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Abstract: In this paper, we study an optimal control problem for a viscous Cahn—Hilliard system
with zero Neumann boundary conditions in which a hyperbolic relaxation term involving the second
time derivative of the chemical potential has been added to the first equation of the system. For
the initial-boundary value problem of this system, results concerning well-posedness, continuous
dependence, and regularity are known. We show Fréchet differentiability of the associated control-to-
state operator, study the associated adjoint state system, and derive first-order necessary optimality
conditions. Concerning the nonlinearities driving the system, we can include the case of logarithmic
potentials. In addition, we perform an asymptotic analysis of the optimal control problem as the
relaxation coefficient approaches zero.
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1. Introduction

Let Q c R3 be a bounded domain with smooth boundary Q. We denote by n the unit outward
normal to 0Q2, with the associated outward normal derivative d,. Moreover, let T > 0 stand for some
final time, and set

0, :=Qx(0,r, Z:=00x(0,r), forrte(0,T], and Q:=Q0r, X:=ZXr.


https://www.aimspress.com/journal/cam
http://dx.doi.org/10.3934/cam.2025027

684

We then study the following optimal control problem:

(CP) Minimize the tracking-type cost functional

b b b
G, u) = gff o — gl + gflgo(T)—soQF ; gff ul? + kG
0 Q 0

=: J(p,u) + kG(u) (1.1)

subject to the initial-boundary value system

a0y + 0o — Au =0 a.e. in Q, (1.2)
100 — Ao+ [/ (@) =+ w a.e. in Q, (1.3)
YOoWw+w=u a.e. in Q, (1.4)
Ont = Onp =0 a.e.on X, (1.5)
p(0) = pro, (940)(0) = vo, ¢(0) = o, w(0) =wp a.e. in Q, (1.6)

and to the control constraint
ueUyg={uel: ulx1) <ulx,t) <u(x,t) fora.a. (x,7) in Q}. (1.7)

Here, the control space is specified by

U = L™(Q). (1.8)

The given bounds u,u € L*(Q) satisfy u < u almost everywhere in Q, the targets ¢, ¢q are given
functions, and b; > 0, b, > 0, and b; > 0 are constants. Moreover, G : L*>(Q) — [0, +0) is a convex
and continuous functional enhancing the occurrence of sparsity of optimal controls, where k > 0 is a
fixed constant (the sparsity parameter); a typical choice for G is

G(u) = lullzig) = ff Jul . (1.9)
0

The equations (1.2)—(1.3) constitute a variation of the well-studied viscous Cahn—Hilliard system
(see, e.g., the recent contributions [1-5] and the references given therein)

Bp—MAu=0 in O, (1.10)
100 — Ao+ f'(¢) =u+w in Q, (1.11)

in which a hyperbolic relaxation term ad,u has been added in the first equation. While hyperbolic
relaxations of the viscous Cahn—Hilliard system involving an inertial term of the phase variable ¢ have
been considered in the previous works [6—12], an inertial term like @d,u in (1.2) was, to our knowledge,
studied only in the recent paper [13].

In the above class of problems (which model, e.g., the coarsening processes in binary metallic alloys),
the unknown functions ¢ and u usually stand for the order parameter, which can represent a scaled
density of one of the involved phases, and the chemical potential associated with the phase separation
process, respectively. The state variables ¢ and u are monitored through the input variable w, which is
in turn determined by the action of the control u via the linear control equation (1.4). This equation
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describes how the “forcing” w is generated by the external control u. We note that equation (1.4) could
be replaced by more general differential equations that model the relationship between an L*-control u
and the resulting forcing w. For example, in [14], the linear relation given by (1.4) is replaced with a
reaction-diffusion equation, where the variable w represents the concentration of a nutrient in a tumor
growth model.

In the practical application to the coarsening process of a binary metallic alloy, a typical aim of the
control problem (CP) is to monitor the system in such a way as to achieve desired distributions ¢, and
©q of one of the metallic components in the container 2 during the process and at the final time t = T,
respectively, at minimal cost.

In the state system (1.2)—(1.6), ¥ > 0 and 7 > 0 are given fixed constants, and py, vy, ¢o, and wy
are given initial data. Moreover, f” denotes the derivative of a double-well potential f and stands for
the local part of the thermodynamic force driving the evolution of the system. Typically, f is split
into a (possibly nondifferentiable) convex part f; and a smooth and concave perturbation f,. Typical
and physically relevant examples for f are the so-called classical regular potential, the logarithmic
double-well potential, and the double obstacle potential, which are given, in this order, by

ﬁeg(r) = %(’,2 = 1)2, reR, (1.12)
A+ In(l+r+0-=r)In(l -7r)—c if re(-1,1)
Jiog(r) =1 2In(2) — ¢, if re{-1,1} , (1.13)
+00 if re[-1,1]
| e - r?) if re[-1,1]
Foows (1) .—{ I e o1] (1.14)

Here, the constants ¢; in (1.13) and (1.14) satisfy ¢; > 1 and ¢, > 0, so that f,, and fo.s are nonconvex.
Notice that for f = fi,, the term f’(¢) occurring in (1.3) becomes singular as ¢ ~\, =1 and ¢ " 1,
which forces the order parameter ¢ to attain its values in the physically meaningful range (-1, 1). In the
nonsmooth case (1.14), the convex part f; is given by the indicator function of [-1, 1]. Accordingly,
in such cases one has to replace the derivative of the convex part by the subdifferential df; and,
consequently, to interpret (1.3) as a differential inclusion or a variational inequality. We admit in this
paper only the regular and logarithmic cases.

