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1. Introduction

Throughout this paper, let E be a separable Banach space with norm | - |g. Let J be a closed and
bounded interval of R. We denote by C(J, E) the Banach space of continuous functions on J with values
in E. In this paper, we study two initial value problems (fractional IVPs) for fractional differential
equations. The first issue is the form

DY x(t) = f(t,x,), t € (a,T], (L.1)
Xig-ra) = ¢ € C(la — r,al, E), (1.2)
and the second issue is the form

CDP u(t) = f(t,u(1)), t € (a, T, (1.3)
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u(a) = —h(u) + u,, (1.4)

where gDZ , 1s the Caputo-Hadamard derivative operator of order p € (0,1),a > 0, T > a (see Section
2).

For the problem (1.1)—(1.2), let r > 0, and x, € C := C([-r,0], E) be defined by x,(s) = x(¢ + s),
s € [=r,0], X|g—rq 18 the restriction of x to [a — r,a], and f : (a,0) X C — E is a given function
satisfying some assumptions:

(A1): There exists T > 0 such that the function f(¢,.) : C — E is continuous for almost all 7 € (a, o)
and for x € C, the function f(., x) : (a,T] — E is strongly measurable;

(A2): There is T € (a, o) such that for every 7 > 0, there exist constant p; € [0, p) and B, €

Lﬁ([a, T1,R,) such that |f(#, x)|g < B-(?) for all x € C with ||x[lc(-r01.5) < T and a.e. t € [a, T] (here

1
5 = ).

(A3): There is T € (a, o) such that for every T > 0, there exist p; € [0, p),y € (—co0, p — py), and
1
B € Ln([a,T],R,) such that

< B(1)

E

(log é)y £t %)

for all x € C with ||x||, := sup_.o, X()lg < 7,and a.e. 1 € [a,T].
(A4): There exists T > a such that f is the uniformly Lipschitz with respect to the second variable
on [a, T], i.e., there exists L > O such that

|f(t,u)— f(t,V)g < Lllu = vlleq-roe) forallu,veC,t€la,T].

For problem (1.3)—(1.4), we make the following assumptions: u, is an element of E, f : (a, T]XE —
Eand h: C([a,T], E) — E are given functions satisfying the following conditions:

(H1): The function f(¢,.) : E — E is continuous for almost all # € [a, T'] and for x € E, the function
f(,x):[a,T] — E is strongly measurable;

(H2): There are C¢, My > 0, ps € [0, p), uy € [0,1), and By € L% ([a, T],R,) such that

F(tu@)le < (Crlult + My) () ae. on[a,T]

and for all u € C([a, T], E);
(H3): There is a constant K, € [0, 1) such that

|h(u) — h(v)|g < Kllu — v|| for all u,v € C([a, T), E);
(H4): There are C,, M, > 0, g5 € [0, 1) such that
lh(w)|g < Cpllull® + M,, for all u € C([a, T], E)
(resp., there exists C;, € (0, 1) such that
lh(w)|g < Cu(|lull + 1) for all u € C([a, T1, E)),
where ||| = ||.llca.r1.E)-
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Fractional differential equations have attracted considerable attention due to their numerous applica-
tions in various fields, such as biology, microchemistry, mechanics, computer science, and engineering
(see [1-5] and references therein). Here, we highlight some studies that are more closely related to our
topic, particularly those involving models with Riemann-Liouville, Grunwald-Letnikov, Riesz, Caputo,
and Hadamard derivatives (e.g., [1,4]).

We focus on the Hadamard derivative. Unlike classical fractional derivatives, the Hadamard
derivative and integral involve logarithmic functions of arbitrary order, specifically (log¢ — log s) in-
stead of (t — s). The kernel of the Hadamard derivative operator contains the logarithmic function
(logt — log s)*~! rather than (r — s)®~!. In recent years, the concept of the Caputo-Hadamard deriva-
tive has been introduced in several works (see [6—12]), proposing a modification that replaces the
Hadamard derivative with the Caputo derivative. We summarize some relevant contributions to this
research direction. Ma and Li [13] established fundamental properties of Hadamard-type fractional
operators, including semigroup and reciprocal properties. The authors formulated well-posed condi-
tions for Hadamard-type fractional differential equations (HTFDEs) of fractional order p € (0, 1):

uDy. x(®) = f(t,%)

with the initial condition u(a) = u,. The problem was solved using the generalized weighted space
Cy,y,log([a’ b], R)

C.Liand Z. Li, in [7], investigated the stability and logarithmic decay of solutions to fractional dif-
ferential equations, where derivatives are considered in the sense of Hadamard and Caputo-Hadamard.
Specifically, they examined the following forms:

uD’ . x(t) = f(x), t>a>0;

-1
HDZ+ x(t)ll:a = Xas
and

GD.x(t) = f(x), t>a>0;

xlt:a = Xa,

where 0 < p < 1, x(t) € R?. Here, HDZ . and gD;’ . denote the Hadamard fractional derivative of order
p and the Caputo-Hadamard fractional derivative, respectively.

In [6], Li et al. investigated the blow-up and global existence of solutions to the space-time frac-
tional diffusion equation involving the Caputo-Hadamard derivative:

SDP u(t, x) + (=A)'u(t, x) = u(t, x)|"”', xeRYt>a>0;

u(t, x) = uy(x), x€RY,

where p € (0,1),0<s < 1,and g > 1.

A notable common feature of the aforementioned problems is that their solutions are considered
over the interval [a, T] with a > 0. In this paper, we aim to extend the analysis to equations involving
the Caputo-Hadamard derivative on the domain [a, T] with a > 0, meaning that [a, 7] may include O.
Building upon the aforementioned studies, we establish the existence and uniqueness of solutions to
equations with deviating arguments (1.1)—(1.2), where the Caputo-Hadamard derivatives are of order
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p € (0, 1). To achieve these results, we employ the concept of the measure of noncompactness, assum-
ing that the source function satisfies the Carathéodory condition. In addition to the theoretical findings,
we provide illustrative examples and discuss mild solutions under weaker assumptions on the source
function.

