
bracket. In order for such a tensor to be able to induce the symmetric bracket, it has to have certain
symmetry properties. We define a 4-bracket on functions f, g, h,k € C*(M) in terms a of (4, 0)-tensor
T : QU MY** - C*(M)

(f,g h, k) :=T(df,dg,dh,dk). (3.6)

In order to satisfy the axioms of irreversible mechanics, the 4-bracket and thereby the (4, 0)-tensor 7',
should have properties 1,2, and 3 from the following list of algebraic symmetries:

1. (f, g h, k) =—(g, fi:h,k).

2. (f.g:h, k) = —(f, gk, h).

3. (f,gh.k) = (hk; f,8).

4. (f, g h, k) + (g, h; f, k) + (h, f;8,k) = 0.

Note that the semicolon notation is used to emphasize the symmetry between the pairs (f, g) and
(h, k). Together with property 4, these are precisely the algebraic symmetries of the algebraic curvature
tensors in Riemannian geometry. The fourth property is the algebraic Bianchi identity, which in
Riemannian geometry links the curvature tensor with a torsion-free connection. From the 4-bracket and
the Hamiltonian, one obtains a symmetric bracket

((f.8) = (f.H;¢.H) = T(df,dH, dg,dH) (3.7)

which satisfies
((f,9)=(f.H;g,H)= (g, H; f,H) = (g f),

(3.8)
(H,f)=H,H; f,H)=—-(H,H; f,H) =0,
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so we obtain the desired algebraic properties. For consistency with the second law of thermodynamics,
it is further required that the 4-bracket satisfies T(df,dg,df,dg) = (f,g; f,g) = Oforall f,g € C*(M)
(which ensures ((f, f)) > 0). This is a property that does not follow from the algebraic symmetries.

At this stage, we have established the following. To obtain a symmetric 2-bracket that satisfies
the axioms of metriplectic mechanics, it is sufficient to find a 4-bracket that satisfies three algebraic
symmetries. We defined such a 4-bracket in terms of a contravariant (4, 0)-tensor 7 and noted that
this tensor must have the same algebraic symmetry properties. So, the next step is to construct such a
(4, 0)-tensor 7.

To obtain such a (4, 0)-tensor explicitly, one suggestion by Morrison and Updike [29] is to use
two symmetric (2, 0)-tensors and compute their Kulkarni-Nomizu (KN) product. This product was
introduced for the construction of algebraic curvature tensors in Riemannian geometry, see the book of
Lee [30], but has also appeared in the context of Nambu mechanics in the work of Alekseevsky and
Guha [31]. The KN product of two symmetric covariant (0, 2)-tensors produces a covariant (0, 4)-tensor
that has the algebraic symmetries of a curvature tensor. Hence, a contravariant version of the KN product
is a natural choice for the construction of the (4, 0)-tensor 7', since one guarantees the list of algebraic
symmetries. Given two symmetric (2, 0)-tensors, one can build a (4, 0)-tensor with the same symmetries
as the covariant analogue using a contravariant version of the KN product. Given two (2, 0)-tensors o, ,
one can construct the (4, 0)-tensor 7 via

T(df,dg,dh,dk) : = (o ®m)df,dg,dh,dk)
t = o(df,dhu(dg, dk) + o(dg, dku(df, dh) (3.9)
— o(df,dkyu(dg, dh) — o(dg, dhyu(df, dk),
where the second line is the definition of the KN product, though here it is applied to symmetric

contravariant 2-tensors, rather than symmetric covariant 2-tensors for which this product was originally
defined. A (4, 0)-tensor constructed using the KN product satisfies

(c®wdf,dg,df,dg) = o(df,df)u(dg,dg) + o(dg,dg)uldf,df) — 20(df,dgu(df,dg). (3.10)

In case the tensors used in the KN product are positive definite, we can show that the resulting object is
also positive definite. By the arithmetic mean—geometric mean inequality and the Cauchy—Schwarz
inequality, we obtain

o(df,df)u(dg, dg) + o(dg, de)u(df,df) > 2o (df, df)u(dg, dg)o(dg, dg)u(df,df)

> 2 \(o(df, dg)*u(df, dg)? (3.11)
= 2lo(df,dg)udf,dg)|
> 20(df, dg)u(df, dg).

Hence the KN product of two positive definite tensors leads to a (4, 0)-tensor with the desired properties.

Poisson geometry construction. We now provide an alternative approach that does not assume
additional Riemannian structure and relies only on the Poisson structure. The tensor product of most
bivectors with themselves is a valid choice for the construction of the contravariant tensor 7', since this
satisfies the first three properties by construction. To allow for an increase in entropy, it is required that
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the entropy is not in the kernel of this bivector. This rules out the use of Poisson bivector associated
with the bracket. Indeed, given the Poisson structure on M, we have the Poisson bivector . This is
a skew-symmetric (2, 0)-tensor. The tensor product T := 7 ®  is a (4, 0)-tensor that by construction
satisfies the algebraic symmetries of a contravariant algebraic curvature tensor with the exception of the
contravariant version of the first Bianchi identity. Indeed,

T(df,dg,dh,dk) = n(df, dg)n(dh, dk), (3.12)

from which it can be checked that

T(df’ dg’ dha dk) = _T(dga dfa dha dk)’
T(df,dg, dh, dk) = ~T(df,dg, dk, dh), (3.13)
T(df.dg.dh.dk) = T(dh, dk.df.dg).

which imply that the 4-bracket obtained via T = 7®m in (3.6) satisfies the first three algebraic conditions.
We also see that

T(df,dg,df,dg) = n(df,dg)* > 0, for f,g € C™(M). (3.14)

Of course, in the irreversible setting, one takes the entropy S to be a Casimir of . This also means that
the tensor product of the Poisson structure is not directly suitable for the symmetric bracket, since it
would vanish on §, but it gives an indication of which structure would be suitable. While not suitable for
irreversible dynamics following the axioms of metriplectic dynamics and GENERIC, the tensor product
construction T = 7 ® & involving the Poisson bivector 7 is implicitly used already by Brockett [32],
and can be interpreted as double-bracket dissipation, which dissipates the Hamiltonian. If one selects a
different Hamiltonian (say H,) in the symmetric bracket (3.7) compared to the Hamiltonian (say Hy)
used for the conservative dynamics, the Hamiltonian H, will be dissipated. In Luesink and Street [33],
double-bracket dissipation was used to construct Langevin dynamics on reductive Lie groups. This
Langevin dynamics can be formulated fully in terms of Poisson brackets, and the dissipative term is of
the tensor product form.

Given a Poisson manifold, the Poisson structure generating the bracket is itself not the correct object
to take the tensor product with itself of for irreversible dynamics because of its kernel. In the next
section, we discuss how to address this problem and use the tensor product construction as above.

3.1. Compatible Poisson structures and generic 2-cocycles

To have an irreversible formulation in which the entropy is able to increase, we need to introduce
an anti-symmetric object on the Poisson manifold that does not have the chosen entropy as a Casimir.
Modifying Casimirs changes the foliation of the manifold into symplectic leaves. We distinguish regular
symplectic leaves from singular symplectic leaves and consider level sets of Casimirs that give rise to
the regular symplectic leaves to construct an irreversible and energy-conserving theory.

As the starting point, we consider a deformation of a Poisson bracket. In case we insist on perturbing
a Poisson bracket with a 2-cocycle to obtain another Poisson bracket, we take € € R and define . as a
deformation of  in the following way:

e =T+ €a, (3.15)
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where a is a skew-symmetric contravariant (2, 0)-tensor. For 7, to generate a Poisson bracket, it must
be bilinear, skew-symmetric and satisfy the Schouten—Nijenhuis equation (2.6). Bilinearity and skew-
symmetry follow directly by construction. To satisfy the Schouten—Nijenhuis equation, we compute

0= (e, 7]
=7+ ea,m + €a] (3.16)

=[x, 7] + 2€[nm, a] + €[a, al.
Since r is associated with a Poisson bracket, [, 7] = 0. We thus obtain the following constraints on a:
[7,a] = 0 and [a,a] = 0. (3.17)

The first constraint implies that a is a Poisson 2-cocycle in the Lichnerowicz—Poisson cohomology
defined by n. This means that a lies in the kernel of the Poisson differential d, = [x, - ], defined using
the Schouten—Nijenhuis bracket acting on the graded space X*(M) of multivector fields. The second
constraint implies that a is itself a Poisson bivector.

