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Abstract: This paper investigates the well-posedness of local smooth solutions for the vacuum
free boundary problem of the spherically symmetric non-isentropic compressible Euler equations.
At the free boundary, the system degenerates into a hyperbolic system while exhibiting a
singularity at the spherical center. To overcome these difficulties, a Lagrangian coordinate
transformation is introduced, converting the problem into an initial-boundary value problem with
fixed boundaries. Within this framework, the degeneracy of the system can be explicitly expressed
by the function ργ−1

0 (γ > 1) of the initial density, whose value equals the distance function near
the boundaries. Consequently, by employing the distance-dependent Hardy’s inequality and
weighted Sobolev spaces, the degeneracy and singularity of the system are successfully resolved,
and a priori estimates for the local smooth solutions are established. Specifically, by building upon
high-order time derivative estimates, the high-order spatial derivative estimates are rigorously
proved via mathematical induction. Crucially, the influence of entropy introduces additional
higher-order terms, necessitating boundedness of initial entropy derivatives up to a certain order.
Finally, we establish the existence and uniqueness of local smooth solutions.
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1. Introduction

This paper studies the free boundary problem associated with the spherically symmetric,
non-isentropic compressible Euler equations in the presence of a vacuum:

∂tρ + u · ∇ρ + ρ∇ · u = 0,
ρ (∂tu + u · ∇u) + ∇p = 0,
∂tS + u · ∇S = 0.

(1.1)

Let ρ, u, and S represent the electron density, velocity, and entropy, respectively. The pressure is
defined by the relation p(ρ) = ργeS , where γ > 1 denotes the adiabatic index (characteristic of
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a polytropic gas). Our analysis concentrates on configurations where ρ approaches zero at the
boundary, corresponding to a vacuum condition at the domain edge.

By introducing the spherical symmetry transformation
ρ(−→x , t) = ρ(r, t), r = |−→x | =

√
x2

1 + x2
2 + x2

3 ,

u(−→x , t) =
−→x
r
ω(r, t), t > 0,

(1.2)

system (1.1) admits the following restructured formulation:
∂t

(
r2ρ

)
+ ∂r

(
r2ρω

)
= 0,

ρωt + ρωωr +
(
ργeS

)
r

= 0,

S t + ωS r = 0.

(1.3)

We analyze the free boundary problem associated with system (1.3) on the time-evolving
domain (0,R(t)) × (0,T ], supplemented by the prescribed boundary conditions and initial data

ρ > 0, in (0,R(t)),
ρ(R(t), t) = 0, ω(0, t) = 0,
dR(t)

dt
= ω(R(t), t), R(0) = 1,

(ρ, ω, S ) (x, 0) = (ρ0(x), ω0(x), S 0(x)) , ρ0(x) > 0, in (0, 1),

−∞ <
∂ρ

γ−1
0

∂x
< 0, on x = 1.

(1.4)

Condition (1.4)2 necessitates the existence of a vacuum state in the electron density field, causing
system (1.1) to become degenerate due to the vanishing of density. Correspondingly, condition
(1.4)5 dictates the asymptotic behavior ργ−1

0 ∼ d(x) in the vicinity of x = 1, which is called the
physical vacuum condition in compressible fluid systems (cf. [1–7]).

For the vacuum free boundary problem, breakthrough results have been established concerning
both local and global smooth solutions to the compressible Euler equations [1, 8–16]. While
the proof of local smooth solutions for the non-isentropic compressible Euler equations with
vacuum free boundaries follows similar arguments to the isentropic case, the careful analysis
of entropy dependence becomes crucial when establishing a priori estimates (see [15] for
results on spherically symmetric compressible Euler equations with vacuum free boundaries).
A fundamental distinction emerges between isentropic and non-isentropic compressible Euler
equations when constructing global a priori estimates for vacuum free boundary problems.
Recently, Rickard, Hadžić, and Jang [17] made significant progress by overcoming key technical
challenges; they proved the existence of global smooth solutions for all adiabatic exponents γ > 1
through perturbations around a broad class of non-isentropic affine solutions. However, existing
research on local smooth solutions for the non-isentropic compressible Euler equations remains
relatively limited. Recently, Liu and Luo [18], combining Eulerian and Lagrangian coordinates,
proved the local well-posedness in the sense of Hadamard for the vacuum free boundary problem
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of the three-dimensional non-isentropic compressible Euler equations in low-regularity weighted
Sobolev spaces.

This paper develops the local well-posedness theory for smooth solutions to the free boundary
problem (1.3) and (1.4). Employing the Lagrangian transformation (2.1), we reformulate the sys-
tem as the initial boundary value problem (2.8) and (2.9). For γ > 1, we derive a priori estimates
using Hardy-type inequalities within weighted Sobolev spaces. Existence and uniqueness are
then established via a systematic degenerate parabolic regularization framework, supported by
precise energy estimates, which is formulated in Theorem 2.1.

The main difficulties handled in this paper arise from the following three aspects: (1) If the
density vanishes at the free boundary, then when system (1.1) is written as a symmetric hyperbolic
system, the coefficient matrix becomes degenerate. Consequently, the standard Friedrichs-Lax-
Kato theory of symmetric hyperbolic systems, which critically relies on a positive lower bound
of the density, is no longer applicable [6, 19]. To overcome this obstacle, we employ the
physical vacuum condition (1.4)5 to equivalently characterize the initial density function ργ−1

0
near the free boundary as the distance function d(x). This function serves as a weight in the
Sobolev embedding inequality, establishing a connection between the L2-norm and weighted
Sobolev spaces. In Lagrangian coordinates, the coefficients of the equation are exactly expressed
by ργ−1

0 (see equation (2.5)). Therefore, we establish the corresponding a priori estimates by
using Hardy’s inequality and weighted Sobolev spaces. Building upon this structure, we apply
Hardy’s inequality within the weighted Sobolev space framework to resolve this difficulty. (2)
Given the singularity of system (1.1) at the center x = 0, we establish key a priori estimates at
this singular point by enhancing the spatial regularity of the velocity field and incorporating
Hardy’s inequality. (3) The entropy effect introduces additional higher-order derivative terms,
necessitating boundedness of specific derivatives of the initial entropy. More precisely, under
isentropic conditions, eS 0 is constant and can be factored out from the second term of equation
(2.7); under non-isentropic conditions, S 0 depends on the spatial variable x and cannot be factored
out, which leads to additional terms such as terms 6, 12, and 13 in (5.3) in the higher-order
spatial derivatives arising in the elliptic estimates, all of which vanish in the isentropic case.

The subsequent sections of this paper are organized as follows. In Section 2, we introduce the
Lagrangian transformation, which reformulates the free boundary problem as an initial-boundary
value problem, and the main theorem is presented. Sections 3–5 are devoted to establishing
higher-order energy estimates for temporal and spatial derivatives, respectively.

Notations and weighted Sobolev spaces. For any positive integers i ≤ k, we denote Ci
k = k!

i!(k−i)! .
Set I = (0, 1), and let Hk(I) denote the usual Sobolev spaces with the norm ‖ · ‖k, especially
‖ · ‖L2(I) = ‖ · ‖0. For a real number l, the Sobolev spaces Hl(I) and the norm ‖ · ‖l are defined by
interpolation. The function space L∞(I) is simplified as L∞.

Let d(x) be the distance function to boundary ∂I,d(x) = dist(x, ∂I). For any a > 0 and
nonnegative b, the weighted Sobolev space Ha,b(I) is given by Ha,b(I) := {d

a
2 F ∈ L2(I) :∫

I
da|∂k

xF|2dx < ∞, 0 ≤ k ≤ b} with the norm

‖F‖2Ha,b(I) :=
b∑
0

∫
I
da|∂k

xF|2dx. (1.5)
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Then, the following embedding holds: Ha,b(I) ↪→ Hb−a/2(I), with the estimate

‖F‖Hb−a/2(I) ≤ C0‖F‖Ha,b(I). (1.6)

In addition, for any δ > 0, we also have the following embedding: H1/2+δ(I) ↪→ L∞(I), with the
estimate

‖F‖L∞(I) ≤ C(δ)‖F‖H1/2+δ(I). (1.7)

Hardy’s type inequality. [15] Consider a fixed real parameter k > 1. Suppose F is a function
defined in a neighborhood of the origin, and assume there exists some δ > 0 such that

∫ δ

0
xk(F2 +

F2
x) dx < ∞ . Then F obeys the following bound:∫ δ

0
xk−2F2 dx ≤ C(δ, k)

∫ δ

0
xk(F2 + F2

x) dx, (1.8)

where C(δ, k) denotes a constant depending only on δ and k.
The function F satisfies the prescribed condition in a neighborhood of the boundary∫ 1

1
2

(1 − x)k−2F2 dx ≤ C0

∫ 1

1
2

(1 − x)k(F2 + F2
x) dx, (1.9)

where C0 denotes a constant depending only on k.
It follows from (1.8) and (1.9) that, for k > 1, the following estimate holds:∫

I
dk−2(x)F2 dx ≤ C0

∫
I

dk(x)(F2 + F2
x) dx. (1.10)

2. Main results

We develop a Lagrangian transformation that converts the time-evolving free boundary
problem on (0,R(t)) to a fixed-domain initial-boundary value problem on (1.1) as follows:

∂tr(x, t) = ω (r(x, t), t) , t > 0, r(x, 0) = x, x ∈ (0, 1) . (2.1)

Defining by v(x, t) = ω (r(x, t), t) ,
f (x, t) = ρ (r(x, t), t) ,

the first equation of (1.3) can be expressed as follows:

f =

( x
r

)2 1
rx
ρ0. (2.2)

Consequently, combining this result with (1.3) yields
( x

r

)2
ρ0∂tv + ∂x

[( x
r

)2γ
(

1
rx

)γ
ρ
γ
0eS 0

]
= 0,

S = S 0.

(2.3)
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Substitute the results of (2.2) into (2.3)1, and introduce a new variable

σ(x) = ρ
γ−1
0 . (2.4)

Through straightforward algebraic substitution and simplification, we obtain

σα∂tv +

( r
x

)2
∂x

[
σα+1

( x
r

)2γ
(

1
rx

)γ
eS 0

]
= 0. (2.5)

Let ξ be a newly defined variable where

ξ =
r
x
. (2.6)

Consequently, (2.5) transforms into the following system:

xσαξtt + ξ2∂x

{
σα+1ξ−2γ(ξ + xξx)−γeS 0

}
= 0. (2.7)

With the identification u = ξt, differentiating (2.7) with respect to time yields

xσαutt + 2ξu∂x

{
σα+1eS 0ξ−2γ(ξ + xξx)−γ

}
− 2γξ2∂x

{
σα+1eS 0ξ−2γ−1(ξ + xξx)−γu

}
− γξ2∂x

{
σα+1eS 0ξ−2γ(ξ + xξx)−γ−1(u + xux)

}
= 0. (2.8)

The initial and boundary conditions (1.4) transform as follows:

ρ0 > 0, in (0, 1) ,
ρ(1, t) = 0 , u(0, t) = 0,
(r, u, S ) (x, 0) = (x, u0(x), S 0(x)) , x ∈ (0, 1),

−∞ <
∂ρ

γ−1
0

∂x
< 0, at x = 1.

(2.9)

Let I = (0, 1), with σ(x) = ρ
γ−1
0 and α = 1

γ−1 . Denote the integer part of α by [α]. We define
the high-order energy functional E(t) as follows:

E(t) =

3+[α]∑
j=0

E j(t) +

3+[α]− j∑
i=1

E j,i(t)

 , (2.10)

and

E j(t) =

∫
I

[
x4σα(∂ j+1

t u)2 + x2σα+1(∂ j
t u)2 + x4σα+1(∂ j

t ux)2
]

(x, t)dx,

E j,i(t) =

∫
I

[
x2σα+i−1(∂ j

t∂
i
xu)2 + x4σα+i+1(∂ j

t∂
i+1
x u)2

]
(x, t)dx, (2.11)

with the following compatibility conditions for k = 1, 2, . . . , 3 + [α]:

∂k
t u(x, 0) := ∂k−1

t

− (α + 1)(ργ−1
0 )xeS 0 + ρ

γ−1
0 ∂x(eS 0)

x

 |t=0, (2.12)

where S 0 is given by (2.3). In this paper, we denote P as a generic polynomial function of its
argument and P(0) = P(E(0)).
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Theorem 2.1. Let the initial density ρ0 ∈ C3+[α][0, 1], the initial boundary condition (2.9), and
the compatibility conditions (2.12) hold. If the following estimates hold:

E(0) < +∞ , ‖ρ0‖C3+[α][0,1] ≤ M0, (2.13)

and
sup
x∈I
‖∂k

xS 0‖
2
L∞(I) ≤ M0 , for 0 ≤ k ≤ [α] + 3,

with M0 being a positive constant, then there is a positive constant T such that the initial
boundary value problem (2.8)–(2.9) admits a unique smooth solution (ξ, u) in (0, 1) × (0,T ]
satisfying

sup
t∈[0,T ]

E(t) ≤ 2P(0). (2.14)

Proof. Employing analytical techniques from [6, 8, 15, 20], we first obtain the a priori estimate
(2.14) (using Lemmas 4.1 and 5.1). This estimate then facilitates a proof of local smooth
solution existence for the initial boundary value problem (2.8)–(2.9) via degenerate parabolic
regularization and the fixed-point theorem. Energy estimates subsequently verify uniqueness.
Detailed proofs are omitted here. �

Remark 2.2. Under the physical vacuum condition (1.4)5, we can take the initial density in the
simplified form ρ0(x) = (1 − x2)

1
γ−1 , which implies that as the adiabatic index γ approaches 1, the

density degeneracy near the free boundary becomes increasingly pronounced.

3. Some preliminaries

Let (ξ, u) be a smooth solution to the system (2.8)–(2.9) defined on the spacetime domain
(0, 1)×(0,T ]. Under the a priori assumption (3.2), the fundamental theorem of calculus guarantees
the existence of a temporal parameter T ∈ (0, 1) such that for all (x, t) ∈ (0, 1) × (0,T ], the
following estimates hold:

1
2
≤ ξx(x, t) ≤

3
2
. (3.1)

Within the framework of a priori estimates, the crucial estimate (3.2) will be used repeatedly.

Lemma 3.1. Assume T > 0, and let (ξ, u) be a smooth solution to the initial boundary value
problem (2.8)–(2.9) on the domain (0, 1) × (0,T ]. If the energy function E(t) remains finite, then
the following holds:

1∑
j=0

∥∥∥∂ j
t u

∥∥∥2

L∞(I)
+ ‖ux‖

2
L∞(I) +

∑
i+ j≤1+[α],2i+ j≥2

∥∥∥∥σ 2i+ j−2
2 ∂

j
t∂

i
xu

∥∥∥∥2

L∞(I)
(3.2)

+
∑

i+ j=2+[α]

∥∥∥∥xσ
2i+ j−2

2 ∂
j
t∂

i
xu

∥∥∥∥2

L∞(I)
+

∑
i+ j=3+[α]

∥∥∥∥x2σ
2i+ j−2

2 ∂
j
t∂

i
xu

∥∥∥∥2

L∞(I)
. E(t).

Proof. The proof consists of two parts, namely the estimate near the origin (3.7) and the boundary
estimate (3.11) and (3.12). For this goal, we define

I = I0 ∪ Ib, (3.3)
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I0 = (0, 1/2) , Ib = [1/2, 1).

To establish the estimate E j,0(t) . E j(t) for j = 0, . . . , 3 + [α], we apply Hardy’s inequality to
deduce ∫

Ib

σα−1(∂ j
t u)2dx .