At this point, we observe that there is a strong difference in the energetic structures in the primary
a priori estimates between the system (1.2)—(1.6) and the case when @ = 0. To see this, assume that
w = 0. If @ = 0 (in which case the initial datum for d,u is missing), then the standard procedure to find a
first a priori estimate is to test (1.2) by u and (1.3) by d,¢. Addition of the resulting identities brings a
cancellation of the terms involving the expression ud,p, and we obtain the identity

f f Vul® + 7 f f Bipl® + f (31Ve(O + f(p(1))) = constant
0 JQ 0 JQ Q

for t € (0, T). Notice that the left-hand side, besides the first two dissipative terms, only involves the
total potential energy and thus does not account for possible singularities of the thermodynamic force
S’ which drives the phase separation. The same is the case if for @ = 0 we add an inertial term £d,,¢
to the phase equation (1.3): indeed, then only the kinetic term gl@tgo(t)lz additionally appears in the
bracket of the third integral on the left, and the constant on the right-hand side changes. A similar
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observation can be made for the case when the hyperbolic relaxation @d,u is replaced by the parabolic
relaxation ad,u.

In contrast to this, if the inertial term of the chemical potential @d,u occurs in (1.2), then the above
procedure does not work. Indeed, the natural test function for (1.2) is d;u, and in order to compensate
for the term 0,9 d,u, which then occurs, one is forced to differentiate (1.3) with respect to time and then
test by d,0. We then arrive at the identity

f f Vol + f f ()l
0 Q 0 Q

" fg(%lafu(t)ﬁ + 31O + 3106 0P)

f
= constant — f f £ (@0 forall te(0,T).
0 Ja

Note that in this way, through the dissipative second term on the left-hand side, the delicate interplay
between the possible singularity of f” (which occurs, for instance, for the logarithmic potential (1.13)
where f7'(¢) = 2/(1 — ¢?)) and the rate of phase change d,¢ comes into play from the very beginning.

There exists a large literature concerning the optimal control of viscous Cahn—Hilliard systems
that cannot be cited here; in this connection, we refer the interested reader to the references given in
the recent papers [1, 15, 16]. On the other hand, optimal control problems like (CP) for the system
(1.2)—(1.6) have not been investigated before. In particular, a standout reference is paper [1], which
deserves special recognition for its in-depth exploration of the optimal control problem applied to
system (1.2)—(1.6) with @ = 0, including the case of the logarithmic potential (1.13). Notably, the
resulting viscous Cahn—Hilliard system is far more manageable, as the absence of the inertial term ad,u
(when @ > 0) transforms the challenge from a hyperbolic system into a more tractable parabolic one. In
contrast, here we take on the more complex scenario, successfully demonstrating convergence results,
also for the optimal control problem, as the coefficient a tends to zero.

The paper is organized as follows. In the following section, we formulate the general assumptions
and state the main results concerning the system (1.2)—(1.6). In Section 3, we show the Fréchet
differentiability of the control-to-state operator associated with the state system. Section 4 then brings
an analysis of the control problem (CP) for fixed @ € (0,1]. Besides the existence of an optimal
control, first-order necessary optimality conditions are shown in terms of a variational inequality and the
corresponding adjoint state variables. We also obtain a sparsity result in the case « > 0. The final section
then deals with asymptotic results as @ \, 0. We show that both the state and adjoint state variables
converge in a well-defined sense to their counterparts associated with the nonrelaxed case when @ = 0,
and we also prove a convergence result for the optimal controls as a ™~ 0.

Prior to this, let us fix some notation. For any Banach space X, we let X* denote its dual space,
and || - ||x stands for the norm in X and any power of X. For two Banach spaces X and Y that are both
continuously embedded in some topological vector space Z, the linear space X N Y is the Banach space

equipped with its natural norm [|v||xny := |[V|lx +||Vlly forv € XNY. The standard Lebesgue and Sobolev
spaces L7(€2) and W™?(Q)) are defined on Q for 1 < p < co and m € N. For the sake of convenience,
we denote the norm of LP(Q) by || - [|, for 1 < p < co. If p = 2, we employ the usual notation

H™Q) := W™2(Q). We also set
H:=1*Q), V:=H'(Q), W:={veHQ): dv=0 on Q). (1.15)
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Moreover, V* is the dual space of V, and (-, -) stands for the duality pairing between V* and V. We
also denote by (-, -) the natural inner product in H. As usual, H is identified with a subspace of the
dual space V* according to the identity

(u,v) = (u,v) foreveryuec HandveV.