It is not necessary for the present construction that the condition [a,a] = 0 holds, i.e., a® a is a
suitable candidate for generating the symmetric bracket associated with irreversible dynamics whenever
the condition d,(a) = [mr, a] = 0 holds, with a being a Poisson 2-cocycle that is not a 2-coboundary. To
understand why a 2-coboundary fails to generate physically meaningful dissipation, let X € X(M) be
a vector field on the Poisson manifold. The associated 2-coboundary a in the Lichnerowicz—Poisson
complex is given by the negative Lie derivative, a = —Lxn. We evaluate this coboundary on the
gradients of the entropy S and the Hamiltonian H. Using the Leibniz rule for the Lie derivative, we
obtain

a(dS,dH) = X({S, H}) — {X(S),H} — {S, X(H)}. (3.18)

The entropy S is a Casimir, so we have {S, H} = 0 and {S, X(H)} = 0, and the expression simplifies
to a(dS,dH) = —{X(S), H}. The resulting entropy production in our framework would be ((S,S)) =
{X(S), H}*>. Mathematically, it is possible for this term to be positive, e.g., if one chooses a vector
field X that is everywhere transverse to the symplectic leaves. However, the entropy S is not an
independent generator of motion, since only X(§) plays a role in the dissipative dynamics. The bracket
{X(S), H} = Xy(X(S)) represents the rate of change of the function X(§) strictly along the conservative
Hamiltonian vector field Xy. Since the supposed dissipation is entirely slaved to the reversible dynamics,
the entropy S fails to act as an independent generator of motion. Indeed, if the conservative flow halts,
i.e., when Xy = 0, the entropy production identically vanishes.

From a geometric point of view, a symmetric bracket built from a 2-coboundary represents a
continuously shifting coordinate gauge rather than true irreversible relaxation. The symplectic leaves are
simply being dragged along the flow of X, creating a coordinate artifact rather than true thermodynamic
relaxation. Hence, constructing a physically meaningful symmetric bracket that drives true irreversible
relaxation requires a nontrivial 2-cocycle. Thus, the quotient space

kerd, NT( \*TM)
imd, N\T(\>*TM)’

H}T(M) = (3.19)

is exactly the space of bivectors that admit genuine entropy production. A natural choice for a bivector
with the required properties is therefore an element of the second Lichnerowicz—Poisson cohomology of
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the Poisson structure 7. We provide an example of a construction using a 2-cocycle that does not satisfy
the Schouten—Nijenhuis equation in Section 4.

Systems admitting two different Hamiltonian formulations are relatively common. In the theory of
integrable systems, one encounters bi-Hamiltonian systems, which are Hamiltonian systems whose
dynamics can be described by two Poisson structures 71, 7, that are not diffeomorphisms of one another,
but are compatible in the sense that [, 1,] = 0. This is the core of the Lenard—Magri scheme which
is often employed to prove that a dynamical system is completely integrable; see Magri [34]. The
compatibility means that each Poisson bivector is a 2-cocycle with respect to the Lichnerowicz—Poisson
differential defined by the other, that is, m, € Z,%] and m; € Z,zrz. If the Casimir foliations of 7r; and
m, differ, that is, if their kernels define distinct symplectic decompositions of the phase space, then
the system admits a natural splitting into a Hamiltonian (conservative) component and a dissipative
component, the latter constructed from the tensor product of the second Poisson bivector. Since differing
Casimir foliations are necessary for such a conservative and dissipative splitting, the Mishchenko—
Fomenko argument shift construction, illustrated in Mishchenko and Fomenko [35], which defines r,
as a linearisation of m; at a fixed point a € g*, is not suitable for irreversible dynamics. The resulting
Poisson structures always share the same set of Casimir functions, and hence define the same foliation
of the phase space.

A summary of the results so far in the present section is the following. The construction of a (4, 0)-
tensor that satisfies certain algebraic symmetries is sufficient for the construction of a symmetric bracket.
The KN product is able to generate such a (4, 0)-tensor, but one requires additional symmetric (2, 0)-
tensors to use this product. As an alternative, we construct the (4, 0)-tensor by taking the tensor product
of a nontrivial Poisson 2-cocycle with itself. This the Poisson geometric framework for irreversible
dynamics, in which one structure governs the preservation of energy, while the other encodes entropy
production or decay of Casimirs, yielding a dynamical system consistent with thermodynamic principles.

Remark 3.1. The approaches discussed in this section construct explicit symmetric brackets that satisfy
the kernel conditions (3.3). These degenerate symmetric brackets are associated with the degenerate
M-operators in the GENERIC formulation; see page 6623 in Ottinger and Grmela [23]. Both the
approach using the KN product of Morrison and Updike [29] as well as the present approach based
on Poisson 2-cocycles construct symmetric brackets that depend on gradients of the Hamiltonian to
guarantee that the kernel conditions are satisfied.

This Hamiltonian dependence is unavoidable for a universal geometric construction. If the symmetric
bracket and M-operator were purely state-dependent, this will restrict the class of admissible Hamilto-
nians. By explicitly embedding the Hamiltonian gradients into the symmetric bracket, the framework
guarantees energy conservation for an arbitrary choice of Hamiltonian.

We now ask under what conditions a generic Poisson manifold (M, ) admits a nontrivial class in the
second Lichnerowicz—Poisson cohomology group H2(M). Such a class is represented by bivector fields
a satisfying d,(a) = [n,a] = 0 for which no vector field X exists such that a = —Lxr = [x, X] = d.(X).

In case the Poisson manifold arises from a Lie—Poisson structure on g*, the dual of a finite-dimensional
Lie algebra g, one can use Lie algebra cohomology to obtain explicit conditions under which H>(M)
is nontrivial. There are subtle relations between Lichnerowicz—Poisson cohomology H(g") and the
Chevalley—Eilenberg cohomology H¢..(g) with real coefficients, for the details we refer to Dufour and
Zung [36]. For our purposes, the important statement is the following, (Proposition 2.29 in Crainic
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et al. [28]): There is a 1-to-1 correspondence between affine Lie—Poisson structures on g* and Lie
algebra structures plus a 2-cocycle on g. In the finite-dimensional setting, by the Whitehead lemmas,
if g is semisimple, then HéE(g,R) = HéE(g, R) = 0; see Jacobson [37]. Hence, for finite-dimensional
Lie algebras g, a necessary (but not sufficient) condition for the Lichnerowicz—Poisson cohomology
H2(M) to be nontrivial in the case where M = g¢* with its Lie-Poisson structure is that g is not
semisimple. In particular, solvable or nilpotent Lie algebras can have nontrivial second Chevalley—
Eilenberg cohomology, which leads to genuine deformations of the corresponding Lie—Poisson structure
ong”.

Central extensions of Lie algebras are classified by H(Z:E(g, R), and an element of this group is a
Lie algebra 2-cocycle. Upon translating this algebraic object onto the dual space, it manifests itself
as a constant bivector. This means that the Schouten—Nijenhuis equation is trivially satisfied and thus
central extensions always give deformations of Poisson brackets that are themselves Poisson brackets.
In Section 4, we give an example of irreversible dynamics on se(2)*, the dual of the Lie algebra of the
special Euclidean group, generated from a central extension, and a second example using a generic
Poisson 2-cocycle. In Section 5, we give a more elaborate example of irreversible dynamics on the dual
of the Galilei Lie algebra using a central extension.

While the finite-dimensional theory provides algebraic guidance for the construction of symmetric
brackets, the infinite-dimensional setting is more subtle. Particularly for Poisson manifolds arising from
Lie—Poisson structures, there are no general criteria that ensure either the vanishing or the nonvanishing
of the second Lichnerowicz—Poisson cohomology group. Unlike the finite-dimensional case, the
Whitehead lemmas do not extend to infinite dimensions, and the relationship between Lichnerowicz—
Poisson cohomology and Chevalley—Eilenberg cohomology becomes significantly more intricate. This
added complexity stems from the use of dual pairings that involve density weights, which influence
both the underlying topological structure and the associated cohomology theories. Despite these
complications, there is a substantial amount of results in continuous Lie algebra cohomology, particularly
for algebras of vector fields over smooth manifolds, that can be used to analyse the Lichnerowicz—
Poisson cohomology, such as the monograph by Fuks [38] and the articles by Janssens and Vizman [39],
Janssens et al. [40], and Janssens and Niestijl [41] . In Section 6, we discuss an infinite-dimensional
example of irreversible dynamics, in the setting of orientation-preserving diffeomorphisms of the circle
using a central extension.