∫
Ib

x2σα+1(∂ j
t u)2dx +

∫
Ib

x4σα+1(∂ j
t ux)2dx . E j(t). (3.4)

Therefore, it follows that

E j,0(t) =

∫
I

[
x2σα−1(∂ j

t u)2 + x4σα+1(∂ j
t ux)2

]
dx

.

∫
I0

x2σα−1(∂ j
t u)2dx +

∫
Ib

σα−1(∂ j
t u)2dx +

∫
I

x4σα+1(∂ j
t ux)2dx (3.5)

. E j(t), for j = 0, . . . , 3 + [α].

Thus, we have
3+[α]∑

j=0

E j(t) +

3+[α]− j∑
i=0

E j,i(t)

 . E(t). (3.6)

Step 1: (Near the origin)∑
i+ j≤1+[α]

∥∥∥∂ j
t∂

i
xu

∥∥∥2

L∞(I0)
+

∑
i+ j=2+[α]

∥∥∥x∂ j
t∂

i
xu

∥∥∥2

L∞(I0)

+
∑

i+ j=3+[α]

∥∥∥x2∂
j
t∂

i
xu

∥∥∥2

L∞(I0)
. E(t). (3.7)

To control the first term in (3.7) for indices j = 0, 1, . . . , 1 + [α] and i satisfying i + j = 1 + [α],

1+[α]− j∑
i=0

∥∥∥∂ j
t∂

i
xu

∥∥∥2

L∞(I0)
.

1+[α]− j∑
i=0

∥∥∥∂ j
t∂

i
xu

∥∥∥2

H1(I0)
.

∥∥∥∂ j
t u

∥∥∥
H3+[α]− j−1(I0)

.
∥∥∥∂ j

t u
∥∥∥

H2,3+[α]− j(I0)
.

3+[α]− j∑
i=0

∫
I0

x2(∂ j
t∂

i
xu)2dx (3.8)

.

3+[α]− j∑
i=0

∫
I

[
x2σα+i−1(∂ j

t∂
i
xu)2 + x4σα+i+1(∂ j

t∂
i+1
x u)2

]
(x, t)dx

.

3+[α]− j∑
i=0

E j,i(t) . E(t).

Regarding the second term in (3.7), for indices j = 0, 1, . . . , 2+ [α] and i satisfying i+ j = 2+ [α],∥∥∥x∂ j
t∂

2+[α]− j
x u

∥∥∥2

L∞(I0)
.

∥∥∥x∂ j
t∂

2+[α]− j
x u

∥∥∥2

H1(I0)

.

∫
I0

x2
(
∂

j
t∂

2+[α]− j
x u

)2
dx +

∫
I0

x4
(
∂

j
t∂

2+[α]− j+1
x u

)2
dx (3.9)
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+

∫
I0

x4
(
∂

j
t∂

2+[α]− j+2
x u

)2
dx . E j,2+[α]− j(t) + E j,3+[α]− j(t)

.E(t).

For the third term in (3.7), where j ranges over 0, 1, . . . , k and i = k − j with k = 3 + [α],∥∥∥x2∂
j
t∂

3+[α]− j
x u

∥∥∥2

L∞(I0)
.

∥∥∥x2∂
j
t∂

3+[α]− j
x u

∥∥∥2

H1(I0)

.

∫
I0

x2
(
∂

j
t∂

3+[α]− j
x u

)2
dx +

∫
I0

x4
(
∂

j
t∂

3+[α]− j+1
x u

)2
dx (3.10)

.E j,3+[α]− j(t) . E(t).

Step 2: (Near the boundary)

2∑
j=0

∥∥∥∂ j
t u

∥∥∥2

L∞(Ib)
+ ‖ux‖

2
L∞(Ib) . E(t), (3.11)

∥∥∥∥σ 2i+ j−2
2 ∂

j
t∂

i
xu

∥∥∥∥2

L∞(Ib)
. E(t), for 2i + j ≥ 3. (3.12)

We define db(x) = dist(x, ∂Ib), satisfying the bound

db(x) . 1 − x . σ(x), for x ∈ Ib,

and consider indices j with 0 ≤ j ≤ 2:

∥∥∥∂ j
t u

∥∥∥2

L∞(Ib)
.

∥∥∥∂ j
t u

∥∥∥2

H
4+[α]−α− j

2 (Ib)
.

∥∥∥∂ j
t u

∥∥∥2

H4+[α]− j+α,4+[α]− j(Ib)

=

4+[α]− j∑
k=0

∫
Ib

dα+4+[α]− j
b

∣∣∣∂k
x∂

j
t u

∣∣∣2 dx .
4+[α]− j∑

k=0

∫
Ib

σα+4+[α]− j
∣∣∣∂k

x∂
j
t u

∣∣∣2 dx (3.13)

.

4+[α]− j∑
k=0

∫
Ib

σα+k
∣∣∣∂k

x∂
j
t u

∣∣∣2 dx . E j(t) +

3+[α]− j∑
i=1

E j,i(t) . E(t).

To establish estimate (3.12) via inequalities (1.6), (1.7), and (1.10), we divide the analysis
into distinct cases based on whether the order is integer or non-integer.

Case 1: If α , [α], we define δ = 1
2 + [α]−α

2 . For all indices i, with j satisfying i + j ≤ 3 + [α]
and 2i + j ≥ 3,

‖σ
2i+ j−2

2 ∂
j
t∂

i
xu‖

2
L∞(Ib) . ‖σ

2i+ j−2
2 ∂

j
t∂

i
xu‖

2

H
2+[α]−α

2 (Ib)

=‖σ
2i+ j−2

2 ∂
j
t∂

i
xu‖

2

H4+[α]−i− j− 6+[α]+α−2i−2 j
2 (Ib)

.‖σ
2i+ j−2

2 ∂
j
t∂

i
xu‖

2
H6+[α]+α−2i−2 j,4+[α]−i− j(Ib) (3.14)

.

4+[α]−i− j∑
k=0

∫
Ib

σ6+[α]+α−2i−2 j
∣∣∣∣∂k

x(σ
2i+ j−2

2 ∂
j
t∂

i
xu)

∣∣∣∣2 dx
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.E j,i(t) +

4+[α]−i− j∑
k=1

∫
Ib

σ6+[α]+α−2i−2 j
∣∣∣∣∂k

x(σ
2i+ j−2

2 ∂
j
t∂

i
xu)

∣∣∣∣2 dx.

For 1 ≤ k ≤ 4 + bαc − i − j, applying the Leibniz formula yields

∣∣∣∣∂k
x(σ

2i+ j−2
2 ∂

j
t∂

i
xu)

∣∣∣∣ . k∑
p=0

∣∣∣∣σ 2i+ j−2
2 −p∂

j
t∂

i+k−p
x u

∣∣∣∣ . (3.15)

The following results are established:∫
Ib

σ6+[α]+α−2i−2 j
∣∣∣∣∂k

x(σ
2i+ j−2

2 ∂
j
t∂

i
xu)

∣∣∣∣2 dx .
∫

Ib

k∑
p=0

σ4+[α]+α− j−2p
∣∣∣∂ j

t∂
i+k−p
x u

∣∣∣2 dx

.

∫
Ib

σ4+[α]−i− j−k
1∑

p=0

σα+i+k−2p
∣∣∣∂ j

t∂
i+k−p
x u

∣∣∣2 dx +

k∑
p=2

∫
Ib

σ4+[α]+α− j−2p
∣∣∣∂ j

t∂
i+k−p
x u

∣∣∣2 dx

.E j,i+k−1(t) +

k∑
p=2

∫
Ib

σ4+[α]+α− j−2p
∣∣∣∂ j

t∂
i+k−p
x u

∣∣∣2 dx. (3.16)

To apply Hardy’s inequality, we consider p ∈ [2, k] satisfying

4 + [α] + α − j − 2p (3.17)
=2(4 + [α] − i − j − k) + 2(k − p) + (α − [α]) + (2i + j − 3) − 1 > −1.

Subsequently, we derive the estimate∫
Ib

σ4+[α]+α− j−2p
∣∣∣∂ j

t∂
i+k−p
x u)

∣∣∣2 dx .
p∑

l=0

∫
Ib

d4+[α]+α− j
b

∣∣∣∂ j
t∂

i+k−p+l
x u

∣∣∣2 dx

=

p∑
l=0

∫
Ib

σ4+[α]−i− j−k+(p−l)σα+i+k−p+l
∣∣∣∂ j

t∂
i+k−p+l
x u

∣∣∣2 dx (3.18)

.

∫
Ib

σα+i+k
∣∣∣∂ j

t∂
i+k
x u)

∣∣∣2 dx +

p−1∑
l=0

∫
Ib

σα+i+k−p+l−1
∣∣∣∂ j

t∂
i+k−p+l
x u

∣∣∣2 dx

.
i+k−1∑

l=i+k−p

E j,l(t).

Therefore, combining (3.14), (3.16), and (3.18), for indices i, with j satisfying i + j ≤ 3 + [α]
and 2i + j ≥ 3,

‖σ
2i+ j−2

2 ∂
j
t∂

i
xu‖

2
L∞(Ib) .

3+[α]− j∑
l=i

E j,l(t) . E(t). (3.19)

Case 2: If α = [α], we set δ = 1
4 . By analogy to (3.18), it follows that for p ∈ [2, k],

2[α] − j − 2p +
9
2

= 2(4 + [α] − i − j − k) + 2(k − p) + (2i + j − 3) −
1
2
≥ −

1
2
.
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Therefore, ∫
Ib

σ2[α]− j−2p+ 9
2
∣∣∣∂ j

t∂
i+k−p
x u

∣∣∣2 dx .
p∑

l=0

∫
Ib

σ2[α]− j+ 9
2
∣∣∣∂ j

t∂
i+k−p+l
x u

∣∣∣2 dx

.
i+k−1∑

l=i+k−p

E j,l(t). (3.20)

For 1 ≤ k ≤ 4 + [α] − i − j, similar to (3.16), we obtain the following estimate:∫
Ib

σ2[α]−2i−2 j+ 13
2

∣∣∣∣∂k
x(σ

2i+ j−2
2 ∂

j
t∂

i
xu)

∣∣∣∣2 dx

.E j,i+k−1(t) +

k∑
p=2

σ2[α]− j−2p+ 9
2

∫
Ib

σ2[α]− j−2p+ 9
2
∣∣∣∂ j

t∂
i+k−p
x u

∣∣∣2 dx (3.21)

.
i+k−1∑

l=i

E j,l(t).

Hence, analogous to (3.13), for indices i, with j satisfying i + j ≤ 3 + bαc and 2i + j ≥ 3, we
derive

‖σ
2i+ j−2

2 ∂
j
t∂

i
xu‖

2
L∞(Ib) . ‖σ

2i+ j−2
2 ∂

j
t∂

i
xu‖

2

H
3
4 (Ib)

(3.22)

.‖σ
2i+ j−2

2 ∂
j
t∂

i
xu‖

2

H2[α]−2i−2 j+ 13
2 ,4+[α]−i− j(Ib)

. E(t).

�

4. Higher-order temporal derivative energy estimates

This section aims to derive the higher-order temporal derivative estimates required in (4.1).

Lemma 4.1. Let T > 0, and assume (ξ, u) is a smooth solution to (2.8), subject to (3.1), over the
space-time domain in (0, 1) × (0,T ]. The following estimates hold for all t ∈ (0,T ]:

‖x2σ
α
2 ∂4+[α]

t u‖20 + ‖x2σ
α+1

2 ∂3+[α]
t ux‖

2
0 + ‖xσ

α+1
2 ∂3+[α]

t u‖20 . P(0) + CtP
(

sup
0≤τ≤t

E(τ)
)
. (4.1)

Proof. Taking the time derivative of order 3 + bαc in (2.8), we obtain

xσα∂5+[α]
t u − γξ2∂x

{(
∂3+[α]

t u + x∂3+[α]
t ux

)
σα+1eS 0ξ−2γ(ξ + xξx)−γ−1

}
(4.2)

− 2γξ2∂x

{
∂3+[α]

t u
[
σα+1eS 0ξ−2γ−1(ξ + xξx)−γ

]}
=

5∑
i=1

Di,

where

D1 = γξ2∂x

3+[α]∑
p=1

Cp
3+[α]∂

3+[α]−p
t (u + ux) ∂

p
t [σα+1eS 0ξ−2γ(ξ + xξx)−γ−1]

 ,
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D2 = 2γξ2∂x

3+[α]∑
p=1

Cp
3+[α]∂

3+[α]−p
t u∂p

t [σα+1eS 0ξ−2γ−1(ξ + xξx)−γ−1]

 ,
D3 = γ

3+[α]∑
k=1

Ck
3+[α]∂

k
t ξ

2∂3+[α]−k
t

{
σα+1eS 0ξ−2γ(ξ + xξx)−γ−1(u + xux)

}
x
, (4.3)

D4 = 2γ
3+[α]∑
k=1

Ck
3+[α]∂

k
t ξ

2∂3+[α]−k
t

{
σα+1eS 0ξ−2γ−1(ξ + xξx)−γu

}
x
,

D5 = −2∂3+[α]
t

{
ξu∂x[σα+1eS 0ξ−2γ(ξ + xξx)−γ]

}
.

Multiplying (4.2) by x3∂4+[α]
t u and integrating both sides over (0, t) × (0, 1), we obtain

1
2
‖ x2σ

α
2 ∂4+[α]

t u‖20 −
1
2

∫
I

x4σα
(
∂4+[α]

t u(0)
)2

dx

−γ

∫ t

0

∫
I

x3σα+1eS 0ξ2∂4+[α]
τ u∂x

{(
∂3+[α]
τ u + x∂3+[α]

τ ux

)
ξ−2γ(ξ + xξx)−γ−1

}
dxdτ (4.4)

−2γ
∫ t

0

∫
I

x3ξ2∂4+[α]
τ u∂x

{
∂3+[α]
τ uσα+1eS 0ξ−2γ−1(ξ + xξx)−γ

}
dxdτ

=

5∑
i=1

∫ t

0

∫
I

x3∂4+[α]
τ uDidxdτ.

We now consider the third term on the left-hand side of (4.4) by applying integration by parts:

− γ

∫ t

0

∫
I

x3ξ2∂4+[α]
τ u∂x

{(
∂3+[α]
τ u + x∂3+[α]

τ ux

)
σα+1eS 0ξ−2γ(ξ + xξx)−γ−1

}
dxdτ

=γ

∫ t

0

∫
I
∂x

{
x3ξ2∂4+[α]

τ u
} (
∂3+[α]
τ u + x∂3+[α]

τ ux

)
σα+1eS 0ξ−2γ(ξ + xξx)−γ−1dxdτ (4.5)

=

3∑
i=1

Fi,

where

F1 = γ

∫ t

0

∫
I

x3σα+1eS 0∂4+[α]
τ ux

(
∂3+[α]
τ u + x∂3+[α]

τ ux

)
ξ2−2γ(ξ + xξx)−γ−1dxdτ,

F2 = 3γ
∫ t

0

∫
I

x2σα+1eS 0∂4+[α]
τ u

(
∂3+[α]
τ u + x∂3+[α]

τ ux

)
ξ2−2γ(ξ + xξx)−γ−1dxdτ, (4.6)

F3 = 2γ
∫ t

0

∫
I

x3σα+1eS 0∂4+[α]
τ u

(
∂3+[α]
τ u + x∂3+[α]

τ ux

)
ξ1−2γ(ξ + xξx)−γ−1ξxdxdτ.

