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Abstract: In this paper, we consider the following f-Laplacian equation with a gradient term and a

nonlinear term
A+ W () [Vul* + F(u) = 0

on smooth metric measure spaces with nonnegative m-Bakry-Emery Ricci curvature, where W(z) is a
continuous function for ¢ > 0 and F(¢) is a differentiable function in (0, o). Under certain assumptions
on W and F, by using the Saloff-Coste’s Sobolev inequality and the Nash-Moser iteration method, we
derive some Liouville-type theorems for positive solutions to the above equation. Our results extend
those of Lu (2025) and McCoy (2007).
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1. Introduction
In this paper, we consider the following elliptic equation

Afu+W(u)|Vu|2+F(u):O (1.1)

on a complete smooth metric measure space (M", g, e™/dv), where A;u := e/div (e‘f Vu) is the f-
Laplacian, W is a continuous function, and F is a differentiable function. Under certain conditions on
W and F, we prove some Liouville-type theorems for positive solutions of (1.1) on a complete smooth
metric measure space (M", g, e~/ dv) with nonnegative m-Bakry-Emery Ricci curvature.

It is widely recognized that Liouville-type theorems for nonlinear elliptic equations play a crucial
role in the analysis of nonlinear partial differential equations (PDEs) [1-5]. When W = 0 and F =  in
R”, equation (1.1) reduces to the Lane-Emden equation

Au+iu’=0 on R (1.2)
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Gidas and Spruck [6] proved thatifn >3 and 1 <8 < %, then any nonnegative classical solution u
of (1.2) is trivial in R". Actually, in [6], the above problem is discussed in a framework of a general

Riemann manifold and also for equations having a nonlinear term
Au+F(w)=0 on M" (1.3)

More specifically, they showed the following general Liouville-type theorems:

Theorem 1.1. [6, Theorem 6.1] Let M" (n > 2) be an n-dimensional complete Riemannian manifold
with nonnegative Ricci curvature and u be a nonnegative C* solution of (1.3). Assume that the

nonlinearity F satifies the following:
(i) For some B € (0, 2

> n-27"
(wPF@) <o0.
(ii) For n > 4, assume

cu’ < F(u),

where 6 € (1, %) and ¢ > 0.
(iii) With some ¢ > 0 and any p € R,

o) = f wWFu)du < cF(H)'.
0

Then u = 0.

Beyond the well-known result of Gidas and Spruck for equation (1.2), it is worth noting that the
same conclusion holds for the case 8 € (0, 1], thanks to the effectiveness of supersolutions of equation
(1.2) established by Mitidieri and Pohozaev in [7].

Very recently, Lu [8] eliminated conditions (ii) and (iii) in Theorem 1.1 for solutions to equation
(1.3) and derived the following Liouville-type theorem:

Theorem 1.2. [8, Theorem 1.5] Let (M", g) be an n-dimensional complete Riemannian manifold with

nonnegative Ricci curvature. If u is a positive solution of (1.3) on M" and there exists € (1, %
such that
(v?Fw) <0 on (0,00), (1.4)

then u is constant.

When W # 0, equation (1.1) involves gradient terms. For nearly three decades, Liouville-type
theorems for this class of equations have drawn significant attention from researchers worldwide [9-13].
McCoy [14] proved that if (M", g,e'dv) = (M",g) and W = —nt~! with i # 1, then any solution u of
(1.1) is constant. The key for the proof of this Liouville-type theorem is the Bernstein-type estimates,
1.e., McCoy considered the following equation:

Au—nu! |Vul> + F (u) = 0, n#1 on M" (1.5
and derived the following Liouville-type theorems:
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Theorem 1.3. [14, Theorem 2.1] Let (M, g) be a complete noncompact Riemannian manifold of
dimension n > 2 with nonnegative Ricci curvature. Suppose the function u : M — R* satisfies (1.5),
where n # 1 is any constant and where the differentiable function F has a root at some C > 0 and

satisfies the differential inequality
1-2n\F
F < (u) = (1.6)

n-—1 u

Then u is identically constant.