4. Irreversible dynamics on se(2)*

To construct irreversible systems on the dual of a Lie algebra with a Lie—Poisson structure, we
require the ability to deform the Lie—Poisson bracket. For the first two examples, we take the Lie group
S E(2), widely used in planar robotics and control, whose Lie algebra se(2) is not semisimple. In the
first of these examples, we use a central extension, and in the second example, we use a generic Poisson
2-cocycle. We first discuss the notation and preliminary definitions.

The Lie group S E(2) = S O(2) < R? is the semidirect product of the abelian rotation group S O(2)
and the abelian group of translations R2. It is defined as the set

SEQ2) ={(R,v)|Re SOQ),veR?), (4.1)
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equipped with the group multiplication
(R,v)-(R',V') = (RR',RV' + V). 4.2)

It is straightforward to verify that S E(2) is a Lie group under this operation. It is not semisimple, so the
Whitehead lemmas do not eliminate the possibility for setting up metriplectic dynamics from a Poisson
structure. The group S E(2) admits a faithful matrix representation as a subgroup of GL(3,R),

, 4.3)

R v|[R V| |RR RV +v
or 1floT 1| |oF 1

where R,R’ € SO2), v,v' € R?, and 07 = [0 0] is the zero row vector. This shows that S E(2) is
isomorphic to a closed subgroup of GL(3, R). Every rotation matrix R € S O(2) can be parametrized by
a single angle ¢ € [0, 27) as
_|cosg —sing
Ry = [singp cos ¢ ]’ 44
which means that there is a group isomorphism (covering map) from S O(2) to the unit circle S! c C,
given by
R(p) — €%. 4.5)

Under this identification, the group multiplication R" — RR’ corresponds to the addition of angles
modulo 2,
¢ > ep+¢  (mod2n), (4.6)

which reveals the abelian nature of S O(2). We also see that the dimension of S E(2) is 3, since S O(2)
is 1-dimensional and R? is two-dimensional. The Lie algebra se(2) is the Lie algebra of the Lie group
S E(2) and consists of matrices of the form

mm:{kjg]weRueRﬂ, 4.7)
where
0 -1
J:L J (4.8)

is the standard generator of so(2). Here, one sees that the space of 2-by-2 traceless skew-symmetric
matrices is 1-dimensional. It follows that a convenient basis for se(2) is

0 -1 0 00 1 000
=1 0 o, &£=[0 00, =0 0 1]. (4.9)
0 0 0 000 000

These correspond to infinitesimal rotation, translation in the x-direction, and translation in the y-direction,
respectively. The Lie brackets in this basis are

[£1,E2]se2) = &3,
[£1,E3)se2) = =62, (4.10)
[£2,&3]5e2) = 0.
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This defines the Lie algebra structure of se(2), reflecting the semidirect product nature: The rotation
generator £; acts on the translation generators &, &3 as the standard action of s0(2) on R2. The exponential
map exp : se(2) — S E(2) maps elements of the Lie algebra to the Lie group. For an element

&= [CSTJ 8] € se(2), 4.11)

the exponential map on se(2) admits a closed form expression and is given by

exp(wJ) V(w)u
exp(¢) = [ %(T ) (1) ] 4.12)
where exp(wJ) € S O(2) is the usual matrix exponential and
. 1
V(w) = sma)“_ cosa)J, 4.13)
w w

for w # 0, I, the 2-by-2 identity matrix, and J as before. If w = 0, then V(w) = I. This formula can be
derived from the definition of the exponential as a power series using the Taylor series expansion and
the Baker—Campbell-Hausdorff formula. The adjoint action Ad, : s¢(2) — se(2) of the group element
g = (R,v) € SE(2) on the Lie algebra is defined by

Ady(¢) = gég™", (4.14)

where both g and ¢ are viewed as 3-by-3 matrices and the product is standard matrix multiplication.
Writing & € se(2) in block form,

wJ u R v
§=[0T 0], g=[0T 1], 4.15)

we compute

RwJR™'" Ru- RwJR 'v
Ad,y () = [ o7 0 ] 4.16)
Using R™! = RT and RJRT = J, since S O(2) commutes with J, we obtain
wJ Ru-—wlJv
Ady(¢) = [OT 0 ] . “4.17)

To understand the geometry of Lie—Poisson dynamics, we study the coadjoint action, which governs
how momenta transform under group symmetries. The coadjoint representation Ad;_1 cse(2)* — se(2)
is the algebraic dual of the adjoint representation under the Frobenius pairing. Note that in order for the
coadjoint representation to be a left representation, the inverse on the group element is necessary. We
will frequently identify elements y € se(2)* with pairs u = (£, p) € R x R?, where € R is the angular
momentum and p € R? is the linear momentum. One can also formulate a matrix representation similar
to the adjoint representations. Then the coadjoint action of g = (R,v) € S E(2) on u is given by

{—v-(JRp) Rp].

Ad () = [ o (4.18)
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In other words, Ad;‘,_1 (&,p) = ({ — v - (JRp) + Rp, from which it is clear that the angular momentum
variable £ is invariant under the coadjoint action, while the linear momentum p undergoes a translation
and rotation.
The coadjoint orbit O, C se(2)* through a point u = (£, p) is the image of u under all coadjoint
transformations
O¢w ={( = V- (JRp).Rp) | R € SOQ2),v € R?}. (4.19)

These coadjoint orbits uniquely characterize the symplectic leaves of the Lie—Poisson structure on se(2)*
and are classified as follows:

e If p = 0, then Rp = 0, and the translation term vanishes. The orbit is simply O(Z, 0) = (£, 0). These
are O0-dimensional points located along the J-axis.

e If p # 0, as R varies, Rp traces out a circle of constant radius ||p|| > 0. For any fixed rotation R,
as the translation v varies over R?, the inner product v - (JRp) independently sweeps out all of R.
Thus, the orbit is diffeomorphic to S x R, which has the structure of a 2D cylinder.

The coadjoint orbits of S E(2) are therefore either points or cylinders. The regular symplectic leaves
are the cylinders (where the Casimir ||p||> > 0), while the point orbits residing on the /-axis (where
llpll> = 0) constitute the singular leaves of the manifold.

Given an initial condition, Hamiltonian dynamics takes place on the coadjoint orbit containing the
initial datum. Hamiltonian dynamics is described by the Lie—Poisson bracket. The Lie—Poisson bracket
on se(2)" is defined for smooth functions f, g € C*(se(2)) as

of o

ol = (| 22281, (4.20)
(9/1 6u se(2)

where u € se(2)", &, % € se(2), (, ) is the duality pairing on se(2)* X se(2), and [, - Jw is the Lie

bracket on se(2). Using the basis {&1, &, &3} of se(2) given in (4.9), with dual coordinates (¢, py, p2), the

nonzero Lie brackets lead to the following Lie—Poisson bracket structure:

{¢, p1} = —po,
{¢, p2} = p1s 4.21)
{p1, p2} = 0.

So, in general, for f, g € C*(se(2)"), the Lie—Poisson bracket is given by

_ (98 _dgor\, (0f % dgf
(-8} p1op2) = pz(awp1 agapl)“"(agapz aéapz)'

This bracket is linear in the momenta (p;, p,) and defines a Lie—Poisson structure on se(2)*. The regular
coadjoint orbits are 2D, meaning that the Poisson bivector associated with the Lie—Poisson bracket has
rank 2. This implies that the Poisson tensor has a 1-dimensional kernel almost everywhere, so there
exists exactly one functionally independent Casimir, which is given by

C(, p1,p2) = P+ Pl (4.23)

The Casimir is the squared norm of the linear momentum, which defines an S O(2)-invariant Euclidean
metric on the linear momentum subspace of se(2)*. It can therefore be viewed as a degenerate Rie-
mannian structure. The functional independence means that any function of the form ®(p} + p3)

(4.22)
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for a smooth function @ is a valid Casimir. To see that this is indeed a Casimir, one checks that
{C,} ={C, p1} = {C, p»} = 0, which reflects the fact that the level sets of p% + p% are invariant under the
coadjoint action. Given a Hamiltonian H(Z, pi, p»), the Lie—Poisson equations of motion are:

d OH OH

Eé’ ={{,H} = —P26—1 +Plap2

d OH
e _ HY = pr—— i
o {p1.H} = ps a (4.24)
d oOH

—py = H} = —-—p—.
dtp2 {p2, H} Plag

These equations describe the evolution of momentum and angular momentum in a planar rigid body
or control system whose Hamiltonian is invariant under the left action of S E(2). To move towards
irreversible dynamics, we declare S (£, p) = %(pf + p3) to be the entropy, as this is the only functionally
independent Casimir.