First, we write F3 in the following form:

F3 = 2γ
∫ t

0

∫
I

x3σα+1eS 0∂4+[α]
τ ux∂

3+[α]
τ uξ1−2γ(ξ + xξx)−γ−1dxdτ
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+ 2γ
∫ t

0

∫
I

x4σα+1eS 0∂4+[α]
τ u∂3+[α]

τ uxξ
1−2γ(ξ + xξx)−γ−1dxdτ

= F31 + F32.

We have by the Cauchy inequality

|F31| .

∫ t

0

∫
I

x4σα+1eS 0
(
∂4+[α]
τ u

)2
dxdτ +

∫ t

0

∫
I

x2σα+1eS 0
(
∂3+[α]
τ u

)2
dxdτ

. CtP
(

sup
0≤τ≤t

E(τ)
)
,

|F32| .

∫ t

0

∫
I

x4σα+1eS 0
(
∂4+[α]
τ u

)2
dxdτ +

∫ t

0

∫
I

x2σα+1eS 0
(
∂3+[α]
τ ux

)2
dxdτ

. CtP
(

sup
0≤τ≤t

E(τ)
)
.

Then, it follows that

|F3| . CtP
(

sup
0≤τ≤t

E(τ)
)
.

We define F1 = F11 + F12 and F2 = F21 + F22, where

F11 = γ

∫ t

0

∫
I

x3σα+1eS 0∂4+[α]
τ ux∂

3+[α]
τ uξ2−2γ(ξ + xξx)−γ−1dxdτ,

F12 = γ

∫ t

0

∫
I

x4σα+1eS 0∂4+[α]
τ ux∂

3+[α]
τ uxξ

2−2γ(ξ + xξx)−γ−1dxdτ,

F21 = 3γ
∫ t

0

∫
I

x2σα+1eS 0∂4+[α]
τ u∂3+[α]

τ uξ2−2γ(ξ + xξx)−γ−1dxdτ, (4.7)

F22 = 3γ
∫ t

0

∫
I

x3σα+1eS 0∂4+[α]
τ u∂3+[α]

τ uxξ
2−2γ(ξ + xξx)−γ−1dxdτ.

For F12 and F21, integration by parts yields

F12 &
γ

2

∫
I

x4σα+1eS 0
(
∂3+[α]

t ux

)2
ξ2−2γ(ξ + xξx)−γ−1dx

− P(0) −CtP
(

sup
0≤τ≤t

E(τ)
)
, (4.8)

F21 &
3γ
2

∫
I

x2σα+1eS 0
(
∂3+[α]

t u
)2
ξ2−2γ(ξ + xξx)−γ−1dx

− P(0) −CtP
(

sup
0≤τ≤t

E(τ)
)
.

To bound F22, we examine the fourth term on the left-hand side of (4.4):

− 2γ
∫ t

0

∫
I

x3ξ2∂4+[α]
τ u∂x

{
∂3+[α]
τ uσα+1eS 0ξ−2γ−1(ξ + xξx)−γ

}
dxdτ (4.9)
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=K1 + K2,

where

K1 = −2γ
∫ t

0

∫
I

x3σα+1eS 0∂4+[α]
τ u∂3+[α]

τ uxξ
−2γ+1(ξ + xξx)−γdxdτ, (4.10)

K2 = −2γ
∫ t

0

∫
I

x3ξ2∂4+[α]
τ u∂3+[α]

τ u∂x

{
σα+1eS 0ξ−2γ−1(ξ + xξx)−γ

}
dxdτ.

Then,

K1 + F22 =3γ
∫ t

0

∫
I

x3σα+1eS 0∂4+[α]
τ u∂3+[α]

τ uxξ
1−2γ(ξ + xξx)−γ

ξ + xξx − xξx

ξ + xξx
dxdτ

−2γ
∫ t

0

∫
I

x3σα+1eS 0∂4+[α]
τ u∂3+[α]

τ uxξ
1−2γ(ξ + xξx)−γdxdτ (4.11)

=M1 + M2.

Here,

M1 = γ

∫ t

0

∫
I

x3σα+1eS 0∂4+[α]
τ u∂3+[α]

τ uxξ
1−2γ(ξ + xξx)−γdxdτ, (4.12)

M2 = −3γ
∫ t

0

∫
I

x4σα+1eS 0∂4+[α]
τ u∂3+[α]

τ uxξ
1−2γ(ξ + xξx)−γ−1ξxdxdτ.

To bound F11, we decompose it as F11 = N1 + N2 + N3, where

N1 = − γ

∫ t

0

∫
I

x3σα+1eS 0∂3+[α]
τ ux∂

4+[α]
τ uξ2−2γ(ξ + xξx)−γ−1dxdτ,

N2 = − γ

∫
I

x3σα+1eS 0
[
∂3+[α]

t ux∂
3+[α]
t uξ2−2γ(ξ + xξx)−γ−1

]
(0)dx (4.13)

− γ

∫ t

0

∫
I

x3σα+1eS 0∂3+[α]
τ ux∂

3+[α]
τ u∂τ

[
ξ2−2γ(ξ + xξx)−γ−1

]
dxdτ,

N3 =γ

∫
I

x3σα+1eS 0∂3+[α]
t ux∂

3+[α]
t uξ2−2γ(ξ + xξx)−γ−1dx,

where

N1 + M1 = γ

∫ t

0

∫
I

x4σα+1eS 0∂4+[α]
τ u∂3+[α]

τ uxξ
1−2γ(ξ + xξx)−γ−1ξxdxdτ, (4.14)

which can be bounded by CtP
(
sup0≤τ≤t E(τ)

)
. For N3 and any ε > 0, applying the Cauchy

inequality yields

N3 =γ

∫
I

x3σα+1eS 0∂3+[α]
t ux∂

3+[α]
t uξ2−2γ(ξ + xξx)−γ−1dx

≥ −
γ

2ε

∫
I

x2σα+1eS 0
(
∂3+[α]

t u
)2
ξ2−2γ(ξ + xξx)−γ−1dx (4.15)
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−
γε

2

∫
I

x4σα+1eS 0
(
∂3+[α]

t ux

)2
ξ2−2γ(ξ + xξx)−γ−1dx.

From estimates (4.5)–(4.15), taking ε = 1
2 satisfies the inequalities

1
2
‖ x2σ

α
2 ∂4+[α]

t u‖20 −
1
2

∫
I

x4σα
(
∂4+[α]

t u(0)
)2

dx

+

(
3γ
2
−
γ

2ε

) ∫
I

x2σα+1eS 0
(
∂3+[α]

t u
)2
ξ2−2γ(ξ + xξx)−γ−1dx (4.16)

+

(
γ

2
−
γε

2

) ∫
I

x4σα+1eS 0
(
∂3+[α]

t ux

)2
ξ2−2γ(ξ + xξx)−γ−1dx − P(0) −CtP

(
sup
0≤τ≤t

E(τ)
)

&‖x2σ
α
2 ∂4+[α]

t u‖20 + ‖x2σ
α+1

2 ∂3+[α]
t ux‖

2
0 + ‖xσ

α+1
2 ∂3+[α]

t u‖20 − P(0) −CtP
(

sup
0≤τ≤t

E(τ)
)
.

The terms K2, M2, and N2 are all bounded by P(0) + CtP
(
sup0≤τ≤t E(τ)

)
.

We now deal with the right-hand side of (4.4). We only provide a detailed proof for the two
difficult terms, namely those involving D1 and D5. For D1, we have from (4.3)

D1 =γξ2∂x

3+[α]∑
p=1

Cp
3+[α]∂

3+[α]−p
t (u + xux)∂

p
t [σα+1eS 0ξ−2γ(ξ + xξx)−γ−1]


=γξ2∂x

3+[α]∑
p=1

Cp
3+[α]∂

3+[α]−p
t u∂p

t [σα+1eS 0ξ−2γ(ξ + xξx)−γ−1]

 (4.17)

+γξ2∂x

3+[α]∑
p=1

Cp
3+[α]∂

3+[α]−p
t (xux)∂

p
t [σα+1eS 0ξ−2γ(ξ + xξx)−γ−1]

 .
We denote the second term on the right-hand side of (4.17) by

D12 = γξ2∂x

{
xσα+1eS 0 H12

}
, (4.18)

where

H12 =

3+[α]∑
p=1

Hp
12 = Cp

3+[α]∂
3+[α]−p
t ux∂

p
t

{
ξ−2γ(ξ + xξx)−γ−1

}
. (4.19)

Thus, it holds that

γ

∫ t

0

∫
I

x3∂4+[α]
τ uξ2∂x

{
xσα+1eS 0 H12

}
dxdτ

= − γ

∫ t

0

∫
I

x4σα+1eS 0∂4+[α]
τ uxξ

2H12dxdτ − 3γ
∫ t

0

∫
I

x3σα+1eS 0∂4+[α]
τ uξ2H12dxdτ (4.20)

− 2γ
∫ t

0

∫
I

x4σα+1eS 0∂4+[α]
τ uξξxH12dxdτ.

We only consider the first term on the right-hand side of (4.20). For p = 1, it derives from (4.19)
that

H1
12 = (3 + [α])∂2+[α]

t ux∂t

{
ξ−2γ(ξ + xξx)−γ−1

}
, (4.21)
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and

− γ

∫ t

0

∫
I

x4σα+1eS 0∂4+[α]
τ uxξ

2H1
12dxdτ

= − γ

∫
I

x4σα+1eS 0∂3+[α]
t uxξ

2H1
12dx + γ

∫
I

x4σα+1eS 0
[
∂3+[α]

t uxξ
2H1

12

]
(0)dx (4.22)

+ γ

∫ t

0

∫
I

x4σα+1eS 0∂3+[α]
τ ux∂τ

(
ξ2H1

12

)
dxdτ.

For any ε > 0, we apply Young’s inequality to bound the first term on the right-hand side of
(4.22) as

− γ

∫
I

x4σα+1eS 0∂3+[α]
t uxξ

2H1
12dx

.ε

∫
I

x4σα+1eS 0
(
∂3+[α]

t ux

)2
dx + C(ε)

∫
I

x4σα+1eS 0(H1
12)2dx. (4.23)

From (4.23), the latter integral admits the estimate∫
I

x4σα+1eS 0(H1
12)2dx

.‖e
S 0
2 ‖2L∞

∫ t

0

(
‖u‖2L∞ + ‖ux‖

2
L∞

)
‖x2σ

α+1
2 ∂3+[α]

τ ux‖
2
0dτ

+‖e
S 0
2 ‖2L∞‖x

2σ
α+1

2 ∂2+[α]
τ ux(0)

(∫ t

0
∂τudτ + u(0)

)
‖20 (4.24)

+‖e
S 0
2 ‖2L∞‖x

2σ
α+1

2 ∂2+[α]
τ ux(0)

(∫ t

0
∂τuxdτ + ux(0)

)
‖20

.P(0) + CtP
(

sup
0≤τ≤t

E(τ)
)
.

Our attention now turns to the third term in the right-hand side of (4.22):

γ

∫ t

0

∫
I

x4σα+1eS 0∂3+[α]
τ ux∂τ

[
ξ2H1

12

]
dxdτ (4.25)

=2γ
∫ t

0

∫
I

x4σα+1eS 0∂3+[α]
τ uxξuH1

12dxdτ + γ

∫ t

0

∫
I

x4σα+1eS 0∂3+[α]
τ uxξ

2∂τH1
12dxdτ.

For the second term on the right-hand side of (4.25), we have

γ

∫ t

0

∫
I

x4σα+1eS 0∂3+[α]
τ uxξ

2∂τH1
12dxdτ

=(3 + [α])γ
∫ t

0

∫
I

x4σα+1eS 0∂3+[α]
τ ux∂

2+[α]
τ uxξ

2∂2
τ

{
ξ−2γ(ξ + xξx)−γ−1

}
dxdτ (4.26)

+(3 + [α])γ
∫ t

0

∫
I

x4σα+1eS 0
(
∂3+[α]
τ ux

)2
ξ2∂τ

{
ξ−2γ(ξ + xξx)−γ−1

}
dxdτ.
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From the first term in (4.26), it follows that∣∣∣∣∣∣−(3 + [α])(γ + 1)γ
∫ t

0

∫
I

x5σα+1eS 0∂3+[α]
τ ux∂

2+[α]
τ uxξ

2−2γ(ξ + xξx)−γ−2∂τuxdxdτ

∣∣∣∣∣∣
.‖e

S 0
2 ‖2L∞

∫ t

0
‖x2σ

α
2 ∂3+[α]

τ ux‖
2
0dτ + ‖e

S 0
2 ‖2L∞

∫ t

0
‖σ

1
2∂τux‖

2
L∞‖x

2σ
α
2 ∂2+[α]

τ ux‖
2
0dτ (4.27)

.CtP
(

sup
0≤τ≤t

E(τ)
)
.

Without loss of generality, we assume that [α] is an odd integer, hence 3 + [α] is an even

integer. For p = 3+[α]
2 , we consider H

3+[α]
2

12 from (4.19):

H
3+[α]

2
12 = −(γ + 1)C

3+[α]
2

3+[α]x∂
3+[α]

2
t ux∂

1+[α]
2

t uxξ
−2γ(ξ + xξx)−γ−2. (4.28)

Similar to (4.24), we estimate the following term:∫
I

x4σα+1eS 0

(
H

3+[α]
2

12

)2
dx

.‖e
S 0
2 ‖2L∞

∫ t

0
‖x2σ

2α−[α]−1
4 ∂

3+[α]
2

τ ux‖
2
0‖σ

3+[α]
4 ∂

3+[α]
2

τ ux‖
2
L∞dτ (4.29)

+‖e
S 0
2 ‖2L∞‖x

2σ
1+α

2 ∂
3+[α]

2
t ux∂

1+[α]
2

t ux(0)‖20.

The condition 2α − [α] − 1 > −1 allows us to apply Hardy’s inequality to obtain

‖x2σ
2α−[α]−1

4 ∂
3+[α]

2
t ux‖

2
0 .

3+[α]
2∑

l=0

∫
I

x4σ
2α+[α]+5

2

(
∂

3+[α]
2

t ∂1+l
x u

)2
dx

.

3+[α]
2∑

l=0

∫
I

x4σα+1+lσ
[α]+3−2l

2

(
∂

3+[α]
2

t ∂1+l
x u

)2
dx (4.30)

.

3+[α]
2∑

l=0

∫
I

x4σα+1+l
(
∂

3+[α]
2

t ∂1+l
x u

)2
dx

.E(t).

We handle the right-hand side of (4.29):

‖x2σ
1+α

2 ∂
3+[α]

2
t ux∂

1+[α]
2

t ux(0)‖20 (4.31)

.

∫ t

0
‖x2σ

2α−[α]−1
4 ∂

5+[α]
2

τ ux‖
2
0‖σ

1+[α]
4 ∂

1+[α]
2

τ ux(0)‖2L∞dτ + ‖x2σ
1+α

2 ∂
3+[α]

2
t ux(0)∂

1+[α]
2

t ux(0)‖20.

Since 2α − [α] − 1 > −1, by Hardy’s inequality, we obtain

‖x2σ
2α−[α]−1

4 ∂
5+[α]

2
t ux‖

2
0 .

1+[α]
2∑

l=0

∫
I

x4σ
2α+[α]+3

2

(
∂

5+[α]
2

t ∂1+l
x u

)2
dx
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.

1+[α]
2∑

l=0

∫
I

x4σα+1+lσ
[α]−2l+1

2

(
∂

5+[α]
2

t ∂1+l
x u

)2
dx (4.32)

.

