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Abstract: Due to the importance in physical applications and mathematics, the stability problems
of partially dissipative hydrodynamic system have attracted considerable attention in recent years
and achieved significant progress. However, research on the stability analysis for the partial fractional
dissipative system is relatively limited. The present study demonstrates the stability of a two-dimensional
(2D) incompressible magnetohydrodynamic (MHD) system with fractional vertical dissipation and
magnetic damping within the Sobolev space H*(R?). In view of the presence of fractional order
operators, classical tools and techniques designed for the fully dissipated MHD system no longer work;
therefore, we develop new anisotropic inequalities that involve fractional derivatives to address this
issue. Our result extends and improves the work in [Nonlinearity, 2021, 34(4): 2527].
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1. Introduction

As a fundamental theoretical model in continuum physics, the magnetohydrodynamic (MHD) system
characterizes the dynamic behavior of conductive fluids including plasmas, electrolytes, and liquid
metals (see, e.g., [1,2]), and has become an indispensable mathematical tool in astrophysics, controlled
thermonuclear fusion, geophysics, and many other scientific fields [3]. The MHD system includes the
Navier-Stokes equations, which govern the changes of momentum and energy of fluids, and Maxwell’s
equations, which govern the physical properties of fluids. With the ongoing expansion of plasma research
and its applications, investigations on the MHD system have also deepened. The basic issues include
the existence, uniqueness, and stability of solutions. As research progresses, investigating the impact
of different dissipation mechanisms (such as partial or fractional dissipation) on these fundamental
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properties has become a focus. A great number of works have addressed the stability issues of related
systems [4—8], while the global well-posedness theory is established in [9, 10], and relevant existence
results can be found in [11].

The standard MHD system includes fully dissipative terms, and its study has been relatively in-depth.
However, due to the complexity of physical phenomena and practical applications, the assumption of
full dissipation may not be applicable in some special physical cases; therefore, many researchers are
dedicated to studying the partially dissipative MHD equations. Specifically, Feng, Hafeez, and Wu [12]
established the stability of solutions to the following 2D MHD system with only vertical dissipation and
magnetic damping in H*(R?),

Ou+u-Vu+VP=vdpu+b-Vb+d,b, xecR?>® >0,
ob+u-Vb+nb=>b-Vu+0u, (1.1)
V-u=V-b=0,

in which v > 0 and n > O are the coeflicients of viscosity and magnetic diffusion, respectively, and
the key variables are defined as follows: the velocity field u = (u;(x, 1), u>(x, 1)), the magnetic field
b = (b\(x,1), by(x,1)), and the scalar pressure P = P(x,1).

A key point to mention is that the partial dissipation term in System (1.1) is integer-order. Addition-
ally, there are many other results focused on the stability analysis for the integer-order partial dissipative
MHD system, with abundant findings for the 2D case [13-17] and further developments in the 3D
setting [18-22].

However, integer-order differential equations may not be accurate enough to describe some complex
physical processes, especially those that involve properties such as memory effects and non-local
diffusion. In the study of the MHD system, fractional dissipation terms can be used to describe more
complex interactions between magnetic fields and fluids, which is particularly important to study
large-scale systems such as geophysical fluids and solar wind-magnetosphere interactions. There are
relatively few studies on the stability of the fractional partial dissipative MHD system, and the related
results can be found in [23-27].

Inspired by [12], it is natural to think that if we extend the integer-order dissipation of (1.1) to the
fractional order, will the stability result still hold in the Sobolev space H*(R?)? This article aims to
address this question and provide a positive answer.

We investigate the stability of solutions to the following 2D MHD system with fractional vertical
dissipation and magnetic damping:

ou+u-Vu+VP+vAu=b-Vb+0,b, xeR> >0,
0b+u-Vb+nb=>b-Vu+0u,

V-u=V-b=0,

u(x,0) =ug(x), b(x,0) = by(x).

