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Abstract: This paper studies the following Neumann initial-boundary problem of a quasilinear
predator-prey model with nonlinear indirect signal production mechanism:

= V- (1) + @1 )V) + e (1 - ™ = Bu),  x€Q, >0,

iy = V - ($a(2)Vitz = 2(u) VW) + ety (1 = ™ + Bowy),  x€Q, >0,

v, = Av—v+wP, xeQ, t>0,

0=Aw—w+u +ul, xeQ, t>0,

in a smoothly bounded domain Q2 € R"(n > 1). Assume that the parameters «;,8;, 0, %, 1 > 0, ¢; and ¢;
(i=1, 2) are nonlinear functions satisfying ¢;(s) > x(1 + s)° and |¢;(s)| < &s(1 + s)7"!, respectively, for
all s > 0 with y,¢ > 0 and 9, 0 € R. The main result shows that for all nonnegative initial data with
appropriate regularity, if the power exponents satisfy k; > 1,k; > 2 and o + p(¢ + 1) < ”nﬁ + 0, the
model possesses a bounded global classical solution.
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1. Introduction

The process by which cells and bacteria undergo directed movement in response to gradients of
chemical signal concentration is known as chemotaxis. It is widely recognized that chemotaxis plays
a crucial role in biological survival. Biological processes are extremely complex, and the signal
may either come from external substances or be produced indirectly. The indirect signal production
mechanism was proposed by Fujie and Senba [1] in a two-chemical substance chemotaxis system and
independently in a slightly different context in [2]. Their work established the foundational framework


https://www.aimspress.com/journal/cam
http://dx.doi.org/10.3934/cam.2026019

463

for indirect chemotactic dynamics. The indirect signal production mechanism was studied in the
following one-species model:

u, = V-1 (w)Vu — Y (u)Vv)) + gw), x€Q, t>0,
™V = Avy — v + vy, xeQ, >0, (L.1)
TVy, = Avy — vy + U, xeQ, t>0,

where Q ¢ R” is a bounded domain with smooth boundary, u is cell density, and v, and v, represent
chemical signal concentrations. The growth and death dynamics of the cell population are represented by
the function g(u), and the nonlinear functions ¥, (), ¥,(u) describe the strengths of diffusion. Suppose
that ¥, (u) = 1, ¥5(u) = u, and g(u) = n(u — u?). Zhang et al. [3] proved that the system (1.1) admits a
global classical solution if 7 = 1 and 8 > "%2 (n > 2). Meanwhile, they established the convergence of
solutions for sufficiently large 7. Additionally, for 7 = 0, under the conditions that ¥(s) > p(s + 1)’
and |¥,(s)| < 0s(1 + s)"! (Vs >0, p,8 > 0, [, m € R), the authors in [4] obtained bounded results and
resolved long-term behavior. Further results on system (1.1) can be found in [5, 6].

As is widely recognized, the two-species chemotaxis model serves as a crucial bridge connecting
predator and prey, and studying its dynamic behavior has important biological significance. For
predator-prey models with single-signal production, optimized conditions for the global boundedness of
solutions were established [7, 8]. Under suitable parameter conditions, these works also provided an
in-depth analysis of the global asymptotic behavior in two-species chemotaxis models with
density-dependent motility. In parallel, other researchers investigated two-species attraction-repulsion
chemotaxis systems [9-13]. They proved the existence of a unique global and uniformly bounded
classical solution and established global asymptotic stability via Lyapunov functions. Since
nonlinear density-dependent diffusion and nonlinear signal secretion are critical factors in the
dynamics of two-species chemotaxis models, Gnanasekaran et al. [14] conducted a detailed study of
the following system:

uy, = L1Auy + xV - (uﬁVv) +aju (1 =biuy —uy), x€Q, t>0,
Uy = AAu, — fV (Lt VV) + (121/[2(1 + b2u1 - ug) xeQ, >0, (12)
v, = LAV — uv + f(uy, uy), xeQ, >0,