1+[α]
2∑

l=0

∫
I

x4σα+1+l
(
∂

5+[α]
2

t ∂1+l
x u

)2
dx

.E(t).

Analogous to the treatment of (4.25), we bound the following expression:

γ

∫ t

0

∫
I

x4σα+1eS 0∂3+[α]
τ ux∂τ

{
ξ2H

3+[α]
2

12

}
dxdτ (4.33)

=2γ
∫ t

0

∫
I

x4σα+1eS 0∂3+[α]
τ uxξuH

3+[α]
2

12 dxdτ + γ

∫ t

0

∫
I

x4σα+1eS 0∂3+[α]
τ uxξ

2∂τH
3+[α]

2
12 dxdτ.

The second term on the right-hand side of (4.33) can be controlled as

γ

∫ t

0

∫
I

x4σα+1eS 0∂3+[α]
τ uxξ

2∂τH
3+[α]

2
12 dxdτ (4.34)

.

∫ t

0

∫
I

x4σα+1eS 0
(
∂3+[α]
τ ux

)2
dxdτ +

∫ t

0

∫
I

x4σα+1eS 0

(
∂τH

3+[α]
2

12

)2
dxdτ.

We next examine the second term appearing on the right-hand side of (4.34):∫ t

0

∫
I

x4σα+1eS 0

(
∂τH

3+[α]
2

12

)2
dxdτ

.‖e
S 0
2 ‖2L∞

∫ t

0
‖x2σ

α+1
2 ∂

5+[α]
2

τ ux∂
1+[α]

2
τ ux‖

2
0dτ (4.35)

+‖e
S 0
2 ‖2L∞

∫ t

0
‖x2σ

α+1
2 ∂

3+[α]
2

τ ux∂
3+[α]

2
τ ux‖

2
0dτ

+‖e
S 0
2 ‖2L∞

∫ t

0
‖x2σ

α+1
2 ∂

3+[α]
2

τ ux∂
1+[α]

2
τ ux∂τ

{
ξ−2γ(ξ + xξx)−γ−1

}
‖20dτ.

Among all terms in (4.35), only the first right-hand term must be estimated:∫ t

0
‖x2σ

α+1
2 ∂

5+[α]
2

τ ux∂
1+[α]

2
τ ux‖

2
0dτ .

∫ t

0
‖σ

[α]+1
4 ∂

1+[α]
2

τ ux‖
2
L∞‖x

2σ
2α−[α]+1

4 ∂
5+[α]

2
τ ux‖

2
0dτ. (4.36)

Since 2α − [α] − 1 > −1, by using Hardy’s inequality, we obtain

‖x2σ
2α−[α]+1

4 ∂
5+[α]

2
t ux‖

2
0 .

1+[α]
2∑

l=0

∫
I

x4σ
2α+[α]+3

2

(
∂

5+[α]
2

t ∂1+l
x u

)2
dx

.

1+[α]
2∑

l=0

∫
I

x4σα+1+lσ
[α]−2l+1

2

(
∂

5+[α]
2

t ∂1+l
x u

)2
dx (4.37)
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.

1+[α]
2∑

l=0

∫
I

x4σα+1+l
(
∂

5+[α]
2

t ∂1+l
x u

)2
dx

.E(t).

The remaining terms of D1 can be estimated similarly, and it follows that D1 can be controlled
by P(0) + CtP

(
sup0≤τ≤t E(τ)

)
.

For D5, we restrict our estimation to the case k = 3+[α]
2 . Without loss of generality, assume [α]

is an odd integer, hence 3 + [α] is even. At this critical exponent, we estimate only the following
term:

2γC
3+[α]

2
3+[α]ξ∂

3+[α]
2

t u
{
xσα+1eS 0∂

1+[α]
2

t uxξ
−2γ(ξ + xξx)−γ−1

}
x
. (4.38)

Multiplying (4.38) by x3∂4+[α]
t u and integrating over the domain (0, t) × (0, 1), we obtain

2γC
3+[α]

2
3+[α]

∫ t

0

∫
I

x3ξ∂4+[α]
τ u∂

3+[α]
2

τ u
{
xσα+1eS 0∂

1+[α]
2

τ uxξ
−2γ(ξ + xξx)−γ−1

}
x

dxdτ (4.39)

= − 2γC
3+[α]

2
3+[α]

∫ t

0

∫
I
∂x

{
x3ξ∂4+[α]

τ u∂
3+[α]

2
τ u

}
xσα+1eS 0ξ−2γ(ξ + xξx)−γ−1∂

1+[α]
2

τ uxdxdτ.

From (4.39), we identify the most challenging term to handle as

− 2γC
3+[α]

2
3+[α]

∫ t

0

∫
I

x4σα+1eS 0∂4+[α]
τ ux∂

3+[α]
2

τ u∂
1+[α]

2
τ uxξ

1−2γ(ξ + xξx)−γ−1dxdτ

= − 2γC
3+[α]

2
3+[α]

∫
I

x4σα+1eS 0∂3+[α]
t ux∂

3+[α]
2

t u∂
1+[α]

2
t uxξ

1−2γ(ξ + xξx)−γ−1dx (4.40)

+ 2γC
3+[α]

2
3+[α]

∫
I

x4σα+1eS 0∂3+[α]
t ux

[
∂

3+[α]
2

t u∂
1+[α]

2
t uxξ

1−2γ(ξ + xξx)−γ−1
]

(0)dx

+ 2γC
3+[α]

2
3+[α]

∫ t

0

∫
I

x4σα+1eS 0∂3+[α]
τ ux∂τ

[
∂

3+[α]
2

τ u∂
1+[α]

2
τ uxξ

1−2γ(ξ + xξx)−γ−1
]

dxdτ.

For any ε > 0, we apply Young’s inequality and proceed with the estimation of the first term on
the right-hand side of (4.40):

− 2γC
3+[α]

2
3+[α]

∫
I

x4σα+1eS 0∂3+[α]
t ux∂

3+[α]
2

t u∂
1+[α]

2
t uxξ

1−2γ(ξ + xξx)−γ−1dx (4.41)

.ε

∫
I

x4σα+1eS 0
(
∂3+[α]

t ux

)2
dx + C(ε)

∫
I

x4σα+1eS 0

[
∂

3+[α]
2

t u∂
1+[α]

2
t uxξ

1−2γ(ξ + xξx)−γ−1
]2

dx.

Then, ∫
I

x4σα+1eS 0

[
∂

3+[α]
2

t u∂
1+[α]

2
t uxξ

1−2γ(ξ + xξx)−γ−1
]2

dx

=‖e
S 0
2 ‖2L∞‖x

2σ
α+1

2 ∂
[α]+3

2
t u∂

[α]+1
2

t uxξ
1−2γ(ξ + xξx)−γ−1‖20 (4.42)

.‖e
S 0
2 ‖2L∞

∫ t

0
‖σ

α+1
4 ∂

[α]+5
2

τ u‖2L∞‖x
2σ

2α−[α]+1
4 ∂

[α]+1
2

τ ux‖
2
0dτ

+‖e
S 0
2 ‖2L∞‖x

2σ
α+1

2 ∂
[α]+3

2
t ux(0)∂

[α]+1
2

t ux‖
2
0.
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By Hardy’s inequality, we have

‖x2σ
2α−[α]+1

4 ∂
[α]+1

2
t ux‖

2
0 .

5+[α]
2∑

l=0

∫
I

x4σ
2α+[α]+1

2

(
∂

1+[α]
2

t ∂1+l
x u

)2
dx

.

5+[α]
2∑

l=0

∫
I

x4σα+1+lσ
[α]−2l+9

2

(
∂

1+[α]
2

t ∂1+l
x u

)2
dx (4.43)

.

5+[α]
2∑

l=0

∫
I

x4σα+1+l
(
∂

1+[α]
2

t ∂1+l
x u

)2
dx

.E(t).

We next examine the second term appearing on the right-hand side of (4.42):

‖x2σ
α+1

2 ∂
[α]+3

2
t ux(0)∂

[α]+1
2

t ux‖
2
0 (4.44)

.

∫ t

0
‖σ

[α]−1
4 ∂

[α]+3
2

τ u(0)‖2L∞‖x
2σ

2α−[α]+3
4 ∂

[α]+3
2

τ ux‖
2
0dτ + ‖x2σ

α+1
2 ∂

[α]+3
2

t ux(0)∂
[α]+1

2
t ux(0)‖20.

By Hardy’s inequality, it follows that

‖x2σ
2α−[α]+3

4 ∂
[α]+3

2
t ux‖

2
0 .

3+[α]
2∑

l=0

∫
I

x4σ
2α+[α]+9

2

(
∂

3+[α]
2

t ∂1+l
x u

)2
dx

.

3+[α]
2∑

l=0

∫
I

x4σα+1+lσ
[α]−2l+7

2

(
∂

3+[α]
2

t ∂1+l
x u

)2
dx (4.45)

.

3+[α]
2∑

l=0

∫
I

x4σα+1+l
(
∂

3+[α]
2

t ∂1+l
x u

)2
dx

.E(t).

Proceeding to the third term on the right-hand side of (4.40), we derive∣∣∣∣∣∣2γC
3+[α]

2
3+[α]

∫ t

0

∫
I

x4σα+1eS 0∂3+[α]
τ ux∂τ

{
∂

3+[α]
2

τ u∂
1+[α]

2
τ uxξ

1−2γ(ξ + xξx)−γ−1
}

dxdτ

∣∣∣∣∣∣
.

∫ t

0

∫
I

x4σα+1eS 0
(
∂3+[α]
τ ux

)2
dxdτ (4.46)

+

∫ t

0

∫
I

x4σα+1eS 0

{
∂τ

[
∂

3+[α]
2

τ u∂
1+[α]

2
τ uxξ

1−2γ(ξ + xξx)−γ−1
]}2

dxdτ.

Moreover, it holds that∫ t

0

∫
I

x4σα+1eS 0

{
∂τ

[
∂

3+[α]
2

τ u∂
1+[α]

2
τ uxξ

1−2γ(ξ + xξx)−γ−1
]}2

dxdτ

.

∫ t

0
‖x2σ

α+1
2 e

S 0
2 ∂

5+[α]
2

τ u∂
1+[α]

2
τ uxξ

1−2γ(ξ + xξx)−γ−1‖20dτ (4.47)
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+

∫ t

0
‖x2σ

α+1
2 e

S 0
2 ∂

3+[α]
2

τ u∂
3+[α]

2
τ uxξ

1−2γ(ξ + xξx)−γ−1‖20dτ

+

∫ t

0
‖x2σ

α+1
2 e

S 0
2 ∂

3+[α]
2

τ u∂
1+[α]

2
τ ux∂τ

{
ξ1−2γ(ξ + xξx)−γ−1

}
‖20dτ.

We need only handle the first term on the right-hand side of (4.47) by∫ t

0
‖x2σ

α+1
2 e

S 0
2 ∂

5+[α]
2

τ u∂
1+[α]

2
τ uxξ

1−2γ(ξ + xξx)−γ−1‖20dτ (4.48)

.‖e
S 0
2 ‖2L∞

∫ t

0
‖σ

1+[α]
4 ∂

1+[α]
2

τ ux‖
2
L∞‖x

2σ
2α−[α]+1

2 ∂
5+[α]

2
τ u‖20dτ.

Using Hardy’s inequality, we obtain

‖x2σ
2α−[α]+1

2 ∂
5+[α]

2
t u‖20 .

3+[α]
2∑

l=0

∫
I

x4σ
2α+[α]+7

2

(
∂

5+[α]
2

t ∂l
xu

)2
dx

.

3+[α]
2∑

l=0

∫
I

x4σα+1+lσ
[α]−2l+5

2

(
∂

5+[α]
2

t ∂l
xu

)2
dx (4.49)

.

3+[α]
2∑

l=0

∫
I

x4σα+1+l
(
∂

5+[α]
2

t ∂l
xu

)2
dx

.E(t).

Combining the estimates from (4.40) and (4.49), we obtain the bound for D5. The terms D2

through D4 can be handled analogously to D1 and D5. Therefore, the remainder in (4.4) can be
controlled by P(0) + CtP

(
sup0≤τ≤t E(τ)

)
. �

5. Higher-order spatial derivative estimates

This section provides the proof of Lemma 5.1, which derives the higher-order estimates (5.1)
for spatial derivatives.

Lemma 5.1. Let T > 0, and suppose (ξ, u) is a smooth solution to the initial boundary value
problem (2.8)–(2.9) under condition (3.1) on (0, 1) × (0,T ]. Then , the following estimates are
valid:

‖(xσ
α+i−1

2 ∂
j
t∂

i
xu, x

2σ
α+i+1

2 ∂
j
t∂

i+1
x u)‖20 . P(0) + CtP

(
sup
0≤τ≤t

E(τ)
)
. (5.1)

Here, 0 ≤ j ≤ 3 + [α] and 1 ≤ i ≤ 3 + [α] − j.

Proof. We rewrite (2.8) as the following:

xσeS 0uxx + (α + 1)xσxeS 0ux + 4σeS 0ux

=
x
γ

utt + xσeS 0[1 − ξ2−2γ(ξ + xξx)−γ−1]uxx
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+(α + 1)xσxeS 0[1 − ξ2−2γ(ξ + xξx)−γ−1]ux − 2σeS 0[ξ1−2γ(ξ + xξx)−γ − 1]ux

−2σeS 0[ξ2−2γ(ξ + xξx)−γ−1 − 1]ux − xσξ2eS 0∂x[ξ−2γ(ξ + xξx)−γ−1]ux

−xσξ2−2γ(ξ + xξx)−γ−1∂x(eS 0)ux − (α + 1)σxeS 0ξ2−2γ(ξ + xξx)−γ−1u (5.2)

−2σxeS 0ξ1−2γ(ξ + xξx)−γu +
2
γ
σξeS 0∂x[ξ−2γ(ξ + xξx)−γ]u

−2σξ2eS 0∂x[ξ−2γ−1(ξ + xξx)−γ]u − σξ2eS 0∂x[ξ−2γ(ξ + xξx)−γ−1]u

−
2

α + 1
σξ1−2γ(ξ + xξx)−γ∂x(eS 0)u − σξ2−2γ(ξ + xξx)−γ−1∂x(eS 0)u.

By applying the differential operator ∂ j
t∂

i−1
x to both sides of (5.2), we obtain

∂
j
t∂

i−1
x (xσeS 0uxx) + (α + 1)∂ j

t∂
i−1
x (xσxeS 0ux) + 4∂ j

t∂
i−1
x (σeS 0ux)

=
1
γ
∂

j+2
t ∂i−1

x (xu) + ∂
j
t∂

i−1
x

{
xσeS 0[1 − ξ2−2γ(ξ + xξx)−γ−1]uxx

}
+ (α + 1)∂ j

t∂
i−1
x

{
xσxeS 0[1 − ξ2−2γ(ξ + xξx)−γ−1]ux

}
− 2∂ j

t∂
i−1
x

{
σeS 0[ξ1−2γ(ξ + xξx)−γ − 1]ux

}
− 2∂ j

t∂
i−1
x

{
σeS 0[ξ2−2γ(ξ + xξx)−γ−1 − 1]ux

}
− ∂

j
t∂

i−1
x

{
xσξ2eS 0∂x[ξ−2γ(ξ + xξx)−γ−1]ux

}
− ∂

j
t∂

i−1
x [xσξ2−2γ(ξ + xξx)−γ−1∂x(eS 0)ux] − (α + 1)∂ j

t∂
i−1
x [σxeS 0ξ2−2γ(ξ + xξx)−γ−1u] (5.3)

− 2∂ j
t∂

i−1
x [σxeS 0ξ1−2γ(ξ + xξx)−γu] +

2
γ
∂

j
t∂

i−1
x

{
σξeS 0∂x[ξ−2γ(ξ + xξx)−γ]u

}
− 2∂ j

t∂
i−1
x

{
σξ2eS 0∂x[ξ−2γ−1(ξ + xξx)−γ]u

}
− ∂

j
t∂

i−1
x

{
σξ2eS 0∂x[ξ−2γ(ξ + xξx)−γ−1]u

}
−

2
α + 1

∂
j
t∂

i−1
x [σξ1−2γ(ξ + xξx)−γ∂x(eS 0)u] − ∂ j

t∂
i−1
x [σξ2−2γ(ξ + xξx)−γ−1∂x(eS 0)u].