Let us discuss some key ideas and techniques employed in this paper.

e The right-hand derivative at O plays an important role in applications such as computing the
instantaneous velocity or acceleration of a motion. However, addressing the existence of the
right-sided Caputo-Hadamard derivative at O presents a challenge. This difficulty arises from
estimating the convergence of the integral fot K(t, s)u(s)ds, where the kernel K(¢, s) involves the

function (log f)p_l. In this paper, we do not fully resolve this issue; however, we identify a special
case in which this derivative exists (see Remark 3.10). Additionally, a common assumption on the
source function is that f : (a,b] X R — R is continuous in both variables. In contrast, we consider
a more general setting where f : (a,b] X E — E is only continuous with respect to the second
variable, which takes values in a Banach space. Some previous studies have imposed the condition
f(, u) € C,0([a, b],R); we replace this with the weaker assumption f(.,u) € Li ,log([a, b], E) for
some p € [1,00]. As aresult, our approach is more adaptable to infinite systems of equations, as
illustrated in Section 4.

e When applying fixed point theorems (such as Banach’s or Schauder’s fixed point theorem) to an
operator F' mapping a subset B C E into the Banach space E, it is often challenging to verify the
following conditions: B is a closed set, F(B) C B, and F is a compact operator. To address these
difficulties, we utilize the fixed point theorem for @-condensing operators.

To the best of our knowledge, this problem has not yet been studied. The main contribution of this
paper lies in the application of the measure of noncompactness, combined with appropriate analytical
techniques, to establish the existence and uniqueness of solutions to the Cauchy problem involving
fractional derivatives.

The rest of this paper is organized as follows. In the next section, we recall the definitions of the
Hadamard integral, Hadamard derivative, and Caputo-Hadamard derivative, along with the properties
that will be used later. Section 3 presents the existence and uniqueness of local solutions to the problem
(1.1)—(1.2) and establishes the existence of a non-local solution to the problem (1.3)—(1.4). Finally, we
provide illustrative examples.

2. Preliminaries

In this section, we review Caputo-Hadamard derivatives and several related properties that will be used
in the next section. For the convenience of the reader, some concepts from functional analysis are also
recalled here. In addition to the notations introduced in Section 1, we introduce the following: the
family of bounded subsets of the normed space X is denoted by b(X); the space C(J, E) of continuous
functions on J is always considered with the norm

Ixllc,e) = sup{lx(@lg < t € J},

unless otherwise stated. The space C'(J,E) (with n € N \ {0}) consists of all functions u
such that u € C"!(J,E), where C°(J,E) := C(J,E). The space AC(J,E) denotes the set
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of functions that are absolutely continuous on J. For n € N\{0}, we define AC{(J,E) =
{f J > E | 6”‘1f e AC(J, E)}, here § = td%. For g € [1, o), we denote

LY(JE) = {f!J—>E Alls = (jj‘lf(quE)" <0°}, I <g < oo
L*(LE)={f:J = E|lIflle~ := esssup{|f(s)lg : s € J} < oo}.

Definition 2.1. [6] Let a > 0 and u be a locally integrable function on (a, o). The Hadamard integral
and Hadamard derivative of order p > 0 at f > a of the function u are defined by

uDu(t) = %p) f %(log f)p_] u(v)dr

T

and

1 ! 1 n-p-1
WDlult) = o ( f (10 ) ’ u(T)dT).

respectively, where n = [p] + 1,6 = t% and the gamma function I is defined by

I'(p) :f sPe™ds, p>0.
0

Definition 2.2. [6] The Caputo-Hadamard derivative of order p > 0 is defined by
n—1

- 54550 g

J=0

2D5+u(t) :HDZ+

, t>a>0,

here n = [p] + 1, (5/)(¢) = limyo LEp=L0= = 14u(s). Particularly, u € C(la, ), E),

CDP.ut) =y DL [u(t) ~ w(@)],  §DL.u(t) =y D, [u(d) — u(0)] if p € (0, 1).
We need to use the following properties, which is a special case in [14].
Lemma 2.3. [14, Page 116, Property 2.28] If p > 0 and u € Li((a, b), E) for some q € [1, 0], then,
1D (D) u(t) = u(o).

Lemma 2.4. [14, Page 117, Lemma 2.35,] Let p > 0,0 <a <b < oo. Ifx € 5+(Lq((a, b), E)) for
some q € [1, 0], then
uD L (uD" x)(1) = x(2),

where J7.(L((a, b), E) = {uD,’y : ¢ € L((a, b), E)}.

Lemma 2.5. [14, 15, Banach fixed point theorem] Let W be a non-empty closed subset of Banach
space X and a sequence {q,} with q, — 0. Assume that the map A : W — W satisfies

A" (u) = A"Wllx < qullu —vllx foralln e N.

Then, A has a unique fixed point in x, € W, i.e., Ax. = x.. Further, x, — x., here x,.1 = Ax,, xo € W.
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Lemma 2.6. (Schauder fixed point theorem). Ler X be a Banach space and 8B be a convex, closed,
bounded subset of X. If A : B — X is a continuous operator such that A(B) C B and A(B) is relatively
compact, then A has at least one fixed point in B.

Let B be a bounded subset of the Banach space X, and « be a measure of noncompactness defined
by
a(B) = inf {€ > 0 : B has a finite e—net} .

The measure of noncompactness @ has the following properties that will be used later:
(i) If By, B, € b(X), B; C B,, a(By) C a(By);
(i1) If B € b(X) and x € X, then a({x} U B) = a(B);

(ii1) If B € b(X), then a(B) = 0 if and only if B is relatively compact in X.

(iv) If By, B; € b(X), then a(B; + B,) < a(B;) + a(B,).
(v) If Be b(X) and A € R, then a(4AB) < |A|a(B).

Definition 2.7. [16, Definition 1.10, p.15] A continuous bounded mapping ¥ : Q C X — X is said to
be a-Lipschitz if there exists K > 0 such that

a(F(B)) < Ka(B) for all B € b(Q). (2.1)
In addition, if K < 1, then ¥ is called a strict @-contraction. We say that ¥ is a-condensing if
a(F (B)) < a(B) for all B € b(Q2) with a(B) > 0.