where f(sy, s2) 1s a nonlinear function satisfying f(s1,8) < (Ts’1 + ns’z for o,n,l > 0 and sy, s, > 0.
Forany p > 5 (n>2)andC >0 satisfying pﬂ <C,ifl+9<1+= with ¥ > 1, they established the

uniqueness of the classical solution and proved that this solution remains bounded within the domain
Q x (0, 00). In addition, the mechanism of indirect signal production also plays an important role
in two-species systems. A similar idea of two-chemical indirect signal production from Fujie and
Senba’s work [1] was independently proposed by Tello and Wrzosek [2] to describe predator-prey
model with diffusion and indirect prey-taxis. Later, Xiang et al. [15] proposed the following model of
indirect chemotaxis:

uy, = 4Auy — o1V (V) + ajui (1 — byuy —uy), x€Q, t>0,
Uy = AdAuy — (,DQV (U Vv) + arus(1 — bouy —un), x€Q, t>0,
™vV,=Av—v+w, xeQ, t>0,
T™W, = Aw —w + uy + uy, xeQ, t>0,

(1.3)

Communications in Analysis and Mechanics Volume 18, Issue 2, 462-475.



464

where 7 € {0, 1} and the parameters A;, ¢;, a;, b; (i = 1,2) are positive. When 7 = 0 and n = 2, based
on a priori estimates, they showed that regardless of the size of the initial data, this system possessed
a globally bounded classical solution. Moreover, when 7 = 1 and n < 2, they studied the global
boundedness of classical solutions for this system. Furthermore, if a;, b;(i = 1, 2) satisfy some certain
conditions, the asymptotic stability of the solutions was studied. Recently, Wang et al. [16] studied a
version of system (1.3) with singular sensitivity. They showed that the existence and boundedness of
classical solutions were determined by the system coefficients and the spatial dimension n. Furthermore,
predator-prey models that involve two chemical signals are studied in [17-21].

Inspired by the above studies, we consider the following quasilinear predator-prey chemotaxis model
with nonlinear indirect signal generation mechanisms:

= V- ($1u)Viy + @1 )W) + g (1= ™ = Bun),  x€Q, 1>0,
Uy = V- (P2(u2)Vuy — 02(u)Vv) + au, (1 - u?_] +,82u1) , x€Q,t>0,
v, = Av — v+ wP, xeQ, >0,
(1.4)
O:Aw—w+u?+ug, xeQ, t>0,
R ) X€0Q, 1>0,
Ll](.x, 0) = M[O(X), u2(xs 0) = MZ()(X), V(x9 0) = V()(X), X € Q, > 09

in a smoothly bounded domain 2 € R"(n > 1), where v is the unit outward normal. The parameters of
system (1.4) satisfy «;, 8;, p,9,n7 > 0and k; > 1 (i = 1,2). Here, u; stands for saprophytic bacteria and
u, denotes Paramecium caudatum. The kinetic terms a;u;(1 — 1/1“_1 — Biuy) and auy(1 — ulf_l + Bouy)
constitute a nonlinear extension of the classical Lotka-Volterra predator-prey dynamics. The intraspecific
competition is governed by the exponents k; and k,, @, @, denote the growth rates of two species,
and (3,8, measure interaction between two species. The primary signal w (extracellular enzymes
and metabolites) is secreted by both populations u; and u,, while the secondary signal v (chemotactic
factor) arises from the transformation of w. This specific signaling mechanism (a shared precursor
leading to opposite taxis) represents a novel theoretical construct that has recently been formalized in
two-species models, such as those proposed by Wang and Ke [21]. The terms V - (¢;(u;)Vu;) (i = 1,2)
characterize the density-dependent self-diffusion of the populations. The term V - (¢1(u;)Vv) denotes
chemorepulsion, meaning the prey moves directionally away from the chemical attractant v. In contrast,
the term —V - (¢,(u,)Vv) signifies chemoattraction, describing the predators’ directional movement
toward the chemical attractant v. Compared to traditional models with direct or linear indirect signal
mechanisms, our work considers a nonlinear indirect signal generation mechanism, combined with
density-dependent self-diffusion and cross-diffusion. These mechanisms together offer a more accurate
representation of natural microbial predator-prey dynamics.
The nonlinear functions ¢;(«;) and ¢;(u;) (i = 1,2) belong to C?[0, o) and satisfy