Central extension. The Lie algebra se(2) is not semisimple and has second cohomology
H(sz(se(Z),R) ~ R (this is explicitly computed in Appendix I in Souriau [42]). Given the basis of
se(2) as in (4.9), a nontrivial central extension is given by including a central element z such that

[51’52] = 53’
[£1,&] = —fz, 4.25)
(62,61 =

[z,—]=

It can be checked that this bracket satisfies the properties to be a Lie bracket. This yields the centrally
extended Lie algebra 5¢(2) ~ R*. A Lie—Poisson structure on the dual of a centrally extended Lie algebra
is called an affine Lie—Poisson bracket. The resulting affine Lie—Poisson bracket on 5¢(2)* ~ R* with
coordinates (£, p1, p2, ¢) 1s given by

{¢, p1} = —po,
{¢, p2} = p1s (4.26)
{p1.p2} =c,

and all other brackets vanish. In particular, all brackets involving ¢ vanish. This means that ¢ takes on
the role of a Casimir of the affine Lie-Poisson bracket. So, in general, for f, g € C*(5¢(2)*), the affine
Lie—Poisson bracket is given by

(0 _00r),, (00 06 000, (o 5 iu0f)
d0f dp, 0L dp, dL dp, 9L dps

dp1dp>  Op10ps
The affine Lie—Poisson bracket satisfies the Jacobi identity since the cocycle term satisfies the 2-cocycle
identity. This means also that the cocycle term in isolation induces itself a Poisson bracket. The entropy
S, p1,p2sc) = %(pf + p%) is not a Casimir of the affine Lie—Poisson bracket, as shown by the following
computation. Let f € C®(5¢(2)*), then

{f.e}<,p1.p2.0) = —p>

{f,8}t= a—f(Plpz - pip2) + C(Pza—f — P15 or ) C(Pzﬂ - Plﬂ) ) (4.28)
ol opi op> p
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which does not vanish in general. So, one sees that the central extension has changed the kernel of
the Poisson bracket. Since c is the variable associated with the central extension, it is constant under
evolution by affine Lie—Poisson dynamics. That means that the initial datum specifies ¢ once and for all,
and it also implies that C({, pi, p2,c) = c is a Casimir for the affine Lie—Poisson bracket. This is in fact
the only Casimir for the affine Lie—Poisson bracket on $¢(2)*; it can be checked by a direct computation
that a Casimir must not depend on any of the other coordinates.

Irreversible dynamics can now be constructed by using the Poisson bivectors associated with the
Lie—Poisson structure on s¢(2)* and the affine Lie—Poisson structure on s¢(2)*. Let us denote the Poisson
bivector associated with the Lie—Poisson bracket on se(2)* by 7 and the Poisson bivector associated with
the affine Lie—Poisson bracket on 5¢(2)* by x.. With a slight abuse of notation, the coefficient matrices
of the Poisson bivectors are explicitly given by

0O -pp pp O 0O -pp pp O
_|p2 0 00 |, 0 ¢ 0

= 5 0 0 o] T = o = 0 0| (4.29)
0 0 0 O 0 0O o0 0

where one may note that r can be embedded into 7. In other words, given a Hamiltonian H : se(2)* — R
and the same Hamiltonian extended to 5¢(2)*, we have the original Lie-Poisson dynamics on se(2)*,
the affine Lie-Poisson dynamics on se(2)*, the original Lie—Poisson dynamics on s¢(2)* and the affine
Lie—Poisson dynamics on $¢(2)*. The subtle difference between these dynamical systems is whether
one thinks of the variable associated with the central extension as a parameter or a coordinate, but the
dynamics itself is not affected.
One may also split 7. into the enlarged 7 and the cocycle-term that we call ®, as defined in the
following equation:
0 —-p» pr O 0 0 00O
pp 0 0 O 0 0 ¢ O
T.=n+0 = 0 0 ol (4.30)
0

pi 0 0 olTlo —¢
o o 00 0o 00

One can now also study the dynamics induced by the affine Lie—Poisson bracket and is discussed in
detail in Barbaresco [43]. The original Lie—Poisson dynamics on se(2)* is obtained by embedding into
5¢(2)* and taking initial data with ¢ = 0. The affine Lie—Poisson dynamics on ¢(2)* is given by

4 0 -p» p1 O](0H/d
i D1 _ P2 0 c 0 0H/0p1 (431)
dt| p2 -p1 —c 0 O||0H/dp,

c 0 0 O O0J\dH/oc

It is easy to see that the quantity ¢ does not evolve under the dynamics (this follows immediately from
the centrality of c¢), so the initial conditions determine whether one deals with embedded Lie—Poisson
dynamics or affine Lie—Poisson dynamics. The symmetric bracket for irreversible dynamics is now
obtained from the tensor product © ® ©.

Given a generator ¥ = H + S, with H : 5¢(2)* — R (the original Hamiltonian on se(2)* trivially
extended to 5¢(2)* and S : 5¢(2)* - R (given by S = CD(pf + p%) for some arbitrary smooth function @,
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since it is the only valid entropy in this case), we obtain the following irreversible dynamics:

d
7,/ = .+ (5.0)
(8H8f GfGH) (8H8f (9f0H)
=D + P

d, dpy 0L dp A dp, A dps
+c2((65 O0H OH 0S )( of 0oH OH af))

(4.32)

dp10p>  Op10p>’ 0p1dp>  Op1 Op>
By construction, the brackets satisfy the axioms of irreversible mechanics. Nevertheless, as a final check
and a summary, let us establish this explicitly. The entropy is a Casimir of the Lie—Poisson bracket, as
established below (4.23). The entropy is not in the kernel of the symmetric bracket since it is not in the
kernel of the centrally extended bracket as shown in (4.28). Taking f = S, we see that {H, S} = 0 and
the evolution of § is given by

%S = A(D)? Py P > 0. (4.33)
Taking f = H, we see that {H,H} = 0, ((S,H)) = 0, and it follows that H is conserved. For the
well-posedness of solutions to the irreversible dynamics, one can use the general theory of ordinary
differential equations to obtain local existence and uniqueness of solutions. To extend these solutions
globally, it is mathematically convenient to leverage the monotonic evolution of the entropy. By ensuring
the function —S is bounded from below, it can serve as a natural Lyapunov function. The effectiveness
of these global continuation techniques depends, of course, on the specific choice of the Hamiltonian
and the entropy profile ®.

To make this example more concrete, we briefly investigate the irreversible version of Kirchhoft’s
equations for a two-dimensional rigid body moving in an ideal fluid. For a detailed discussion of
these equations and their geometric mechanic interpretation, we refer to Vankerschaver et al. [44]. The
Hamiltonian represents the total kinetic energy of the body, including the added mass of the fluid it
displaces and is given by

[ OH oH |*

2

2 2
p p
HU, p1, ps) = %+ LIS

2m 1 21’)’12 ’
where [ is the moment of inertia, and m; and m, are the effective masses along the principal axes
of the body. For the entropy, we take S (¢, pi1, p2) = %(p% + p2). We denote the mass anisotropy as

(4.34)

Am = (m% - m%) The irreversible equations of motion are then given by
d
75 = _Amp1p2’
dp, 4 Am
ar = —7P2 + C2m—2P1P%a (4.35)
dpy _ (- 2Am ,
a 1" m Pipz.