We observe that if ¥ is a compact mapping, then (2.1) is satisfied with K = 0. Hence, ¥ is a-Lipschitz
and, in particular, a-condensing.

The following lemma recalls a result concerning the existence of fixed points for a-condensing
mappings.

Lemma 2.8. [16, Theorem 1.2, p.17] Let ¥ be a-condensing. If the set
S={xeX:31€][0,1],x = AF (x)}

is bounded, then ¥ has at least one fixed point. In addition, there exists r > 0 such that ||x|| < r for all
x€eS.

Lemma 2.9. (Arzela-Ascoli theorem). Let J be a compact metric space and (E,||.||) be a normed
space. Then, set M C C(J, E) is relatively compact if and only if the following conditions are fulfilled:

(1) M is pointwise bounded, i.e., for every x € J, the set {f(x) : f € M} is bounded;

(i) M is equicontinuous, i.e., for every x € J and € > 0, has a neighborhood U, such that
If(x) - fOIl <€ forallye U, feM

Lemma 2.10. Let {G,} be a sequence in L1(J,R,) (¢ > 1), and G € L1(J,R,) such that

Communications in Analysis and Mechanics Volume 17, Issue 3, 725-748.
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(1) G1(5) £ Ga(8) £ ... £Gu(s) L ... (resp., G1(85) = Ga(s) = ... 2 G(s) > ...) fora.e. s € J;
(1) lim, e G,(5) = G(s) for a.e. s € J.
Then [,1G,(s) — G(s)|ds — 0, as n — oo.

Proof. Define @, = |G, — G|9, ¢, = ®, — ®,. Then, ®,, ¢, € L'(J,R,), and ¢,(s) ,/~ ®,(s) for a.e.
s € J. Using Beppo Levi’s theorem, we get fl en(s)ds — fj ®,(s)ds, as n — oo. Therefore

fICDn(S)IdS = fl()on(s) — Qy(9)lds = f(cD](s) — ¢@u(5))ds — 0.
J J J

The lemma is proven. O

Lemma 2.11. LetO < p < 1, p; € [0,p), 00 >t > b > a > 0and G(t,.) : (b,00) — R, defined by
-1
G(t.s) = 1 (log g)" Xtan(s) (here xa(s) = 1 if s € A, and x(s) = 0 if s ¢ A). Then
() G(t,.) € L™ ((b,1),R,) forallt > b > a > 0 and
1

t
G, I = f (G(t, s))™7 ds < C(t,b, p, p1),
b

LP1([b1)R)

where

(1-p)(t—b)Fn
(p— pb™r

Ct,b,p,p1) =

(1) Fora < x < T, we have
T 1
limf |G(t, s) — G(x, s)|"71 ds = 0.
1—x a

Proof. (i): Using variable substitution z = log £, we get

1
(1 t\P-1\Trr T\ 1\ 1
f(—(log—) ) la’s:f(—) (log—) —ds
b S S b S S S
log £ [ ,z\4!
[
0 t
- " 1 (l t)b'“
\b) b +1%%8)

where g = 15% >0,b = % € (—1,0). The final evaluation is based on the inequality log(1 + ) < n

for all n > 0. Hence, (i) holds.
1
(i1): Forx € (a,T]and T > t > x (resp., x > t), we define O,(x, 5) = |G(t, s) — G(x, s)|"71. We have

B.(x, $)| < (G(t, $)] + [G(x, )Tt

Communications in Analysis and Mechanics Volume 17, Issue 3, 725-748.
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<G, )T (resp|D,(s)| < 2G(t, $) 7).

Since G(1,.) € L™ ((a, T), R,) (resp., G(x,.) € LT ((a, T), R.)), we get d,(x,.) € L'((a, T), R). Since
G(t,s) / G(x,s),ast N\, x* (resp., G(t,5) \, G(x,s),ast /" x7) fora.e. s € (a,T). According to
Lemma 2.10 with ¢ := 1, — x*, we get

T

T
hm Q,(x,5)ds =0 (resp., lim f DO,(x, 5)ds = O).
—x" a

—
t—xt a

Hence, (i1) holds. O

Lemma 2.12. Assume that (A1) and (A3) are satisfied. Let u € C([a — r,T], E) with ||ul|. < 7. We
have

(1) if T=x>b=>a>0, then

R
< C.b, p, pOIB:Il L (x=b)y7 7,

LP1((a,T).R)

( ) s, wyds|

_ 1 (1YY (TUsbpT+ep\'=PY 5 p-l _ .
where C(y, b, p, p1) = r_(Z) ( T(2+bi+e1) ) o= a =
(i1) the function Fu(t) = FL fa (t, 8)f(s,us)ds is continuous on (a, T.

Proof. (1): Define ¢(x, s) := G(x, s) (log 2)_y for x, s € (a, T]. We rewrite

fbxi(k’gf)p_lﬂs, u)ds|

Pl 1-pi

ol 1) bt )
ol 1 b b )

where Cy = ”'BT”LPI @hE q = Slncey <p-p1<l-p;,wehaveb;+c;+1>0and 1+c; > 0.

. . O,
Using variable substitution z = 1o§ %, we have
b

1\% bi+ei+1 1 I=p1
<Cy ((—) (log E) o f (1- z)b'zc‘dz)
E b b 0

1\ x\P7rP (T + b)I(1 + ¢y) =1
<Col= (log —) :
b b T2 +b, +cp)

= fx ¢(x, S) (log E)y f(s’ us)ds
b a E

"[bx % (log )—Sc)p_l f(s,uy)ds

Thus, (i) holds.
(i1): Assume t,ty € (a, T]. We have

1
|Fu(t) — Fu(to)le = ——
p

G(t,8)f(s,uz)ds — fo G(to, 8)f(s,us)ds

E
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o Case ty < t. We write

where

and

f G(t,8)f(s,uz)ds = fo G(t,5)f(s,uz)ds + f G(t, ) f(s,ug)ds,

fo

|Fu(t) — Fu(to)lg < A(t, 1) + B(1, 1),

At 1) = I )f G (2, ) f (s, u)|g ds

<C(y,a, p,pl)llﬁfll 1

* T)R)( — 1)’ = 0, ast > 1;;

1 1) —
B(t’ tO) = m f |¢(t, S) - ¢(t09 S)l (lOg E) yf(s’ us)

1-pi
m”ﬁr” pL( R (f (2, 5) — (10, $)| 71 m ds) .