#:(s) > x(1 + 5)° and |p;(s)| < Es(1 + 5)77, Vs> 0, (1.5)

where y, & > 0 and 6, 0 € R. The assumption that ¢; and ¢, share the same functional form simplifies

the mathematical analysis and facilitates proving solution boundedness through a priori estimates and

Moser iteration. This is a common strategy in initial studies of complex chemotaxis systems (see [14]).
We give the main result of this work as follows.
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Theorem 1.1. Let Q C R*(n > 1) be a bounded domain with smooth boundary. Suppose that
the condition (1.5) holds and the parameters of system (1.4) satisfy «;,Bi,p,9,n > 0 (i = 1,2). If
ki > 1,ky >2and o + p(4 + 1) < ”nﬁ + 0, then for any nonnegative initial data u,, uy € C?(Q) with

0 <y < 1 andvy € WH(Q), subject to the conditions dug — Y — M = () oy GO (where v denotes the

ov — ov ~ ov
unit outward normal), there exists a global classical solution

0/ 21,8 3 20,8
(1,12, v,w) € (COQ X [0, 00)) N CX (@ x (0, 00))) x C(@ x (0, 00)).
In addition, there exists Cy > 0 such that the solution remains bounded in Q X (0, o), that is,

llot1 (-, Dz + 12 (-, Do) + [VE, Dllwio@) + [IWE Dllwie@) < Co, V1> 0.

Comparing with [14], we remove the restrictions on the coefficients of the system and our global
boundedness results (see Theorem 1.1) rely only on system’s power exponents o, o, p, ¥, 1, k; (i = 1,2)
and spatial dimension n. To our knowledge, the conventional approaches for deriving boundedness
criteria of fully parabolic or parabolic-elliptic-elliptic indirect chemotaxis systems primarily involve the
variation-of-constants formula and heat semigroup theory. Nevertheless, these conventional strategies
are not directly applicable to the parabolic-parabolic-parabolic-elliptic framework proposed in this work.
Herein, we employ maximal Sobolev regularity (refer to Lemma 2.3) and a priori estimates of w (refer
to Lemma 2.2) to handle the term fg |Av| G generated by Young’s inequality in (3.9). This enables
us to investigate how nonlinear diffusion functions, the nonlinear indirect signal production mechanism
and superlinear intraspecific competition impact solution boundedness.

2. Preliminaries

Lemma 2.1. (cf. [5,22-24]) Let Q C R"(n > 1) be a bounded domain with smooth boundary. For any
nonnegative initial data o, usy € C*(Q) with 0 <y < 1 and vy € W*(Q), there exists Tpax € (0, 0]
ensuring that system (1.4) has a classical solution

0, 21,8 3 20,8
(w1, 112, v, ) € (COQX [0, Tagax)) N C*'(Q X (0, Trnax))) X C*2(Q X (0, Topa)-
Furthermore, if Thax < o, it follows that

llot1 (-, Dz + 12 (-, Do) + [VE, Dllwro@) + [IWE Dllwreo@) = 00 as £ — T

Lemma 2.2. (cf. [25, Lemma 2.2]) For { > 0 and | > 1, we can find C1(9,n,1,{) > 0, where 9,1 > 0,
satisfying
fwl < gf (@ + D" + @y + D) + C1, V1€ (0, T, (2.1)
Q Q
Lemma 2.3. (cf. [26, Lemma 2.5]) Assume that m € (1, 00) and sy € [0,T) with T € (0, o). Consider