(1.2)

Here, the fractional partial operator A3* with > 0 is defined via its Fourier transform as follows:
A FE) =16l f().
The primary result established in our work is presented below.
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Theorem 1.1. Assume v,n > 0 and « € (0, 1]. For System (1.2) with the initial data (uy, by) € H*(R?)
that satisfies divug = div by = 0, there exists a constant € := €(v,n) > 0 such that if € < € and

ol + [1bollr2 < €, (1.3)

then (1.2) possesses a unique global solution (u, b) that verifies

t
le(D)Il7 + 1B, + f (A3, + IB@)II7 + 11012 (DI},) dr < Coe? (1.4)
0

for some constant Cy > 0 and all t > 0.

Remark 1.1. Feng, Hafeez, and Wu [12] established the stability of System (1.2) in the case when
a = 1. Under the same initial conditions and the same framework of the Sobolev space H*(R?), Theorem
1.1 extends the admissible range of the dissipation index « to (0, 1].

The improvement of our result relies on the new analytic tools employed in our proof. In [12], the
authors used the classical Sobolev inequality

1 1
1@ < CU o I

which is applicable to the study of integer-order dissipative problems. In contrast, we employ the
following Sobolev inequality that involves a fractional derivative:

1
@) < CUIfll2w) + A2 fll2m)s

which allows us to handle fractional dissipative terms in a lower regularity framework.

Next, we sketch the proof framework for Theorem 1.1. The key techniques employed here include
energy estimates and the bootstrapping argument. A natural starting point is to construct an appropriate
energy functional, which consists of two parts:

EM) = &)+ EN), (1.5)
where
&1(1) 1= sup e, B)Df: +2 fo (VIASu()I. + b)) dr. (1.6)
&) = f 1017, dr. (L.7)
0

We are going to prove that &E(¢) fulfills an appropriate energy inequality
&(1) < &(0) + C&E(1)?, (1.8)

from which we can deduce a uniform global bound under the condition that the initial data are small
enough. This allows us to conclude the stability result.

The remainder of this paper is structured as follows: Section 2 presents important anisotropic
inequalities that involve fractional derivatives, and Section 3 is dedicated to proving Theorem 1.1.
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2. Preliminaries

Next, we introduce essential interpolation inequalities of a 1D function on the whole line R, which

form a key basis to derive the anisotropic inequalities in R?.

Lemma 2.1. ( [28]) Take an arbitrary 1D function f = f(x) as follows:
(1) suppose that f(x) € H'(R), then

1@y < CIIfIILz(R)IIf ”Lz(R);
(2) suppose that f(x) € H%”(R) with € € (0, +00), then
1Ay < CAL e + A2 Flliz);
(3) suppose that f(x) € H*(R) for any a € [0, 1], then

A1, 2, o, < AL AT Pl

As a consequence of (2.1)-(2.3), we derive the anisotropic inequalities in the lemma below.

Lemma 2.2. Take an arbitrary function f = f(x1, x,) on R? as follows:
(1) suppose that f € H'(R?) with y € [0, 1], then

IIfII% - CIIfII IR2>II/\7fIIL2R2),

)(

and in particular, when y = 1,
||]“||LOo L2 (Rz) S C”f”LZ(RZ)”aZf”LZ RZ)’
(2) suppose that f € H*(R?), then
||f||L°°(R2) < Cl|f||L2(R2)”81f||L2(R2) |62f||L2(R2) |8 aZf”LZ(Rz)a
while if f € H'*?¢(R?) with € > 0, then
lie lie lie, 1ye
1Sl m2) < C(||f||L2(R2) + ||/\12 f||L2(R2) + ||A§ f||L2(R2) + ||A12 Aé f||L2(R2));
(3) suppose that f € H'*(R?) with € > 0, then

A1l 2 <C(|A flzgey + 1A, A2+f||L2(R2)

L" Ly (R?)

where n € (0,1] and € > 0.

2.1)

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

2.7)

(2.8)

Communications in Analysis and Mechanics Volume 18, Issue 3, 593-609.



