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Abstract: We study a thermoelastic wave–heat system on a smooth bounded domain in which the
mechanical velocity is damped both by a spatially variable-exponent power and by a time-varying delay
control. The exponent field s(·) is log-Hölder with 2 ≤ s− ≤ s(x) ≤ s+, where s+ lies strictly below
a scaling-critical bound; the delay is uniformly positive with derivative < 1; the delayed coefficient
may change sign but is small relative to the primary damping profile. Encoding the delayed velocity
through a first-order transport equation, we construct a Lyapunov functional that controls the elastic,
thermal, and delay contributions and yields coercive dissipation. Using a Faedo–Galerkin approximation,
compactness arguments in variable-exponent spaces, and the Minty–Browder method, we obtain global
existence and uniqueness of strong solutions for admissible data. The same functional, together with
a Komornik-type integral inequality, yields an explicit exponential decay rate determined by the time
integral of the primary damping profile. The approach also adapts to Cattaneo heat conduction and to
distributed delays.
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1. Introduction

We consider the initial–boundary value problem for a thermoelastic wave–heat system with spatially
variable-exponent velocity damping and a time-dependent delay control. Let D ⊂ Rn be a bounded
C2 domain with boundary ∂D. The unknowns are the displacement ω : D × [0,∞) → Rn and the
temperature ϑ : D× [0,∞)→ R. The mechanical part we study is a damped nonlinear wave equation
for the displacement, coupled to a diffusion equation for the temperature; our analysis tracks the decay
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of the classical wave energy under this thermoelastic coupling. The model reads

∂ttω − ∆ω − βc ∇ϑ + γa(t) |∂tω|
s(x)−2 ∂tω

+ γb(t) ∂tω
(
·, t − ϱ(t)

) ∣∣∣∂tω
(
·, t − ϱ(t)

)∣∣∣s(x)−2
= 0, inD× (0,∞),

∂tϑ − κ∆ϑ + βc div ∂tω = 0, inD× (0,∞),
ω = 0, on ∂D× (0,∞),
∂νϑ = 0, on ∂D× (0,∞),
ω(·, 0) = ω0, ∂tω(·, 0) = v0, ϑ(·, 0) = ϑ0, inD,
∂tω

(
·,−r ϱ(0)

)
= I0

(
·,−r ϱ(0)

)
, for r ∈ (0, 1), inD.

(1.1)

The first line of (1.1) has a hyperbolic, second–order-in-time structure for the displacement ω, with
damping acting on the velocity ∂tω; the second line is a heat equation for ϑ coupled through div ∂tω.
For this reason we refer to (1.1) as a thermoelastic wave–heat system. In (1.1) ϱ ∈ C1([0,∞)

)
is a

positive time-varying delay, γa, γb ∈ C1([0,∞)
)

are temporal coefficients, and s : D → [2,∞) is a
log–Hölder continuous exponent field. The data (ω0, v0, ϑ0, I0) are prescribed in appropriate spaces;
precise structural conditions are stated in the next section.

Thermoelasticity couples elastic deformation and heat conduction, yielding hyperbolic–parabolic
systems in which thermal effects dissipate mechanical energy. Foundational results include Dafermos’
asymptotic stability in linear thermoelasticity [1], Slemrod’s global dynamics in one-dimensional
nonlinear thermoelasticity [2], boundary stabilization for elastodynamics by Lagnese [3], exponential
decay for bars and plates by Kim [4], the semigroup framework of Lasiecka–Triggiani [5], and small-
data global existence for nonlinear thermoelasticity by Ponce–Racke [6]; a comprehensive account is
given in the monograph of Jiang–Racke [7]. On the constitutive side, Fourier’s law and its finite-speed
counterpart (Cattaneo) provide the thermal closure, while internal-variable thermodynamics offers a
broader modeling platform [8, 9]. From an applied viewpoint, closely related thermoelastic wave–heat
couplings are used to describe transient disturbances and wave propagation in generalized magneto–
thermoelastic and microstructured media; see, for example, [10, 11]. Closely related generalized
thermoelastic settings with microtemperatures or nonlocal heat-transfer laws have also been studied; see,
for example, [12, 13]. Variational and energy-based formulations play a central role in the mathematical
modeling of coupled thermomechanical systems. In this direction, variational frameworks for linear
thermoelasticity and thermoviscoelasticity, including effects such as thermal inertia, have been developed
in both three-dimensional and one-dimensional settings; see, for instance, [14, 15].

The modern analysis of thermoelastic systems provides robust well-posedness and decay theories
under diverse boundary conditions and couplings. For nonlinear thermoelastic-type couplings, smooth-
ing and global existence were shown in [16], with subsequent decay results in different settings [17].
Uniform stability estimates and boundary stabilization for multidimensional configurations appear
in [18] and, more recently, in coupled variants [19]. Quantitative decay is frequently derived via
multiplier/Lyapunov arguments and nonlinear integral inequalities of Komornik–Martı́nez type [20, 21].
Our damping is of variable exponent type; the functional framework relies on variable-exponent
Lebesgue–Sobolev spaces, for which we refer to [22].

If the thermal field is suppressed and the thermoelastic coupling is switched off (i.e., ϑ ≡ 0 and
βc = 0), then (1.1) reduces to a damped wave equation with a space–dependent power in the velocity
and a retarded control in time. In the variable–exponent setting, existence and qualitative properties for
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related wave models have been developed within the Lebesgue–Sobolev scales with spatially varying
indices; for instance, [23–25]. The standing hypotheses typically combine a log–Hölder continuity for
the exponent, bounds 2 ≤ s− ≤ s(x) ≤ s+ strictly below the relevant embedding cap, a strictly positive
delay with slope < 1, and a delayed coefficient small relative to the primary damping.