Using Lemma 2.10 with G,,(s) := ¢,,(f, 5), we get B(t,, 1)) — 0, as #, "\, #;. Hence

|Fu(f) — Fu(ty)lg — 0, ast — t;.

e Case 1 < f. By a similar argument, we have |Fu(r) — Fu(fy)lg — 0, as t — 1.

3. Main results

3.1. Local existence and uniqueness

We begin this section with the definition of a solution to the problem (1.1)—(1.2). Leta > 0, r > 0,
T>a,¢eC(la—ral,E),andlet f : [a,00) XC — E.

Definition 3.1. A function x : [a — r, T] — E is said to be a solution for fractional IVP (1.1)-(1.2) on
[a—r,T] for some T € [a, o0) if

(i) x is continuous on [a, T];

(11) .Xl [a-ra] —

(ii1) x satisfies the equation (1.1).

Proposition 3.2. Assume (A1)-(A2), p € (0,1) and R > a > 0. A function x € C(la — r,T], E), with
Xlar) € AC(la,T), E), is an integral solution of the fractional IVP (1.1)—(1.2) on [a — r,T] for some
T € |a,R) if and only if x satisfies the following conditions

Communications in Analysis and Mechanics

x(1) = ¢(1), fort € la-r,al,

!

- LMo tY d T
x(1) = ¢(a) + m ( og — ) f(t,x)dr, forte (a,T].

3.1
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Proof. Assume that x € C([a — r,T], E) satisfies (3.1). Since the function ¢ — Xx, is continuous on
[a, T], according to (A1), the function f(., x,) is measurable in [a, c0).
From assumption (A2) and using Holder’s inequality and Lemma 2.11, we obtain

' ' Pl 1=p1
t\1=py __L_
ds <||B:l| v log - s rids
; £ L7 (aT1R)\ J, s

< CY"P(T,a,np, < 0.
< (T,a,p P1)||,3r||Lﬁ([a’t],R+)

1

S

(log é)p_l £(s, x0)

Hence, the function s — % (log f)p_l f(s, x) is Bochner integrable on [a, t] for R > t > a.
We now prove that x satisfies (1.1). Indeed, noting f(¢, x;) € L»1((a,T), E) and by using Lemma
2.3, we have
DL x(1) =y DL, [x(1) - x(a)]
:HD§+ [x(t) = ¢(a)]
= D!, (HD,;[’ fa, xt))
= f(t,x;) (t > a).

Therefore, x is a solution of fractional IVP (1.1)—(1.2). In contrast, assume that x € C(Ja — r,T]) is a
solution to (1.1)—(1.2). Then, EIDZx(t) = f(t, x;). Since x € AC([a, T], E), means that

$() :=n D', (x — x(@)() = f(. X)) € L7 (a. T), E),

and D,/ ¢() € J7.(L7 (a,T), E)). By using Lemma 2.4, we have zD,” (D! (x - x(@))) = x - x(a).
Hence

T

_ 1 "1 r\P!
x(t) = x(@) =u D f(t,x) = —— f - (log —) F(r,x)dT.
I'(p) Ja 7
It is obvious that x satisfies the equation (3.1), which completes the proof. O

Theorem 3.3. Assume (A1)—(A2). Then, for any ¢ € C([a — r,al, E), there is T € (a, 00) such that the
fractional IVP (1.1)-(1.2) has at least one integral solution x € C(la — r, T], E) represented by

(1) = o(a) + %p) f %(log f)p_] Fr.x)dnt € (@,T).

T

Proof. Let h be any positive number. Similar to the demonstration of Proposition 3.2, we can find T
mentioned in (A1)—(A2), and condition

C'=P(T,a, p, p1)
['(p)

is satisfied. Consider the set B, defined as follows

Bl % <h, (3.2)

[@TLR:)

By = {x €C(la-rTLE): Xljg—rq = ¢, sup |x(s) —@(a)lg < h}-

s€la,T]

Communications in Analysis and Mechanics Volume 17, Issue 3, 725-748.
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First, we see that B, 3 ¢°, ¢° is defined by

0 @), tela—ral,
v = {(p(a), tela,T].

Let {x™} c B, with x™ — x. Using evaluation

sup |x(s) — (@)l < sup |x(s) = x*(s)|, + sup [x*(s) — (@),
s€la,T]

s€la,T] s€la,T]
< sup |x(s) - x(")(s)|E +h
sela-rT]

< (n)

xX—X E)+h—>h(asn—>00),

C(la-rT1],

we get x € B,. It is easy to check the convexity of 8. Thus, B, is a convex, closed subset of
C(la — r,T], E). Define the operator A as follows:

(1), ift € [a—r,al,
Ax(t) = 1 "1 r\P-! )
o@)+— | - (log —) f(r,x)dr, ift € (@, T).
I'(p)Ja T\ 71
Next, we show that Ax € C([a — r,T], E) for x € $B,,. It just remains to prove that Ax € C([a, T], E).
Let 7, be a fixed point in [a, T']. We consider the following case:
e 7y = a: Using Holder’s inequality and applying Lemma 2.11, we get

1 !
A0 = Ax(i)le = o f G, $)f (s, x,)ds
a E
1 ! e
St f (G D]
T , .
P1 ([a,T1.Ry) ﬁ
< T ) ( fa (G(t, ) ds)
- “'BT”Lﬁ([a,T],Rg (1 _ pl)l—Pl (t _ a)l’—pl 0 . 33
) ar(p pl)l‘l’l —0,ast—>a". 3.3)

oty (a,T]: Ift >ty (resp., t < Ty), by representing

f G(t,5)f(s, x5)ds = fo G(t,8)f(s, x5)ds + f G(t,5)f(s, x5)ds

To

(resp., fo G(to, $)f (s, x5)ds = f G(to, $)f (s, x5)ds + fo G(to, $)f (s, x5)ds ),

we obtain

1
|Ax(r) — Ax(10)|e = ) (A1, 1) + B(1, 1)) , (3.4)
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where

f (Gt, $)f(s,x,)) ds

To

Alt, tg) =

2

E

f ' (Glto, ) G(t, 5)) f(s. x)ds
a E

B(t, 1) = , (3.5)

and

t . 1-pi
Alt, 1) < Bell 1 (TR )(f (G, S))“"ldS)