the following equation
vw=Av—v+wf, xeQ, >0,

> =0, x€0Q, t>0,
v(x, 0) = vo(x), xeQ,
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where p > 0. Suppose that the initial data vy € W*>"(Q) satisfies %'(jg =0, and let w be a nonnegative
function such that w® € L"((0,T); L"™(Q)). Then, this equation admits a unique solution

ve W0, T); L™(Q)) N L"((0, T); W»™(Q)).

Additionally, there exists C,, = C,,(m, p, Q) > 0 such that whenever v(-, so) € W>"(Q) with avg—’v‘?(’)lag =0,
it follows that

T T
f femslAVV" < Cmf femswmp + Cre" (|IVC-, 50|17y + 1AVE, I y)-

) Q S0 Q

Lemma 2.4. Let Q C R"(n > 1) be a bounded domain with smooth boundary. If the condition (1.5)
holds, and the parameters of system (1.4) satisfy a;,Bi, p, %, n > 0and k; > 1 (i = 1, 2), then there exist
constants C,, C3 > 0 such that for all t € (0, Tyax),

[|ze1 (-, t)”Ll(Q) <G = max{””lO”Ll(Q)a 12} (2.2)
and
ez (-, Dl 1) < Cs. (2.3)

Proof. Due to k; > 1, we can infer by integrating the first equation in system (1.4) and using Holder’s

inequality that
s oo (o]
— |y <a Uy — —— u
dt Jo ' T o et Uy

for all t € (0, Thhax)- Thus, by ODE comparison principle, the estimate (2.2) follows. We next multiply
the first two equations of system (1.4) by a,8, and a8, respectively, and then take their sum and
integrate it over € to obtain

d
EL(azﬁ2M1+(¥1ﬁ1u2)

_ ki ky
—fmazﬂzul—fmazﬁzul +f6¥10!2ﬁluz—fa1a2,31u2
Q Q Q Q

for all ¢ € (0, Tyax). Since ki, ky > 1, Young’s inequality implies that there exist constants ¢y, c; > 0
satisfying

(2.4)

f(alazﬁz +ayfr)uy < falazﬁzull‘l +c (2.5)
Q Q
and
f(ala/zﬁl +ai1B)uy < fa16¥2510t§2 +0 (2.6)
Q Q

for all ¢ € (0, Tiax)- Substituting (2.5) and (2.6) into (2.4), we obtain

d
7 f (@2fruy + @ 1f1uz) + f (@2fru; + a1fiur) < 3
r Ja Q

for all 7 € (0, Thhax), Where ¢3 = ¢; + ¢; > 0. By ODE comparison principle and (2.2), we obtain (2.3).
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3. Global existence and boundedness

In this section, we first establish the L?-estimate for u; and u, and then utilize the Moser iteration [27,
Lemma A.1] to prove Theorem 1.1. We can deduce from Lemma 2.1 that

ur(-, 50), ta (-, 50), v, 50) € CH(Q)

— Ov(.50)

h Au; (-,50) _ Oup(-,80) —
oQ v

wit v 190 _. v
exists C4 > 0 satisfying

a0 = 0 for any sy € (0, Thax) satisfying so < 1. Moreover, there

{ SUPg< <5, o1 (-, )=y < Ca, SUP(< <y, 2 (-, )=y < Ca, 3.1

SuPOSSSS() ||V(" S)||L°°(Q) < C4, ||AV(‘, SO)”L“’(Q) < C4.