On the other hand, Goffi [15] explored local integral gradient bounds for distributional solutions to a
broad class of partial differential inequalities with divergence-form diffusion and power-law first-order
terms. Filippucci et al. [16] employed the Bernstein method combined with Keller-Osserman’s estimates
to study the local and global properties of positive solutions to the equation

~Apu = [ul u+ WIVul

on a domain Q c RV, where p > 1, ¢,r > 0, and WeR. Asa result, they obtained several a priori
estimates and Liouville-type theorems.

The above Liouville-type theorems were proved in [8, 14] using Bernstein and Yau’s method
(see [17-22]). Aside from the previously mentioned Bernstein and Yau’s method, the Nash-Moser
technique offers a refined approach for analyzing linear elliptic and parabolic PDEs in Euclidean space
R” or on a complete manifold M (see [23-31]).

In this paper, we use Saloff-Coste’s Sobolev inequality and Nash-Moser iteration method to study
some Liouville-type theorems of (1.1) on a complete smooth metric measure space (M", g, e/ dv). Our
aim is to extend some work of [8] and [14] to general gradient nonlinearities.

In order to state our results, we need to introduce some notations. Let (M, g) be an n-dimensional
complete smooth Riemannian manifold and f be a C*(M) function. We denote V, A, and V? the gradient,
Laplacian, and Hessian operator on M with respect to g, respectively. Ric and R denote Ricci curvature
and scalar curvature, respectively. An n-dimensional smooth metric measure space (M, g, e~/dv)is an
n-dimensional complete Riemannian manifold (M, g) (without boundary) endowed with a weighted
measure e /dy, and dv is the Riemannian volume element of the metric g. On a smooth metric measure
space (M, g, e~/ dv), we let

Ric; = Ric + V*f (1.7)

stand for the Bakry-Emery Ricci curvature, which is also called co-Bakry-Emery Ricci curvature, i.e.,
the m = co case of the following m-Bakry-Emery Ricci curvature defined by

1
Ric} =Ricy - ——VfeVf (1.8)
m-—n
with m > n as a constant, and m = n if and only if f is a constant. We define the f-Laplacian
Ar:=A-Vf.V,
which is self-adjoint operator with respect to e~/ dv. Gradient estimates for f-Laplacian equations on
Riemannian manifolds are a core technique in geometric analysis. For instance, by using the gradient

estimates, Futaki et al. [32] derived a lower bound for the first eigenvalue 4,(Ay) of the f-Laplacian on
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a compact manifold. Alternatively, on noncompact manifolds, the gradient estimates can be applied to
prove Liouville-type theorems for positive solutions of the equation Asu = 0 (see [33]). The equation
Ric; = Ag for some constant A is just the gradient Ricci soliton equation, which plays an important role
in the study of Ricci flow. The equation Ric’} = Ag corresponds to the quasi-Einstein equation (cf. [34]),
which has been studied by many authors. For the smooth metric measure spaces, we refer readers to the
excellent work [35] of Wei and Wylie.

Next, we use the following change of variable. Let W € C° (0, c0) and set

!
w(t) = f Wi(s)ds, t>0. (1.9)
1
Consider an auxiliary function G defined as follows.
() If
1
f e”Vds < oo, (1.10)
0
we define G by
t
G (1) := f e”Vds, t>0. (1.11)
0
) If
f e”Wds < oo, (1.12)
1
we define G by
G (1) ::f e”Vds, 1> 0. (1.13)
t
3)If
1 oo
f e®9ds = co and f e“ds = oo, (1.14)
0 1
we fix a positive real number / and define G as follows:
!
G (1) := f e”Vds, t>1, (1.15)
!
!
G (1) := f s, 0<t<I. (1.16)
t

Our first main result is stated as follows.

Theorem 1.4. Let B € (1, ﬁ—f) be a real number and m > 3. Let (M”, g, e‘fdv) be an n-dimensional
complete smooth metric measure space with Ric}" > 0. Assume that u is a positive solution of (1.1).
(1) Suppose

(i) W satisfies (1.10), G is defined by (1.11), and u > 0 or

(ii) W satisfies (1.14), G is defined by (1.15), and u > 1.

Moreover, let F satisfy
w (1)

Fi<|ps—e-wwl|Fo, viel, (1.17)

G
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where I = (0, ) in case of (i) or I = (I, 00) in case of (ii). Then u = C for some root C of F (t) = 0.
(2) Alternatively, suppose

(i) W satisfies (1.12), G is defined by (1.13), and u > 0 or

(ii) W satisfies (1.14), G is defined by (1.16), and 0 < u < L.