For mathematical induction purposes, we unify the indices i and j by introducing a reparametrized
index µ:

j = 3 + [α] − 2 − µ = 1 + [α] − µ,
i = 3 + [α] − j = 3 + [α] − (1 + [α] − µ) = 2 + µ.

Therefore, multiplying (5.3) by xσ
α+µ+1

2 and taking the L2-norm gives

‖x2σ
α+µ+3

2 eS 0∂
1+[α]−µ
t ∂3+µ

x u + (α + µ + 2)x2σxσ
α+µ+1

2 ∂
1+[α]−µ
t ∂2+µ

x u

+ (µ + 5)xσ
α+µ+3

2 ∂
1+[α]−µ
t ∂2+µ

x u‖20

.
∥∥∥∥x2σ

α+µ+1
2 ∂

3+[α]−µ
t ∂1+µ

x u
∥∥∥∥2

0
+

∥∥∥∥xσ
α+µ+1

2 ∂
2+[α]−µ
t ∂µxu

∥∥∥∥2

0

+
∥∥∥∥x2σ

α+µ+3
2 ∂x(eS 0)∂1+[α]−µ

t ∂2+µ
x u

∥∥∥∥2

0
(5.4)

+
∥∥∥∥xσ

α+µ+1
2 ∂

1+[α]−µ
t ∂1+µ

x

{
xeS 0σ[1 − ξ2−2γ(ξ + xξx)−γ−1]uxx

}∥∥∥∥2

0

+
∥∥∥∥xσ

α+µ+1
2 ∂

1+[α]−µ
t ∂1+µ

x

{
xeS 0σξ2∂x[ξ−2γ(ξ + xξx)−γ−1]ux

}∥∥∥∥2

0

+
∥∥∥∥xσ

α+µ+1
2 ∂

1+[α]−µ
t ∂1+µ

x

{
xσξ2−2γ(ξ + xξx)−γ−1∂x(eS 0)ux

}∥∥∥∥2

0
+ Rµ,
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where

Rµ =
∥∥∥∥xσ

α+µ+1
2 ∂

1+[α]−µ
t ∂1+µ

x

{
eS 0σ[ξ1−2γ(ξ + xξx)−γ − 1]ux

}∥∥∥∥2

0

+
∥∥∥∥xσ

α+µ+1
2 ∂

1+[α]−µ
t ∂1+µ

x

{
eS 0σ[ξ2−2γ(ξ + xξx)−γ−1 − 1]ux

}∥∥∥∥2

0

+
∥∥∥∥xσ

α+µ+1
2 ∂

1+[α]−µ
t ∂1+µ

x

{
eS 0σxξ

2−2γ(ξ + xξx)−γ−1u
}∥∥∥∥2

0

+
∥∥∥∥xσ

α+µ+1
2 ∂

1+[α]−µ
t ∂1+µ

x [eS 0σxξ
1−2γ(ξ + xξx)−γu]

∥∥∥∥2

0

+
∥∥∥∥xσ

α+µ+1
2 ∂

1+[α]−µ
t ∂1+µ

x

{
ξeS 0σ∂x[ξ−2γ(ξ + xξx)−γ]u

}∥∥∥∥2

0

+
∥∥∥∥xσ

α+µ+1
2 ∂

1+[α]−µ
t ∂1+µ

x

{
ξ2eS 0σ∂x[ξ−2γ−1(ξ + xξx)−γ]u

}∥∥∥∥2

0

+
∥∥∥∥xσ

α+µ+1
2 ∂

1+[α]−µ
t ∂1+µ

x

{
ξ2eS 0σ∂x[ξ−2γ(ξ + xξx)−γ−1]u

}∥∥∥∥2

0
(5.5)

+
∥∥∥∥xσ

α+µ+1
2 ∂

1+[α]−µ
t ∂1+µ

x [σξ1−2γ(ξ + xξx)−γ∂x(eS 0)u]
∥∥∥∥2

0

+
∥∥∥∥xσ

α+µ+1
2 ∂

1+[α]−µ
t ∂1+µ

x [σξ2−2γ(ξ + xξx)−γ−1∂x(eS 0)u]
∥∥∥∥2

0

+
∥∥∥∥xσ

α+µ+1
2 ∂

1+[α]−µ
t ∂1+µ

x [σxξ
2−2γ(ξ + xξx)−γ−1∂x(eS 0)u]

∥∥∥∥2

0

+

∥∥∥∥∥∥∥xσ
α+µ+1

2

µ+1∑
l=2

∂l
x(xσeS 0)∂1+[α]−µ

t ∂3+µ−l
x u

∥∥∥∥∥∥∥
2

0

+

∥∥∥∥∥∥∥xσ
α+µ+1

2

µ+1∑
l=1

∂l
x(xσxeS 0)∂1+[α]−µ

t ∂2+µ−l
x u

∥∥∥∥∥∥∥
2

0

+

∥∥∥∥∥∥∥xσ
α+µ+1

2

µ+1∑
l=1

∂l
x(σxeS 0)∂1+[α]−µ

t ∂2+µ−l
x u

∥∥∥∥∥∥∥
2

0

.

We shall establish (5.1) for all µ by mathematical induction, which involves two key steps as
follows.

Step 1. To apply mathematical induction, we begin by assuming the validity of the following
estimates:

‖x2σ
α+3

2 eS 0∂1+[α]
t ∂3

xu‖
2
0 + ‖xσ

α+1
2 eS 0∂1+[α]

t ∂2
xu‖

2
0 . P(0) + CtP

(
sup
0≤τ≤t

E(τ)
)
. (5.6)

From (5.4), we compute its left-hand side as

‖x2σ
α+3

2 eS 0∂1+[α]
t ∂3

xu + (α + 2)x2σxσ
α+1

2 eS 0∂1+[α]
t ∂2

xu + 5xσ
α+3

2 eS 0∂1+[α]
t ∂2

xu‖
2
0

=‖x2σ
α+3

2 eS 0∂1+[α]
t ∂3

xu‖
2
0 + (α + 2)2‖x2σxσ

α+1
2 eS 0∂1+[α]

t ∂2
xu‖

2
0 (5.7)

+25‖xσ
α+3

2 eS 0∂1+[α]
t ∂2

xu‖
2
0 +

∫
I

[
5x3σα+3 + (α + 2)x4σα+2σx

]
e2S 0∂x

{
(∂1+[α]

t ∂2
xu)2

}
dx

+10(α + 2)
∫

I
x3σα+2σxe2S 0(∂1+[α]

t ∂2
xu)2dx.
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Applying integration by parts with the identity σx = −2x, we derive∫
I

[
5x3σα+3 + (α + 2)x4σα+2σx

]
e2S 0∂x

{
(∂1+[α]

t ∂2
xu)2

}
dx

= − 15
∫

I
x2σα+3e2S 0

(
∂1+[α]

t ∂2
xu

)2
dx − (α + 2)2

∫
I

x4σα+1σ2
xe

2S 0
(
∂1+[α]

t ∂2
xu

)2
dx

+ 10(2α + 5)
∫

I
x4σα+2e2S 0

(
∂1+[α]

t ∂2
xu

)2
dx (5.8)

& − 15
∫

I
x2σα+3e2S 0

(
∂1+[α]

t ∂2
xu

)2
dx − (α + 2)2

∫
I

x4σα+1σ2
x e2S 0

(
∂1+[α]

t ∂2
xu

)2
dx

−C
∫

I
x4σα+2e2S 0

(
∂1+[α]

t ∂2
xu

)2
dx.

Assuming temporarily that the right hand side of (5.4) is bounded by P(0) + CtP
(
sup0≤τ≤t E(τ)

)
( (5.9) will be subsequently verified), we proceed with

‖x2σ
α+3

2 eS 0∂1+[α]
t ∂3

xu + (α + 2)x2σxσ
α+1

2 eS 0∂1+[α]
t ∂2

xu + 5xσ
α+3

2 eS 0∂1+[α]
t ∂2

xu‖
2
0 (5.9)

&‖x2σ
α+3

2 eS 0∂1+[α]
t ∂3

xu‖
2
0 + 10‖xσ

α+3
2 eS 0∂1+[α]

t ∂2
xu‖

2
0 −C

∫
I

x4σα+2e2S 0
(
∂1+[α]

t ∂2
xu

)2
dx.

At this point, substituting the result from (5.8) into (5.7) and utilizing σx = −2x, we obtain

‖x2σ
α+3

2 eS 0∂1+[α]
t ∂3

xu + (α + 2)x2σxσ
α+1

2 eS 0∂1+[α]
t ∂2

xu + 5xσ
α+3

2 eS 0∂1+[α]
t ∂2

xu‖
2
0

.P(0) + CtP
(

sup
0≤τ≤t

E(τ)
)
. (5.10)

Applying the Newton-Leibniz formula gives∫
I

x4σα+2e2S 0
(
∂1+[α]

t ∂2
xu

)2
dx . P(0) + CtP

(
sup
0≤τ≤t

E(τ)
)
. (5.11)

Combining (5.9)–(5.11), we derive

‖x2σ
α+3

2 eS 0∂1+[α]
t ∂3

xu‖
2
0 + 10‖xσ

α+3
2 eS 0∂1+[α]

t ∂2
xu‖

2
0 . P(0) + CtP

(
sup
0≤τ≤t

E(τ)
)
. (5.12)

Combined with (5.10), this yields

‖(α + 2)x2σxσ
α+1

2 eS 0∂1+[α]
t ∂2

xu‖
2
0 . P(0) + CtP

(
sup
0≤τ≤t

E(τ)
)
. (5.13)

From (5.12) and (5.13), we derive

‖x2σ
α+3

2 eS 0∂1+[α]
t ∂3

xu‖
2
0 + ‖x2σ

α+1
2 eS 0∂1+[α]

t ∂2
xu‖

2
0 + ‖xσ

α+3
2 eS 0∂1+[α]

t ∂2
xu‖

2
0 (5.14)

.P(0) + CtP
(

sup
0≤τ≤t

E(τ)
)
.
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From (5.14) and σx = −2x, it follows that

‖x2σ
α+3

2 eS 0∂1+[α]
t ∂3

xu‖
2
0 + ‖x3σ

α+1
2 eS 0∂1+[α]

t ∂2
xu‖

2
0 + ‖xσ

α+3
2 eS 0∂1+[α]

t ∂2
xu‖

2
0 (5.15)

.P(0) + CtP
(

sup
0≤τ≤t

E(τ)
)
.

Combining (5.15) with previous results, we have

‖xσ
α+1

2 eS 0∂1+[α]
t ∂2

xu‖
2
0

.

∫
I0

x2σα+3e2S 0
(
∂1+[α]

t ∂2
xu

)2
dx +

∫
Ib

x6σα+1e2S 0
(
∂1+[α]

t ∂2
xu

)2
dx (5.16)

.

∫
I

x2σα+3e2S 0
(
∂1+[α]

t ∂2
xu

)2
dx +

∫
I

x6σα+1e2S 0
(
∂1+[α]

t ∂2
xu

)2
dx

.P(0) + CtP
(

sup
0≤τ≤t

E(τ)
)
.

The combination of (5.15) and (5.16) leads to

‖x2σ
α+3

2 eS 0∂1+[α]
t ∂3

xu‖
2
0 + ‖xσ

α+1
2 eS 0∂1+[α]

t ∂2
xu‖

2
0 . P(0) + CtP

(
sup
0≤τ≤t

E(τ)
)
. (5.17)

To prove (5.10), it concludes from (5.4) with µ = 0 that

‖x2σ
α+3

2 eS 0∂1+[α]
t ∂3

xu + (α + 2)x2σxσ
α+1

2 eS 0∂1+[α]
t ∂2

xu + 5xσ
α+3

2 eS 0∂1+[α]
t ∂2

xu‖
2
0

.‖x2σ
α+1

2 ∂3+[α]
t ∂xu‖20 + ‖xσ

α+1
2 ∂3+[α]

t u‖20 + ‖x2σ
α+3

2 ∂x(eS 0)∂1+[α]
t ∂2

xu‖
2
0

+‖xσ
α+1

2 ∂1+[α]
t ∂x

{
xσeS 0[1 − ξ2−2γ(ξ + xξx)−γ−1]uxx

}
‖20 (5.18)

+‖xσ
α+1

2 ∂1+[α]
t ∂x

{
xσeS 0ξ2∂x[ξ−2γ(ξ + xξx)−γ−1]ux

}
‖20

+‖xσ
α+1

2 ∂1+[α]
t ∂x

{
xσ∂x(eS 0)ξ2−2γ(ξ + xξx)−γ−1ux

}
‖20 + R0.

We now estimate the third term on the right-hand side of (5.18):

‖x2σ
α+3

2 ∂x(eS 0)∂1+[α]
t ∂2

xu‖
2
0 . ‖∂x(eS 0)‖2L∞

∫ t

0
‖x2σ

α+3
2 ∂2+[α]

τ ∂2
xu‖

2
0dτ (5.19)

+ ‖∂x(eS 0)‖2L∞‖x
2σ

α+3
2 ∂1+[α]

t ∂2
xu(0)‖20 . P(0) + CtP

(
sup
0≤τ≤t

E(τ)
)
.

Regarding the fourth term on the right-hand side of (5.18), we establish the following estimate:

‖xσ
α+1

2 ∂1+[α]
t ∂x

{
xσeS 0[1 − ξ2−2γ(ξ + xξx)−γ−1]uxx

}
‖20

.‖x2σ
α+3

2 eS 0∂1+[α]
t

{
[1 − ξ2−2γ(ξ + xξx)−γ−1]uxxx

}
‖20

+ ‖x2σ
α+3

2 eS 0∂1+[α]
t

{
∂x[ξ2−2γ(ξ + xξx)−γ−1]uxx

}
‖20

+ ‖x2σ
α+1

2 σxeS 0∂1+[α]
t

{
[1 − ξ2−2γ(ξ + xξx)−γ−1]uxx

}
‖20 (5.20)

+ ‖xσ
α+3

2 eS 0∂1+[α]
t

{
[1 − ξ2−2γ(ξ + xξx)−γ−1]uxx

}
‖20
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+ ‖x2σ
α+3

2 ∂x(eS 0)∂1+[α]
t

{
[1 − ξ2−2γ(ξ + xξx)−γ−1]uxx

}
‖20.