Note that W c V ¢ H = H* c V* with dense and compact embeddings. Moreover, the space W defined
above is contained in C°(Q). This embedding is important for proving boundedness of different terms
later in the paper, in particular, in the proof of differentiability properties. Finally, we introduce for
functions v € L!(Q) the temporal antiderivative 1 v by setting

!
(I xv)(x,1) := f v(x,s)ds forae. xeQ andall rt€[0,7T]. (1.16)
0

About the constants used in the sequel for estimates, we adopt the rule that C denotes any positive
constant that depends only on the given data. The value of such generic constants C may change from
formula to formula or even within the lines of the same formula. Finally, the notation Cs indicates a
positive constant that additionally depends on the quantity 6.

2. General assumptions and properties of the state system

In this section, we formulate the general assumptions for the data of the system (1.2)—(1.6) and state
known existence, continuous dependence, and regularity results. First, let us remark that the positive
parameter « is not listed in the assumptions below, since it is also involved in the related asymptotic
analysis. Consequently, we let

O<a<l.

On the other hand, throughout the paper we generally assume:
(A1) 7> 0andy > 0 are fixed constants.

(A2) f=fi+ fo, where f; : R — [0, +c0] is convex and lower semicontinuous with f;(0) = 0, and
where f, : R — R has a Lipschitz continuous first derivative fJ on R.

Note that (A2) implies that the subdifferential df; is maximal monotone in RXR and satisfies 0 € df1(0).
Let D(0f;) denote the domain of the subdifferential. An important requirement is the following:

(A3) Thereare —co <r_ <0< r, <+oco suchthat D(0f;) = (r_, ry) and the restrictions of f; and f>
to (r_, r,) belong to C3(r_, r,.). Hence, for r € (r_, r,), we have 8f;(r) = { f{(r)}. Moreover, we assume
that

lim f{(r) = —co, lim f/(r) = +o0. 2.1
lim f{(r) = —oo,  lim f{(r) = +o0 @.1)
Observe that the conditions (A2) and (A3) are fulfilled in each of the cases considered in (1.12) and

(1.13), with the domain D(df;) given by R and (-1, 1), respectively.
We further assume:

(Ad) ppeW,vyeV,wyeL2(Q), ¢o € W, and it holds r_ < gy(x) < r, forall x € Q.
Observe that ¢, € W implies that ¢, € C°(Q). Moreover, we obviously have that

1
mo~—@fg¢o
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lies in the interior of D(0f;). Here, |Q)| denotes the Lebesgue measure of Q, and my thus represents the
mean value of ¢. In the following, we use the general notation v to denote the mean value of a generic
function v € L'(Q). If v is in V*, then we can set

1
vi=—(wl) (2.2)
1€
as well, noting that the constant function 1 is an element of V. Clearly, v is the usual mean value of v if
v € H, and my = .
Finally, once and for all, we fix a ball in the control space that contains U,g:

(AS) The constant R > 0 is such that U,q C Ug := {u € L*(Q) : lullz~0) < R}.

In the following theorem, we collect results that have been stated and proved in Theorems 2.2 to
2.5 in [13]. While some of these results may hold under slightly weaker assumptions, the formulation
provided here is specifically adapted to the context of the control problem (CP). We now state the
result.

Theorem 2.1. Suppose that (A1)—(AS) are satisfied. Then the state system (1.2)—(1.6) has for any
u € Ug and every a € (0, 1] a unique solution triple (u®, p*, w®) satisfying the regularity requirements

ut e W0, T; Hy N W0, T; V)N L0, T; W), (2.3)
0" e W0, T; H)NnH'(0,T; V)N L=, T; W), (2.4)
w® e W0, T; LY (Q)). (2.5)

Moreover, there is a constant K| > 0, which depends only on the data of the state system and R and not
on « € (0, 1], such that

172
allu® w21y + @ / e w0720y + I 20,70y + W lwieo .10
+ [l lwre,rmnm 0.1:v)ne=.0:w) + 1 @ i=o.r:m) < K1 - (2.6)

In addition, there holds a uniform separation condition in the following form: for any a € (0, 1], there
are constants r.(«@), r*(a), which depend only on the data of the state system and R, such that

ro < @) <et(x,0) < (@) <r. forall (x,1) € Q. (2.7)
The above result implies that, for every a € (0, 1], the control-to-state operator
8% = (87, 83,85) t u = 8%u) = (87(w), 85(u), 83(w)) := (U, ", w") (2.8)
is a well-defined mapping between Ux and the Banach space identified by the regularity proper-
ties (2.3)—(2.5).

Remark 2.2. Notice that, due to the compactness of the embedding W C Co(ﬁ), it follows from [17,
Sect. 8, Cor. 4] and (2.6) that ¢ € C°(0). By the same token, the compact embedding V c L?(Q) for
1 < p < 6 yields that also u® € C'([0, T]; L?(Q)) for 1 < p < 6. In addition, owing to (2.7) and (A3),
there exists for every a € (0, 1] a constant K,(a@) > 0, which depends only on R and the data of the state
system, such that

_(j) a . < K 2
max j:rg%} 17 (N2 < Ka(a@), (2.9)
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whenever ¢® = 85(u) for some u € Ug. Moreover, in the case when r_ = —oco and r, = +oo so that
D@f)) =R and f; € C}(R) in (A3), the values r.(a) and 7*() in (2.7), as well as the constant K>(a) in
(2.9), can be taken independent of @. This is due to the bound (2.6), which ensures that ll*llcog) < C-

We also have the following continuous dependence result.