Lemma 3.1. Let Q C R"(n > 1) be a bounded domain with smooth boundary. Suppose that the condition
(1.5) holds and the parameters of system (1.4) satisfy a;,Bi,p,9,n1 >0 =1,2). Ifky > 1,k, > 2 and
o+p@+n) <= "+2 + 0 are valid, then for any p > max{l,1 —o,1 —o + (1 —p)(&?+n), %} there
exists Cs > 0 satlsfymg

f(ul + 1)’ + f(uz + 1) <Cs (3.2)
Q Q
Jorallt € (0, Tiax).

Proof. The L’-estimate for prey population u; For any p > 1, we multiply the first equation of system
(1.4) by (u; + 1)*~! and integrate it by parts, and then we arrive at

1d
P f(ul + D) <—(p- 1)f(bt1 + 1)772 ()| Vuy
tJa Q

-(p-1 f(ul + 1720, (u))Vu, - Vv
Q

(3.3)
+ a ful(ul + l)p_l — Qg fl/lllq(ul + 1)[7—1
Q Q
=L+L+1
for all # € (0, Thax). By (1.5), we can deal with the term 7, as follows
_ (
L=-(p-1 f (ur + 1772 )|V < X P 5)2 \V(ul D (3.4)
Q
for all t € (0, Thax). By Gagliardo-Nirenberg inequality, we have
) 2(p+54:%)
f(ul + 1y = “(ul +1)7 2(‘;:;%)
L pto (Q)
p+s pﬂ, (1 =) (3.5)
<e HV(ul + 5 H(u1 + 5 :

L2(Q) L p+6 I®)
2( p+5+ )
p+¢)

+ey ”(m + 5

L7 Q)
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pto_ _ pto
for all € (0, Timax), Where 19 = % € (0, 1) and ¢4 = c4(p,6,n,Q) > 0. Since L )L =1, we
are able to derive from (2.2) that e
2
f (i + 1P < e VG + D% gy T (3.6)
for all t € (0, Tha). By (3.4), (3.5), and (3.6), one may obtain
2 (=1 s
I < - + s ¢ LT Jor 3.7
1 < CSL(M ) (P02 2 (3.7)
for all ¢ € (0, Tyax), Where ¢s = ( );()" lc) > 0. Let ®y(7) = fo (s + 1)P72p,(¢)ds. Then,
p+ 2L4 n
VO = (i + 1 pn) Vi and [91(u)] <~ + 17 (3.8)
for all ¢t € (0, Thhax). From (3.8) and Young’s inequality, we obtain
L=-(p-1) f(ul + 1)@y (u)Vuy - Vv
Q
=-(p- 1)de>1(u1)-Vv
& (3.9)

< ¢ f (u; + P HAY
Q

_ pro+p(P+n)—1
< f(ul + 1)p+(T+P(19+T]) 1 +cq f |AV| (@)
Q Q

pro+p(d+n)-1
p(-+1)

6

for all 1 € (0, Tiax), Where cs = i(f;—];

(uy + 1M <25l + 1) for uy > 0 and &, > 1, we obtain

I =q ful(ul + l)p_l —Qa f ulf‘(ul + l)p_l
Q Q

<a ful(ul + 1) 1——f(u1 + Dkt gy f(ul + 1)t (3.10)
Q

:a/lf(ul + 1) - “—f(ul T+ ypeht
Q 2k

for all # € (0, Tphax). Collecting (3.7), (3.9), and (3.10), we are led to

1d
——f(u1 + 1) < —cs f(u1 + 1)PHor +f(u1 + 1)prore@am-l
dt Jg Q Q

s f AV + f (uy + 1) (3.11)

- f (u + P14 g
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4x(p=1) ~p+o - pro+p@d+n)-1 .
for all ¢ € (0, Tmaxzw\ﬁ:ize‘ €8 = < rop C5" > 0. Adding BT — fg(ul + 1)? to both sides of (3.11),

and then testing e »#» ' on both sides of it, we obtain

d e |
e = | (g + 1)
dl P Jo

pro+p(9+n)—1 2 pro+p(9+m)—1 _
< —cse o ! f (uy + 1)PH% o= oo ! f (uy + 1)yProterm-1
Q