597

Proof. First, we prove (2.4). It follows from (2.3) that

2

Ly (R)

I g
Ly, L}

X1

L3, (R)

Y
<4WM®Mﬂ@®

L}, (®)

C”f”LZ(RZ ||A7f||L2 RZ)
To prove (2.6), we use the Minkowski inequality and (2.1) to obtain the following:

|mmmeWWm®

Ly ®)

Ly (®)

< CllIA s,

w@ﬂqw

1
2 ‘
5 ®)

C”f”Lz(Rz ”alf”LZ(RZ)”aZf” RZ)”a 62f||L2(R2)
Similarly, for (2.7), we resort to (2.2) and obtain the following:

+e
s = 1], ) < € 0+ AT Pl

1z, (R))

lie Lie l+e
+ C AT Pz o+ IAT AT Flliz

L3, (R)

1621y o 91821115

L3, ®R)

scwuwmmwM

L5 (®)

lie
< C?(HufnL; 185l

< 11, 0 + 1AT Uz, e

L, (R)

L3, (R)
lie Llye lie Llie
<C (||f||L2(R2) +IAT fllewey + A fllege) +IIA] A5 f||L2(R2))-

For (2.8), applying the Minkowski inequality, (2.2), together with the Sobolev embedding H =3 R) =
L%(R) with 7 € (0, 1], we obtain the following:

A1l 2 =C

L" Ly (R?)

5 tTE€
SCWN%®HMfﬂLM

2
'I

e
scbmm P
La®M2 ®) b ® 2 (R
i 3 e
scﬂmzﬂmwywmzAlfmmﬁ.
Hence, the proof for Lemma 2.2 is completed. O
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3. Proof of Theorem 1.1

In this section, we dedicate our attention to demonstrating Theorem 1.1, with our primary efforts

focused on establishing (1.8).

Proof of Theorem 1.1. Since ||(u, b)||2 is equivalent to ||(u, b)||;2> + ||(u, b)||z2, we only need to bound

the L? and H?*-norms of (u, b). Notably, in view of V-u = V - b = 0, we have the following:

! !
()2 + I + 2v f IASu(D)IE dr + 2 f IB()IZ dr = ol + 1Bl
0 0

For the H*-norm estimate, we take 82 (i = 1,2) to (1.2), then dot with (6?u, 8?b) to obtain

1d < 2 2
3d Z(Ilafu(t)lliz +187b()I2,) + vz 162 Agul?, + 1 Z 167B]1%,
=: 11 +12+I3+I4+15,

where

2
=35 [0 0

2
L = —Z f@f(u -Vu) - d’u dx,

2
L=y f (@b - Vb) — b - VO?b) - u dx,

2
Li=-) fa?(u . Vb) - 8b dx,
) l
Is=> f (0%(b - Vu) — b - Vou) - 8b dx.
Here, we use that

2
> f (=b- Vb - 3*u — b - V6*u - 0°b) dx

2
:Zf(b-va,?u.afb—b-va%u.afb)dx:o.

Through integrating by parts, we obtain the following:
Il =0.

For the estimate of I, we split it into four pieces as follows:

[2:—faf(u-Vu)-&%udx—f@%(u-Vu)'aiudx

3.1

(3.2)

(3.3)
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—fa%u-Vu.aiudx—zfalu-valu-a%udx

—f6§u~Vu-8§udx—2f62u-V@zu‘ﬁgudx

g+ Iy + Iy + Doy,

Next, we estimate each of these terms separately. First, by the Holder inequality and (2.7), we have the
following:

Iy —faﬁu-Vw@fudxs 16 all 21 Vel |7l 2

N

102, (||Vu||Lz AT Va2 + A Va2 + ||A%“A§*GVu||Lz)
< 10l -+ 110yl el | AS o
this step relies on the facts that
IVatll2 + AT Va2 + 1A Va2 < [l
and
AT A Vull,2 < AL . (3.4)

Here, the derivation of (3.4) is based on the following reasons: if @ € (0, %], then one chooses €
sufficiently small to get

lie Llie lie, liea
AT A5 Vull =1IA] A5 "ASVull2 < |ASullqe.
Alternatively, if a € (%, 1], then we set e = a — % and obtain that
Tt \ gte ap@ @
AT A" Vull,z = IATAS Va2 < IASully.