(1=p)' 7 (=)™
(aTIR0  aP(p—p)'P

— 0, ast > 1. (3.6)

<IBl,

In addition, from (ii) of Lemma 2.11, we have the following assessment:
1-pi
B(t, tg) < ol G(19, G(t, 'Pd
(o) <1l mm(f Gto, 5) = G(t, 9)| ™ s)

1-pi
< |B-ll (f Glto, 5) — G(t, )77 dS) - 0, (3.7)

1
LP1 ([a,T1R+)
as t — t;. From (3.4)—(3.7), it follows that |Ax(t) — Ax(ty)|g — 0, as t — ;.

If ¢ < 1y, by a similar argument, we also have |Ax(t) — Ax(t)|r — 0, as t — f;. So we conclude
AxeC(a-rT]E).

We will prove that A has at least one fixed point in B;,. This is demonstrated by the following steps:
Step 1: We will show that AB;, C 8B,,. For x € 8B, the function  — Ax(?) is continuous on [a — r, T].
For t € [a, T], by Holder’s inequality and (3.2), we have

(log ; )P—l [, x;)

T

i

1
|Ax(t) — p(a)lg < ﬁ .
1-p

_ 1 f’(l t)l"p'l R | |
—_— — 1-py
- I'(p)\ U, %87 ! ’ B L7 (a.T1R,)

Cl—p(T, a, p, pl)”ﬂ ”
I'(p) L7T ([ T1Ry)

< h. (3.8)

Thus, sup |Ax(¢) — ¢(a)|g < h, this implies A(B),) C B,.

tefa,T]
Step 2: Prove that A is a continuous operator on 8. Assume sequence {x"} C B, with X’ — x on
B, By the hypothesis (A1) and the fact that xﬁ") — X, t € [a,T], we get

f(t, x(")) - f(r,x;) ae.7€[a,T] asn — oo.

This leads to the estimate that

[f(7,x) = f(z, x|, < 2B:(D).
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Using Holder’s inequality and applying Lebesgue’s dominated convergence theorem, we have

[Ax" (1) - Ax()|, < ——

-1
“ﬂnﬂ%—ﬂnm)

n)fKMﬂW@wavm
P1
< %}?)(L |f(T,x§")) —f(T,xT)ZT‘ dT) -0

(where ¢ = C'"P(T,a,p,p)) < oo) independently of z, as n — oo. It implies that [|Ax" —
Ax”C([a—r,T],E) - 0, thus Ax(”) — Axin Bh.
Step 3: Shows that A is a compact operator from B, to C([a — r, T], E).

Let {x™} be a sequence in B,. We will show that M = {A(x") : n > 1} is a relatively compact
subset of C([a, T'], E) by checking the hypothesis of the Azela-Ascoli theorem.
e Fort € [a—r,T]. Itis clear that

L d=p) " —ay™”

— foralln > 1.
L(p)  a’(p—p)t=h

[Ax"@)|,. < Illcarare, +

It implies that M is uniformly bounded at z.
e Put y* = A(x™). For t,ty € [a — r, T] with t # t, (¢ is near t,), we consider the following cases:
elfa—r<t<ty<aora—-r<ty<t=<a,wehave

YO(t) =y (0], = le(to) — @Dl - (3.9)

e Ifa <ty <t<T. Then, by representing

f G(t, ) f(s, x")ds = f G(t,5)f (s, x")ds + f G(t, 5)f(s, x"ds,

fo

and using Holder inequality, we have

1
y(t) —y<”)(ro)|E < mﬂ(t fo) + T )B(t t), (3.10)
where
AL, 1) = f G(t,5)f (s, x"ds| ,
0] E
B(t, 1) = f (G(to, 5) — G(t, 5)) f(s, x™)ds
E

Using Lemma 2.11, we have

(1= p)'Pr (1= 1p)P ™"
af(p — p)i-n

A(t, 1) < = co(t — )PP, 3.11)
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Noting 0 < (log ﬁ)p_l < (log ’;O)p_l, we have

1-pi

LP1

1) .
B(t, 10) < ||Bl 1 (WTIR )(f |G (o, 5) — G(t, 5)| "7t ds)

l-py
<||B:ll + G(1, G(t,s)|™ 1 d .
Mn;mm(f|u@ (s»pﬁ

Therefore
Y1) =y (1)
1-pi
1
F( ){co(t— 1)’ P + C(f |G(tg, 5) — G(t, 8)| 771 T ds) } (3.12)
here C = ||B|| L
ere ”ﬁ ” ”1 T ([a,T1Ry)

o lfa<t<ty<T. Similar to the preceding case, we have

YO =y w)|,

T 1-p;
r(l ) {co(to -+ C (f (G(t, 5) — G(1y, S))ﬁ ds) }, (3.13)

From (3.9)—(3.13), noting that ¢ € C([a — r, T], E), |G(t, s) — G(ty, s)]| = 0 as t — ty, and the function
1
s = |G(t, s) — G(ty, s)| belongs to L™t ([a, T],R,), we apply item (ii) of Lemma 2.11 to obtain that

Y0 =y (w)] = 0

uniformly in y™. This implies that the set M is equicontinuous at #,. Therefore, we conclude that M
is a relatively compact subset of C([a, T'], E).
Step 4: Applying Lemma 2.6 (Schauder fixed point theorem), there exists x* € 8, such that A(x*) = x*,
1.e.,
1 "1 1\
X0 = @)+ — | - (log —) F(s,x)ds, 1€ (aTl.
I'(p) K :

According to Proposition 3.2, we complete the proof of the theorem. O

We propose to replace hypothesis (A2) with hypothesis (A3) and also get the same result in the
following theorem.