Theorem 2.3. Suppose that (A1)—(AS) are fulfilled, and let @ € (0,1]. Then there is a constant
Ks(a@) > 0 that depends only on R and the data of the state system such that the following holds true:
whenever u; € Uy are given and (uf, ¢f, w?) = 8“(u;), i = 1,2, then

||,U(f - ,u(zll|H2(O,T;V*)lesm(O,T;H)mLW(O,T;V) + ||<P(f - ¢g||Hl(O,T;H)an(o,T;V)nLZ(o,T;W)

+ ||W(1Y - Wg”Hl(o,T;H) < Ksy(@)|lur — uallr20,7:m) - (2.10)
Proof. First observe that we have (w] — w9)(0) = 0 and
yO,(Wi —w5) +wi —w) =u; —u, ae.in Q.
Testing this identity by d,(w{ — w7) then immediately yields that
Wy = willmorm < Cllur — uallr2or.m),

where the constant C depends on R and the data of the state system, but not on «. The validity of (2.10)
is then a direct consequence of the inequality (2.27) in the statement of [13, Thm. 2.5]. m|

3. Differentiability of the solution operator

In this section, we are going to prove differentiability properties for the solution operator 8¢, where,
throughout this section, we assume that @ € (0, 1] is fixed. To this end, let u € Uy be a fixed control with
associated state (u®, ¢, w*) = 8%(u). We then consider the linearization of the state system (1.2)—(1.6)
at u in the direction i € L*(0, T; H), which we write in the form

alo.m,p) + f&wp + f Vn-Vp=0 forallp € Vanda.e.te (0,7), 3.1
Q Q

T — Ay + (W =n+v a.e.in Q, (3.2)

yov+v=h a.e. in Q, 3.3)

oy =0 a.e.onx, (3.4

n(0) = 9dn0) =y (0) =v(0)=0 a.e. in Q. (3.5

Notice that (3.1) is the weak form of the PDE ad,,n+ 0,y — An = 0 together with the boundary condition
Onn = 0.
We have the following result concerning well-posedness.

Theorem 3.1. Suppose that (A1)~(A5) are fulfilled; let @ € (0,1] and u € Uy be given, as well as
(W, ", w) = 8%(u). Then the system (3.1)~(3.5) has for every h € L*(0,T; H) a unique solution triple
(Mn> Y1, vi) such that

€ W20, T; VYN W0, T; H) N L0, T; V), (3.6)

Communications in Analysis and Mechanics Volume 17, Issue 3, 683-706.



690

Y, € W0, T; HYNHY0,T; V)N L0, T; W), (3.7)
vp € HY(0, T; H). (3.8)

Moreover, there is a constant Ky(a), which depends on R and the data, such that

”nh||W2v°°(0,T;V*)ﬁW'v°°(O,T;H)ﬂL‘”(O,T;V) + ||¢h||W1v°°(0,T;H)ﬂH1(O,T;V)OL“’(O,T;W)
+ ||Vh||H1(o,T;H) < K4(a’)||h||L2(o,T;H) . (3.9)

Proof. Obviously, the PDE (3.3), together with the initial condition v(0) = 0 a.e. in €, has for every
h € L*(0, T; H) the unique solution

1 t
vi(x, 1) = —f eI p(x, s)ds forae. (x,1) € Q.
Y Jo

It is readily seen that
Vallen o7,y < CliAllz20.7:m) (3.10)

where, here and in the remainder of this proof, C > 0 denotes constants that may depend on «, R, and
the data of the system, but neither on n € N nor on & € L*(0, T; H). We thus have to show the existence
of a unique pair (77, ¥,) that has zero initial data and solves (3.1), (3.2) with v = v, and (3.4).

We argue by a Faedo—Galerkin approximation using a special basis. To this end, we take the
eigenvalues {A;};ay of the eigenvalue problem

—Ay =21y 1in Q, Ony =0 on 0Q,

and let {e;};ay C W be associated eigenfunctions, normalized by |le;||z = 1, j € N. Then, it turns out
that

0=A <Ay <..., lima; = +co,

J—ooo

fejek:fVej~Vek:O fOI'j:ﬁk,
Q Q

and it is clear that e is just the constant function |Q~'/2. We then define the n-dimensional spaces
V, = spaniey,...,e,} for n € N, where V; is just the space of constant functions on Q. It is well known
that the union of these spaces is dense in both H and V. The approximating n-dimensional problem is
stated as follows: find time-dependent functions 1,;, ¥,;, j = 1,...,n, such that the functions