@+n)-1, 9+m)-1 1% 9+1)—1 (.12)
protp@+n) -1 protp@+m)—1 pro+p(+n)— _
+ c7e P@HD | v| p@+1) — —le oo ! (ul + 1)p+k1 1
2k o
p+o+ p(ﬂ + 77) — 1\ prosp@p-1 pro+p@+)-1
+ (al + e | (up + 1) +cge o !
pp(@ + 1) Q

for all # € (0, Thhax). Then, integrating the inequality (3.12) from s, to ¢ yields

1 ! _ protp@+m)-1
— |+ 1P <-cs e U9 (u + 1)p+6+—
P Jo
!
]7+(7'+/2(19+1]) 1
+ f e~ o () f (uy + 1)p+rr+p(ﬁ+n) 1
50
!
protp@n)-| prT+p(@+)-1
50

!
a +0+p(F+n)—1
-t ~ e (=9 (u + [yprhi-l
2k

+ (al + pro i) - 1) f e_pwf?(/;f;)m_l(;ﬂ f(m + 1)’ + ¢y
pp( +1n) 5 Q

for all £ € (5o, Tmax), Where co = —S8CH— 1 [ (1) (-, 50) + 1)7. Let m = ZCEE—

. prop@r-1 s - Sincep > 1-0,
it follows that m > 1. We can directly derive from Lemma 2.3 that
! pro+p(9+n)—1 pro+p(9+n)—1
f e s (9 f |Av|  #n
S0 Q
!
pro+p(F+n)-1 pro+p(9+n)—1
< Cmf e a9 f wo
S0 Q
pro+p(@+n)—1 pro+p@+m—1 pro+p@+m)-1
PR s PO+1) PO+1)
+ C e P (”V( SO)” p+o‘+p(1?+r]) 1 + ”AV(, SO)” protp(@+n)—1 (3.14)
p(+n) (Q) L p@+n Q)
!
pro+p(d+n)-1 pro+p(9+m)—1
<C, f e o U] f wo
S0 Q
pro+p@+m)-1 protp@+n)-1
: S0 p&+n)
+ Cme P ||V( SO)” 2 pro+p(@+n)—1
@) (Q)
. +o+p(+n)—1 . .
for all ¢ € (¢, Trax)- Taking [ = % > 1, the Lemma 2.2 and Young’s inequality enable us to
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infer that

pro+p(¥+n)-1
w 9+n

s

H(p+o+p(@+n)-1) n(p+o+p(@+n)-1)
< §f ((u1 + 1) +(uy+ 1) o= )+ C (3.15)
Q
< f((ul + 1)p+0'+p(19+7])—1 +(l/t2 + 1)p+0'+p(19+7])—1) + C10
Q

for all t € (0, Thhax), Where cjg > 0. Collecting (3.13), (3.14), and (3.15), it follows that

1 _ protp@+m)-1
— f(ul + 1)p < - 05f p(I+1) (t=3) f(u + l)p+6+7
P Jo S0

t
_protp@+mp-1 . _
+ Cnf e s 079 f(ul + 1)p+o-+p(l9+”) !
S0 Q

t
_ protp@+m-1 . _
+¢7C f e” o (Y f (up + 1yProtpm-1 (3.16)
S0 Q

!
a protp@+m=1 . _
— _1 e_ p(d+n) (t=5) (ul + 1)p+kl 1
2k o

— ! +0+p(F+17)—
+(a1+p+g+p(ﬁ+n) 1)fe‘pm‘§fm')l(f“")f(ul+l)p+c12
pp(@ +1) % o

for all 1 € (59, Tmax), Where

protplt-l c7¢10Cpnp (P + 1)