Then, for any « € (0, 1] and an appropriate €, the estimate (3.4) holds true.
Similarly, for I,,, I3, and 1,4, one has the following:

=<2 [ oy Vo G dx < 1010wl V0l

A

1 1 1 1
2 s+€ s+€ 5+€ , 5+E
1012l (||<91u||u+||1\12 Oullz +IIA,) Ol +IIA] A, 51u||L2)

2
S l01ully lleellzz + 101wl lleell 2| AS w2

I3

- f B Vu - B dx < 103l Val

A

1 1 1 1
2 12 5+e 5+e s+€ \ 5+€
||(9zlt||Lz(||Vlt||Lz+||A12 Vullz + 1A, Vall + 1A A, Vullu)

2
S Al lfeell e
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by = —2f<92u - Voou - dudx < ||ull 21|02l = IV Opull 2

1 1
s+e s+eE

1 1
2 s+e s+e
S 10oully, (II02u||L2+|IA1 doullz + 1A Ol + IIA] A, é’zullLZ)

2
S IASully el g
Thus, we obtain the following:
2 2
b < 21012l + [1ASully,).

For the term 15, we first decompose it into two parts as follows:

2 2
I = 22[&,-1; -VO:b - Bu dx + Zfa§b~v1;~afudx
=: Iz + I5;.
We further split /3, into the following two sub-terms:
L = 2f61b . Vc?]b . 8%” dx + 2f(92b . Vazb . G%udx

=: Ly + L.

(3.5)

In what follows, we will estimate terms I3;; and I51,. For I511, by using the Holder inequality, (2.4), and

(2.8), we have the following:

1311 :2f51bV61b8fudx

2
< ||Valb||L§ZL§l ”albllL%Lm l|oyull =P

27 Xy X

Ia I 5 .
< Bl (1,7 01Blliz + 18,7 A 0ulz ) 10Fal L IAS Gl

2 2
S bl el + 11B1 1A w2

Analogously,
L =2 f 02b - VO,b - H3u dx
2
S IOl 10201, 1930,
l=a la 1., Lo 1

< 1Bl (A7 Bobl + 1AL A ™02l ) 103l 1AS O3l

< IBIE Ml + 1BIZAIA 2l
and

132:fﬁfb~Vb~6fudx+f6§b~Vb-6§udx
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< IVBll 2
L(] (o8]

2

2 2
(”a1b||L}.2L)%1 ”alu”L,fz“Lz

X

2 2
+ ”azbllL}(zL)%l ”82u||L 2
1

la o 1ie Lo 1
< (||A; Vblliz + A7 A Vanz)||b||Hz||v2u||;2||A2v2u||;2

2 2
S bl el + N1B1 1Al 2.

Therefore, we deduce the following:

2 2
I < |1l Ml + 1B A ull 2

< (laelle + 1Bllz)IBI, + IASully,).

In what follows, we deal with I,. First, we split /, as follows:

2 2
14:—2Zfa,-u-va,-b-afbdx—Zfa$u~Vb~afbdx

=: Iy + Iy

For 1,;, by the Holder inequality, (2.7), and (3.4), the following holds:

2
li=-2) f O - Vb - 32b dx

27112
< IVBIILIVal|
Lve Lte 1+e

lie
< 11B13,, (IIVuIIL2 + 1A Va2 + ATVl + |ATAZ Vu||L2)

2 2
S bl el + N1BI 1A w2

Regarding I,,, by the Holder inequality, (2.4), and (2.8), one infers the following:

2
142:—Zfa$u-v1;-a$bdx

2 2
< I92bllz i3, IVBI 5 V2l

2
I-a 2
L) Ly L3,

1 e 1, Lo 1
< Bl (1, VBl + 1A, AT Vbla | IVl V2l

2 2
S IBll7 el g2 + 1B NIAS w2
Therefore,

2 2
Iy < 1Bl llullse + 11515 | A ull 2
2 2
S (lleellzz + 1612 + Al

Similar to /4, we also have the following:

Is 5 (el + 1Blls2) BN + 1ASu]F,).

(3.6)

(3.7

(3.8)

Communications in Analysis and Mechanics Volume 18, Issue 3, 593-609.