M5, 0) = ) Ti(Dej(0,  Ya(6 1) = D dnj(Dej(x), (3.11)
j=1 j=1

satisfy

a(0uma(1), p) + (Ohn(D), p) + f Vn.(t) - Vp =0

Q
forall t € [0, T] and every p € V,,, (3.12)
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T(On(1), p) + fg V(1) - Vo + (f7 (@™ W) (@), ) = (17,(2) + vy (D), )
forall t € [0, T] and every p € V,,, (3.13)

1n(0) = 0,77,(0) = Y,(0) =0 ae.in Q. (3.14)

We now take p = ¢, in the equations (3.12) and (3.13), for k = 1, ..., n, obtaining a Cauchy problem

for an explicit system of linear ordinary differential equations with zero initial conditions, which is

of second order in the variables 7,, and of first order in the variables ¢,,. Moreover, the coefficient

functions and source terms all belong to H'(0, T'). By Carathéodory’s theorem, the Cauchy problem has

a unique solution expressed by 17,x, ¥, With 17, € H*(0,T) and i, € H*(0,T), fork = 1,...,n. This

solution uniquely determines a pair (17,, ¥,,) € H>(0, T; V,)) x H*(0, T; V,,) that solves (3.12)—(3.14).
We now derive a series of a priori estimates for the finite-dimensional approximations.

First estimate. We take the time derivative of (3.13) and then test it by d,,. Then, we choose p = 9,1,
in (3.12) and add the resulting equations, noting the cancellation of two terms. Next, we integrate with
respect to time over [0, 7] for # € (0, T'], obtaining the identity

a 1 T
Enamn(r)n%, + EHVnn(r)ni, + Enatwn(t)n%, + f V@)
Oy

== f f,’(900)|atl//n|2 - f f’//(goa)atgoa '//n atwn + ﬂ 6,Vh 51%
Qt Qt t
=L +5L+1, (315)

with obvious notation. Owing to (2.7), Young’s inequality, and (3.10), we have
L+ <C f , 10> + ClIAI 20 7.1y, -
Now observe that, thanks to the zero initial conditions and Holder’s inequality,
7. (Ol < lfQ 0mal®s (Il < fo 0apal’,  forall £ €[0,T]. (3.16)

Therefore, by virtue of (2.7), (2.9), Young’s inequality, and the continuity of the embedding V ¢ L*(Q),

f
L < Cf 100" (Dl IWn( N 100 ()N 140y ds
0

1 !
< Ef (VoI + 104.17) + Cf 180 () 10l 2, opp) DS (3.17)
O 0

where, in view of (2.6), the function s - [|3,¢“(s)|[;, belongs to L'(0, 7). Hence, invoking Gronwall’s
lemma, it is straightforward to infer from the above estimates that

1/2
a'/ ||77n||W1~°°(0,T;H) + ||V77n||Loo(o,T;H)3
+ ullwieormomory) < Clihllorm - (3.18)
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Complementary estimates. In the following, let P, denote the H-orthogonal projection operator onto
V,. It is well known that

IPwplla < llolln and  [|Pyolly < Callplly  forall p €V, (3.19)

with a constant Cq > 0O that depends only on Q.
Taking now an arbitrary p € V in (3.12) and using (3.19) and the orthogonality of the basis functions,
we find that

a{0ymn(1), p) = a(0umn(t), Pu(p)) + a(0:ma(t), p — P(p))
< Na(0y11a (1), Pu(p)) < |0 (D), Pu(p)) + fQ V() - VPn(p)‘
< C10allz=o.r:m) + IV0all oo 7)ol forae. £ € (0,7T), (3.20)

so that from (3.18) it follows that

CY||(9n77n||L°°(0,T;v*) < C||h||L2(0,T;H)- (3.21)

In addition, we can take p = —A(y,(¢)) in (3.13) and integrate by parts. We then obtain

1A DIl = @8pa(1) + " (@™ (OWon() = vi(0), Agrn(D) + L Vi (1) - Vi (1)
1
< EIIA%(I)II?I + C(L+ Wallgy o0 oty + WalZoo 7:00)
+

Consequently, from (3.18) and the elliptic regularity theory, we find that
Al l20.1:m) + Wnllz=,r:w) < CllAllz20,7:m) - (3.23)
Conclusion of the proof. By virtue of the estimates shown above, we conclude that, for all n € N,

17|l w2 0,7 v Wi, mnr=©,1:v) T [Wnllwiso,r.mnm 0.0 v)nL=0,1:w)
< ClAll20,r:m) - (3.24)

Hence there exists a pair (1, ) such that (possibly on a subsequence, which is again labeled by n € N)

n, — 1 weakly star in W>*(0,T;V*) N W0, T; H) N L=(0,T; V), (3.25)
W, — ¢ weakly starin W"(0,T; H)n H'(0,T; V)N L0, T; W). (3.26)

By a standard argument (which needs no repetition here), it then follows that the pair (7, ) solves the
equations (3.1), (3.2) with v = v, and (3.4). In addition, we easily conclude that n(0) = ¥(0) = O.
Moreover, it follows from (3.24) and the lower semicontinuity properties of norms that the triple
(Mn, Y, vin), where i, = n and Y, = y, satisfies the estimate (3.9). From this it is easily seen that
the solution is unique: indeed, if (1;,¥;,v;), i = 1,2, are two solutions, then the triple (n,y¥,v) =
(1 — 2,1 — Y2, vi — v2) solves the system (3.1)—(3.5) with & = 0, whence (1, ¥, v) = (0,0, 0) follows.
With this, the assertion is completely proved. O
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Next, we show a differentiability result for the control-to-state operators &8, for @ € (0, 1].