p@+1)
p+o+p(9+n)—1

W @ Pro+p@+n) -1

12 = ¢g + ¢7Cpe™ |[V(-, 5ol

n+2

andcy;y =1+ c¢;C,. Duetoo + p(¥ +1n) < + 0, Young’s inequality implies that

!
+o+p(9+m)—1
C11 f o e f(lu + 1yprore@-l
S0 Q

‘ (3.17)
CS _ protp@+p-1 . 2
e S)f(ul + 1PN 4oy
4 S0 Q
and
4 pro+p(@+n)—1
C7Cmf e—W(t—s) f(u2+ 1)p+0’+p(ﬂ+77)—1
Q
Vs (3.18)
_ ptotp@+mp—1
< f e~ oo (- S)f(u + 1P o+ +cCua
50
as well as
+o+p@+n) -1 T prosp-
s B2 [
pplv +n Q
t 0 (3.19)
< ) 6_%0_” f(u] + 1)p+6+% + Ci5
4 K0 Q
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for all € (59, Tmax), With ¢y3, c14, ¢15 > 0. By virtue of (3.16)-(3.19), it follows that

+o+p(9+n)—1
f(ul + 1) <- —f -* /’<p?+lz)n (= S)f(ul + 1)P+6+%
Q

p+(r+p(19+r]) 1 2
; f o DI 1) f (uy + 170 (3.20)
S0 Q

al _ pro+p@+n)-1 _
~Ar e o@mp (S f(ul + 1)p+k1 ! + C16
2h ) Q

for all # € (5o, Tmax), Where ¢4 > 0.

The L’-estimate for predator population u, Multiplying the second equation in system (1.4) by

(uy + 1)1”‘1 for any p > 1, we obtain
f(u + 1) < - 5)2 ‘V( + 1) P B KRR VA

+a2fu2(u2+l)”_ —azfu’;(uzﬂ)l’-l (3.21)
Q Q

+ a3, f ur(ur + )Py
Q
for all ¢ € (0, Tppax). Similar to (3.10), we have

a’zfug(btz + l)p_] — Q7 f u];z(uz + l)p_l
Q Q
<

o (3.22)
—2—2 fg(u2 + PRl 4 g, fg(u2 + 1)
for all 7 € (0, Tiax)- Applying Young’s inequality, it follows that

azﬁzfuz(uz + )Py
Q

@ et (3.23)
= ka1 L(uz + )Pl 4 ey L(Ml +1) =T
for all ¢t € (0, Thhax), Where c17 > 0. Collecting (3.21)-(3.23), Young’s inequality shows that
1d
—— f(uz + 1)?
pdt Jo
dy(p-1 pto |2 -1
<D f Ve + D[ - fp- D) f(u2 + 1) Ay (3.24)
(p+9)? Jao pto-— 0
ptky—1
+ C17 (l/ll + 1) kzgl + Ci3
Q

for all ¢ € (0, Thhax), Where cjg > 0. As in the case of dealing with the equation for u, it follows that

1 _ pro+p@+n)-1 2
— (Ltz + l)p < - p(0+1) (t=) (l/l2 + 1)p+6+"
P Ja 50 Q

C5 4 _ ptotp@+n)-1

+ E e pD+n) (t=9) f(u + ];)p+6+Z (325)
S0

_ ptotp@+n)-1 ptky—1
+C17f P (S f(u] + 1) k=1 + ¢
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for all 7 € (0, Tihax), Where cj9 > 0. We collect (3.20) and (3.25) to arrive at

(f(u1+1)” f(vl+1)”)