Observe that the dissipation is geometrically locked to the asymmetry of the Hamiltonian. A perfectly
circular body moving in the fluid will experience no dissipation from this 2-cocycle, but an asymmetric
body will couple the linear momenta, triggering the symmetric bracket to monotonically increase the
translational kinetic energy while preserving the total energy H.
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Generic Poisson 2-cocycle. As a second example, we consider a Poisson 2-cocycle not arising from a
central extension. To construct such a cocycle, we can exploit the fact that se(2)* is a 3-dimensional
manifold, allowing us to use the isomorphism between bivectors and vector fields via standard 3D vector
calculus. We can represent any bivector @ in the coordinate basis (£, pi, p2) as

w=w1£/\i+w2£/\i+w3i/\i.

9 dp 0;  Ip, dp1 Ops

Under the standard isomorphism, this bivector corresponds to a proxy vector field @ = (@3, —@,, @)’.
Similarly, the original Lie—Poisson bivector m corresponds to a vector field . The advantage of this
representation is that the Schouten—Nijenhuis bracket translates directly into standard vector operations.

Specifically, the condition for @ to be a 2-cocycle, [, @] = 0, becomes the vector equation
- (Vxw)+w-(Vxm)=0. (4.37)

The original Lie—Poisson bracket on se(2)* is defined by the relations (4.21). This yields the proxy
vector field 7 = (0, —p;, —p»)T. The curl of r is zero, hence the cocycle condition amounts to

n-(Vxw)=0. (4.38)

(4.36)

To satisty this, we require the curl of @w to be orthogonal to 7. A straightforward choice is to take
Vx @ = (0, py, —p1)!. A vector field w that satisfies this is given by

@ = (37-cp1.0) (439)

Translating this back to the bivector components, we find w3 = % p%, w, = {p1, and @, = 0, resulting in

the 2-cocycle
0 0 1,0 0

w_§p1c9_§/\c9_m+ipzc9_m/\6_m'
Finally, to verify that this generic cocycle does not generate a Poisson bracket on its own, we check
the quadratic condition [@, @] = 0. In our 3D proxy representation, this corresponds to the helicity
condition @ - (V X @) = 0. Evaluating this expression yields
1 T
@ (Vx@) = (595.0p1.0) - . pr.=p) = ~(pipa. (4.41)
Since this quantity does not globally vanish, @ violates the Jacobi identity. It is therefore strictly a
generic 2-cocycle, yet it successfully breaks the Casimir foliation of 7 and serves as a valid geometric
generator for the irreversible dynamics. We now define the symmetric bracket as

(S, 1) =w(dS,dH)w(df,dH) (4.42)

(4.40)

and obtain the irreversible dynamics

%f={H,f}+((S,f))
(OH af  of GH) (8H af  of (?H)
=D T D1

0, dp1 0L dp, 0, dp, 0L dp,
P K P o ] @8
P\acop, ~ o ap,) " 272\ 6pi 0ps ~ 9py ops

en(L2L 2808, 1 p(o1 08 o8 7))

0{ 0p, 0 dp, P dp1dp,  dp1 dp,
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In the above equation, the cross denotes ordinary multiplication. It is immediately clear that the
Hamiltonian is preserved. A quick computation shows that the evolution of § = ®(p? + p3) is given by

2
0H 1 ,0H 136H]20. )

d

—S§ = 4D |- — + = — —=py—
7 (@) [ {pip2 o 2P1P26p2 2p26p1
We now revisit the irreversible formulation of Kirchhoff’s equations for a two-dimensional rigid body
moving in an ideal fluid. Given the Hamiltonian as in (4.34) and the entropy S = 1(p? + p3), we obtain

for the generic 2-cocycle the following equations of motion:

d; 1, \ipp

A ZA _ 2

dr mpip2 +P1P2(2 Mmpy~ 7 P
dp, 4 1 2 {2 P%
—_— === A -, 4.45
4 7P +P1P2(2 mpy= g 203 (4.45)
dp, ¢ 1 2 42 {2 p%
—c =2 — _A 2 4 ==

dr IPl P1P2 > mp, ] P1 7 2m )

where Am = miz - n+1 denotes the mass anisotropy as before. Observe that for the generic 2-cocycle, the

dissipation no longer vanishes if the body is isotropic, i.e., if Am = 0.
In the next section, we discuss irreversible dynamics constructed using the central extension of the
Galilei algebra.

5. Irreversible dynamics on sgal(3)*

The Galilei group S Gal(3) describes the transformations from one inertial frame to another. In an
inertial frame, an object with zero net forces acting on it is perceived to move at a constant velocity.
Furthermore, the laws of mechanics have the same form in all inertial frames. The action of the Galilei
group on space-time R x R? is given by

(t,x) > (t+e,Ax + bt + ¢), 5.1

where x denotes displacement, ¢ denotes time, A € S O(3) is rotation, b € R3 is a boost, ¢ € R¥is a
translation in space, and e € R is a translation in time. Note that we take S O(3) for rotations rather than
0(Q3), so that the Galilei group is connected, hence we write S Gal(3) instead of Gal(3). The Galilei
group S Gal(3) can be identified with the quadruple (A, b, ¢, ¢) and is a 10-dimensional noncompact
connected Lie group. A convenient matrix representation of the elements of the Galilei group is the
following:

A b c
SGal(3) =405 1 e|leGLB,R)|AeSOB),beR} ceR’ecR}. (5.2)
Oix3 0 1

For a concise notation, we write 03y for the column vector of zeros, hence 0,3 is then a row vector
of zeros. The Galilei group has many subgroups that play important roles in geometric mechanics.
In Lévy-LeBlond [45] (Figure 1), one can find the diagram illustrated in Figure 1 that gives a clean
overview of the subgroups of the Galilei group.
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Galilei Group
(B <V)< (S xT)

Isochronous Group Geometric Group Anisotropic Group
(Z<V)x S R=<VYXT V< (S X T)
9 7 7
Homogeneous Group Euclidean Group Rotation-time Group Worldline Group Spacetime Group
VA4 RS R X T VxS I X T
Space-translation Group Time-translation Group

| Rotation Group Boost Group

3 3 3 1

Figure 1. The lattice of subgroups of the Galilei group. To obtain the special Galilei group
with its natural action on Euclidean spacetime, one sets Z = SO(3), V' = R3, .7 =R3, and
7 = R. The numbers in the bottom of each box indicate the dimension of the group. The
shaded boxes indicate groups that have no relativistic analogue.

The anisotropic group (in the second row on the right in Figure 1) is sometimes referred to as
the parabolic subgroup of the Galilei group. One typically writes R* = R? x R to denote spacetime.
The Galilei group is a semidirect product Lie group consisting of two nested semidirect products:
SGal(3) = (SO3) =< R?) x R*. In the matrix representation (5.2), the group multiplication is matrix
multiplication and the inverse of an element in S Gal(3) has the form

-1

A b ¢ A" —A"'b -A"'(c-be)
01><3 1 e = 01><3 1 —e (53)
01><3 0 1 01><3 0 1

The matrix representation of the Galilean Lie algebra sgal(3) is given by matrices of the form

E By
sgal(3) = {|01,3 0 &|egl(5,R)|Ees0(3),BeR’,yecR’ ccRy. (5.4)
Ol><3 0 0

Here, gl(5, R) denotes the Lie algebra of the real general linear group in dimension five, which consists
of all 5 x5 matrices with entries in the real numbers, and so(3) is the Lie algebra of 3 X 3 skew-symmetric
matrices. This is a 10-dimensional Lie algebra, and its basis is easily obtained from its semidirect
product components. Using the matrix representation of the Galilean Lie algebra, we compute the
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adjoint representation of the group to be

L AZA™! —AEA'b+AB —AEA '(c—be) + A7 — Be) + bE
Adupeo(E.B,7,6) =| O 1 € . (5.5)
01><3 0 1

The adjoint representation of the Galilei algebra is its Lie bracket, and it has the typical form of a nested
semidirect product Lie bracket, given by

. EB-EB Ey - Ty +pe-Pe
adzpy.0E.L.Y.€) = O 0 0 - (5.6)
O1x3 0 0

[x]
[
[
[x]

To compute the coadjoint representations of the group and their algebra, we require a duality pairing on
the algebra. The natural pairing on matrix Lie algebras is the Frobenius pairing. For square matrices
A, B, the Frobenius pairing is given by (A, B) = tr(A” B). The space sgal(3)*, the dual of sgal(3), is given
by matrices of the form