For fixed exponents, the competition between damping and source terms is well understood: in the
absence of sources, the velocity damping alone enforces global existence independently of the initial
size [26]; with sources present, solutions with negative initial energy may blow up in finite time, and
even linear damping may not prevent blow up in that regime [27]. Extensions to genuinely nonlinear
damping identify a threshold between global existence and blow up dictated by the relative powers of
the damping and the source; in particular, global solvability for arbitrary data holds when the damping
power dominates, whereas subcritical damping allows finite–time blow up for sufficiently unfavorable
initial energy [28].

Within variable–exponent frameworks, gradient-type nonlinearities and velocity dampings depending
on position have been investigated in several directions. Models driven by variable s(·)–Laplacian effects
together with lower–order terms exhibit both global existence and blow–up scenarios according to the
interplay of the exponents and coefficients [29]. Related systems combining distinct variable exponents
in the principal part and in the lower–order damping/source mechanisms reveal that finite–time blow up
may also occur for some positive–energy configurations [30]. In contrast, for a balanced case of the
parameters, global existence and stability have been proven [31].

Delay mechanisms have likewise been incorporated in nonlinearly damped wave equations. A
prototypical model features a primary velocity damping together with a retarded velocity term, possibly
accompanied by source effects; under structural restrictions on the coefficients one derives decay in
the source–free case and nonexistence in certain source–dominated regimes [32]. In the special case
of constant power and no source, global existence and decay were obtained via a Faedo–Galerkin
approximation coupled with multiplier identities [33], and subsequent works extended the analysis to
time–varying delays [34]. These results motivate our thermoelastic study, where the presence of the
temperature equation and the mechanical–thermal coupling introduces additional coercivity and new
technical challenges in the construction of the Lyapunov functional.

The objective of this work is to analyze system (1.1), a thermoelastic wave–heat model with a
spatially variable–exponent velocity damping and a time–dependent delay control. Under structural
conditions linking the exponent bounds, the slope of the delay, and the size of the delayed coefficient, we
prove global strong well–posedness and an explicit stabilization law. The delay is handled by embedding
the past velocity into a transport dynamics; uniform a priori bounds follow from a Lyapunov functional
coupling elastic, thermal, and delayed contributions; compactness in variable–exponent spaces together
with the Minty–Browder technique yields existence and uniqueness; finally, a Komornik-type integral
inequality gives an exponential decay rate for the total energy. Variants with Cattaneo heat conduction
or distributed delays are discussed.

The paper is organized as follows. Section 2 records notation and basic facts on Lp(x) and W1,p(x).
Section 3 states the structural hypotheses and the main results. Section 4 introduces the transport
reformulation and the Lyapunov structure. Sections 5 and 7 develop the Galerkin scheme and the
compactness passage to the limit, and Section 6 provides the Komornik-type weighted estimate leading
to exponential decay. Finally, Section 8 gathers the global strong well–posedness, uniqueness, and
decay conclusions.
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2. Notation and Variable–exponent overview

We collect the basic material on variable–exponent Lebesgue–Sobolev spaces used throughout.

Lebesgue and Sobolev classes with variable exponent

LetD ⊂ Rn be a bounded C2 domain and let s : D → [1,∞) be measurable. Define

Ls(x)(D) B
{
ζ : D → R measurable :

∫
D

|ζ(x)|s(x) dx < ∞
}
, (2.1)

endowed with the Luxemburg norm

∥ζ∥Ls(x)(D) B inf
{
δ > 0 :

∫
D

∣∣∣∣ ζ(x)
δ

∣∣∣∣s(x)
dx ≤ 1

}
. (2.2)

Assume s− B ess infx∈D s(x) ≥ 1 and s+ B ess supx∈D s(x) < ∞. Then Ls(x)(D) is a Banach space.
When ∇ζ exists in the distributional sense, set

W1,s(x)(D) B
{
ζ ∈ Ls(x)(D) : ∇ζ ∈ Ls(x)(D;Rn)

}
,

∥ζ∥W1,s(x)(D) B ∥ζ∥Ls(x)(D) + ∥∇ζ∥Ls(x)(D) .
(2.3)

Let W1,s(x)
0 (D) denote the closure of C∞0 (D) in W1,s(x)(D). Its dual is written W−1,p′(x)(D), where

p′(x) B s(x)/(s(x) − 1).

Lemma 2.1 (Poincaré inequality; e.g., [35, 36]). Assume s− > 1 and s is log–Hölder continuous onD.
There exists C > 0 such that ∥ζ∥Ls(x)(D) ≤ C ∥∇ζ∥Ls(x)(D) for all ζ ∈ W1,s(x)

0 (D).

Lemma 2.2 (Generalized Hölder; [36]). Let ρ, ζ : D → [1,∞) satisfy, a.e. inD,

1
ρ(x)

=
1

s(x)
+

1
ζ(x)

. (2.4)

Then for u ∈ Ls(x)(D) and v ∈ Lζ(x)(D), one has ∥uv∥Lρ(x)(D) ≤ 2 ∥u∥Ls(x)(D) ∥v∥Lζ(x)(D) .

Lemma 2.3 (Sobolev embedding; [35]). Assume s− > 1, s+ < ∞, and s is log–Hölder continuous. Set

s∗(x) B


n s(x)

n − s(x)
, s(x) < n,

+∞, s(x) ≥ n.

If ζ : D → [1,∞) with ζ(x) ≤ s∗(x) a.e., then W1,s(x)
0 (D) ↪→ Lζ(x)(D) continuously; if ζ(x) < s∗(x) a.e.,

the embedding is compact.