Moreover, let F satisfy
w (1)

Fo<|- ﬁg a

where J = (0, ) in case of (i) or J = (0,1) in case of (ii). Then u = C for some root C of F(t) = 0.

Remark 1.1. (i) Inthe case W = 0 and f is a constant, the assumption (1.17) is just (1.4) with 1 < 8 < %
So, Lu’s Liouville-type theorem (see Theorem 1.2) can be recovered by the above Theorem 1.4.

(i1) In the Liouville-type theorem by Lu (see Theorem 1.2), § is required to be positive. In our
theorem, we do not require these constraints. In the proof of Theorem 2.1, 8 can be negative.

~W®I|F@®), Vtel, (1.18)

Remark 1.2. We introduce a transformation method that reduces the equation (1.1) to a form without
the gradient term (see the equation (3.3)), allowing the application of Nash-Moser iteration techniques.
Moreover, this transformation process is reversible. For the transformation G = H(u), we require that G
be a strictly monotonic function with G > 0. Therefore, we define the auxiliary function G by (1.11),
(1.13), (1.15), or (1.16).

Remark 1.3. To my knowledge, there are very few results for the critical case under the given conditions.
Nevertheless, by additionally assuming positivity or negativity of the nonlinear term F, we can establish
results in the critical case.

Remark 1.4. In the case (M",g, e‘fdv) = (M"g),B =" ¢ (1,%), and W = —pt~! with n €

(—00,1) U (1, +0c0), assumption (1.17) is just (1.6). So, McCoy’s Liouville-type theorem (see Theorem
1.3) can be recovered by the above Theorem 1.4.

Next, we use Theorem 1.4 to prove a Liouville-type theorem for positive solutions of (1.5) with
n=1.
Corollary 1.5. Let 8 € (l, Z—j) be a real number and m > 3. Let (M”, g, e‘fdv) be an n-dimensional
complete smooth metric measure space with Ric > 0. Assume that u is a positive solution of

Aju—u" |Vul* + F(u) = 0,

Assume that

, 1 \F()

holds for t > [ or for 0 < t < I, respectively. Then u = C for some root C of F(t) = 0.

Remark 1.5. Our result may be considered as a supplement to the result of McCoy in [14, Theorem 2.1]
(also see Theorem 1.3).

In the end, we derive some applications of Theorem 1.4.

Corollary 1.6. Let 8 € (1, m—+3) be a real number and m > 3. Let (M”, g, e‘fdv) be an n-dimensional

m—1
complete smooth metric measure space with Ric}" > 0. Assume that u is a positive solution of

1
A+ W) [Vul + > ™ = 3" b =0, (1.19)
. —

k
i=1

J
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ew(u)

G(u)

where a; > 0, b; > 0, and «; and B are constants. Let {na)li (a;) < (i,B
<i<

u = C for some root C onle au® — Zé-:] bjuPi = 0.

_ W(u)) u< {Iglgll (ﬁj). Then

Remark 1.6. The special types of equation (1.19) include the static Fisher-Kolmogorov-Petrovsky-
Piskunov (KPP) equation (W(u) =0,k =1=1,a, = by > 0, a; = 1, 5; = 2), the Allen-Cahn equation
Ww)=0,k=1=1,a, = by = a1 = 1, B; = 3), the static Newell-Whitehead equation (W(u) = 0,
k=1=1,a;, >0,b; >0, =1, B = 3), and the Lichnerowicz equation (W(u) = 0, k = 2,1 =1,
a;>0,a,>0,b; >0a; =1,a; < 1,B; > 1). Corollary 1.6 can apply to the above cases.

The rest of this paper is organized as follows. In Section 2, we prove Liouville-type theorems for
(2.2) by the classical Nash-Moser iteration technique. In Section 3, we apply Theorem 2.1 to prove
Theorem 1.4, and the proofs of related corollaries are provided.

2. Liouville-type theorems for Au + F (1) =0

The main result of this section is the following.

Theorem 2.1. Let (M”, g, e‘fdv) be an n-dimensional complete smooth metric measure space with
Ric} > 0. If F satisfies
BF(t)—tF' (1) >0, Vt>0, 2.1

where 8 € ( 1, n’ﬁ—f) then for any positive solution satisfying
Aru+ F(u) =0, (2.2)

u(x) must be a constant.
In order to prove Theorem 2.1, we need the following result.