Theorem 3.4. Assume that (A1) and (A3) are satisfied. Then, for any ¢ € C(la — r,al, E), there
exists T € (a, o) such that the fractional initial value problem (1.1)—(1.2) admits at least one integral
solution x € C([a —r,T), E), given by

X(0) = (@) + —— 1(1og )p_1 f.x)dr, 1€ Tl

I'(p)
Proof. The proof of this result is based on Lemma 2.12 and the same arguments as in Theorem 3.3.
The difference is that the computations are more difficult, as presented in Lemma 2.12. O
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Theorem 3.5. Assume (A4). Then, for every ¢ € C([a — r,al, E), there exists T € (a, ) such that the
fractional IVP (1.1)—(1.2) has a unique integral solution x € C([a — r,T], E).

Proof. We first see that the assumption (A4) implies (A1) and (A2). Let A > 0 and, T € (a, ) be a
positive number mentioned in (A2) and (A4), and conditions (3.2) are satisfied. Firstly, similar to the
proof of Theorem 3.3, we introduce the set again:

By = {x €C(la=-rTLE): Xlgra = ¢, sup |x(s) - p(a)lg < h}

s€la,T]

and the operator A is defined by

@(1), iftela-r,al,

F\P-1 (3.14)

1 "1 )
w(a) + Tp)fa - (log ;) f(r,x)dr, ifte(a,T].

A(x)(1) =

-1
To facilitate presentation, we reuse symbols: G(¢, s) = % (log §)p Xian(S).

By similar arguments as in the proof of Theorem 3.3, we see that B, is closed and AB;, C B,.
Consider the operator A : 8, — C(la — r,T],E). For t > a, by induction on n, we will prove the

following statement:
(L (log é)p)n

I'(np +1)

for all n € N. Indeed, it is clear that (3.15) is true for n = 0. Assume that (3.15) is right for n = k. We
see that

|A"u(t) — A"v(D)|p < llw = Vleqa-raE)y, U,V € By (3.15)

0, tela—-ral;

Au(t) - Av(t) = ’
u(t) — Av(?) Lf G(t, s) (f(s,u,) — f(s,v))ds, t € (a,T]
I'(p) Ja

for all u, w € B,,. Therefore, for T > a, we have
|Au(t) — Av(T)|g < [|Au — AVllea—rne) = IJAU — AVlle o,k and
[u(t) = v(D)|g < |lu - VllC([a—r,T],E) = |lu— v”C([a,T],E) ifu,v e By

We also see that
llus — villeq-roney = sup |u(s +6) —v(s + O)|g
0e[-r,0]
sup |u(0) —v(0)|e

Oe[s—r,s]

= [lu = vlleqs-r.s1.6)
< ||I/l - v”C([a—r,s],E)
< ”M - V”C([a,s],E) forall u,v e Bh.

By the Lipschitz condition, we derive

A u(r) = A ()|, < %p) f G(r, 5) | (s, (A*u),) = f(s. (A*uy))| ds
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L ! . )
=T f G(t, 5) ||A* @), = A" 0Dl 95 (3.16)
For s < ¢, by the induction hypothesis, we get
1A () = A*O)llcq-rare) = sup |Aku(s + 1) — Aly(s + T)lE
re[-r,0]
= sup |Aku(7) - AkV(T)|E
TE[s—1,5]
k
L*(logz)”
< su - ||bt _ V|| e
Te[s—];:,s] I'tkp + 1) C(la-rT).E)
k
L (log 2)”
e = Vleqa-r.a.6)- (3.17)

< — "7
['kp+1)
From (3.16) and (3.17), it follows that

Lk+1 _ u—r "1 £\P-1 kp
|Ak+ll/l(t) _ Ak+1V(t)|E < ”l/l V”C([ Jt],E) f - (log _) (log E) ds,
a s a

I'tkp + DI'(p) s
Using the variable substitution x = izz ;, we obtain
"1 £\P-! s \kp £ \(k+Dp
f - (log —) (log —) ds = (log —) B(p,kp + 1),
a S s a a

where the beta function B(p, kp + 1) = fol(l — x)PIxkrdx = %. It implies that

(k+1)p
k+1 t

A u() — A )|, <

T(k+ Dp + 1) [|ze — V”C([a—r,t],E)

for all ¢ € [a, T']. This finishes the induction process. Thus (3.15) is true for all » € N. Hence,

A" u — A"lcqa-rr1E) < Vallu = Vlicqa-rr1.6), sV € B,

n TP\ n TP\
where y, = %. It is well-known that the series ), % converges. Hence y, — 0.
By the Banach fixed point theorem, A has a unique fixed point in B;. This completes the proof. O

3.2. Nonlocal existence

In this subsection, we briefly present similar results for the nonlocal problem (1.3)—(1.4), based on
the techniques used in the previous section. In addition to establishing the existence of a solution to
the initial value problem with nonlocal conditions, we use a fixed point theorem for the @-condensing
operator.

Definition 3.6. A function u € C([a, T], E) is said to be a solution of the nonlocal IVP (1.3)—(1.4) if u

satisfies EIDZ Lu(t) = f(t,u(t)) a.e. t € [a, T] and initial condition u(a) = —h(u) + u,.
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Arguing similarly to the proof of Proposition 3.2, we obtain the following lemma:

Lemma 3.7. A function u € C(la, T], E) is a solution of the fractional IVP (1.3)—(1.4) if and only if u
satisfies the fractional integral equation

_ _h (" Log 1Y d T):
utt) = ~ho + g+ s | ( og E) F(s,u(s))ds, 1€ (a,T:
u(a) = —h(u) + u,.
We define operators
G:C(a,T,E) - C(la,T), E),
Guw)(t) = —h(w) +u,, ueC(a,T),E),t€la,T]

A:C([a,T],E) - C(la,T), E),

A)(r) = F( ) f - f(s, u(s))ds if t € (a,T], and A(u)(a) = 0

F:C(la,T),E) —» C(la,T), E), F(u) = G(u) + A(u).

Obviously, the three operators are well-defined.

Equation (1.3)—(1.4) has a solution if and only if F has a fixed point, that is, there exists u €
C([a, T], E) such that u = F(u). In the rest of the article, we define ||u|| = sup,, 7y [u(s)|e.