602

Now, plugging (3.3), (3.5), (3.6), (3.7), and (3.8) into (3.2), we arrive at the following:
1d
Ed—t(IIVZu(t)Iliz + VI + VIVEASull?, + nllV3bII7,
< (el + 1Bl2)IBIG: + IASul, + 101ull7,). (3.9)

Therefore, by integrating (3.9) over time, one concludes the following:
t
IV uI, + IV2B()II7, + 2f(V|IV2A§uIIiz +7lIV?blI7,) dr
0
t
< lluolly, + lIboll7, + f(llullyz + 11Bll2) (1B, + IASully,, +110,ull7,) dr
0

!
< llwoll + lboll7. + sup (laell + 11B1lz2) f (IBII72 + IASull;, + 101lly,) dr, (3.10)
0

0<r<t

which, together with (3.1), yields the following:
E1(1) < E1(0) + E(D)? + &), (3.11)

Next, we are in a position to bound ||0,u||:. To this end, we will present the estimations of ||0;u||;2
and ||0u||g: . From the second equation of (1.2), clearly,

ou=0b+u-Vb+nb->b-Vu. (3.12)
Dotting (3.12) with d,u in L? and integrating over R?, one gets the following:
101ully, = f@lu -0:bdx + fu - Vb - dudx
+77fb-61udx—fb-Vu-81udx::Nl+N2+N3+N4. (3.13)
For N, use the first equation of (1.2) to derive the following:
N, = ditfalu-bdx—fb-61(—VA§"u+b-Vb+c’)1b—u-Vu—VP)dx
=: Ny1 + Nig + Ni3 + Nia + Nis + Niys.

It is clear that N1 = O in view of V - b = 0. By integrating by parts, the Holder inequality, and the
Young inequality,

Ny = vfb-alAg"udx = —vfalb-Ag"udx
< 101012 1A5  ullz2 < 1Bl lIAS Ul < 11BIE, + IASul .

Similarly, with respect to N3 and N4,
N13 = —fb 01(b . Vb)dx = f@lb . (b . Vb)dx
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< 1Bl 1101 b1V Bl < 11611}

H2°

and
N = —fb -0ibdx = falb -81b dx < ||bI[;,..
By the Holder inequality, integration by parts, and (2.5),
Nis = fb -01(u - Vu)dx = —f@lb -(u - Vu)dx
< 101bll2 iz el 2 1Vl 2 e

1 1 1 1
< 1101 B2l 165l 2, | V]|, 16,

1 1
S 1llel10uell 1Al leell 2,
where we have used the fact that

1 1
2 2
122, 5 2y < O 1011 (3.14)

and its proof is similar to that of (2.5).
By a similar argument as the one for N;s, we can bound N, and N, as follows:

szfu~Vb~61udx

1 1 1 1
< 1012 1VBI1Z, 18, VB el 10, ]

3 1
S |10l 1Bl (1Bl 2 + Nleel| 122,

N4:—fb-Vu-(91udx

1 1 1 1
< 19l 2Vl 10, Val 2, 1B, 10511

3 1
S 101l 1511 (1Bl + lleellpr2).

Additionally, it is obvious that
N3 = nfb Owdx < 10ull2lIbll: < 161ully, +11BI7 .

This completes the L? estimate of §,u. Next, we begin to establish the H' estimate of d;u. From (3.12),
we obtain the following:

VO, ull?, :fValu-atVbdx+fV@lu-V(u-Vb)dx

+an61u~Vbdx—fV6]u~V(b~Vu)dx
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=M+ M, + Mz + M,. (315)
For M|, integrating by parts and the equation for u in (1.2) give the following:
d
M, = Efvalu -Vbdx — be-Val(—vA%“u +b-Vb+0,b—u-Vu—-VP)dx
=My +Mpjp+Msz+Mys+ Ms+ M.