Theorem 2.2. Let (M", g, e’ dv) be an n-dimensional complete smooth metric measure space with
Ric} > — (m — 1) kg, where k is a nonnegative constant. Assume for some constant oo < 1 that

;[(m + 1) F @)+ 20 |F (t)l] —tF'(t)>0, Vt>0. (2.3)
m-—1

If u is a positive solution to (2.2) on a geodesic ball Bg(o) C M, then there exists a positive constant
Cm’(;g depending only on m, and 6 = max{0, oo} € [0, 1) such that

\Y 1
sup M < Cm’(sa (E + \/E), YR > 0.

Brpo) U

Remark 2.1. Inequality (2.3) in Theorem 2.2 characterizes the subcritical condition that the nonlinear
function F satisfies. In fact, when F(¢) > 0, we can apply inequality (2.3) to obtain

m+ 1+ 28

F@)—tF'(r) > 0.
m—1
When F(¢) < 0, we can apply inequality (2.3) to obtain

m+1-26

. F(t)—tF'(t) > 0.
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Since g € (0, 1), we have
m+1+20 m+3

m-1 . m—1
This corresponds to § in inequality (2.1).
Moreover, the approach employed in the proof of Theorem 2.2 is applicable to semilinear elliptic
equations with weighted p-Laplacians.

).

Proof of Theorem 2.2. To prove Theorem 2.2, we need the following pointwise differential inequality.

Lemma 2.3. Let (M”, g, e’ dv) be an n-dimensional complete smooth metric measure space with
Ric?’ > —(m — 1)kg, where k is a nonnegative constant. Assume the condition (2.3) holds. If u is a
positive weak solution to (2.2) on a geodesic ball Bg(0o) C M, then the following pointwise inequality
holds for every a > «y:

Arh® > 2ayoh®" = 2a(m — 1)kh® — aay|Vh|h®7, (2.4)

1% ay = 22 and ay is defined in (2.20).

m—1"’ m—1

provided {Vu # 0}, where yy =

Remark 2.2. Inequality (2.4) in Lemma 2.3 gives a very meticulous estimation of AfIVvlz”. The
introduction of the parameter « extends the applicability of the Cheng-Yau-type gradient estimate in
equation (2.2). The larger the value of @, the higher the accuracy of the estimate for A /|Vv|*®,

Proof. Let
v =Inu. (2.5

Then with respect to (2.2), we have
Apv = =V — u Fu).

Let i = |Vv|?, thus we get
Ay =—h—u"F(u). (2.6)

For any @ > 1, we have
Ash® = a(a@ — Dh*2|VA?* + ah® ' Ash.

Using the Bochner formula,

%Afh = [V2]* + (Vv, VA1) + Ric/(Vv, Vv), (2.7)

so we get
Ash® = a(a — Dh*2|VA? + 2ah®™ (|V2v|2 +(Vv, VA,v) + Ric(Vv, Vv)) : (2.8)
Let {eq, es, ..., e,} be an orthonormal frame of TM over a domain where /& # 0, with ¢; = \%l‘ If we

write Vv = Y| ve;, it is straightforward to observe that v; = |[Vv| = h'/? and v; = 0 forall 2 < i < n.
The following identities are then satisfied:

1 Vh
vii = =h™(Vv, Vh) < | 1',
2 2h?

(2.9)
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n

D vi = —h = F(u) = viy + (Y, V),

i=2
By applying the Cauchy inequality, we obtain

n n
212 2 2
Vv ZZVU+ZVﬁ
i=1 =2
2
2 1 C
2"11 + m Z Vil -

Then, making use of the inequality

a? b? m-—n

1+§_E’

(a+b)?>

from (2.11), we can deduce that

1 B 2
V202 202, + — (=h =" Fu) = viy +(V£, V)

n o Py - - P vy, Vv>2)
1 m-—n

1
2vf1+—n_1(

1 1 2 2
= n + ulF*(u) + n v%l + hu ' F(u) + hvyy
m-—1 m-—1 m-—1 m-—1 m—1

m —

1
+ u 'F(u)yv;, — ——(Vf, Vv)°.
m-—n

m-—1
Then, from (2.6), we derive the following:
(Vv, VAp) = (Vv,V(—=h — u" F(u)))
= —(Vv, Vh) + (u™ F(u) - F'(w)) h
= —2hvyy + (™' F(u) = F'(u)) h.