Z g p
gal(3)* = [om 0 E] € gl(5,R)|Zeso3),gecR peR EcR}, (5.7)
O3 0 0

with the interpretation that the skew-symmetric matrix Z represents angular momentum, g represents
center of mass, p represents linear momentum, and E represents energy. Given the structure of the
matrix representations of sgal(3) and sgal(3)*, the Frobenius pairing splits up naturally into the four
constituents of the semidirect product of the Galilei group

Z gp\(E B>
<01><3 0 E|,|01x3 O €>=<Z,E>+g'ﬂ+P'7’+E8, (5.8)
O3 0 0) \O1s O O

where (-, ) is again the Frobenius pairing, but now for skew-symmetric matrix & and its dual Z, and
the dot product denotes the natural pairing on R?. This is convenient because it permits us to compute
the coadjoint actions term by term. The coadjoint representation of the group is given by

AZA™! + skew(b ® (Ag — Ape) + c® Ap) Ag—Ape  Ap
Ad(ypeo1(Z.8,P.E) = O1x3 0 E+b-p[, (59)
O1x3 0 0

where skew extracts the skew-symmetric part of the matrix it acts on. The coadjoint representation of
the algebra is given by

ZE-Z7Z —skew(BRg+y®p) —-Eg+pe -Ep
adzﬁg,ﬁ’y,g)(z’ g.p.E)= 013 0 -B-p|. (5.10)
0153 0 0

The adjoint and coadjoint representations (5.5), (5.6), (5.9), and (5.10) in case of S Gal(n) and sgal(n)
are obtained mutatis mutandis. In the special case of n = 3, there exists a convenient isomorphism
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between so0(3) and R3. This isomorphism is the hat map, and iL sends R? - s0(3),€ — ;5 = E. Using the
hat map and the identification of s0(3)* =~ s0(3), we have Z = £ and Z = & with £, & € R?. The coadjoint
action of the Galilei group on the dual of its Lie algebra is then given by

—EXL-BXg—yXp —EXg+pe —EXP
ad:f,ﬂ,y,s)({’ g.p.E)= O1x3 0 -B-p|. (5.11)
O1x3 0 0

We now have explicit forms of all adjoint and coadjoint representations. From the coadjoint repre-
sentation of the algebra, one obtains the Lie—Poisson bracket on sgal(3)*. As a result of the hat map
isomorphism, we have several ways of expressing the Lie—Poisson bracket. The first expression is
the most common way of writing a Lie—Poisson bracket. The second expression writes the Poisson
bivector in an operator form using R? vectors, cross products and dot products. Since only 3 X 1
vectors appear in this formulation, we write 0 for O3, which gives an elegant formulation. We use this
formulation to show what the Casimirs of the Lie—Poisson bracket are. The third expression is in terms
of skew-symmetric matrices with standard matrix-vector multiplication. Here, we distinguish explicitly
between the zero matrix, zero vector, its transpose, and scalar zero for full dimensional correctness.

Af g of og dg Of
4(&&)’5(8—;@&@)

{f.8}¢.g.p. E)

0 0 dg 0
vp (Y08 08 OF) ., (208 080f
of op 90 Op 0goE 0goE
ar\T 9
5—’; {x gx px 0)(3
g—g —-gx 0x O0x p g—z
“lor| | a 5.12
> px 0x 0x 0 % (5.12)
of . —p- . 9
= 0 p- 0 0 a_g
T, — —_ —_ )
6_£ { g P 03><1 %
_ 3—’; g 033 O P g—‘;’
37’; P 033 033 03 g—f,
% 01><3 _pT Ol><3 0 g—i-

The third form is the most suitable for an unambiguous expression of the Poisson bivector that defines
the Lie—Poisson bracket.
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The next task is to find the Casimirs of the Lie—Poisson bracket (5.12). For this we need to find a
function C(£, g, p, E) : sgal(3)" — R such that

{xa—c+ xa—c 8C =0
o; "B 9g TRy T
Lo 96, aC
gx 57 +Pgg = 0.
ac (5.13)
=0
87 T
oC
p-— =0,
P e

are all simultaneously satisfied for arbitrary £, g, p, E € R?> x R?xR3 xR. To find such functions, we take
a step-by-step approach to find restrictions on C. We focus on the second and third equations. The third

equation implies that % a c is collinear with p, which means that = BC = Ap for some A € R. Substituting this

into the second equation, we obtain that A(g X p) + p 0. Takmg the cross product of this equation
with p yields A(p x (g% p)) = —A(lpl*g - (p - gp) = 0 which is satisfied for A # 0 if g is collinear with
p- Since g and p are arbitrary, this is in general not the case, so 4 = 0 must hold. This implies that C is
not a function of £, and the second equation then implies that C is also not a function of E.

We can limit our search to Casimir functions of the form C(g, p). The defining equations reduce to
the system

= — =0,
g X o2 +p X ap
oC (5.14)
-— =0.

The first equation is the infinitesimal generator of diagonal S O(3) rotations. It tells us that C must be
invariant under simultaneous spatial rotations of g and p. By classical invariant theory, see e.g. Section
5.4.3 in Goodman and Wallach [46], and any such scalar function must be expressible entirely in terms
of the fundamental scalar products x =g-g,y =p-p, and z=p-g We can then write C = C(x, y, z). By
the chain rule, the gradient with respect to g becomes %€ Zan + 2 5 % p. Substituting this into the final

7 ox
remaining constraint, we obtain a linear partial dlfferentlal equation in terms of the invariant variables

aC  aC
2,2 0. 5.15
“ox Yoz (5.15)

We can solve the above equation by the method of characteristics. The characteristic equations for this
partial differential equation are given by
dx dz dy
= == 5.16
2 y dt ( )

The second characteristic equation trivially dictates that y is a constant of motion along the characteristics.
This yields our first independent Casimir, C;(p) = y = ||p|*. Treating y as a constant parameter, we
integrate the first characteristic equation, ydx = 2zdz, to find the second constant of motion

yX=2+c, = c=xy—2. (5.17)
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Substituting the original definitions of the invariants back into this second constant of integration yields
¢ = lgll*llpll* — (p - g)%, which via Lagrange’s identity is exactly C»(g, p) = ||p X gl|*. The method of
characteristics explicitly exhausts the degrees of freedom of the system of partial differential equations,
so we have shown C; and C, constitute the full set of functionally independent Casimirs. Given that
the dimension of the special Galilei group is 10, and hence sgal(3)* is 10-dimensional, the existence of
exactly two functionally independent Casimirs implies that the generic coadjoint orbits of the special
Galilei group have dimension eight.

The interpretation of the Casimirs is the following. C; is the squared norm of the linear momentum,
which can be viewed in physical terms as a kinetic energy and in Riemannian terms as a lower rank
metric, similar to the Casimir for the Lie—Poisson bracket of se(2)*. C, is known in geometric optics as
the skewness or as the Petzval invariant; see Wolf [47] and Holm [48].

For irreversible dynamics on sgal(3)*, we now have the general expression for an entropy: We can
take S(Z, g, p, E) = ©,(||pl*) + @,(||p X g||*), where @, and @, are arbitrary smooth functions. Next,
we need to find a Lichnerowicz—Poisson 2-cocycle to deform the Lie—Poisson structure on sgal(3)*.
In the seminal work of Bargmann [49], it is shown that the second Chevalley—Eilenberg cohomology
group Hé £(sgal(3)) is 1-dimensional, so there exists a nontrivial 2-cocycle. A detailed derivation of the
cohomology of the Galilei group is also presented in Chapter 12 of Souriau [42]. We enlarge the Galilei
algebra by introducing a central element z such that the Lie brackets involving the three basis elements
&p associated with B and the three basis elements &, associated with y in (5.4) satisfy

[(Ep)i> (£));] = 203,

2-1=0 (5.18)