Remark 2.4 (Critical cap used later). For n ≥ 3, we impose the stricter bound

2 ≤ s− ≤ s(x) ≤ s+ ≤
2n − 2
n − 2

, (2.5)

which is below the classical Sobolev critical exponent and is precisely what we need in the mixed
estimates of Section 5.
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3. Model, structural hypotheses, and main statements

We study the thermoelastic system (1.1). The delay is handled by an auxiliary transport state
introduced in Section 4. We now list the structural conditions and state the main result.

Standing assumptions

(A1) Variable exponent. s is log–Hölder continuous onD and satisfies (2.5).

(A2) Delay. ϱ ∈ W2,∞(0,∞) with

0 < ϱ0 ≤ ϱ(t) ≤ ϱ1, ϱ′(t) ≤ ς < 1, t ≥ 0. (3.1)

(A3) Primary damping profile. γa ∈ C1([0,∞)) is nonincreasing and strictly positive:

γa(t) ≥ α0 > 0,
∣∣∣γ′a(t)

∣∣∣ ≤ C1 γa(t), t ≥ 0. (3.2)

(A4) Delayed control. γb ∈ C1([0,∞)) may change sign but remains small relative to γa:

|γb(t)| ≤ α γa(t),
∣∣∣γ′b(t)

∣∣∣ ≤ C2 γa(t), t ≥ 0, (3.3)

with a constant α satisfying

0 < α <
(1 − ς) s+

s− − ς
. (3.4)

Komornik–type integral inequality

We will use the following quantitative decay tool.

Lemma 3.1 (Komornik framework; [21]). Let E : [0,∞) → [0,∞) be nonincreasing and let Φ ∈
C1([0,∞)) be strictly increasing with Φ(0) = 0 and Φ(t) → ∞ as t → ∞. Assume there exist κ > −1
and ς > 0 such that, for all R ≥ 0,∫ ∞

R
E1+κ(t)Φ′(t) dt ≤

1
ς

Eκ(0) E(R). (3.5)

Then:

• If −1 < κ < 0, E(t) = 0 for all t ≥ (E(0))κ/(ς |κ|).
• If κ > 0, then E(t) ≤ E(0)

( 1+κ
1+ςκΦ(t)

)1/κ.
• If κ = 0, then E(t) ≤ E(0) exp{−ςΦ(t)}.

4. Delay reduction and Lyapunov structure

Transport reformulation of the delay

Introduce the delay state u : D× (0, 1) × (0,∞)→ Rn,

u(x, r, t) B ∂tω
(
x, t − r ϱ(t)

)
. (4.1)
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A direct computation yields the coupled first–order transport equation. Set σ(t, r) = t − r ϱ(t) so that
u(x, r, t) = ∂tω(x, σ(t, r)), and apply the chain rule to ∂tu and ∂ru to obtain (4.2).

ϱ(t) ∂tu +
(
1 − r ϱ′(t)

)
∂ru = 0 inD× (0, 1) × (0,∞), (4.2)

with boundary traces
u(·, 0, t) = ∂tω(·, t), u(·, 1, t) = ∂tω

(
·, t − ϱ(t)

)
, (4.3)

and homogeneous spatial boundary, since ω|∂D = 0⇒ ∂tω|∂D = 0.

Weighted energy

Let µ(x) be a positive function on D to be chosen below and set ξ(x, t) B γa(t)µ(x). In particular,
since ξ(x, t)(x, t) = γa(t)µ(x)(x), we have ∂tξ(x, t)(x, t) = γ′a(t)µ(x)(x). Define the total energy

H(t) B
1
2
∥∂tω(t)∥2L2(D) +

1
2
∥∇ω(t)∥2L2(D) +

cθ
2
∥ϑ(t)∥2L2(D)

+ϱ(t)
∫ 1

0

∫
D

ξ(x, t)
s(x)

|u(x, r, t)|s(x) dx dr.
(4.4)

The terms 1
2∥∂tω(t)∥2L2(D) and 1

2∥∇ω(t)∥2L2(D) constitute the standard wave energy (kinetic plus elastic), to
which the thermal and delay contributions are added. To ensure positivity of the boundary contributions
arising from (4.2) and the delayed damping, we impose the pointwise bounds

α (s(x) − 1)
1 − ς

< µ(x) < s(x) − α for all x ∈ D. (4.5)

Under (3.4) and (2.5), the interval in (4.5) is nonempty.
We first record the basic dissipation inequality for the coupled wave–heat energy.

Lemma 4.1 (Dissipation inequality). Let (ω, ϑ, u) be a strong solution of (1.1) on (0,∞) and let the
energyH be given by (4.4) with ξ(x, t) = γa(t)µ(x), where µ(x) satisfies (4.5). Then, for a.e. t > 0,

d
dt
H(t) + γa(t)

∫
D

[
a1(x) |∂tω(x, t)|s(x) + a2(x) |u(·, 1, t)(x, t)|s(x)

]
dx

+ κ ∥∇ϑ(t)∥2L2(D) ≤ 0.
(4.6)

where

a1(x) B
s(x) − µ(x) − α

s(x)
> 0, a2(x) B

(1 − ς)µ(x) − α(s(x) − 1)
s(x)

> 0. (4.7)

Proof. Step 1 (mechanical identity). Multiply the mechanical equation by ∂tω and integrate onD:∫
D

∂ttω · ∂tω +

∫
D

∇ω :∇∂tω − βc

∫
D

∇ϑ · ∂tω +

∫
D

γa(t) |∂tω|
s(x) dx

+

∫
D

γb(t)u(·, 1, t) |u(·, 1, t)|s(x)−2
· ∂tω dx = 0.
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Since ω|∂D = 0, we have
∫
D
∂ttω · ∂tω =

1
2

d
dt ∥∂tω∥

2
L2 and −

∫
D
∆ω · ∂tω =

1
2

d
dt ∥∇ω∥

2
L2 , so

d
dt

(
1
2 ∥∂tω∥

2
L2 +

1
2 ∥∇ω∥

2
L2

)
− βc

∫
D

∇ϑ · ∂tω dx +
∫
D

γa(t) |∂tω|
s(x) dx

+

∫
D

γb(t)u(·, 1, t) |u(·, 1, t)|s(x)−2
· ∂tω dx = 0.