Substituting (2.12) and (2.13) into (2.7) gives us

1 1 2

n + w2 F2(u) + T Vi o+ hu™" F(u) +

m—1 m—1 m—1 m—1 m—
2

cu FQuyviy = 2+ (7 F(u) = F/() b+ Rie (V. V)

1 1

> h* +
“m-—1 m-—1

2 +
1u_]F(u)v” + (m

1
—Ash > h
2f = 1V11

+

- m -
u 2F2(u)+m_1vf1+ — hvyy

+ iu_lF(u) - F’(u)) h — (m — Dxh.

For arbitrary ¢ € [0, 1), we have

) 5
u lF*(u) - u |Fw)lh > 0,
m-—1 m-—1 m—1

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)
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and 1
— W PR + -lp > 2
e ey ey L
then we obtain
1 1-6, 1-6 26 202
“Ash>—— K + W 2F(u) + M@+ — _m_p o emm,
2 m-—1 m—1 m— -1 m-—1

+

2 +
1M_IF(u)vn + (m

iu_lF(u) - F'(u)) h—(m—1)kh

>1—6 5 m-mo—-1 , 22-m)

+ + h
m—1" "m-D-6) N 1

f : |F(u)| - uF'(u)) uth — (m - 1)«h.

Observe that for 6 = §; = max{0, 6o} € [0, 1), the following holds:

1 1 -0, m-—mo; — 1 2(2 —m)
~Ash > h* + 0 R
M= m=1 T m-Da-on " Tm—1

> hvy — (m — 1kh.

Combing (2.8) and (2.18), we obtain
hl -

—Ah

1-6F m—-md —1 2(2 —
>(a@— Dh7'|\VAP? +2 0502 4+ 0 2 ( m)hm —(m—=1)kh
m

o Y 5o ML

2-26; m—mo; — 1 42 —m)
>4(a — IV, + 00 42 0 2+
2@ =Dy + 2 m-D1-6)""" "Tm-1
m—mé;—1 1, 2(”1 2)
v —_—
(m—1)(1-67)

There exists a sufficiently large constant « such that

hviy — 2(m — 1)xh

2—25+
> 0h2+2(2a 24

h*|Vh| - 2(m = 1)xh.

m_

m—moégj — 1

20 — 2 >
WO - D -6 20

When a > «, we have

hi-e 2-265 , 2m-2
— A" 2 10h2 ;’1" vy - 2(m — 1)kh.

Thus, the proof of Lemma 231s Completed.

To prove Theorem 2.2, we also need Saloff-Coste’s Sobolev type inequality.

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

Lemma 2.4. ( [36,37]) Let (M”, g, e dv) be an n-dimensional complete smooth metric measure space
with Ric}1 > —(m — 1) kg, where k is a nonnegative constant and Bg (0) is a geodesic ball. For m > 2,

there exists a constant C,, depending only on m such that for all ¢ € C7’ (Bg (0)), we have

m=2

m mn _l
( gl2e de) < IV "’sz (Vo + R2¢*) e dv,
Bg

Br

where Vy = fBR e~dv.
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We also need an integral inequality concerning 2 = |Vv|?, which constitutes a key step in the
Nash-Moser iteration.

Lemma 2.5. [ 38 Lemma 3.1] Let (M” g e’ dv) be an n-dimensional complete smooth metric measure
space with Ric} Pz - (m — 1) kg, where k is a nonnegative constant and Bg (0) is a geodesic ball. Assume
condition (2.3) holds. Let u be a positive weak solution to (2.2) for any nonnegative cutoff function T
and positive number t. Then there exist constants a,, as, and ay depending only on m and 6 such that

Jorallt >ty = Cp g (1 + \/ER), there holds true that

m=2
m

. 2 ag+t m .
?’of heott e~ dy + @e"“VJZ’R_2 (f |h02T|f5-Ze_fdv)
Bk ! Bk 2.21)

a
<a R fh”°+’72e_fdv+—3f hov Ve dv.
Bgr t Bg

We also need the L} norm of 4 in B ® (0), which determines the initial data for the Nash-Moser iteration.