This central extension defines the Bargmann algebra b(3) := @(3) = ((s0(3) x R) xR @ R. The
Bargmann algebra is an 11-dimensional Lie algebra consisting of quintuples (Z, B8, y, €, 7) with E € so0(3),
BER} ¥y eR3 g€R,and z € R. Recall that the dual variables to 8 and y are g and p, respectively.
Hence, the Lichnerowicz—Poisson 2-cocycle will involve the centre of mass g and the linear momentum
p. Let us denote the dual variable to the central variable z by M. This is a conventional choice, since the
physical interpretation of M is the mass. Using the hat map isomorphism to set s0(3) =~ R?, we can write
for elements of the dual b(3)* the following quintuples (£, g, p, E, M). The affine Lie—Poisson bracket
on b(3)" is given by

of . 98 of dg 0dg _Of
RS ag) g(agxa_g‘&xag)

(Gfx(')g (9gx6f)+p (Gfﬁg 3g(9f)

{f,g}({,',g,p,E,M) :{ (

ol op 0 Op
+M(3f dg 0Og 0f)

— - = 5.19
0g0E 0gOE .19

og op 0g OJp
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In Poisson bivector form, using the hat map to go back to the matrix formulation, we have

(T & B o0 o0y%
L1l o M p of| %
(e gpE.My=| 2| |5 -ML 0 0 0|2, (5.20)
d1fo -p” o o0 o||Z
af{o 0o 0 0 o){x

where I denotes the 3 X 3 identity matrix. The equations that need to be satisfied for a function
C, g p,E,M) are

{xa—c+ x@+ é)—C—O
o "B 5g TP 5y TV
aC  oC aC
-gX——+M—+p—==0,
% 0 81’5\ (5.21)
oC oC
_p P _—0’
il4 og
aC
—-p-— =0

It is shown in Lévy-LeBlond [45] (Equations 3.27a-c) and also in Fushchich and Nikitin [50] (Equation
2.6) that the Casimirs of the affine Lie—Poisson bracket (5.19), (5.20) are given by

Ci((.gp.E,M) =M,
C,(¢.g.p. E, M) = 2ME — |p|/%, (5.22)
Cs(. g p. E, M) = ML — g x pl*.

It can be checked via direct computation that these are indeed Casimirs of the affine Lie—Poisson bracket
on b(3)*. The computation for C, is trivial, since the partial derivative with respect to M does not play
arole in the dynamics. For C>, the third and fourth equations are trivially satisfied, and the first and
second equations can easily be verified to hold. For Cs, multiple uses of the triple vector product and
some careful bookkeeping show that C; is also a Casimir.

The physical interpretation of these Casimirs is incredibly rich and has implications for classical
mechanics, statistical mechanics and quantum mechanics. The first Casimir is the mass. The second
Casimir the nonrelativistic analogue of the mass-shell invariant, which can viewed as defining kinetic
energy as an energy. The third Casimir can be viewed as the squared norm of a nonrelativistic analogue
of the Pauli-Lubanski pseudovector that is encountered in relativistic mechanics and its interpretation is
to define the relation between angular momentum and linear momentum. For the present purposes, the
key observation is that none of these Casimirs coincide with the Casimirs of the Lie—Poisson bracket on
sgal(3)*. This is quick to see, since for M = 0, the Casimirs of the affine Lie—Poisson bracket on b(3)*
coincide with the Casimirs of the Lie—Poisson bracket on sgal(3)*.

In quantum mechanics, Bargmann’s theorem [49], interpreted through the lens of geometric quan-
tisation, asserts a fundamental link between projective and unitary representations of Lie groups.
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Specifically, it states that every projective unitary representation of a connected and simply connected
Lie group arises from a true unitary representation of a suitable central extension of the group. In the
present context, Bargmann’s theorem ensures that any projective unitary representation of the simply
connected Galilei group lifts to a true unitary representation of its central extension, the Bargmann
group. This central extension incorporates mass as a central charge, and its existence is essential
to consistently implement Galilean symmetry in quantum mechanics. In statistical mechanics, this
structure has concrete implications: One obtains Galilean invariance of the partition function only if the
central extension is properly taken into account. That is, the mass must be included as a fundamental
parameter that determines the transformation properties of states and ensures the correct symmetry
behaviour of thermodynamic quantities.

We now have verified all the necessary conditions for irreversible dynamics on the dual of the Galilei
algebra embedded into the dual of the Bargmann algebra. Taking the tensor product of the Poisson
bivector associated with the cocycle term yields the (4, 0)-tensor required to induce the symmetric
bracket. Given a generator ¥ = H + S with H,S : b(3)" — R, with H some Hamiltonian and
S = 3(Ipll* + lig x plI*) (or any other linear combination of functions of |[p||* and ||g x p|I*), we obtain

d
Ef:{H,f}‘F((S,f))

oH oH _of df 9 oH _of of o

T TR e S R TR

o “oc) ¥ \og "o "o " og o “op o " op
OHOPOOH\ (95 OH_0H 05\ or MoK o)
dg OE 0g OE og op Og Op/rog dp Og dp’)’

(5.23)

where T parametrises the evolution. This system satisfies the axioms of irreversible mechanics by
construction.

For irreversible dynamics on se(2)*, we were able to explicitly construct a generic 2-cocycle by
using a vector calculus proxy. For sgal(3), this is a much more demanding task. A bivector on a
10-dimensional space has 45 independent components. The Schouten—Nijenhuis bracket produces a
trivector, which has 120 independent components. Therefore, to find a general cocycle explicitly, we
would have to write an ansatz for 45 unknown functions and solve a coupled system of 120 linear partial
differential equations. While this can likely be solved with computer algebra tools, this is beyond the
scope of the present work.

In the next section, we discuss infinite-dimensional irreversible dynamics on the dual of the Lie
algebra of vector fields on the circle.

6. Irreversible dynamics on vect(S')*

In this section, we consider the infinite-dimensional example of irreversible dynamics on vect(S h*,
the dual of the Lie algebra of vector fields over the circle, for which an explicit 2-cocycle is known. This
2-cocycle is the Gel’fand—Fuchs cocycle and is well-known in the context of integrable systems; see for
instance Khesin and Wendth [51] for a detailed discussion of infinite-dimensional groups. We focus on
Diff*(S1), the group of orientation-preserving diffeomorphisms over the circle, which is discussed in
detail in Section 2.2 of Khesin and Wendt [51]. The Lie algebra of Diff *(S!) is vect(S !), and the dual of
this Lie algebra is the object of interest in this section.
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We fix a coordinate 6 on the circle. Any vector field in vect(S') can be written as f(#)dy with
f € C™(S"), where dy is shorthand notation for a%' The Lie bracket on vect(S!) then takes the form

LF(0)de, 8(6)04] = (F(0)g'(6) - 2(6) (). 6.1)

Here, f” denotes the derivative of f with respect to 6. The smooth dual space vect(S )" of the Lie algebra
is identified with the space of covector-valued densities Q'(S!, T*S!) = (u(0)d0®d6: u € C*(S')} with
the dual pairing given by

(u(6)d6 @ d6, f(0)de) = f (tr@0,u(0)d0)do = f F(O)u®)do. (6.2)
Sl S]

This allows us to compute the coadjoint action ad* : vect(S') x vect(S')* — vect(S')* and construct the
Lie—Poisson bracket. The coadjoint action is given by

ad’,,ud6 ® do = (uf) +uf')do ® do. (6.3)

To write out the Lie—Poisson bracket in the infinite-dimensional setting, we require the variational (or
functional) derivative. While this derivative is well known, for completeness, we include the definition.
For a locally convex topological vector space X, consider an open subset U C X and a functional
F : U — R. The Gateaux differential 5F(x;v) of F at x € U in the direction of v € X is defined as

Fx+tv)-F(x) i
t ©dtl—o

oF(x;v) = lirrol F(x+tv). (6.4)
11—

In combination with a weakly non-degenerate dual pairing (-, -) : X X X* — R, we can obtain the

functional derivative % € X* from this definition. Specifically, taking our space to be X = vect(S1)*

with its predual X* = vect(S?), if the Gateaux differential of a functional F : vect(S')* — R is bounded

and linear in the variation v € vect(S')*, it can be represented by a unique element in the predual via the

pairing

SF(u;v) = <v, E>, Yy € vect(S )", (6.5)
ou

The Lie—Poisson bracket on vect(S ') for smooth functionals F, G € C*®(vect(S!)*) is obtained from its
general definition as

(6.6)

(F.G)() = </1, [5F 6G]>.

o o
Note that each u € vect(S!)* can be represented by u(6)df ® df for some choice of u € C(S!). The
dual of adjoint action (determined by the Lie bracket) is the coadjoint action (6.3). This gives us a
simple procedure to translate the abstract Lie—Poisson bracket into concrete equations without needing
to introduce additional notation to separate formulations using 4 and formulations using the coefficient
function u(6).