(4.8)

Step 2 (thermal identity). Multiply the heat equation by ϑ and integrate:

cθ
2

d
dt
∥ϑ∥2L2 + κ ∥∇ϑ∥

2
L2 + βc

∫
D

div ∂tωϑ dx = 0. (4.9)

By integration by parts and ∂νϑ = 0, we get
∫
D

div ∂tωϑ dx = −
∫
D
∇ϑ · ∂tω dx; adding (4.8) and (4.9)

cancels the coupling terms.
Step 3 (transport component). Multiply (4.2) by ξ(x, t) |u|s(x)−2 u and integrate onD× (0, 1):

ϱ

∫ 1

0

∫
D

ξ(x, t) ∂tu · |u|s(x)−2 u dx dr +
∫ 1

0

∫
D

ξ(x, t)(1 − rϱ′) ∂ru · |u|s(x)−2 u dx dr = 0.

Since ∂t |u|s(x) = s(x) |u|s(x)−2 u · ∂tu. Here, s(x) depends only on x, hence it is constant with respect
to t and r in these derivatives; (and similarly in r), integrating by parts in r and using the traces
u(·, 0, t) = ∂tω, u(·, 1, t) = ∂tω(·, t − ϱ(t)) (cf. (4.3)) yields

d
dt

(
ϱ

∫ 1

0

∫
D

ξ(x, t)
s(x)

|u|s(x) dx dr
)
= ϱ

∫ 1

0

∫
D

∂tξ(x, t)
s(x)

|u|s(x) dx dr

+

∫
D

ξ(x, t)
s(x)

(
|u(·, 0, t)|s(x)

− (1 − ϱ′) |u(·, 1, t)|s(x)
)

dx.
(4.10)

Note: In the integration by parts in r, the intermediate term ϱ′(t)
∫ 1

0

∫
D

ξ(x,t)
s(x) |u|

s(x) dx dr generated by
∂r(1 − rϱ′(t)) cancels with the corresponding ϱ′(t) term produced when differentiating the prefactor ϱ(t)
on the left-hand side; hence, (4.10) contains only the boundary traces.

Step 4 (full energy balance). Adding (4.8), (4.9), (4.10) and recalling ξ(x, t) = γa(t)µ(x), using (4.10)
to differentiate the delay part ofH(t) (which already incorporates the time dependence of ϱ(t) via (4.2)),
and then adding (4.8)–(4.9), we obtain

d
dt
H(t) = −

∫
D

γa(t) |∂tω|
s(x) dx −

∫
D

γb(t)u(·, 1, t) |u(·, 1, t)|s(x)−2
· ∂tω dx

− κ ∥∇ϑ∥2L2 + ϱ(t)
∫ 1

0

∫
D

γ′a(t)µ(x)
s(x)

|u|s(x) dx dr

+

∫
D

γa(t)µ(x)
s(x)

(
|∂tω|

s(x)
− (1 − ϱ′(t)) |u(·, 1, t)|s(x)

)
dx. (4.11)

Since γ′a(t) ≤ 0 by (A3), the fourth term is ≤ 0 and may be dropped for an inequality.
Step 5 (Young’s inequality and positivity). For a.e. x ∈ D,

|∂tω| |u(·, 1, t)|s(x)−1
≤

1
s(x)
|∂tω|

s(x) +
s(x) − 1

s(x)
|u(·, 1, t)|s(x) .
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Using |γb(t)| ≤ α γa(t) (A4) and 1 − ϱ′(t) ≥ 1 − ς (A2), from (4.11) we get

d
dt
H(t) ≤ − γa(t)

∫
D

[
1 − µ(x)+α

s(x)

]
|∂tω|

s(x) dx

− γa(t)
∫
D

[
(1−ς)µ(x)

s(x) −
α(s(x)−1)

s(x)

]
|u(·, 1, t)|s(x) dx − κ ∥∇ϑ∥2L2 ,

which is (4.6) with the coefficients (4.7). Positivity of a1, a2 follows from (4.5). □

5. Galerkin approximation and first a priori estimate

The Galerkin approximation treats the wave part (displacement) and the heat part (temperature)
together and preserves the underlying wave–energy structure at the discrete level.

Finite–dimensional spaces and ansatz

Fix integers N,Q ≥ 1. Let VN = span{ϕ1, . . . ,ϕN} ⊂ H2(D;Rn) ∩ H1
0(D)n and WN =

span{ψ1, . . . , ψN} ⊂ H1(D) with ∂νψk = 0 on ∂D. For the delay state choose FQ = span{Λ1, . . . ,ΛQ} ⊂

L2((0, 1); H1
0(D)n). Seek

ωN(x, t) =
N∑

k=1

gk(t)ϕk(x),

ϑN(x, t) =
N∑

k=1

zk(t)ψk(x),

uQ(x, r, t) =
Q∑

j=1

h j(t)Λ j(x, r).