Lemma 2.6. | 38 Lemma 3.2] Let (M " ge’ dv) be an n-dimensional complete smooth metric measure
space with Rlc — (m — 1) kg, where k is a nonnegative constant and By (0) is a geodesic ball. Assume
condition (2.3) holds. If wis a positive weak solution to (2.2) for y = (ao + to) =5, there exists a positive
constant a; = a;(m, 6;) > 0 such that

y 1 f2
hye‘fdv) smw 0 (2.22)
(L3R/4 fRz

At this point, we are able to provide the proof of Theorem 2.2 through the Nash-Moser iteration method.

Proof. For convenience, we introduce the following notation:

m=2

“0‘”‘ 2m "
25, (f I Twe-fdv) .

Next, we remove the first term from (2.21), and consequently, we get

ag+t
2

m=2

a _ ot om e\
= ’°V”’R f |h = t|nze/dy
t Bx

a4t2
<F h* 2=l dy + —f h |\ Ve~ dv
Br

aut?
Sf ( 102y |VT| )h"(’”e_fdv,
R
Br
m=2

( f |h"°z”T|r3””ze—fdv)
Br (2.23)

_2
<e®V,” f (—to RZIVle)h"O” “dv.
B \ 42
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(o)

e Where

Then, we choose an increasing sequence {y;}

nmyp
m-—2’

yi=y and yu = k=1,2,...,

(o)

as well as a decreasing sequence {r},"

satisfying

R R

Sty k=12
2 T

Tk

Next, we can pick {7:};2, € C;(Bg(0)) such that

C4k
7 € Cy (B, (0)), 71 =1inB, (0), and |Vrl< =

By setting t = 4, T = 74, and #, + @y = Y, in (2.23), we deduce that

@+, 2m .
(f Ih OZkaIm—Ze_fdv)
B,

k

2 a a
<eV," f (—4t3tk7',f + —3R2|V7k|2) heo*te~f dy
By,

m=2

m

a a

-2 a as -
<eV.” f (it%tkr,% + —C216k) heo*ke™t dy
B, \ 42 a

-2 {ay as _
<"V " | =g+ —C?165) | h**%e dy
f a a By,

k
<evy T (L2 (z0+a0)(l) +@0216k) f hoot e dy
a m-—2 a B,

k

f %t% (to + @) 16" + @C216")f Koottt gy,
ay ar 5

k

There exists some constant ag such that

m=2

g+t m _2
( f Ih °z"rk|»fze-fdv] < asty 1640V, f he dy.
B, B,

k k

Then, by raising both sides of (2.25) to the power of 1/vy,, we obtain

m=2

1
g+, 2m "k -2 1 k - Yk
(f |h Oszkl’”‘ze_fdv) < (agtgeton ") 167 (f h”‘e’fdv) )
B, B,

k k

Thus, by the definition of vy, and being @ + #; = y,, we reach

i

1 1

Yk+1 _2 1 k Yk
h”‘”e‘fdv] < (agtget"Vf’")nlwk (f h”‘e_fdv] ,
B,

Tk+1 'k

(2.24)

(2.25)

(2.26)
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which implies that

1

||h||L3:k+|(Brk+1) S (agto [()V m) 67k||h||Lyk(B )

By iteration, we get

oo

2
3 o P
il ) < (astieV; ) L6571

‘We observe that

- 1 Nk 2

Sl e YR
oy 2n oy 4n
Then, letting k — oo in (2.28) yields the following inequality:

3 l() 2:31 4 .Bl

There exists ag > 0 such that
i )772
ag > (a foe ’0) 1 16%.

Thus, we have

Al (Bry) < a9V Hh”Lﬁ‘(ByW)‘
Based on (2.22), we obtain
(1 + VKR)?
||h||L;°(BR/2) < alOTa

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

where a9 = (19(176"%1 s+- Recalling h = [Vv[> and v = Inu, we arrive at the required estimate. Thus, we
70

finish proving Theorem 2.2.

Now we prove Theorem 2.1.