Theorem 3.2. Suppose that (A1)—(AS) are fulfilled, and let a € (0, 1] be given. Then the control-to-state
operator 8% is Fréchet differentiable in Uy as a mapping from L*(Q) into the Banach space

X := C%[0,T]; H) x (H'(0,T; H) N C°([0,T]; V) N L*(0, T; W)) x H'(0, T; H). (3.27)

Moreover, for every u € Uy the Fréchet derivative DS%(u) € L(L™(Q), X) is obtained as follows: for
all h € L*(Q) it holds that DS*(w)[h] = (qu, Y1, Vi), where (n,, Yy, vy,) is the unique solution to the
linearized system (3.1)—(3.5).

Proof. Let @ € (0,1] and u € Ug be given, and let (u%, ¢*, w*) = 8%(u). Since Uy is open, it holds
u+ h € Ug provided [|A]|z~(p) is sufficiently small. In the following, we only consider such variations #,
and we define the quantities

(Un> @ns W) := 8w+ h),  yp := py — 1" =y,

= o=@ =Y, Wy =Wy =W =y,
where (1, ¥1,, v,) denotes the unique solution to the linearized system (3.1)—(3.5). Notice that
yp € W20, T; V)N W0, T; H)NNL*(0,T; V),
7 € W0, T; HYn H'(0,T; V) N L0, T; W),
wy, € H(0,T; H),

according to Theorem 2.1 and Theorem 3.1. Moreover, from the estimate (2.10) in Theorem 2.3 we
conclude that

etn = 1M m20,7:v ) nwrs.r:mnr=0.13v) + 10 = @ a0 mne=©.r:v)20,1:w)
< Clhll2o,7:m) » (3.28)

where, here and in the remainder of this proof, C > 0 denotes constants that may depend on @, R, and
the data of the system, but not on the special choice of & with u + h € Uy.

Next, we observe that it follows from the estimate (3.9) in Theorem 3.1 that the mapping & +—
(M, Y, vi) belongs to L(L7(Q), X), in particular. Hence it suffices to show that

hs 2h W)l

_ 0. 3.29
Ilo0—=0  |lhllz=(0) 52

which is certainly satisfied if

”yh”CO([O,T];H) + ||Zh||H1(o,T;H)mCO([O,T];V)mLZ(o,T;W)
2
+ ||wh||H1(O,T;H) < C”h”Lz(O,T;H) (330)

for all h € L*(Q) with u + h € Ug. We are going to show that (3.30) is in fact valid. To this end, observe
that the triple (y;, z, wy) solves the system

a{0uyn, p) + (0:zp, p) + nyh -Vp=0 foreverypeV, ae.in(0,7), (3.31)
Q
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10,25 — Az = yn + wp — (f (on) = /(@) = [ (@" W) ae.inQ, (3.32)
vowy + w, =0 a.e.in Q, (3.33)
Owzn =0 ae.onZ, (3.34)
vi(0) = 9,y,(0) = ,(0) = w,(0) =0 a.e. in Q. (3.35)

Obviously, it results that w;, = 0 a.e. in Q. Moreover, Taylor’s theorem with integral remainder yields
almost everywhere in Q the identity

F@n) = £1@") = £ (Wi = £ (¢M)zn + An (pn — ¢°)°,  where
1l
A = f f s +Ts(pp— ")) drds. (3.36)
0o Jo

Owing to (A3) and (2.7), we have
Ayl < C a.e.in Q. (3.37)

We now integrate (3.31) over (0, ¢) for ¢ € (0, T'] to obtain the equation

a(atyh,p)+(zh,p)+fV(l * yn) - Vp =0, (3.38)

Q

where the expression 1 * yj, is defined in (1.16). We test (3.38) by y,, (3.32) by z,, add the resulting
identities, and integrate with respect to time over (0, #), where ¢ € (0, T']. Noting the cancellation of two
terms, we then arrive at the identity

o 1 T
Ellyh(t)llil + EIIV(l SRTI0)] A E”Zh(t)”;-[ +f IV,

= —f @zl - ff An(en — ")z (3.39)
Qt t

Thanks to (A3), (2.7), (3.28), and (3.37), the right-hand side of this equation can be bounded by
!
c f el + € f ()l lon(s) = @7 (I g ds
O 0

A
c f Gl + C f I4(5) — (M s
O 0

CfQ |Zh|2 + CHh”Z(O,T;H)’ (340)

IA

IA

where in the last estimate the continuity of the embedding V c L*(€2) was used. Combining (3.39) with
(3.40), and invoking Gronwall’s lemma, we then conclude that

< C|lh|I* (3.41)