(5.1)

Projected system

With ∂tω
N = ∂tω

N and u(·, 1, t)Q(x, t) = uQ(x, 1, t), the L2-projections of (1.1) read

〈
∂ttω

N ,ϕk

〉
+ (∇ωN ,∇ϕk)L2 − βc

〈
∇ϑN ,ϕk

〉
+

∫
D

γa(t)
∣∣∣∂tω

N
∣∣∣s(x)−2

∂tω
N · ϕk dx

+

∫
D

γb(t)u(·, 1, t)Q
∣∣∣u(·, 1, t)Q

∣∣∣s(x)−2
· ϕk dx = 0, k = 1, . . . ,N,〈

∂tϑ
N , ψk

〉
+ κ(∇ϑN ,∇ψk)L2 + βc

〈
div ∂tω

N , ψk

〉
= 0, k = 1, . . . ,N,

(5.2)

and the transport equation becomes

ϱ(t) (∂tuQ,Λ j)L2(D×(0,1)) +
(
(1 − rϱ′(t)) ∂ruQ,Λ j

)
L2(D×(0,1)) = 0, j = 1, . . . ,Q, (5.3)

with the compatibility trace

uQ(·, 0, t) = ∂tω
N(·, t) in VN , ∀t ≥ 0. (5.4)
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Initial data

Let ΠVN ,ΠWN ,ΠFQ be the L2-projections. Set

ωN(0) = ΠVNω0,

∂tω
N(0) = ΠVN v0,

ϑN(0) = ΠWNϑ0,

uQ(·, r, 0) = ΠFQ I0(·, r).

(5.5)

so that uQ(·, 0, 0) = ∂tω
N(0).

Remark 5.1. All nonlinear maps on the finite–dimensional spaces are locally Lipschitz; thus,
(5.2)–(5.3)–(5.4) with (5.5) has a unique maximal solution on [0,TN,Q).

First a priori estimate

Define

HN,Q(t) B
1
2

∥∥∥∂tω
N
∥∥∥2

L2 +
1
2

∥∥∥∇ωN
∥∥∥2

L2 +
cθ
2

∥∥∥ϑN
∥∥∥2

L2

+ ϱ(t)
∫ 1

0

∫
D

γa(t)µ(x)
s(x)

∣∣∣uQ
∣∣∣s(x)

dx dr.
(5.6)

Testing (5.2) by ∂tω
N and ϑN , and (5.3) by ξ(x, t)

∣∣∣uQ
∣∣∣s(x)−2

uQ with ξ(x, t) = γa(t)µ(x), and repeating the
proof of Lemma 4.1 verbatim, we obtain

d
dt
HN,Q(t) + γa(t)

∫
D

[
b1(x)

∣∣∣∂tω
N
∣∣∣s(x)
+ b2(x)

∣∣∣u(·, 1, t)Q
∣∣∣s(x)]

dx + κ
∥∥∥∇ϑN

∥∥∥2

L2 ≤ 0, (5.7)

with

b1(x) =
s(x) − µ(x) − α

s(x)
, b2(x) =

(1 − ς)µ(x) − α(s(x) − 1)
s(x)

> 0. (5.8)

Integrating (5.7) on [0, t] gives

HN,Q(t) +
∫ t

0

∫
D

γa(ℓ)
[
b1

∣∣∣∂tω
N
∣∣∣s(x)
+ b2

∣∣∣u(·, 1, t)Q
∣∣∣s(x)]

dx dℓ

+ κ

∫ t

0

∥∥∥∇ϑN
∥∥∥2

L2 dℓ ≤ HN,Q(0).
(5.9)

Since b1(x) > 0 and b2(x) > 0 (see (5.8) and the choice (4.5)), the two integrals in (5.9) are nonnegative;
thus (5.9) is the usual integrated form of (5.7), and, in particular,HN,Q(t) ≤ HN,Q(0) for all t ∈ [0,TN,Q).
Consequently, for every τ < TN,Q,

ωN bounded in L∞(0, τ; H1
0(D)), ∂tω

N ∈ Ls(x)(D× (0, τ)), (5.10)
ϑN ∈ L∞(0, τ; L2) ∩ L2(0, τ; H1), uQ ∈ L∞

(
0, τ; Ls(x)(D× (0, 1))

)
, (5.11)

u(·, 1, t)Q ∈ Ls(x)(D× (0, τ)), γ1/s(x)
a ∂tω

N , γ1/s(x)
a u(·, 1, t)Q ∈ Ls(x)(D× (0, τ)). (5.12)
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Second a priori estimate

We now differentiate the system to control time derivatives.

Lemma 5.2 (Differentiated estimate). There exists C > 0, independent of N,Q, such that for a.e.
t ∈ (0,TN,Q),

1
2

d
dt

(
∥∂tωt∥

2
L2 + ∥∇∂tω∥

2
L2 + cθ ∥ϑt∥

2
L2 +

∫ 1

0

∫
D

ϱ(t)
1 − rϱ′(t)

|ut|
2 dx dr

)
+
γa(t)

2

∫
D

(s(x) − 1) |∂tω|
s(x)−2

|∂tωt|
2 dx

+
γa(t)

2

∫
D

(s(x) − 1) |u(·, 1, t)|s(x)−2
|u(·, 1, t)t|

2 dx + κ ∥∇ϑt∥
2
L2

≤ C
(
γa(t) + 1

)(
∥∂tωt∥

2
L2 + ∥∇∂tω∥

2
L2 + ∥ϑt∥

2
L2 +

∫ 1

0

∫
D

ϱ(t)
1 − rϱ′(t)

|ut|
2 dx dr

)
. (5.13)

Proof. Differentiate the mechanical part of (5.2) and test by ∂tωt:
1
2

d
dt

(
∥∂tωt∥

2
L2 + ∥∇∂tω∥

2
L2

)
− βc

∫
D

∇ϑt · ∂tωt dx

+γa(t)
∫
D

(s(x) − 1) |∂tω|
s(x)−2

|∂tωt|
2 dx + R1(t) = 0,

where R1 collects terms with γ′a and the delayed part. Differentiate the thermal part and test by ϑt:

cθ
2

d
dt
∥ϑt∥

2
L2 + κ ∥∇ϑt∥

2
L2 + βc

∫
D

div ∂tωt ϑt dx = 0,

and note
∫

div ∂tωt ϑt = −
∫
∇ϑt · ∂tωt, so the coupling cancels after addition.