We can now define Hamiltonian dynamics on vect(S!)* by choosing a Hamiltonian. Common
choices are Hamiltonians consisting of purely kinetic energy, typically modelled by metrics, such as
L? and H', because of their special role in the theory of integrable systems. Consider the L*>-metric,
which corresponds to the Hamiltonian H(u(6)d0 ® d6) = % fsl u*d6. The functional derivative is simply

Communications in Analysis and Mechanics Volume 18, Issue 4, 749-782.



777

%’ = u(0)dy. The reversible dynamics is obtained from the Lie-Poisson bracket and given in terms of
the coadjoint action (6.3) as

(Ou + 3uu’)dd ® do = 0, (6.7)

which one recognises as the inviscid Burgers’ equation (or Hopf equation). If one instead chooses
the H'-metric H(u(6)df ® df) = 1 fs' (u? + (u')*)d6, the resulting dynamics yield the Camassa—Holm
equation. See Table 4.1] in Khesin and Wendt [51] for more examples.

The Casimirs of the Lie—Poisson bracket (6.6) are much more subtle to characterise than those of
finite dimensional Lie—Poisson brackets. If the function #(6) > 0 on the circle, the Lie—Poisson bracket
(6.6) has a single Casimir given by

S u(B)do ® df) = f \u(9)do. (6.8)
Sl

If u(0) changes sign on the circle, then the integrals

b
f V0u(®)lat (6.9)

evaluated between any two consecutive zeros a and b of the function u(6) are invariant. On page 72
of Khesin and Wendt [51], it is shown that for a function u(e) which is everywhere positive for € > 0,
has a double zero for € = 0, and two simple zeros for € < 0, the codimension for the coadjoint orbit of
u¢(0)do ® do changes from 1 for € > 0 to 2 for € < 0, since the number of Casimirs jumps from 1 to 2.
The central extension of vect(S') remedies this pathological behaviour.

To construct irreversible dynamics on this space, we use the specific 2-cocycle associated with the
central extension. The 2-cocycle w : vect(S') X vect(S!) — R given explicitly by

W(£(0)34, 8(0)35) = f f(O)¢"(0)do (6.10)
Sl

is the Gel’fand—Fuchs 2-cocycle. The Virasoro algebra (vir, [ -, - Joi) = (vect(SHOR, ([, - |, w(-, +))is
the central extension of the algebra of vector fields on the circle, with the Lie bracket explicitly given by

[(f097 Cl), (869’ b)]nir = ([fag, ga@]’ (I)(fag, ga@)) (61 1)

This cocycle introduces a constant, coordinate-independent bivector term to the Lie—Poisson bracket.
For functionals F and G on the dual of the Virasoro algebra, vir* = vect(S')* @ R, the centrally extended
Poisson bracket is

oF 6G]> w(éF 6G)’ 6.12)

F, G}ui(u(6)do ® d6, :< 0)do d@,[—,— —_—,
{F, Ghin(u(®)d0 ® do, c) = (u(®)d0 ® do, | =, — 50 ou
with the dual pairing given by (6.2). The coadjoint orbits of the centrally extended bracket do not suffer
from the codimension parity pathology. In the reversible setting, taking the L?>-metric as the Hamiltonian
with this extended bracket yields the Korteweg—de Vries equation.

Following the geometric construction as in the finite-dimensional central extensions, we formulate

the symmetric bracket as

(6.13)

. m=o(s,%) (5f @)

_’_ a) _’
ou ou ou ou
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It is immediately clear that this construction satisfies the axioms of irreversible mechanics. Because
w is a L*-skew-symmetric bilinear form, setting f = H makes the second term vanish, guaranteeing
energy conservation.

We now choose the L?>-metric for the Hamiltonian, S («(6)df ® df) = fsl Vu(6)d6 as the entropy
and assume everywhere positive initial data so that this choice of entropy is indeed the Casimir. The
variational derivative of the Hamiltonian is then simply % = udy and for the entropy we have % =3 Wag.

The Lie—Poisson bracket (6.6) on vect(S!)* produces the inviscid Burgers’ equation (6.7).
For the irreversible symmetric bracket, the first term evaluates to a global, scalar-valued functional
of the state u, which we can write in several equivalent ways:

oS O0H 1 ! u'u” 3(1/)3 f
"d = - do = - 6.14
((514 (514) fsl (2 \/ﬁ) u fsl 4372 j;l 16u5/2 \/— ( )

The third expression in (6.14) is obtained by evaluating the spatial derivative of the variational derivative
of the entropy, and the remaining two expressions are obtained by integration by parts. The second term
in the symmetric bracket can be integrated by parts to 1solate . We then obtain

(6f 5H) f(é_f) u”d@z—f O g, (6.15)
ou’ u 51 \ou s1 ou

We can now assemble the total evolution of an observable f. The irreversible equation of motion on

vect(S )" is given by
d 6f M’//
—f= —| = 3uu’ — dOu"" |db. 6.16
- fé( u (fslm )u) (6.16)

Because this relation must hold for any arbitrary observable functional f, we can extract the strong form
of the partial differential equation governing the underlying state u(6, ). The irreversible dynamics of
the state is governed by

"
(@ + 3uu’ + (f - d@)u”’)d@@ df = 0. (6.17)
ot 512 \/ﬁ

The geometric insertion of entropy production via the Gel fand—Fuchs 2-cocycle manifests as a
dynamically modulated dispersion coefficient in the Korteweg—de Vries equation. The dispersion
coefficient itself is interesting, as it is the ratio of the dispersion term and the variational derivative of
the entropy function. Furthermore, this coefficient is nonlocal and depends on the solution in a highly
nonlinear fashion. By construction, the entropy is increasing, but at the same time, the L?>-norm of the
solution is preserved.

7. Discussion and conclusion

In this work, we introduced an explicit method for constructing irreversible dynamics on Poisson
manifolds. This method relies solely on the intrinsic Poisson structure, its kernel, and the existence of
nontrivial Lichnerowicz—Poisson 2-cocycles. Using these geometric ingredients, we built a symmetric
bracket that satisfies the axioms of metriplectic mechanics and the GENERIC framework that does not
depend on the choice of a Riemannian metric.
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We demonstrated the method on three Lie algebra duals: se(2)* (the special Euclidean group), sgal(3)*
(the special Galilei group), and vect(S')* (the infinite-dimensional group of orientation-preserving dif-
feomorphisms of the circle). While the theory is not restricted to Lie algebra duals and one may consider
more general Poisson manifolds, the linear setting is especially convenient for explicit computations.

For the dual of the special Euclidean algebra, we worked with two distinct Lichnerowicz—Poisson
2-cocycles. The first arose from a central extension, yielding a constant Poisson bivector. The second
2-cocycle was constructed directly using 3-dimensional vector proxies. We showed that this generic
2-cocycle violates the Jacobi identity and therefore does not yield a valid Poisson bracket on its
own. Nevertheless, both options successfully generate irreversible dynamics that satisfy the axioms of
metriplectic mechanics and GENERIC. This demonstrates that the 2-cocycle driving the dissipation
does not need to be a Poisson bracket itself.

We then considered the dual of the Galilei Lie algebra. The Lie-Poisson bracket in this case possesses
a richer kernel than that of the special Euclidean algebra, which we explicitly characterised via the
method of characteristics, allowing for a broader class of admissible entropy functionals.

Finally, we provided an infinite-dimensional example by studying the construction on the dual
of the Lie algebra of vector fields over the circle. When taking the L?>-metric as the Hamiltonian,
the resulting irreversible dynamics is a Korteweg—de Vries equation with a dynamically modulated
dispersion coefficient that is non-local and depends on the solution in a highly nonlinear fashion.
While one can employ standard techniques for ordinary differential equations and Lyapunov-based
arguments to address local and global well-posedness for the finite-dimensional examples, establishing
well-posedness for this novel infinite-dimensional integro-differential equation will require sophisticated
techniques for partial differential equations, opening an interesting avenue for future analytical work.
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