The first right-hand term in (5.20) is estimated via the Newton-Leibniz formula:

‖x2σ
α+3

2 eS 0∂1+[α]
t

{
[1 − ξ2−2γ(ξ + xξx)−γ−1]uxxx

}
‖20

.‖x2σ
α+3

2 eS 0[1 − ξ2−2γ(ξ + xξx)−γ−1]∂1+[α]
t uxxx‖

2
0 (5.21)

+‖x2σ
α+3

2 eS 0

1+[α]∑
m=1

Cm
1+[α]∂

m
t [1 − ξ2−2γ(ξ + xξx)−γ−1]∂1+[α]−m

t uxxx

 ‖20.
For the first right-hand term in (5.21), we apply the Newton-Leibniz formula to obtain

‖x2σ
α+3

2 eS 0[1 − ξ2−2γ(ξ + xξx)−γ−1]∂1+[α]
t uxxx‖

2
0

.‖eS 0‖2L∞‖x
2σ

α+3
2

∫ t

0
∂τ

[
1 − ξ2−2γ(ξ + xξx)−γ−1

]
dτ∂1+[α]

τ uxxx‖
2
0 (5.22)

.‖eS 0‖2L∞

∫ t

0

(
‖u‖2L∞ + ‖ux‖

2
L∞

)
‖x2σ

α+3
2 ∂1+[α]

τ uxxx‖
2
0 dτ

.CtP
(

sup
0≤τ≤t

E(τ)
)
.

Regarding the second term on the right-hand side of (5.21), we specifically analyze the case of
m = 1 + [α] as

‖x2σ
α+3

2 eS 0∂1+[α]
t [1 − ξ2−2γ(ξ + xξx)−γ−1]uxxx‖

2
0

.‖x2σ
α+3

2 eS 0∂[α]
t

{
[(2 − 2γ)ξ1−2γ(ξ + xξx)−γ−1 + (−γ − 1)ξ2−2γ(ξ + xξx)−γ−2]u

}
uxxx‖

2
0

+ ‖x2σ
α+3

2 eS 0∂[α]
t [ξ2−2γ(ξ + xξx)−γ−2ux]uxxx‖

2
0. (5.23)

We apply the Leibniz formula to the second term on the right-hand side of (5.23) and obtain

‖x2σ
α+3

2 eS 0∂[α]
t [ξ2−2γ(ξ + xξx)−γ−2ux]uxxx‖

2
0

=‖x2σ
α+3

2 eS 0

 [α]∑
n=0

Cn
[α]∂

n
t [ξ2−2γ(ξ + xξx)−γ−2]∂[α]−n

t ux

 uxxx‖
2
0.

For n = 0, we have

‖x2σ
α+3

2 eS 0ξ2−2γ(ξ + xξx)−γ−2∂[α]
t uxuxxx‖

2
0

.‖eS 0‖2L∞

∫ t

0
‖σ2uxxx‖

2
L∞‖x

2σ
α−1

2 ∂[α]+1
τ ux‖

2
0dτ (5.24)

+‖eS 0‖2L∞

∫ t

0
‖σ

[α]
2 ∂[α]

τ ux(0)‖2L∞dτ‖x2σ
α−[α]+3

2 ∂τuxxx‖
2
0

+‖eS 0‖2L∞‖x
2σ

α+3
2 ∂[α]

t ux(0)uxxx(0)‖20.

Since α − 1 > −1 and α − [α] + 3 > −1, applying Hardy’s inequality yields

‖x2σ
α−1

2 ∂[α]+1
t ux‖

2
0 .

p∑
l=0

∫
I

x4σα−1+2p
(
∂1+[α]

t ∂l+1
x u

)2
dx
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.
2∑

l=0

∫
I

x4σα+3
(
∂1+[α]

t ∂l+1
x u

)2
dx (5.25)

.
2∑

l=0

∫
I

x4σα+1+l
(
∂1+[α]

t ∂l+1
x u

)2
dx

.E(t).

Since α − [α] + 3 > −1, we apply Hardy’s inequality to obtain

‖x2σ
α−[α]+3

2 ∂tuxxx‖
2
0 .

[α]∑
l=0

∫
I

x4σα+[α]+3
(
∂t∂

l+3
x u

)2
dx (5.26)

.
[α]∑
l=0

∫
I

x4σα+3+l
(
∂t∂

l+3
x u

)2
dx . E(t).

The second term on the right-hand side of (5.20) is estimated as follows:

‖x2σ
α+3

2 eS 0∂1+[α]
t

{
∂x[ξ2−2γ(ξ + xξx)−γ−1]uxx

}
‖20

.‖x2σ
α+3

2 eS 0∂1+[α]
t

{
[(2 − 2γ)ξ1−2γ(ξ + xξx)−γ−1ξx + 2(−γ − 1)ξ2−2γ(ξ + xξx)−γ−2ξx]uxx

}
‖20

+ ‖x2σ
α+3

2 eS 0∂1+[α]
t [ξ2−2γ(ξ + xξx)−γ−2ξxxuxx]‖20. (5.27)

Applying the Leibniz formula to the second term on the right-hand side of (5.27) yields

‖x2σ
α+3

2 eS 0∂1+[α]
t [ξ2−2γ(ξ + xξx)−γ−2ξxxuxx]‖20

.‖x2σ
α+3

2 eS 0ξ2−2γ(ξ + xξx)−γ−2ξxx∂
1+[α]
t uxx‖

2
0 (5.28)

+‖x2σ
α+3

2 eS 0

1+[α]∑
m=1

Cm
1+[α]∂

m
t [ξ2−2γ(ξ + xξx)−γ−2ξxx]∂

1+[α]−m
t uxx

 ‖20.
The first term on the right-hand side of (5.28) is estimated by

‖x2σ
α+3

2 eS 0ξ2−2γ(ξ + xξx)−γ−2ξxx∂
1+[α]
t uxx‖

2
0

.‖eS 0‖2L∞

∫ t

0
‖σuxx‖

2
L∞‖xσ

α+1
2 ∂1+[α]

τ uxx‖
2
0dτ (5.29)

.CtP
(

sup
0≤τ≤t

E(τ)
)
.

We now analyze the principal obstacle in (5.29) as

‖x2σ
α+3

2 eS 0ξ2−2γ(ξ + xξx)−γ−2∂[α]
t uxxuxx‖

2
0

.‖eS 0‖2L∞

∫ t

0
‖σuxx‖

2
L∞‖x

2σ
α+1

2 ∂1+[α]
τ uxx‖

2
0dτ + ‖eS 0‖2L∞‖x

2σ
α+3

2 ∂[α]
t uxx(0)uxx‖

2
0 (5.30)

.CtP
(

sup
0≤τ≤t

E(τ)
)

+ ‖eS 0‖2L∞

∫ t

0
‖σ

[α]+2
2 ∂[α]

τ uxx(0)‖2L∞‖x
2σ

α−[α]+1
2 ∂τuxx‖

2
0dτ
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+‖eS 0‖2L∞‖x
2σ

α+3
2 ∂[α]

t uxx(0)uxx(0)‖20.

Since α − [α] + 1 > −1, applying Hardy’s inequality yields

‖x2σ
α−[α]+1

2 ∂tuxx‖
2
0 .

1+[α]∑
l=0

∫
I

x4σα+[α]+3
(
∂t∂

l+2
x u

)2
dx

.
1+[α]∑
l=0

∫
I

x4σα+2+lσ1+[α]−l
(
∂t∂

l+2
x u

)2
dx (5.31)

.
1+[α]∑
l=0

∫
I

x4σα+2+l
(
∂t∂

l+2
x u

)2
dx

.E(t).

We now compute the sixth term on the right-hand side of (5.18):

‖xσ
α+1

2 ∂1+[α]
t ∂x

[
xσξ2−2γ(ξ + xξx)−γ−1∂x(eS 0)ux

]
‖20

.‖x2σ
α+3

2 ∂1+[α]
t

[
ξ2−2γ(ξ + xξx)−γ−1∂x(eS 0)uxx

]
‖20

+‖x2σ
α+3

2 ∂1+[α]
t

{
∂x[ξ2−2γ(ξ + xξx)−γ−1]∂x(eS 0)ux

}
‖20 (5.32)

+‖x2σ
α+1

2 σx∂
1+[α]
t

[
ξ2−2γ(ξ + xξx)−γ−1∂x(eS 0)ux

]
‖20

+‖xσ
α+3

2 ∂1+[α]
t

[
ξ2−2γ(ξ + xξx)−γ−1∂x(eS 0)ux

]
‖20

+‖x2σ
α+3

2 ∂1+[α]
t

[
ξ2−2γ(ξ + xξx)−γ−1∂2

x(e
S 0)ux

]
‖20.

According to the Leibniz formula, the first term on the right-hand side of (5.32) can be expressed
as

‖x2σ
α+3

2 ∂1+[α]
t

[
ξ2−2γ(ξ + xξx)−γ−1∂x(eS 0)uxx

]
‖20

.‖x2σ
α+3

2 ξ2−2γ(ξ + xξx)−γ−1∂x(eS 0)∂1+[α]
t uxx‖

2
0 (5.33)

+‖x2σ
α+3

2 ∂x(eS 0)

1+[α]∑
m=1

Cm
1+[α]∂

m
t [ξ2−2γ(ξ + xξx)−γ−1]∂1+[α]−m

t uxx

 ‖20.
We turn now to estimating the first term on the right-hand side of (5.33):

‖x2σ
α+3

2 ξ2−2γ(ξ + xξx)−γ−1∂x(eS 0)∂1+[α]
t uxx‖

2
0

.‖∂x(eS 0)‖2L∞
(∫ t

0
‖x2σ

α+3
2 ∂2+[α]

τ uxx‖
2
0dτ + ‖x2σ

α+3
2 ∂1+[α]

t uxx(0)‖20

)
(5.34)

.P(0) + CtP
(

sup
0≤τ≤t

E(τ)
)
.

For the second term on the right-hand side of (5.33),we consider only the case m = 1 + [α]. The
most difficult term of it is

‖x2σ
α+3

2 ∂x(eS 0)ξ2−2γ(ξ + xξx)−γ−2∂[α]
t uxuxx‖

2
0

Communications in Analysis and Mechanics Volume 18, Issue 3, 553–592.



580

.‖∂x(eS 0)‖2L∞‖σuxx‖
2
L∞

∫ t

0
‖x2σ

α+1
2 ∂1+[α]

τ ux‖
2
0dτ

+‖∂x(eS 0)‖2L∞‖x
2σ

α+3
2 ∂[α]

t ux(0)uxx‖
2
0 . CtP

(
sup
0≤τ≤t

E(τ)
)

(5.35)

+‖∂x(eS 0)‖2L∞‖σ
[α]
2 ∂[α]

t ux(0)‖2L∞
∫ t

0
‖x2σ

α−[α]+3
2 ∂τuxx‖

2
0dτ

+‖∂x(eS 0)‖2L∞‖x
2σ

α+3
2 ∂[α]

t ux(0)uxx(0)‖20,

where

‖x2σ
α−[α]+3

2 ∂tuxx‖
2
0 .

1+[α]∑
l=0

∫
I

x4σα+[α]+5
(
∂t∂

l+2
x u

)2
dx (5.36)

.
1+[α]∑
l=0

∫
I

x4σα+2+l
(
∂t∂

l+2
x u

)2
dx . E(t).

We now handle the most challenging term in the second term on the right-hand side of (5.32):

‖x2σ
α+3

2 ∂x(eS 0)∂1+[α]
t

[
ξ2−2γ(ξ + xξx)−γ−2ξxxux

]
‖20

.‖x2σ
α+3

2 ∂x(eS 0)ξ2−2γ(ξ + xξx)−γ−2ξxx∂
1+[α]
t ux‖

2
0 (5.37)

+‖x2σ
α+3

2 ∂x(eS 0)

1+[α]∑
m=1

Cm
1+[α]∂

m
t [ξ2−2γ(ξ + xξx)−γ−2ξxx]∂

1+[α]−m
t ux

 ‖20.
The first right-hand side term in (5.37) is

‖x2σ
α+3

2 ∂x(eS 0)ξ2−2γ(ξ + xξx)−γ−2ξxx∂
1+[α]
t ux‖

2
0

.‖∂x(eS 0)‖2L∞‖x
2σ

α+1
2 ∂1+[α]

t ux‖
2
0

∫ t

0
‖σuxx‖

2
L∞dτ (5.38)

.CtP
(

sup
0≤τ≤t

E(τ)
)
.

For the second term on the right-hand side of (5.37), we consider only the case m = 1 + [α]. The
most difficult term of it is

‖x2σ
α+3

2 ∂x(eS 0)ξ2−2γ(ξ + xξx)−γ−2∂[α]
t uxxux‖

2
0

.‖∂x(eS 0)‖2L∞‖ux‖
2
L∞

∫ t

0
‖x2σ

α+3
2 ∂1+[α]

τ uxx‖
2
0dτ

+‖∂x(eS 0)‖2L∞‖x
2σ

2+α
2 ∂[α]

t uxx(0)‖20

∫ t

0
‖σ

1
2∂τux‖

2
L∞dτ (5.39)

+‖∂x(eS 0)‖2L∞‖x
2σ

α+3
2 ∂[α]

t uxx(0)ux(0)‖20

.P(0) + CtP
(

sup
0≤τ≤t

E(τ)
)
.
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Through similar analysis, we handle the remaining terms in (5.18) and obtain

‖x2σ
α+3

2 eS 0∂1+[α]
t ∂3

xu + (α + 2)x2σxσ
α+1

2 eS 0∂1+[α]
t ∂2

xu + 5xσ
α+3

2 eS 0∂1+[α]
t ∂2

xu‖
2
0

.P(0) + CtP
(

sup
0≤τ≤t

E(τ)
)
. (5.40)

Step 2. To utilize mathematical induction, we first assume that the following estimates hold
for 0 ≤ µ ≤ k with 1 ≤ k ≤ [α] and 1 ≤ a ≤ µ + 2:

‖x2σ
α+µ+3

2 eS 0∂
1+[α]−µ
t ∂a+1

x u‖20 + ‖xσ
α+µ+1

2 eS 0∂
1+[α]−µ
t ∂a

xu‖
2
0 (5.41)

.P(0) + CtP
(

sup
0≤τ≤t

E(τ)
)
.

Then, it needs to show (5.41) for k + 1 with 1 ≤ a ≤ k + 3.

‖x2σ
α+k+4

2 eS 0∂[α]−k
t ∂a+1

x u‖20 + ‖xσ
α+k+2

2 eS 0∂[α]−k
t ∂a

xu‖
2
0 . P(0)) + CtP

(
sup
0≤τ≤t

E(τ)
)
. (5.42)

Similar to (5.7), it follows from (5.4) that

‖x2σ
α+k+4

2 eS 0∂[α]−k
t ∂k+4

x u + (α + k + 3)x2σxσ
α+k+2

2 eS 0∂[α]−k
t ∂k+3

x u

+ (k + 6)xσ
α+k+4

2 eS 0∂[α]−k
t ∂k+3

x u‖20
= ‖x2σ

α+k+4
2 eS 0∂[α]−k

t ∂k+4
x u‖20 + (α + k + 3)2‖x2σxσ

α+k+2
2 eS 0∂[α]−k

t ∂k+3
x u‖20

+ (k + 6)2‖xσ
α+k+4

2 eS 0∂[α]−k
t ∂k+3

x u‖20 (5.43)

+

∫
I
[(k + 6)x3σα+k+4 + (α + k + 3)σα+k+3σx]e2S 0

(
∂[α]−k

t ∂k+3
x u

)2

x
dx

+ 2(k + 6)(α + k + 3)
∫

I
x3σα+k+3σxe2S 0

(
∂[α]−k

t ∂k+3
x u

)2
dx.

By analogy with the derivations (5.10)–(5.17), the following is obtained:

‖x2σ
α+k+4

2 eS 0∂[α]−k
t ∂k+4

x u‖20 + ‖xσ
α+k+2

2 eS 0∂[α]−k
t ∂k+3

x u‖20 (5.44)

.P(0) + CtP
(

sup
0≤τ≤t

E(τ)
)
.