O

Proof of Theorem 2.1. If the conditions in Theorem 2.2 are satisfied, then for some constant g < 1,

there holds

—[(m F1)F @) +260|F(t)|] _tF' (1) =0, V>0

When F (1) > 0, let 8 = -~ (m + 1 + 26), and according to §, < 1, we have 8 < £ and

0<— ! 1[(m+ 1)F(t)+250|F(t)|]—tF’(t)

= L[(m +1)+ 260]F(r) —tF' (1)
m-—1
=BF (t) —tF’' (1).

When F (1) <0, letS = ﬁ (m + 1 —26p), and according to 6y < 1, we have § > 1 and

0< L[(m 1)F(t)+260|F(t)|] _ P (1)
m-—1

= L[(m +1)- 260]F(t) —tF (1)
m-—1

BF (t) —tF' (1).
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To conclude, .
m[(m 1) F (1) + 26, |F(t)|] —tF' ()20

and
BE () —tF' (1) >0

are equivalent for any F under the condition 5 € (1, ’"—+3)

m—1

From the conclusion of Theorem 2.1, when k = 0, for any x € Bg/» (0) C M, we obtain

sup IVl Cinay (2.32)
Brp(o) U - R .
Letting R — oo in (2.32), we have
Vu=0, VYxeM. (2.33)

Therefore, u is a positive constant on M.
3. Proof of Theorem 1.4 and related corollaries

Following the approach in [39, Theorem 2], we apply Theorem 2.1 to demonstrate Theorem 1.4 and
the associated corollaries.
Let u € C? (M) and G be the function defined by (1.11), (1.13), (1.15), or (1.16). Clearly, in all cases,
G is a monotone function, and thus G has an inverse function G. Set H = G (u). Then a computation
shows that
A/H = G'(u)Aju + G” (w)|Vul*. 3.1

Proof of (i) of case (1) in Theorem 1.4. Assuming (1.10) holds and G is defined by (1.11), then G
i1s a monotone function, and its inverse function is denoted by G. Furthermore, we observe that u > 0
implies H > 0. We define F by

F(t) = F(G(0)e™ ), 1> 0. (3.2)

Combing (3.1) and (1.1), we have
A/H = G’ (u) Aju + G” (w)|Vul?
_ em(”)[Afu n W(u)|Vu|2]

(3.3)
= - F (1)

= —-F(H).
Therefore, by making the change of variable H = G(u), (1.1) can be transformed into A H + F(H)=0.
Since H > 0, it follows Theorem 2.1 that if F satisfies
F(H)

£q) (3.4)
H

F'(H)<p
with 8 € (1 m—+3), then all positive solutions of AyH + F(H) = 0 are constant.

> m—1
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Meanwhile, from (3.4), we have
F (G (H) G (H) ") + F (G(H)) e™ ™)’ (G(H)) G (H)
F (G (H)) e”(6tD) (3.5)
H
By dividing both sides of (3.5) by G'(H)e™(¢®)  we have

F(6() < [ — o' (G(H)) ]F (Gu).

G'(H)H
Because H = G(u) and u = G(H), by applying (1.10) and (1.11), we have

o (u)

F'(u) < G

B

- W(u)]F (u).

Therefore, if F satisfies the above inequality with 8 € (1, ﬁ—ff), then the solution of (1.1) is a constant.
Thus, the proof of (i) of case (1) in Theorem 1.4 is completed.

Proof of (ii) of case (1) in Theorem 1.4. Supposing (1.14) is satisfied and G is given by (1.15),
then G is a monotone function, and its inverse function is denoted by G. Moreover, u > [ implies
H > 0. We define F by (3.2). Similar to the proof of (i) of case (1) in Theorem 1.4, by making the
change of variable H = G (u), (1.1) can be transformed into A H + F(H) = 0. By Theorem 2.1, it
follows that if F satisfies .

F(H)

“H

with 8 € (1, Z—f), then every positive weak solution of A¢H + F(H) = 0 is constant. Through calculation,
we can obtain 3

G'(H)H
Since H = G(u) and u = G(H), by using (1.10) and (1.15), we obtain

F'(H)<p

F'(G(H)) < [ - o' (G(H)) ]F (G)).

o (u)

G(u)

Flu) < [,8 - W(u)]F ).
Therefore, if F satisfies the above inequality with 8 € (1, ﬁ—ff), then the solution of (1.1) is a constant.
Then we complete the proof of (ii) in case (1).