_ protp@+mp-1
_ e <rs)\/"(u 4 1yt (3.26)

l
_ protp@+p-1 prkp-1
protpim—1 P
+Cl7f e TV + 1) T 4o
S0 Q

1mdne@mnmxwmmm>0Fmp>meJ—aJ—a+U—mW+mQﬁMQQaMk>2
we have

pthk-1_@(+k-Dk-D-(p+k-1

k=1 — _
pTh -1 -1
_ plhky =2)+ (ky = D)(ky = 1) = (ky = 1)
-1
k-2
:3%%72+h—2>0

Then, by using Young’s inequality, we obtain

t
_ pro+p@+n)-1 ptkp—1
C17f e s - s)f(ul + 1) BT
S0 Q

!
(07] _ pro+p(d+n)— l(t 5) prhp—1 q
= ki e o (g + 1) 277 + ¢y
S0 Q

(3.27)

for all ¢t € (sg, Tmax), Where g = (p+k; — 1) -
follows that

p+k > 1 and ¢p; > 0. In light of (3.26) and (3.27), it

%IM+W+I%+W%Q2 (3.28)
P \Ja Q

for all € (89, Tmax), Where ¢ > 0. This, along with (3.1), results in the desired Lemma 3.1.

We now combine the L”-estimates of u; and u, with regularity theories and Moser iteration [27,
Lemma A.1] to complete the proof of Theorem 1.1.

The proof of Theorem 1.1 For any p > max{1,nd,nn,1 —o,1 -0 + (1 — p)(& + 1), %},
Lemma 3.1 indicates that ||u;(-, 1)||/ o T lua G-, OIF @ < Cs. By elliptic L?-estimates, we can derive

from the fourth equation in system (1.4) that ||w(-, t)||W2 iy = < ¢o5 for all t € (0, Thnax), Where

c23 > 0. Subsequently, by the Sobolev embedding theorem, we arrive at [[w(:, 1)|ly1.oq) < ¢4 for all
t € (0, Thax), Where ¢4 > 0. By parabolic regularity theory, the third equation in system (1.4) implies
that [[v(-, D)l < ¢25 for all 7 € (0, Thnyx), Where ¢p5 > 0. Invoking Moser iteration [27, Lemma A.1]
and (3.2), we can infer that there exists ¢ > 0 satisfying

llet1 (-, Dz + o (-, D22y < €26

for all ¢ € (0, Thhax). The Lemma 2.1 indicates that 7',,x = 0. We thus complete the proof of this Theorem.
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4. Conclusions and outlook

This study investigates the interaction between saprophytic bacteria (prey u;) and Paramecium
caudatum (predator u,). In model (1.4), the nonlinear exponents ki, k,, o, p,?, 1, and ¢ are crucial to
the global boundedness of the solution. The main goal is to overcome the constraints on the spatial
dimensions and coefficients of the system and explore how nonlinear diffusion, nonlinear indirect signal
production mechanisms, and superlinear population density constraints affect the global boundedness
of solutions. For n = 1,2, replacing the model’s third equation with O = Av — v + w” allows further
improvement of boundedness conditions via a priori estimates and elliptic regularity, which will be
addressed in future work. The predator u, obtains energy from u; and exhibits chemoattraction to the
indirect chemotactic signal v, while u; suffers predation losses from u, and shows chemorepulsion to v.
Thus, u, requires a strong superlinear density restriction k, > 2 to prevent population blow-up, whereas
u; only needs k; > 1 for stability. The parameters 6,0 € R characterize a wide range of diffusion and
chemotaxis mechanisms, encompassing both enhancement and inhibition types. All these cases are
uniformly covered by our global boundedness analysis in Theorem 1.1. The key conditions k; > 1,
ky>2and o+ p(¥ + 1) < "::—2 + ¢ in Theorem 1.1 essentially quantify the balance between chemotactic
aggregation, nonlinear diffusion, and intraspecific competition. These conditions are inherently required
for model stability and are technically indispensable for establishing global boundedness via a priori
estimates and Moser iteration.

Regarding the long-time behavior of solutions, reference [28] showed that a specific indirect signal-
driven one-species model is exponentially stable. Analogously, for special cases of (1.4), the Lyapunov
functional can be used to prove that the solution converges exponentially to the steady state. In future
work, we will further investigate this specific case and draw more general conclusions about the
long-term dynamics of solutions.
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