As in the case µ = 0, assuming temporarily that the right-hand side of (5.4) is bounded by
P(0) + CtP

(
sup0≤τ≤t E(τ)

)
, we obtain

‖x2σ
α+k+4

2 eS 0∂[α]−k
t ∂k+4

x u + (α + k + 3)x2σxσ
α+k+2

2 eS 0∂[α]−k
t ∂k+3

x u (5.45)

+ (k + 6)xσ
α+k+4

2 eS 0∂[α]−k
t ∂k+3

x u‖20 . P(0) + CtP
(

sup
0≤τ≤t

E(τ)
)
.

We now present a formal proof of (5.45):

‖x2σ
α+k+4

2 eS 0∂[α]−k
t ∂k+4

x u + (α + k + 3)x2σxσ
α+k+2

2 eS 0∂[α]−k
t ∂k+3

x u
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+ (k + 6)xσ
α+k+4

2 eS 0∂[α]−k
t ∂k+3

x u‖20
. ‖x2σ

α+k+2
2 ∂2+[α]−k

t ∂k+2
x u‖20 + ‖xσ

α+k+2
2 ∂1+[α]−k

t ∂k+1
x u‖20

+ ‖x2σ
α+k+4

2 ∂x(eS 0)∂[α]−k
t ∂k+3

x u‖20 (5.46)

+ ‖xσ
α+k+2

2 ∂[α]−k
t ∂k+2

x

{
xσeS 0[1 − ξ2−2γ(ξ + xξx)−γ−1]uxx

}
‖20

+ ‖xσ
α+k+2

2 ∂[α]−k
t ∂k+2

x

{
xσξ2eS 0∂x[ξ−2γ(ξ + xξx)−γ−1]ux

}
‖20

+ ‖xσ
α+k+2

2 ∂[α]−k
t ∂k+2

x

{
xσ∂x(eS 0)ξ2−2γ(ξ + xξx)−γ−1ux

}
‖20 + Rk+1,

where Rk+1 is given by (5.4) with µ = k − 1 and the first and second terms on the right-hand side
of (5.46) can be derived from the expression for µ = k − 1 in (5.41).

For the third term on the right-hand side of (5.46), we proceed to estimate it as follows:

‖x2σ
α+k+4

2 ∂x(eS 0)∂[α]−k
t ∂k+3

x u‖20

.‖∂x(eS 0)‖2L∞
∫ t

0
‖x2σ

α+k+4
2 ∂1+[α]−k

τ ∂k+3
x u‖20dτ (5.47)

+‖∂x(eS 0)‖2L∞‖x
2σ

α+k+4
2 ∂[α]−k

t ∂k+3
x u(0)‖20

.P(0) + CtP
(

sup
0≤τ≤t

E(τ)
)
.

Next, we estimate the fourth term on the right-hand side of (5.46) by applying the Leibniz
formula:

‖xσ
α+k+2

2 ∂[α]−k
t ∂k+2

x

{
xσeS 0[1 − ξ2−2γ(ξ + xξx)−γ−1]uxx

}
‖20

=‖xσ
α+k+2

2 ∂[α]−k
t

 k+2∑
l=0

Cl
k+2∂

l
xx∂k+2−l

x σeS 0[1 − ξ2−2γ(ξ + xξx)−γ−1]uxx

 ‖20
.‖x2σ

α+k+2
2 ∂[α]−k

t ∂k+2
x

{
σeS 0[1 − ξ2−2γ(ξ + xξx)−γ−1]uxx

}
‖20 (5.48)

+‖xσ
α+k+2

2 ∂[α]−k
t ∂k+1

x

{
σeS 0[1 − ξ2−2γ(ξ + xξx)−γ−1]uxx

}
‖20.

Restricting our attention to the first term on the right-hand side of (5.48), an application of the
Leibniz formula yields

‖x2σ
α+k+2

2 ∂[α]−k
t ∂k+2

x

{
σeS 0[1 − ξ2−2γ(ξ + xξx)−γ−1]uxx

}
‖20 (5.49)

=‖x2σ
α+k+2

2 ∂[α]−k
t

 k+2∑
m=0

Cm
k+2∂

m
x eS 0∂k+2−m

x σ[1 − ξ2−2γ(ξ + xξx)−γ−1]uxx

 ‖20.
Setting m = 0 in (5.49) yields

x2σ
α+k+4

2 eS 0∂[α]−k
t ∂k+2

x [1 − ξ2−2γ(ξ + xξx)−γ−1]uxx

=

[α]−k∑
p=0

k+2∑
n=0

Cp
[α]−kC

n
k+2x2σ

α+k+4
2 eS 0∂

p
t ∂

n
x

[
1 − ξ2−2γ(ξ + xξx)−γ−1

]
∂

[α]−k−p
t ∂k+2−n

x uxx (5.50)
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=

[α]−k∑
p=0

k+2∑
n=0

Ck
n,pPk

n,p,

where Ck
n,p is a constant depending on n, p, and k and Pk

n,p satisfies

Pk
n,p = x2σ

α+k+4
2 eS 0∂

p
t ∂

n
x[1 − ξ

2−2γ(ξ + xξx)−γ−1]∂[α]−k−p
t ∂k+2−n

x uxx.

The principal technical challenge emerges in the treatment of the following terms:

Pk
0,0 = x2σ

α+k+4
2 eS 0[1 − ξ2−2γ(ξ + xξx)−γ−1]∂[α]−k

t ∂k+2
x uxx

Pk
0,[α]−k = x2σ

α+k+4
2 eS 0∂α]−k

t [1 − ξ2−2γ(ξ + xξx)−γ−1]∂k+2
x uxx (5.51)

Pk
k+2,0 = x2σ

α+k+4
2 eS 0∂k+2

x [1 − ξ2−2γ(ξ + xξx)−γ−1]∂[α]−k
t uxx

Pk
k+2,[α]−k = x2σ

α+k+4
2 eS 0∂[α]−k

t ∂k+2
x [1 − ξ2−2γ(ξ + xξx)−γ−1]uxx.

Regarding ‖Pk
0,0‖

2
0, the following holds:

‖Pk
0,0‖

2
0 =‖x2σ

α+k+4
2 eS 0[1 − ξ2−2γ(ξ + xξx)−γ−1]∂[α]−k

t ∂k+2
x uxx‖

2
0

.‖eS 0‖2L∞‖x
2σ

α+k+4
2

∫ t

0
∂τ[1 − ξ2−2γ(ξ + xξx)−γ−1]dτ∂[α]−k

t ∂k+2
x uxx‖

2
0 (5.52)

.‖eS 0‖2L∞

∫ t

0

(
‖u‖2L∞ + ‖ux‖

2
L∞

)
‖x2σ

α+k+4
2 ∂[α]−k

τ ∂k+4
x u‖20dτ

.CtP
(

sup
0≤τ≤t

E(τ)
)
.

For ‖Pk
0,[α]−k‖

2
0, we apply the Leibniz formula and obtain

‖x2σ
α+k+4

2 eS 0∂α]−k−1
t [ξ2−2γ(ξ + xξx)−γ−2ux]∂k+2

x uxx‖
2
0 (5.53)

=‖x2σ
α+k+4

2 eS 0

[α]−k−1∑
a=0

Ca
[α]−k−1∂

a
t [ξ2−2γ(ξ + xξx)−γ−2]∂[α]−k−1−a

t ux∂
k+4
x u

 ‖20.
Setting a = 0 gives

‖x2σ
α+k+4

2 eS 0ξ2−2γ(ξ + xξx)−γ−2∂[α]−k−1
t ux∂

k+4
x u‖20

.‖eS 0‖2L∞

∫ t

0
‖σ

[α]−k
2 ∂[α]−k

τ ux‖
2
L∞‖x

2σ
α−[α]+2k+4

2 ∂k+4
x u‖20dτ (5.54)

+‖eS 0‖2L∞‖x
2σ

α+k+4
2 ∂[α]−k−1

t ux(0)∂k+4
x u‖20.

We now handle the first term on the right-hand side of (5.54). Given that α − bαc + 2k + 4 > −1,
it follows that

‖x2σ
α−[α]+2k+4

2 ∂k+4
x u‖20 .

[α]−k∑
l=0

∫
I

x4σα+[α]+4
(
∂k+4+l

x u
)2

dx

Communications in Analysis and Mechanics Volume 18, Issue 3, 553–592.



584

.
[α]−k∑
l=0

∫
I

x4σα+k+4+lσ[α]−k−l
(
∂k+4+l

x u
)2

dx (5.55)

.
[α]−k∑
l=0

∫
I

x4σα+k+4+l
(
∂k+4+l

x u
)2

dx

.E(t).

We handle the second term on the right-hand side of (5.54) via Hardy’s inequality, obtaining

‖x2σ
α+k+4

2 eS 0∂[α]−k−1
t ux(0)∂k+4

x u‖20

.‖eS 0‖2L∞

∫ t

0
‖σ

[α]−k−1
2 ∂[α]−k−1

τ ux‖
2
L∞‖x

2σ
α−[α]+2k+5

2 ∂τ∂
k+4
x u‖20dτ (5.56)

+‖eS 0‖2L∞‖x
2σ

α+k+4
2 ∂[α]−k−1

t ux(0)∂k+4
x u(0)‖20.

Since α − [α] + 2k + 5 > −1, we apply Hardy’s inequality and obtain

‖x2σ
α−[α]+2k+5

2 ∂t∂
k+4
x u‖20 .

[α]−k−1∑
l=0

∫
I

x4σα+[α]+3
(
∂t∂

k+4+l
x u

)2
dx (5.57)

.
[α]−k−1∑

l=0

∫
I

x4σα+k+4+l
(
∂t∂

k+4+l
x u

)2
dx . E(t).

For ‖Pk
k+2,0‖

2
0, the following holds:

‖x3σ
α+k+4

2 eS 0ξ2−2γ(ξ + xξx)−γ−2∂k+1
x ξxx∂

[α]−k
t uxx‖

2
0 (5.58)

.‖eS 0‖2L∞

∫ t

0
‖σ

2+[α]−k
2 ∂[α]−k

τ uxx‖
2
L∞‖x

2σ
α−[α]+2k+2

2 ∂k+3
x u‖20dτ.

Since α − [α] + 2k + 2 > −1, we apply Hardy’s inequality to obtain

‖x2σ
α−[α]+2k+2

2 ∂k+3
x u‖20 .

[α]−k+1∑
l=0

∫
I

x4σα+[α]+4
(
∂k+3+l

x u
)2

dx (5.59)

.
[α]−k+1∑

l=0

∫
I

x4σα+k+3+lσ[α]−k−1+l
(
∂k+3+l

x u
)2

dx . E(t).

For ‖Pk
k+2,[α]−k‖

2
0, the most difficult term is treated by applying the Leibniz formula, which yields

‖x3σ
α+k+4

2 eS 0∂[α]−k
t [ξ2−2γ(ξ + xξx)−γ−2∂k+1

x ξxx]uxx‖
2
0

.‖x3σ
α+k+4

2 eS 0ξ2−2γ(ξ + xξx)−γ−2∂[α]−k
t ∂k+1

x ξxxuxx‖
2
0 (5.60)

+‖x3σ
α+k+4

2 eS 0

[α]−k∑
n=1

Cn
[α]−k∂

n
t [ξ2−2γ(ξ + xξx)−γ−2]∂[α]−k−n

t ∂k+1
x ξxxuxx

 ‖20.
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Next, we handle the first term on the right-hand side of (5.60) by applying the Newton-Leibniz
formula, which yields

‖x3σ
α+k+4

2 eS 0ξ2−2γ(ξ + xξx)−γ−2∂[α]−k
t ∂k+1

x ξxxuxx‖
2
0

.‖eS 0‖2L∞‖σuxx‖
2
L∞

∫ t

0
‖xσ

α+k+2
2 ∂[α]−k

τ ∂k+3
x u‖20dτ + ‖x3σ

α+k+4
2 eS 0∂[α]−k−1

t ∂k+3
x u(0)uxx‖

2
0

.CtP
(

sup
0≤τ≤t

E(τ)
)

+ ‖eS 0‖2L∞‖xσ
[α]+k+3

2 ∂[α]−k−1
t ∂k+3

x u(0)‖2L∞
∫ t

0
‖x2σ

α−[α]+1
2 ∂τ∂

2
xu‖

2
0dτ

+‖eS 0‖2L∞‖x
3σ

α+k+4
2 ∂[α]−k−1

t ∂k+3
x u(0)uxx(0)‖20 . P(0) + CtP

(
sup
0≤τ≤t

E(τ)
)
. (5.61)

We take the second term on the right-hand side of (5.60), set n = [α] − k, and establish the
following estimates for its most challenging terms:

‖x2σ
α+k+4

2 eS 0ξ2−2γ(ξ + xξx)−γ−3∂[α]−k−1
t ux∂

k+1
x ξxxuxx‖

2
0

.‖eS 0‖2L∞‖σuxx‖
2
L∞‖σ

[α]−k−1
2 ∂[α]−k−1

t ux‖
2
L∞

∫ t

0
‖x2σ

α−[α]+2k+5
2 ∂k+3

x u‖20dτ (5.62)

.CtP
(

sup
0≤τ≤t

E(τ)
)
.

Combining results from (5.48) through (5.62), we deduce that

‖x2σ
α+k+2

2 ∂[α]−k
t ∂k+2

x

{
σeS 0[1 − ξ2−2γ(ξ + xξx)−γ−1]uxx

}
‖20 (5.63)

.P(0) + CtP
(

sup
0≤τ≤t

E(τ)
)
.

By setting m = k + 2 in (5.49), it yields that

‖x2σ
α+k+4

2 ∂k+2
x (eS 0)∂[α]−k

t

{
[1 − ξ2−2γ(ξ + xξx)−γ−1]uxx

}
‖20

=‖x2σ
α+k+4

2 ∂k+2
x (eS 0)[1 − ξ2−2γ(ξ + xξx)−γ−1]∂[α]−k

t uxx‖
2
0 (5.64)

+‖x2σ
α+k+4

2 ∂k+2
x (eS 0)

[α]−k∑
b=0

Cb
[α]−k∂

b
t [1 − ξ2−2γ(ξ + xξx)−γ−1]∂[α]−k−b

t uxx

 ‖20.
Turning to the first term on the right-hand side of (5.64), we establish the following estimate:

‖x2σ
α+k+4

2 ∂k+2
x (eS 0)[1 − ξ2−2γ(ξ + xξx)−γ−1]∂[α]−k

t uxx‖
2
0

.‖∂k+2
x (eS 0)‖2L∞‖x

2σ
α+k+4

2

∫ t

0
∂τ

[
1 − ξ2−2γ(ξ + xξx)−γ−1

]
dτ∂[α]−k

τ uxx‖
2
0 (5.65)

.‖∂k+2
x (eS 0)‖2L∞

∫ t

0

(
‖u‖2L∞ + ‖ux‖

2
L∞

)
‖x2σ

α+k+4
2 ∂[α]−k

τ uxx‖
2
0dτ

.CtP
(

sup
0≤τ≤t

E(τ)
)
.
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For the second term on the right-hand side of (5.64), we take b = [α] − k and establish the
following estimates for its most challenging terms:

‖x3σ
α+k+4

2 ∂k+2
x (eS 0)ξ2−2γ(ξ + xξx)−γ−2∂[α]−k−1

t uxuxx‖
2
0

.‖∂k+2
x (eS 0)‖2L∞‖σuxx‖

2
L∞

∫ t

0
‖x2σ

α+k+2
2 ∂[α]−k

τ ux‖
2
0dτ (5.66)

+‖∂k+2
x (eS 0)‖2L∞‖σuxx‖

2
L∞‖x

2σ
α+k+2

2 ∂[α]−k−1
t ux(0)‖20

.P(0) + CtP
(

sup
0≤τ≤t

E(τ)
)
.