Proof of (i) of case (2) in Theorem 1.4. Assuming (1.12) is satisfied and G is given by (1.13), then
G is a monotone function, and its inverse function is denoted by G. Moreover, u > 0 implies H > 0. We
define F by (3.2). By repeating the proof of part (i) of case (1) in Theorem 1.4, when H = G (), (1.1)

can be transformed into A H + F(H) = 0. In light of Theorem 2.1, it follows that if F satisfies

. F(H)

F'(H) < p——,
(H)<p i

with 8 € (1, %), then every positive solution of AsH + F(H) = 01is constant. Then we can obtain

F(6() < [ — o' (G(H)) ]F (Gu).

G'(H)H
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Since H = G(u) and u = G(H), by using (1.10) and (1.13), we obtain

o (u)

F'(u) < [—,Be

Gan - W(u)]F(u).

Consequently, if F' satisfies the inequality with 8 € (1, %), then the solution of (1.1) is a constant. This
completes the proof of part (i) for case (2) in Theorem 1.4.

Proof of (ii) of case (2) in Theorem 1.4. Assuming (1.14) is satisfied and G is given by (1.16), then
G 1s a monotone function, and its inverse function is denoted by G. Moreover, 0 < u < [ implies H > 0.
We define F by (3.2). According to the proof of (i) of case (1) in Theorem 1.4, if H = G (u), (1.1) can
be transformed into A¢H + F(H) = 0. It follows Theorem 2.1 that when F satisfies

. F(H
F' (H) sﬁ%,

with 8 € (1, anj)’ then every positive solution of A¢H + F(H) = 0 is constant. Through calculation, it is
easy to obtain

B
G'(H)H

Because H = G(u) and u = G(H), by using (1.10) and (1.16), we have

F (G(H)) <

- o' (G(H)) ]F (Gm)).

w(u)

G(u)

F'(u) < [—,8 - W(u)]F (u).
Therefore, if F satisfies the above inequality with 8 € (1, n’j—f), then the solution of (1.1) is a constant.
Hence, (ii) of case (2) in Theorem 1.4 follows. Thus, we complete the proof of Theorem 1.4.
In what follows, we prove Corollary 1.5.
Proof of corollary 1.5. It is easy to see that W = —¢~! satisfies (1.14) and @ () = —log .
If G is defined by (1.15), we have

G =log-, t>1L

o~ =~

If G is defined by (1.16), we have
[
G@) :log;, O<t<l.

From Theorem 1.4, the condition on F' changes to

1 F
F'(n<[l +ﬁ@]¥,

which must hold for ¢t > [ or for 0 < ¢ < [, respectively. Hence, we have completed the proof of
Corollary 1.5.
Proof of corollary 1.6. When F (1) = Y1, au® — ¥'_, bju?’, where a; > 0, b; > 0, and a; and S

are constants, by applying Theorem 1.4, we obtain the following:
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(1) If F(u) satisfies (1.17), we have

then we have

J=1
(1) If F(u) satisfies (1.18), we have

then we have

- W(u)) u— bjuﬁf_] .

Thus, we have

(1)

k - -
Z _a,- - (iﬁg(u) — W(u)) u‘ a;u®!

@ (1)

G(u)

< »ﬁj—(iﬂe —W(u))u—bjuﬁf_l.

ew(u)

o~ W(u)) u < By. Then u = C for some root

Now we set @y = max (@;), Bp = min (,Bj). Let a9 < (iﬁ
1<i<k 1<j<
Cof 3%, qu® — 2321 bjuPi = 0. Hence, we have proved Corollary 1.6.
4. Conclusions
In this paper, we establish Liouville-type theorems for positive solutions of equation (1.1) on smooth
metric measure spaces with nonnegative m-Bakry-Emery Ricci curvature. By combining the Saloft-
Coste Sobolev inequality with the Nash-Moser iteration, we derive gradient estimates that lead to the

triviality of solutions under suitable assumptions on W and F. Our main result extends and unifies the
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works of Lu and McCoy, covering a wider range of parameters and general gradient nonlinearities. As
applications, we treat the critical case n = 1 and polynomial-type nonlinearities. The method is robust
and may be extended to parabolic problems or settings with lower regularity.
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