For the transport equation, differentiating (5.3), testing by ut and integrating by parts in r using the
traces (and ϱ′(t) ≤ ς) yields

1
2

d
dt

(∫ 1

0

∫
D

ϱ

1 − rϱ′
|ut|

2 dx dr
)
+

1
2(1 − ς)

ϱ

∫
D

|u(·, 1, t)t|
2 dx −

ϱ

2

∫
D

|∂tωt|
2 dx

≤ C
∫ 1

0

∫
D

ϱ

1 − rϱ′
|ut|

2 dx dr.

Here we also use that the time derivative of the weight produces the term 1
2

∫ 1

0

∫
D
∂t
( ϱ

1−rϱ′
)
|ut|

2 dx dr, which

is bounded by C
∫ 1

0

∫
D

ϱ

1−rϱ′ |ut|
2 dx dr thanks to the regularity/bounds assumed on ϱ and the inequality

1 − rϱ′(t) ≥ 1 − ς. The remainder R1 is handled by Cauchy–Schwarz and Young’s inequality together
with (A3)–(A4). For instance, one of the typical contributions has the form

∣∣∣γ′a(t)
∣∣∣∫
D
|∂tω|

s(x)−1
|∂tωt| dx,

and we estimate it as∣∣∣γ′a(t)
∣∣∣∫
D

|∂tω|
s(x)−1

|∂tωt| dx

≤
∣∣∣γ′a(t)

∣∣∣ (∫
D

|∂tω|
s(x) dx

) 1
2
(∫
D

|∂tω|
s(x)−2

|∂tωt|
2 dx

) 1
2

≤ ε γa(t)
∫
D

(s(x) − 1) |∂tω|
s(x)−2

|∂tωt|
2 dx +Cε

∣∣∣γ′a(t)
∣∣∣2

γa(t)

∫
D

|∂tω|
s(x) dx,
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and similarly for the terms coming from the delayed contribution (with γ′b(t) and u(·, 1, t)). The mixed
term is treated in the same way (Young’s inequality with a small parameter) and then absorbed into
the left–hand side of (5.13). Finally, the remaining factors involving

∣∣∣γ′a(t)
∣∣∣2 /γa(t) are controlled by

(A3)–(A4), while
∫
D
|∂tω|

s(x) and
∫
D
|u(·, 1, t)|s(x) are already integrable in time by (5.9). Collecting all

estimates gives (5.13). □

By Gronwall’s inequality applied to (5.13), for every τ < TN,Q we have

∂tωt ∈ L∞(0, τ; L2), ∇∂tω ∈ L∞(0, τ; L2), ϑt ∈ L∞(0, τ; L2) ∩ L2(0, τ; H1), (5.14)

and ∫ τ

0

∫ 1

0

∫
D

ϱ(t)
1 − rϱ′(t)

|ut|
2 dx dr dt ≤ C(τ). (5.15)

6. Asymptotic stabilization of the energy

In this section we establish the quantitative decay (8.1) for any global strong solution produced in
Section 8. Recall the energy functionalH defined in (4.4) and the dissipation inequality (4.6). Set

ξ(x, t)(x, t) B γa(t)µ(x), Φ(t) B
∫ t

0
γa(ℓ) dℓ,

so that Φ ∈ C1(R+), Φ(0) = 0, Φ′(t) = γa(t) ≥ 0, and Φ(t) → +∞ as t → +∞ by (A3). Throughout,
C > 0 denotes a generic constant independent of time and of the truncation indices used in Section 5.

Lemma 6.1 (Komornik–type device). Let κ > −1 and suppose E ∈ C1([0,∞)) satisfies E ≥ 0, E′ ≤ 0,
and there exist Λ ∈ (0, 1], C > 0 such that for every 0 ≤ R < τ,

Λ

∫ τ

R
Eκ+1(t)Φ′(t) dt ≤ C Eκ+1(R) + C

∫ τ

R
Eκ(t)

(
−E′(t)

)
dt. (6.1)

Then there exist β,C∗ > 0 (depending on κ,Λ,C) such that

E(t) ≤ C∗ E(0) e−βΦ(t) ∀ t ≥ 0.