2 2
IYallcoqo. i + Weallcoqo rmarorv) [2(0.T:H) *

At this point we note that z, solves a linear parabolic initial-boundary value problem of heat
conduction type, with zero initial datum and zero Neumann boundary condition, whose right-hand
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side g, := yn — 7 (¢™)zn — An(pn — ¢®)* has already been shown to satisfy the condition ||g,|? LO.T:H) <
Cllh|I* LT It therefore follows from standard linear parabolic theory that
2
”Zh”Hl(O,T;H)OCO([O,T];V)OLZ(O,T;W) C”h”Lz(o T:H) (3.42)

Combining (3.41) with (3.42), and recalling that w, = 0, we obtain that (3.30) is valid, which finishes
the proof of the assertion. O

Remark 3.3. Note that the value of the constant R > 0 did not really matter in the above proof. We
therefore conclude that the Fréchet derivatives D8%(u) € L(L*(Q), X) exist for all u € L*(Q).

4. The optimal control problem

In this section, we investigate the control problem formulated in the introduction, which, in order to
stress its dependence on the parameter « € (0, 1], will in the following be denoted by (CP,). In addition
to the general assumptions (A1)—(AS), we postulate:

(A6) b >0,b,>0,b3 >0, and k > 0 are given constants.
(A7) ¢o € L*(Q), ¢q € V, and u,u € L=(Q) are given functions such that u < u a.e. in Q.
(A8) The mapping G : L*(Q) — R is convex, continuous, and nonnegative.

4.1. Existence
We begin our analysis with an existence result.

Theorem 4.1. Suppose that (A1)—(A8) are fulfilled. Then the optimal control problem (CP,) has, for
every a € (0, 1], at least one solution.

Proof. Obviously, the cost functional J is nonnegative. Therefore, there is a minimizing sequence
{tpthert C Ugg, 1.€., we have

lim 383, w,) = inf 3830, 1) 2 0.

Then the triple (u, %, w?) := 8%(u,) solves for n € N the state system (1.2)—(1.6) with u = u, and thus
satisfies the global bounds (2.6) and (2.9). We may therefore assume without loss of generality that,
with a suitable triple (u, ¢, w),

u® — p weakly star in W*<(0,T; V*) n W0, T; H)n L¥(0,T; V), (4.1)
¢, = ¢ weakly star in W1’°°(O, T:H)NH'(0,T;V)N L0, T; W), “4.2)
w? — w  weakly star in W"*(0, T; L™(Q)), (4.3)
¢* — ¢ strongly in C°(Q), (4.4)

where the last convergence result is a consequence of [17, Sect. 8, Cor. 4] and the compactness of the
embedding W C CO(Q) In addition, we have r.(a) < ¢ < r*(@) in Q for every n € N. Hence, (4.4)
and (A3) imply that

f'(@) = f'(p) strongly in C°(Q). (4.5)
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Moreover, U,q is a convex, bounded, and closed subset of L*(Q). Therefore, we may assume that there
is some u® € U,q such that

u, —» u® weakly star in L*(Q). (4.6)

Passage to the limit as n — oo in the equations (1.2)—(1.6), written for ((u, ¢, wy), u,), taking (4.1)—
(4.6) into account, then leads to the conclusion that (u, ¢, w) solves the system (1.2)—(1.6) for the
control u = u®. In other words, we have (i, o, w) = (u®, ¢*, w*) = 8*(u®). It then follows from the
semicontinuity properties of the functionals J and G (notice that G is convex and continuous and thus
weakly sequentially lower semicontinuous on L*(Q)) that

I, u) = J(¢", u) + kGu®) < iminf(J(g;, un) + kG(uy)) = inf J(S5(u), u),
n—oo uelyg
which means that # = u® is an optimal control. O

4.2. Necessary optimality conditions

We begin by deriving a first condition for a control to be locally optimal. To this end, recall that
u® € U, is called locally optimal for (CP) in the sense of L”(Q) for some p € [1, +o0o] if and only if
there is some & > 0 such that J(85(u®), u®) < J(85(u), u) for all u € Uyq with [l —u®||z») < &. Observe
that every control that is locally optimal in the sense of L?(Q) for some p € [1, +o0) is also locally
optimal in the sense of L*(Q). Therefore, all necessary conditions derived for locally optimal controls
in the sense of L*(Q) are automatically valid also for locally optimal controls in the sense of L”(Q) for
any p € [1, +00) and thus, in particular, for (globally) optimal controls.

We have the following result.