Finally, we turn to estimating the sixth term on the right-hand side of (5.46):

‖xσ
α+k+2

2 ∂[α]−k
t ∂k+2

x

[
xσ∂x(eS 0)ξ2−2γ(ξ + xξx)−γ−1ux

]
‖20

=‖xσ
α+k+2

2 ∂[α]−k
t

 k+2∑
l=0

Cl
k+2∂

l
xx∂k+2−l

x

[
σ∂x(eS 0)ξ2−2γ(ξ + xξx)−γ−1ux

] ‖20 (5.67)

.‖x2σ
α+k+2

2 ∂[α]−k
t ∂k+2

x

{
σ∂x(eS 0)ξ2−2γ(ξ + xξx)−γ−1ux

}
‖20

+‖xσ
α+k+2

2 ∂[α]−k
t ∂k+1

x

{
σ∂x(eS 0)ξ2−2γ(ξ + xξx)−γ−1ux

}
‖20.

We only need to estimate the first term on the right-hand side of (5.67):

x2σ
α+k+2

2 ∂[α]−k
t ∂k+2

x

{
σ∂x(eS 0)ξ2−2γ(ξ + xξx)−γ−1ux

}
(5.68)

=x2σ
α+k+2

2 ∂[α]−k
t

 k+2∑
m=0

Cm
k+2∂

m
x [∂x(eS 0)]∂k+2−m

x [σξ2−2γ(ξ + xξx)−γ−1ux]

 .
In the case m = 0, it follows that

‖x2σ
α+k+2

2 ∂x(eS 0)∂[α]−k
t ∂k+2

x [σξ2−2γ(ξ + xξx)−γ−1ux]‖20
.‖x2σ

α+k+2
2 ∂x(eS 0)∂[α]−k

t [ξ2−2γ(ξ + xξx)−γ−1∂k+2
x (σux)]‖20 (5.69)

+‖x2σ
α+k+2

2 ∂x(eS 0)∂[α]−k
t

 k+2∑
n=1

Cn
k+2∂

n
x[ξ

2−2γ(ξ + xξx)−γ−1]∂k+2−n
x (σux)

 ‖20.
We now estimate the first term on the right-hand side of (5.69):

‖x2σ
α+k+2

2 ∂x(eS 0)∂[α]−k
t [ξ2−2γ(ξ + xξx)−γ−1∂k+2

x (σux)]‖20 (5.70)

=‖x2σ
α+k+2

2 ∂x(eS 0)∂[α]−k
t

ξ2−2γ(ξ + xξx)−γ−1
k+2∑
b=0

Cb
k+2∂

b
xσ∂

k+2−b
x ux

 ‖20.
In the case b = 0, it follows that

‖x2σ
α+k+4

2 ∂x(eS 0)∂[α]−k
t [ξ2−2γ(ξ + xξx)−γ−1∂k+2

x ux]‖20 (5.71)

=‖x2σ
α+k+4

2 ∂x(eS 0)

[α]−k∑
l=0

Cl
[α]−k∂

l
t[ξ

2−2γ(ξ + xξx)−γ−1]∂[α]−k−l
t ∂k+2

x ux

 ‖20.
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When l = 0 in (5.71), we obtain

‖x2σ
α+k+4

2 ∂x(eS 0)ξ2−2γ(ξ + xξx)−γ−1∂[α]−k
t ∂k+2

x ux‖
2
0

.‖∂x(eS 0)‖2L∞
∫ t

0
‖x2σ

α+k+4
2 ∂[α]−k+1

τ ∂k+3
x u‖20dτ (5.72)

+‖∂x(eS 0)‖2L∞‖x
2σ

α+k+4
2 ∂[α]−k

t ∂k+3
x u(0)‖20

.P(0) + CtP
(

sup
0≤τ≤t

E(τ)
)
.

In the case l = [α] − k of (5.71), we bound the most difficult terms as follows:

‖x3σ
α+k+4

2 ∂x(eS 0)ξ2−2γ(ξ + xξx)−γ−2∂[α]−k−1
t ux∂

k+3
x u‖20

.‖∂x(eS 0)‖2L∞
∫ t

0
‖σ

[α]−k
2 ∂[α]−k

τ ux‖
2
L∞‖x

2σ
α−[α]+2k+4

2 ∂k+3
x u‖20dτ

+‖∂x(eS 0)‖2L∞‖x
3σ

α+k+4
2 ∂[α]−k−1

t ux(0)∂k+3
x u‖20 (5.73)

.CtP
(

sup
0≤τ≤t

E(τ)
)

+ ‖∂x(eS 0)‖2L∞‖x
3σ

α+k+4
2 ∂[α]−k−1

t ux(0)∂k+3
x u(0)‖20

+‖∂x(eS 0)‖2L∞
∫ t

0
‖σ

[α]−k−1
2 ∂[α]−k−1

τ ux(0)‖2L∞‖x
2σ

α−[α]+2k+5
2 ∂τ∂

k+3
x u‖20dτ,

where

‖x2σ
α−[α]+2k+5

2 ∂t∂
k+3
x u‖20 .

[α]−k∑
l=0

∫
I

x4σα+[α]+5
(
∂t∂

k+3+l
x u

)2
dx (5.74)

.
[α]−k∑
l=0

∫
I

x4σα+k+3+l
(
∂t∂

k+3+l
x u

)2
dx . E(t).

The second term on the right-hand side of (5.69), where n = k + 2, can be bounded as follows:

‖x2σ
α+k+4

2 ∂x(eS 0)∂[α]−k
t

{
∂k+2

x [ξ2−2γ(ξ + xξx)−γ−1]ux

}
‖20 (5.75)

=‖x2σ
α+k+4

2 ∂x(eS 0)

[α]−k∑
p=0

Cp
[α]−k∂

p
t

{
∂k+2

x [ξ2−2γ(ξ + xξx)−γ−1]
}
∂

[α]−k−p
t ux

 ‖20.
For (5.75) with p = 0, the principal challenging terms admit the estimates

‖x3σ
α+k+4

2 ∂x(eS 0)ξ2−2γ(ξ + xξx)−γ−2∂k+1
x ξxx∂

[α]−k
t ux‖

2
0

.‖∂x(eS 0)‖2L∞
∫ t

0
‖x2σ

α−[α]+2k+4
2 ∂k+3

x u‖20‖σ
[α]−k

2 ∂[α]−k
τ ux‖

2
L∞dτ (5.76)

.CtP
(

sup
0≤τ≤t

E(τ)
)
.

For (5.75), for the case p = [α] − k, the most difficult terms are estimated as follows:

x2σ
α+k+4

2 ∂x(eS 0)∂[α]−k
t ∂k+1

x [ξ2−2γ(ξ + xξx)−γ−2xξxx]ux

Communications in Analysis and Mechanics Volume 18, Issue 3, 553–592.



588

=

[α]−k∑
n=0

k+1∑
p=0

Cn
[α]−kC

p
k+2x2σ

α+k+4
2 ∂x(eS 0)∂n

t ∂
p
x

{
xξ2−2γ(ξ + xξx)−γ−2

}
∂[α]−k−n

t ∂k+1−p
x ξxxux

=

[α]−k∑
n=0

k+1∑
p=0

Ck
n,pG

k
n,p, (5.77)

where Ck
n,p is a constant depending on n, p, and k and Gk

n,p satisfies

Gk
n,p = x2σ

α+k+4
2 ∂x(eS 0)∂n

t ∂
p
x

{
xξ2−2γ(ξ + xξx)−γ−2

}
∂[α]−k−n

t ∂k+1−p
x ξxxux.

The principal technical challenge emerges in the treatment of the following terms:

Gk
0,0 = x3σ

α+k+4
2 ∂x(eS 0)ξ2−2γ(ξ + xξx)−γ−2∂[α]−k

t ∂k+1
x ξxxux

Gk
[α]−k,0 = x3σ

α+k+4
2 ∂x(eS 0)∂[α]−k

t

{
ξ2−2γ(ξ + xξx)−γ−2

}
∂k+1

x ξxxux (5.78)

Gk
0,k+1 = x2σ

α+k+4
2 ∂x(eS 0)∂k+1

x

{
xξ2−2γ(ξ + xξx)−γ−2

}
∂[α]−k

t ξxxux

Gk
[α]−k,k+1 = x2σ

α+k+4
2 ∂x(eS 0)∂[α]−k

t ∂k+1
x

{
xξ2−2γ(ξ + xξx)−γ−2

}
ξxxux.

For ‖Gk
0,0‖

2
0, the estimate is as follows:

‖Gk
0,0‖

2
0 =‖x3σ

α+k+4
2 ∂x(eS 0)ξ2−2γ(ξ + xξx)−γ−2∂[α]−k

t ∂k+1
x ξxxux‖

2
0

.‖∂x(eS 0)‖2L∞‖ux‖
2
L∞

∫ t

0
‖x2σ

α+k+4
2 ∂[α]−k

τ ∂k+3
x u‖20dτ (5.79)

.CtP
(

sup
0≤τ≤t

E(τ)
)
.

For ‖Gk
[α]−k,0‖

2
0, the estimates for its most challenging terms are as follows:

‖x4σ
α+k+4

2 ∂x(eS 0)ξ2−2γ(ξ + xξx)−γ−3∂[α]−k−1
t ux∂

k+1
x ξxxux‖

2
0

.‖∂x(eS 0)‖2L∞‖ux‖
2
L∞

∫ t

0
‖σ

[α]−k
2 ∂[α]−k

τ ux‖
2
L∞dτ

∫ t

0
‖x2σ

α−[α]+2k+4
2 ∂k+3

x u‖20dτ (5.80)

+‖∂x(eS 0)‖2L∞‖ux‖
2
L∞‖x

2σ
α+k+4

2 ∂[α]−k−1
t ux(0)∂k+3

x ξ‖20

.P(0) + CtP
(

sup
0≤τ≤t

E(τ)
)
.

For ‖Gk
0,k+1‖

2
0, the estimates for its most challenging terms are as follows:

‖x4σ
α+k+4

2 ∂x(eS 0)ξ2−2γ(ξ + xξx)−γ−3∂k
xξxx∂

[α]−k
t ξxxux‖

2
0

.‖∂x(eS 0)‖2L∞‖ux‖
2
L∞

∫ t

0
‖σ

[α]−k+2
2 ∂[α]−k

τ uxx‖
2
L∞dτ

∫ t

0
‖x2σ

α−[α]+2k+2
2 ∂k+2

x u‖20dτ (5.81)

.CtP
(

sup
0≤τ≤t

E(τ)
)
.
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For ‖Gk
[α]−k,k+1‖

2
0, the estimates for its most challenging terms are as follows:

‖x4σ
α+k+4

2 ∂x(eS 0)∂[α]−k
t

{
x2ξ2−2γ(ξ + xξx)−γ−3∂k

xξxx

}
ξxxux‖

2
0

.‖x6σ
α+k+4

2 ∂x(eS 0)ξ2−2γ(ξ + xξx)−γ−3∂[α]−k
t ∂k

xξxxξxxux‖
2
0 (5.82)

+‖x6σ
α+k+4

2 ∂x(eS 0)

[α]−k∑
n=1

Cn
[α]−k∂

n
t [x2ξ2−2γ(ξ + xξx)−γ−3]∂[α]−k−n

t ∂k
xξxx

 ξxxux‖
2
0.

The first term on the right-hand side of (5.82) requires the following estimate:

‖x6σ
α+k+4

2 ∂x(eS 0)ξ2−2γ(ξ + xξx)−γ−3∂[α]−k
t ∂k

xξxxξxxux‖
2
0

.‖∂x(eS 0)‖2L∞‖ux‖
2
L∞

∫ t

0
‖σuxx‖

2
L∞dτ

∫ t

0
‖x2σ

α+k+4
2 ∂[α]−k

τ ∂k+2
x u‖20dτ (5.83)

.CtP
(

sup
0≤τ≤t

E(τ)
)
.

For the second term on the right-hand side of (5.82), we set n = [α] − k and obtain these bounds
for the critical terms

‖x7σ
α+k+4

2 ∂x(eS 0)ξ2−2γ(ξ + xξx)−γ−4∂[α]−k−1
t ∂k

xξxxξxxux‖
2
0 (5.84)

.‖∂x(eS 0)‖2L∞‖ux‖
2
L∞

∫ t

0
‖σuxx‖

2
L∞dτ

∫ t

0
‖x2σ

α+k+2
2 ∂[α]−k−1

τ ∂k+2
x u‖20dτ

.CtP
(

sup
0≤τ≤t

E(τ)
)
.

Setting m = k + 2 in (5.68) yields

‖x2σ
α+k+4

2 ∂k+3
x (eS 0)∂[α]−k

t

{
ξ2−2γ(ξ + xξx)−γ−1ux

}
‖20

.‖x2σ
α+k+4

2 ∂k+3
x (eS 0)ξ2−2γ(ξ + xξx)−γ−1∂[α]−k

t ux‖
2
0 (5.85)

+‖x2σ
α+k+4

2 ∂k+3
x (eS 0)


[α]−k∑
q=1

Cq
[α]−k∂

q
t [ξ2−2γ(ξ + xξx)−γ−1]∂[α]−k−q

t ux

 ‖20.
We now bound the first term on the right-hand side of (5.85):

‖x2σ
α+k+4

2 ∂k+3
x (eS 0)ξ2−2γ(ξ + xξx)−γ−1∂[α]−k

t ux‖
2
0

.‖∂k+3
x (eS 0)‖2L∞

∫ t

0
‖x2σ

α+k+4
2 ∂[α]−k+1

τ ux‖
2
0dτ (5.86)

+‖∂k+3
x (eS 0)‖2L∞‖x

2σ
α+k+4

2 ∂[α]−k
t ux(0)‖20

.P(0) + CtP
(

sup
0≤τ≤t

E(τ)
)
.

For the second term on the right-hand side of (5.85), we take q = [α] − k and establish the
following bounds for their principal challenging terms:

‖x3σ
α+k+4

2 ∂k+3
x (eS 0)ξ2−2γ(ξ + xξx)−γ−2∂[α]−k−1

t uxux‖
2
0
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.‖∂k+3
x (eS 0)‖2L∞‖ux‖

2
L∞

∫ t

0
‖x2σ

α+k+4
2 ∂[α]−k

τ ux‖
2
0dτ (5.87)

+‖x2σ
α+k+4

2 ∂k+3
x (eS 0)∂[α]−k−1

t ux(0)ux‖
2
0.

The second term on the right-hand side of (5.87) requires the following estimate:

‖x2σ
α+k+4

2 ∂k+3
x (eS 0)∂[α]−k−1

t ux(0)ux‖
2
0

.‖∂k+3
x (eS 0)‖2L∞

∫ t

0
‖σ

1
2∂τux‖

2
L∞‖x

2σ
α+k+3

2 ∂[α]−k−1
τ ux(0)‖20dτ (5.88)

+‖∂k+3
x (eS 0)‖2L∞‖x

2σ
α+k+4

2 ∂[α]−k−1
t ux(0)ux(0)‖20

.P(0) + CtP
(

sup
0≤τ≤t

E(τ)
)
.

We can also estimate the other terms on the right-hand side of (5.46) and obtain (5.45) from
(5.47)–(5.88). �
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