Clearly, M, = 0. Through integrating by parts, combined with the Holder inequality and the Young
inequality, one has the following:

My =v f Vb - VO, A udx = —v f 0,Vb - A3*Vu dx
S 10, VBN Vaulle < 1Bl ASullye < 1Bl + IASu],..
By the anisotropic inequality (3.14), we arrive at the following:
Mi; = —be -VOo,(b-Vb)dx = f(91Vb -V(b-Vb)dx
= f61Vb-Vb-Vbdx+ f61Vb-b-V2bdx

1 1 1 1

< 10, VBIl2 VB 10, VBIL VBIL 10, VAL,
+ 101 VBI|,2|IV?Bl| 2 ||b]| 1

< bl

H?2

M15:be~V(')1(u-Vu)dx:—fAb-@l(u-Vu)dx
:—fAb-61u-Vudx—fAb-u-81Vudx

1 1 1 1
< 1ABI|2110,ull% 116, 812l 2, Vul %, 16, V|,
+ 11AD 2 el 10, Va2

< 1Bl 1102l |1 leell 2.

Clearly,
My = - fw) -Voibdx = falvz; -0,Vbdx < 16, VB, < 1Bl
M, and M, can be bounded similarly as for M;s:
M, = fV@lu -V(u -Vb)dx

:fVc?lu-Vu-Vbdx+fV61u~u-Vzbdx
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1 1 1 1
< 198yl IV ull%, 16, Va2, V812,116, VB,
+ [IV0,ull 2l = 1V2B 2

S 101wl el |22 1Bl 2,

M4=—fV61u-V(b-Vu)dx
:—fV@lu-Vb-Vudx+fV61u~b~V2udx

1 1 1 1
< IV0ll2 VB2, 110, VB [ Vull 2,116, Vul 2,
+ VOl 21181119l 2

< 1101wl g el 211D | 2.
Obviously,
M; = anﬁlu -Vbdx < IVOull2IVBIl2 < 1101wl + 1Bl

Adding (3.13) to (3.15), integrating on [0, 7], taking the bounds above, and using the Holder inequality
to the time integrals, we achieve the following:

Ex1) < E1(0) + E1(D) + E1(D)} + E1). (3.16)
More precisely, the time integrals of Nj; and M, are bounded by the following:

fNndT:fb(x,t)-&lu(x,t)dx—fb(x,O)w’)]u(x,O)dx
0

S bollllwollzz2 + 1Bz el 2
< &1(0) + &:1(0),

!
fMlldT:fValu(x,t)-Vb(x,t)dx—fvalu(x,O)-Vb(x,O)dx
0

< bollm2lluoll g2 + |1DI| g2 [2e]] 2
< &E1(0) + &1(0).

Clearly,

A !
f Nis + Nuadr < f 1BI2, + IASuIE,: dr < &1(0),
0 0
and

f !
f Nydr < f 10,2l + 1Bll7. dT < E1(2) + Ex(0).
0 0
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By the Holder inequality, we obtain the following:

! ! f
[ Mde s [wbiidr < sup bt [ 101E, dr < &0
0 0 0

0<r<t

By the Holder inequality and the Young inequality, we infer the following:
t ¢ 1 1
mehanmwmmmmmmmm
0 0

f
2 2 2
< sup [l f(IIbIIHz + 10wl + IASully,) dt
0

0<r<t
< E(D2(E (1) + Ex(D))
S &) + &),

! ! 3 1
17Mdrstmemw;mwm+ﬂwmnh
0 0

!
< sup (lullz + 1Bll2) | (10 rully, + 1BI.) dr
0

0<r<t
< E(D2(E1(1) + Ex(1))
S &) + &),

Similar to N,,
f
f Nodr < E(H)? + Ex(1)?.
0

Furthermore, by the same estimates as above, we obtain the following:
! ! !
f My, + Miydr < E(D), f Mz dr Sal(f)%, f Msdr < Sl(t)% + 8z(l)%,
0 0 0

! s
f M, + M, dr < &,(1)? + & ()2, f M dt < &,(t) + E(0).
0 0

Combining all the bounds above gives
Ex(1) < E1(0) + (1) + Ex1) + &0 +E,(0)°,

which yields (3.16). Adding (3.11) to (3.16), and according to the definition (1.5), we can obtain the
following:

(1) < E(0) + CE(1)*.
The bootstrapping argument shows that if E(0) < €2, then there exists a € > 0 such that
&(t) < Cjé,

for Cyp > 0 and any ¢ > 0. The proof of Theorem 1.1 is now completed. O
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