Proof. Since E′ ≤ 0, the last term of (6.1) is bounded by C (Eκ+1(R)−Eκ+1(τ))/(κ+1). Rearranging gives∫ τ

R
Eκ+1Φ′ ≤ C1Eκ+1(R). Applying Komornik’s integral inequality, one obtains the stated exponential

bound with some β > 0 and C∗ = C∗(κ,Λ,C). □

The weighted multipliers

Fix 0 ≤ R < τ and κ > −1. Multiply the mechanical equation in (1.1) by Eκ(t)Φ′(t)ω, integrate over
D× (R, τ), and use integration by parts in time and space. Using ⟨∂ttω,ω⟩ =

d
dt ⟨∂tω,ω⟩ − ∥∂tω∥

2
L2 and

⟨−∆ω,ω⟩ = ∥∇ω∥2L2 , we get

0 =
[
Eκ(t)Φ′(t) ⟨∂tω(t), ω(t)⟩

]t=τ

t=R
−

∫ τ

R

(
κEκ−1E′Φ′ + EκΦ′′

)
⟨∂tω,ω⟩ dt
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+

∫ τ

R
EκΦ′

(
∥∂tω∥

2 + ∥∇ω∥2
)
dt +

∫ τ

R
EκΦ′

∫
D

γa(t) |∂tω|
s(x) dx dt

+

∫ τ

R
EκΦ′

∫
D

γb(t)u(·, 1, t) |u(·, 1, t)|s(x)−2
· ω dx dt − βc

∫ τ

R
EκΦ′ ⟨∇ϑ, ω⟩ dt. (6.2)

Next, multiply the transport equation (4.2) by EκΦ′(t) ξ(x, t)(x, t) e−rϱ(t) |u|s(x)−2 u and integrate over
D × (0, 1) × (R, τ). Using ∂r

( ϱ(t)
1−rϱ′(t)

)
=

ϱ(t)ϱ′(t)
(1−rϱ′(t))2 ≥ 0, integrating by parts in r, and applying the trace

conditions (4.3) leads to

0 =
∫ τ

R
EκΦ′

∫
D

ξ(x, t)
∫ 1

0
e−rϱ(t) |u|s(x) dr dx dt

−

∫ τ

R
EκΦ′

∫
D

ξ(x, t)
(
|u(·, 1, t)|s(x)

− e−ϱ(t) |∂tω|
s(x)) dx dt

+

∫ τ

R
(κEκ−1E′Φ′ + EκΦ′′)

∫
D

ξ(x, t)
∫ 1

0
e−rϱ(t) |u|s(x)−2 u u dr dx dt. (6.3)

Model-dependent bounds

We now estimate every term on the right of (6.2)–(6.3) by the energy and the damping contributions.
First, by Cauchy–Schwarz, Young and Poincaré,∣∣∣EκΦ′ ⟨∂tω,ω⟩

∣∣∣ ≤ C Eκ+1(t),
∣∣∣EκΦ′ ⟨∇ϑ, ω⟩

∣∣∣ ≤ κ
4 EκΦ′ ∥∇ϑ∥2 + C Eκ+1(t).

Next, using (A1)–(A4), (4.5), and the positivity of a1, a2 (see (4.6)), the nonlinear terms satisfy∫
D

γa(t) |∂tω|
s(x) dx ≥

∫
D

γa(t) a1(x) |∂tω|
s(x) dx,∫

D

γb(t)u(·, 1, t) |u(·, 1, t)|s(x)−2
· ω dx ≥

∫
D

γa(t) a2(x) |u(·, 1, t)|s(x) dx − C E(t).

Since 0 < ϱ(t) ≤ ϱ1, for a.e. (x, t)∫ 1

0
e−rϱ(t) dr =

1 − e−ϱ(t)

ϱ(t)
≥

1 − e−ϱ1

ϱ1
=: Λ ∈ (0, 1).

Hence ∫ 1

0
e−rϱ(t) |u(x, r, t)|s(x) dr ≥ Λ |u(·, 1, t)(x, t)|s(x) .

Collecting these bounds and using the definition ofH , we infer from (6.2)–(6.3) the key estimate

Λ

∫ τ

R
Φ′(t) Eκ(t)

[∫
D

(
a1 |∂tω|

s(x) + a2 |u(·, 1, t)|s(x))dx + κ ∥∇ϑ(t)∥2L2

]
dt (6.4)

≤ C Eκ+1(R) + C
∫ τ

R
Eκ(t)

(
−E′(t)

)
dt. (6.5)

By the dissipation inequality (4.6), the square brackets control E(t) from below (up to a harmless
constant), so (6.5) implies precisely (6.1) with E = H .
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Exponential decay

Applying Lemma 6.1 with E = H , Φ(t) =
∫ t

0
γa(ℓ) dℓ, and κ > −1 arbitrary, we conclude that there

exist C, β > 0, depending only on the structural parameters in (A1)–(A4), such that

H(t) ≤ CH(0) e−β
∫ t

0 γa(ℓ) dℓ ∀ t ≥ 0,

which is exactly (8.1).

7. Compactness and passage to the limit

From (5.9), (5.10)–(5.12), (5.14)–(5.15), and Aubin–Lions, we extract (non–relabeled) subsequences
such that, for every fixed τ > 0,

ωN ∗
⇀ ω in L∞(0, τ; H1

0(D)n), ∂tω
N ⇀ ∂tω in Ls(x)(D× (0, τ)), (7.1)

ϑN ∗
⇀ ϑ in L∞(0, τ; L2), ϑN ⇀ ϑ in L2(0, τ; H1), (7.2)

uQ ∗
⇀ u in L∞

(
0, τ; Ls(x)(D× (0, 1))

)
,

u(·, 1, t)Q ⇀ u(·, 1, t) in Ls(x)(D× (0, τ)). (7.3)

Moreover,
∂tω

N → ∂tω in L2(D× (0, τ)). (7.4)

By monotonicity and Minty–Browder (variable–exponent setting; cf. [35, 36]),∣∣∣∂tω
N
∣∣∣s(x)−2

∂tω
N ⇀ |∂tω|

s(x)−2 ∂tω,∣∣∣u(·, 1, t)Q
∣∣∣s(x)−2

u(·, 1, t)Q ⇀ |u(·, 1, t)|s(x)−2 u(·, 1, t) in Lp′(x).
(7.5)

Passing to the limit in the Galerkin formulations with dense test spaces, we obtain, for a.e. t > 0,