Lemma 3.8. Assume (H1)—(H2).
(i) Let b > a > 0. We have

1

! (log f)p_l F(s, u(s))ds
b S E

; < co (Cyllullt + M) (¢ = by (3.18)

forallu e C(la,T),E) andt € (b, T], where

(1= pp'r
: Bl

~ T(p)ar(p — py)' s FaT1Ry)

(i1) The operator A : C(la,T), E) — C(la, T], E) is well-defined and compact. In addition,
IA@)I < co (Cllult + M) (T = @)’

forallu € C([a,T), E).

Proof. (i): Itis clear by Lemma 2.11.
(i1): We can see that A is well-defined by using a similar argument as in proof (i1) of Lemma 2.11.
Similar to Step 2 in proving Theorem 3.3, we get that A is continuous. Let » > 0, define S, := {u €
C(la, T, E) : ||ul| < r}. We will prove that A := A(S,) is relatively compact in C([a, T], E).

e Lett € [a, T]. From the definition of A and the evaluation of (3.18), we have

JAull < co (Collull + M) (T = ay ™ = C < o,
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for all u € S,. Thus, A is pointwise bounded.
eletty€e[a,T] Ift >ty =a, we have

|Au(t) — Au(to)lz = [Au(®)lp < co (Collull” + M) |[ﬁf||ﬁ([ NG 10)"P — 0

independently of u € S,, as t — 1.
Ift >ty > a (resp., ty > t > a), we have

1
|[Au(t) — Au(to)lr < ——(Ri(2, 1) + Ry(t, 1p));
L(p)

where
"1 t\p1
Ri(t,10) = f - (log —) F(s, us))ds
0 S a
< ¢ (C llal 7+ Mf) (t —15)’"’ — 0 independently of u, as t — f;;
and
7o
Ry(t,19) = f (G(2, 5) — G(to, 5)) f(s,u(s))ds
10 1
M _ I-pr
< ¢ (C'fllull oy M_f) “ﬁf”L"lf([a,T],Ra,)L |G(t, s) — G(to, )| ds

r 1
= colCar MY, 160Gl

Using Lemma 2.10, we have R,(#,1)) — 0 independently of u, as t — #;. Thus, |Au(t) — Au(ty)| — 0
independently of u, as t — #; (resp., t — t;). We conclude that A is equicontinuous. The Arzela-Ascoli
theorem is used to complete the proof. O

Theorem 3.9. Assume (H1)—(H4). Then the nonlocal problem (1.3)—(1.4) has at least one solution
x € C(la, T], E) represented by

u(t) = —h(u) + u, + L tl(log E)p_l f(s,u(s))ds, t € (a,T]
TP J. s\ s ’ ’ T

Proof. Let the operators G, A, F : C([a,T], E) — C([la,T], E) be as defined. They are continuous and
bounded. Assume W € b(C([a, T], E)). Since

IG(w) — GOW)I| = () — h(v)|e
< Kpllu—v|| forallu,v € C([a,T], E),

we have a(G(W)) < K,a(W). Thus

a(F(W)) = a(G(W) + A(W))
< a(G(W)) + a(A(W))
= a(G(W))
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< WhQ(W)

It implies that F is a strict a-contraction, so it is also an a-condensing. In addition, a consequence of
(H4) leads to

IGWII < lugle + Chllul™ + M,
(resp., G| < lualg + Cp(llull + 1)) .

Define
S={ueC(a,T]E):3I1e[0,1],u = AF(u)}.

For u € S, we have

llull = AF @I < NG + IA@)I]

< [utali + Callull® + My + co (Cllull” + M) (3.19)
(resp., [lull < lugle + Cr(llull + 1) + co(Crllull + M), (3.20)
_U=pp'r — 4\P-Pf i
where ¢y = — “Bf” a)’Pf,and u € C([a,T], E). If S is not bounded, there
C(p)ar(p-pp)' " L”f ([@.T1R, )
exists a sequence {p,}, pn = ||u,|| with u,, € S such that p,, — co. From (3.19) (resp., (3.20)), we have a

contradiction, that is,

_ ltale + Cup)™ + M+ co (Crlpay + M)

— 0, asn — oo

Pn
ol + Cilon + 1) + co (Crloal + My)
(resp., 1 < —->Cp<1, asn — ).
Pn
The proof is completed by employing Lemma 2.8. O

Remark 3.10. In Problem (1.1)—(1.2), for a = 0, we replace condition (A2) with the condition | f(z, x)| <
t for all ¢ € (a, T]. In this case, the result of Theorem 3.3 remains valid. Indeed, we can easily verify

that
"1 £\ "1 £\
f —(log—) F(sx0)ds| < f —(log—) sds
) A ) S
o __p—1 1 __p-1 o __p—1
:t”f ! drztp[fT dT+f T
o er o e’ e

The proof is argued similarly to the proof of Theorem 3.3.

< 00.

4. Illustrative examples
In this section, we give examples to illustrate the application of the above results.
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Example 4.1. Leta,r > 0,7 > a. Consider the following infinite system of fractional equations

2 2(t —
CD} (0 = LD, t€ (T,
n(t —a)s (4.1)
0
x,(0) = —, ela-ral,n=1,2,...
n

Let E = {f = {fj};';l (& eR V> 1L lim, 00 &, = O} be a Banach space with norm [£|g = sup, |€,l.
For x € C([a — r, ), E), x(1) = (x1(2), x2(2), ...) (write X = (xy, X2, ...)), here x; € C([a — r, o), R) and
X;(s) = (x1(¢t + 5), x2(t + 5),...) fort > a, s € [-r,0]. Forn = 1,2, ..., we define C, := C([-r,0],R) and
fu i (a,00) xC, — R with

2
fn = e,

n(t—a)s
f@v) = (fi(t, ), fo(t,v2),....), 4.2)

where v € C := C([-1,0], E), v(s) = (vi(5),v2(s),...) € E, v; € C;. Hence, for X = (x1, x2, ...), we have
(x),€Cj(t>a, j=1,2,..),and

(1 — r)l)z v
n(t —a)?

Then, we choose ¢ : [a — r,a] — E defined by ¢(6) = (6’, 2,8, ) for 6 € [a — r, a].

We can easily check that f ((a, ) X C) C E. The problem (4.1) can be seen as a fractional IVP of
the form (1.1)—(1.2) with p = 3.