⟨∂ttω(t),φ⟩ + (∇ω(t),∇φ)L2 − βc ⟨∇ϑ(t),φ⟩ +
∫
D

γa(t) |∂tω|
s(x)−2 ∂tω · φ dx

+

∫
D

γb(t)u(·, 1, t) |u(·, 1, t)|s(x)−2
· φ dx = 0, ∀φ ∈ H1

0(D)n, (7.6)

⟨∂tϑ(t), ψ⟩ + κ(∇ϑ(t),∇ψ)L2 + βc ⟨div ∂tω(t), ψ⟩ = 0, ∀ψ ∈ H1(D), (7.7)
ϱ(t) (∂tu(t),Φ)L2(D×(0,1)) + ((1 − rϱ′(t)) ∂ru(t),Φ)L2(D×(0,1)) = 0,
∀Φ ∈ L2((0, 1); H1

0(D)n), (7.8)
u(·, 0, t) = ∂tω(·, t), u(·, 1, t)(·, t) = u(·, 1, t). (7.9)

Initial conditions are inherited from the weak–∗ continuity and (5.5). Hence (ω, ϑ, u) is a global solution
of (1.1).
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8. Global strong Well–Posedness and decay

Theorem 8.1 (Global strong solution, uniqueness, and decay). Under (A1)–(A4), for initial data

ω0 ∈ H2(D) ∩ H1
0(D), v0 ∈ H1

0(D), ϑ0 ∈ H1(D), I0 ∈ H1((0, 1); H1
0(D)

)
,

I0(·, 0) = v0,

there exists a unique global strong solution (ω, ϑ, u) to (1.1) such that

ω ∈ L∞
(
0,∞; H2(D) ∩ H1

0(D)
)
, ∂tω = ωt ∈ L∞

(
0,∞; H1

0(D)
)
∩ Ls(x)(D× (0,∞)),

ϑ ∈ L∞
(
0,∞; L2(D)

)
∩ L2(0,∞; H1(D)

)
, ωtt ∈ L∞

(
0,∞; L2(D)

)
,

and the transport state satisfies

u ∈ L∞
(
(0, 1) × (0,∞); H1

0(D)
)
∩ L∞

(
0,∞; Ls(x)(D× (0, 1))

)
,

u(·, 1, t)(·, t) = u(·, 1, t) ∈ Ls(x)(D) a.e. t > 0.

Moreover, the energyH is nonincreasing and obeys the decay estimate

H(t) ≤ CH(0) exp
(
−β

∫ t

0
γa(ℓ) dℓ

)
, t ≥ 0, (8.1)

for some C, β > 0 depending only on the structural parameters of the model.

Proof. Existence. The Faedo–Galerkin scheme of Section 5 (with projections (5.2)–(5.4) and initial data
(5.5)) produces approximate solutions on any finite interval. The uniform bounds (5.9), (5.10)–(5.12)
and (5.14)–(5.15), together with the Aubin–Lions compactness lemma and the Minty–Browder identifi-
cation in variable-exponent spaces, yield the convergences (7.1)–(7.5) and the limit relations (7.6)–(7.9).
Hence a global strong solution in the stated class exists.

Uniqueness. Let (ω(i), ϑ(i), u(i)) be two solutions with the same data, and set differences w = ω(1)−ω(2),
θ = ϑ(1) − ϑ(2), g = u(1) − u(2). Subtract the weak formulations (7.6)–(7.8), test respectively by wt, θ, and
ξ(x, t) |g|s(x)−2g, and add the three identities. Using the monotonicity of η 7→ |η|s(x)−2η and the transport
boundary coupling u(·, 0, t) = ∂tω(·, t), we obtain for a.e. t > 0

d
dt

(
1
2∥wt∥

2
L2 +

1
2∥∇w∥2L2 +

cθ
2 ∥θ∥

2
L2

)
+γa(t)

∫
D

(
|∂tω

(1) − ∂tω
(2)|s(x) + |u(·, 1, t)(1) − u(·, 1, t)(2)|s(x)) dx + κ∥∇θ∥2L2 ≤ 0.

Gronwall’s lemma yields w ≡ 0, θ ≡ 0, g ≡ 0; hence uniqueness.
Decay. By Lemma 4.1, the energy satisfies the differential inequality (4.6). Section 6 constructs the

Komornik-type weighted estimate (6.5) and applies Lemma 6.1 with Φ(t) =
∫ t

0
γa(ℓ) dℓ, which gives

(8.1). □
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9. Concluding remarks

This study establishes a rigorous framework for a thermoelastic wave system equipped with spatially
variable–exponent damping and a time–dependent delay. By recasting the delay through a transport
variable and working in the Ls(x)(·)–W1,s(x)(·) setting, we derived a weighted dissipation inequality with
strictly positive coefficients, constructed global approximate solutions via a Faedo–Galerkin scheme, and
passed to the limit using compactness together with a Minty–Browder identification of the nonlinearities.
The resulting solution is global and unique, and a Lyapunov multiplier combined with a Komornik–type
integral argument yields the quantitative stabilization lawH(t) ≤ CH(0) exp

(
− β

∫ t

0
γa(ℓ) dℓ

)
, showing

that the decay profile is governed by the effective damping γa under the admissible delay constraint
0 ≤ ϱ′(t) ≤ σ < 1. The methodology is robust and readily adapts to variants such as Cattaneo-
type heat conduction, distributed or state-dependent delays, and source perturbations (under standard
smallness or sign conditions), as well as to weaker data or less regular domains. These results provide
a tractable template for the analysis and control of thermoelastic systems with variable growth and
delayed feedback.
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