It is clear that the assumption (A1) is satisfied. Next, for 7 > 0, > a and v € C([-r,0], E),
vV =V, V2,....), V(5) = (vi(8), v2(5), ....) with ||V]lc(-r0.6) < T, We have

|Vn(_r)| < sup (lvn(g)l)
0<[-r,0]

< sup (SUP Ivn(9)|)

0e[-r,0] \ n>1

Ja(t, (xn),) = neN.

sup |[V(O)le
0e[-1,0]

||V||C([—r,0],E)
<7t forallm=1,2,..

It implies that
lf(#, Vg < sup |fu(t, vi)lE

nx1
2
v, (=1)
= sup | ——
n>1 I’l(t — (1)§
T2 T2
< sup

< .
wxl on(t—a)s  (t—a)s

Thus, the assumption (A2) is satisfied with p; = % and B.(1) = Tz —. By Theorem 3.3, problem (4.1)
(t-a)3
has at least one local continuous solution.
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Example 4.2. Let a,r > 0. Consider the following infinite system of equations

sin?(x,(¢t — 1)) (log é)y

1 , t€(a, ),
n(t—a)3

2
D3 x,(1) =
6
x,(0) = — bela—r,al,n=1,2,...
n

(log é)y sin?(x, (—r))
T a—a)'A

Similar to Example 4.1, with x = (x, x2, ...), fu(t, (x,);) = , conditions (A1) and (A3)

are satisfied (with y = _41'1 .

Example 4.3. LetR >a > 0,r >0,and 0 <n € Nand ¢ : R — R be a Lipschitz function. Consider
the following system of matrix equations

P t=1)

x1(2) 1+(—a)3 x1(0) 6/1
Y1)

, [%2(0) 26} x2(0) 6/2
cni 9

D o = and | ... |=

x,(1) POt Xx,(6) 0/n

1+n(t—a)3

for all t € [a, ), 6 € [a — r,a]. We rewrite the system as the following finite system of fractional
equations

2 i(f—
E]Dz+ j(t) - ¢(xj( r))l ’ re (a’ 00)7
L+ j(t—a) (4.3)
x;(0) = g fela—r,al,j=1,2,..n.

Similar to Example 4.1, where E is replaced by R" with norm [X|z = maxi<j<, |x;|. Define f; :
(a,00) X C([-r,0],R) » Rand f : (a, ) X C([-r,0], E) with

=)
Jiev) 1+ jt —a)s

@&, v) = (filt,vi), ..o, fu(t,vn)), V= (v1,...,vn),vj € C([-1,0],R).

1<j<n

= —= Ity

Therefore, for x = (x4, ..., x,) € C(la—r,T], E), we have x; € C(la—r,T],R), (x;), € C([-r,0],R), and

P(x;(t = 1))

.60 = ==

for j=1,2,...,n.

Then, the conditions (A1) and (A2) are fulfilled. We now check hypothesis (A4). Assume x =
(X], [XXE) xn)? y = ()’1’ seney )’n) € C([_r’ 0]9 E)a xj’ y] € C([_r’ O]a R)

For j = 1,..., n, since ¢ has the Lipschitz property, there exists L satisfying

|pCx;(=r) = p(y;(=r)| < Lix;(=r) = y,(-1)|
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< LIx(=r) = y(=r)|g
< LIIX = ylleq-r01.)-
It shows that
lf(t,x) — f(t, V) < LIX = Ylleq-roir) forall x,y € C([-r,0], E).

Thus, condition (A4) holds. Equation (4.3) has a unique continuous solution by Theorem 3.5.

Example4.4. Let0 <a < T,Q = [0,1], £ € L*(QxQ,R) satisfying 111122y < ﬁ (m € N). Consider
the problem of finding a function u = u(¢, x) such that

SDu(t, x) = f(t,u(t,x)), t€(aT], xeQ,
S (4.4)
u(a, x) = — Z f Cx, wu(tj, wydw + (x), x € Q,
j=0 70
wherea <ty <t; <..<t, <T, ¢, € L*(Q,R).
Denote
m 1
h(w) = ) Lu(t) with Lv(x) = f Ew, )v(w)dw, (4.5)
=0 0

where w(f)(x) = u(t, %). Let E := L*Q, R) be a Hilbert space with the norm wis = ([, w(s)ds) .
Problem (4.4) is equivalent to the problem of finding u € C([a, T], E) that satisfies

EDPu(t)(x) = f(t, u(H(x)), t € (a,T],
u(a) = —h(u) + Yq, xeQ.

We consider the problem with the function f defined as follows:

x+ ([ u)(s)Pds v
0

f(t,ut, x) = 1 ift € (a,T].
(t—a)
Then
1+ [ful]'/?
|f(2, u(t)(x))| < m

< Br )1+ [lull'?) Vx € Q,

where B(t) = (t — a)"', B; € L*(a,T),R.) (with p; = 1). Thus, f(t,u() € E and |f(t,u(d)|r <
Br(O( + [lull'?) for a.e. 1 € (a, T]. In addition,

m 1
Jh(u)(x) = A < ) fo 0w, )l w) = v(t)w)ldw
=0

m 1
<) f 16C 0L lu(t;) — v
j=0 0
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< (m+ Dllu = vl[lEC, X,

and

1 3
|h(u) — h(W)|2 ) = ( fo Ih(u)(w) — h()(w)[?

< (m+ DlI¢ll202)llue = v

Conditions (H1)—(H4) have been met. The existence of a solution to equation (4.4) is established by
Theorem 3.9 (with K, = C;, = (m + DIfll22) < 1, py = %).

5. Conclusion

Addressing challenges associated with fractional-order derivatives requires the careful selection
of an appropriate function space. The primary objective of this paper is to develop comprehensive
function spaces by integrating Lebesgue and Bochner integrals. Additionally, this study aims to de-
rive conditions that ensure both the existence and uniqueness of solutions for equations involving the
Caputo-Hadamard derivative operator. These investigations are carried out under reasonable assump-
tions.

Following the above result, we can consider problems with weaker source function conditions, as
well as study the problem in spaces with a weaker topological structure.
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