Lemma 4.2. Suppose that (A1)—(A8) are fulfilled and « € (0, 1]. Moreover, assume that u® € U,q is a
locally optimal control for (CP) in the sense of L (Q) with associated state (u®, ¢, w*) = 8*(u®). Then
there is some A% € 0G(u®) (where 0G(u®) C L*(Q) denotes the subdifferential of G at u®) such that it

holds
b, fL (™ — o) + szlﬁh(T)(sﬁ’a(T) —@q) + b3 fL u®(u —u®)

+ Kff Awu—u®) =20 forallue Uy, 4.7)
Q
where (1, Wy, Vi) is the unique solution to the linearized system (3.1)—(3.5) associated with h = u — u®.
Proof. For the following, we introduce the reduced functionals J% and g° by setting
TEw) = TS, u),  J°w) := T*w) + kG(u), for u € L(Q). (4.8)

Then, by Theorem 3.2 and the quadratic form of the differentiable part J of the cost functional, it
follows from the chain rule that the mapping J : L*(Q) — R has a Fréchet derivative DJ“(u) for every
u € L*(Q). From the convexity of U,y and of G, we then infer that

Dja(u“)[u —u"] + k(G(u) — Gu®)) > 0 forall u € Uy.
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A standard argument from convex analysis (for the details, see, e.g., [18, Sect. 4.1]) yields that there is
some A% € dG(u®) such that

DT u*)[u — u®] + « f f Aw—-u®) >0 forall u e Uy. (4.9)
0

Finally, we infer from the chain rule, using Theorem 3.2 and the special form of J (which, in particular,
does not involve the first and third solution components), that

DI u®)[u — u”]

= b ffglﬁh(soa —®o) + by Llﬁh(T)(QDO’(T) —¢a) + b3 ffgu"(u —u"),

where h = u — u®. This concludes the proof of the assertion. O

Note that the optimality condition (4.7) is still impractical, since it requires solving the linearized
system infinitely many times. As usual, we improve it by means of the adjoint variables.
We write the associated adjoint system in the form

adyp—Ap—q=0 a.e.in Q, (4.10)
—0i(p+719) — Aq + f"(9")q = bi(¢" — ¢o) a.e.inQ, (4.11)
—yor+r—q=0 a.e.in Q, 4.12)
Onp =0hg =0 ae.onX, (4.13)
b .
p(T)=0,p(T)=nrT)=0, ¢(T) = ?Z(cp"(T) - ¢q) a.e.in Q. (4.14)

We have the following well-posedness result.

Theorem 4.3. Suppose that (A1)—(A8) are fulfilled and that « € (0, 1]. In addition, let u* € Ug be
given and (u®, ¢, w*) = 8%(u®). Then the system (4.10)—(4.14) has a unique solution (p“, q°, r*) with
the regularity

pte W0, T; Hyn W"(0,T; V)N L0, T; W), 4.15)
q* € H'(0,T; H)n C°([0,T]; V)N L*(0, T; W), (4.16)
r“ e HX0,T; H)NnC'([0,T1; V)N H'(0, T; W). 4.17)

Moreover, there is a constant Ks(a) > 0, which depends only on R and the data of the state system, such
that

12
C¥||Pa||w21°°(o,T;H) +a!! “pa”WW’(O,T;V) + ||pa||L°°(O,T;W)
+ g Iz, 73v)ne20,75w) + 1 w750 0 E1 0,7:w)
1/2 1/2
+p* + ¢ lmorm + @ / 10:q" l.20.7:1) + @ / W0 l20.7:0) < Ks(a). (4.18)

Proof. The existence proof follows that of Theorem 3.1: we again employ a Faedo—Galerkin approxi-
mation using the same basis functions as in the proof of Theorem 3.1. To keep the paper at a reasonable
length, we avoid writing the approximating system explicitly here and only give formal estimates for
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(p, g, r) that would be rigorous on the level of the finite-dimensional approximations. In the following,

we use the notation
0 =QxT), fortel0,T).

First estimate. To begin with, we first test (4.10) by —a,p, (4.11) by g, and (4.12) by —d,r, and add
the resulting equations, noting the cancellation of two terms. Then we integrate over (¢, T), where
t € [0, T) is arbitrary. Using the terminal conditions (4.14), we arrive at the identity

@ 1 T 1
—18.p@)l3; + = f IVp@®F + =llgOli7; + f IVql* + 7f 0, + =|Ir@)ll
2 2 Q 2 Qt Qt 2

b2
= 2—2 f 0" (T) = @al’ —f @ + ff (b1(¢” — go) — 0,r)q. 4.19)
T Jo o o

The first term on the right-hand side of (4.19) is under control due to (2.6) and (A7). Next, we note that

- f Mg = - f 1eMq* - f 5N,
o o o

with the first contribution being nonpositive and the second one being bounded by C f th g, due to (A2),
(2.6), and (A3). About the third term on the right-hand side of (4.19), by (2.6), (A7), and Young’s
inequality, we have that

f (bi(¢" = po) — 0ir)g < %ff 0,r* + Cff q.
o t ,

Then, using Gronwall’s lemma, we immediately see that

1/2
a'l 10: pllz=c0,7:5) + ||Vp||L°°(O,T;H)3 + ||(]||L°°(0,T;H)mL2(0,T;V) + ||”||H1(0,T;H) < C, (4.20)

where the constant C > 0 depends on the data of the system, but is independent of a € (0, 1].

Second estimate. Next, we test (4.11) by p + 74, obtaining the identity
1
3P + 7Ol + f f Va-V(p+79)

2
= Tla(P + f (B o)~ NP+ 7).

Hence, by virtue of Young’s inequality, (4.20) and (2.9), we find from Gronwall’s lemma that |[p +
Tqll.~0,r:1) < C,o. Therefore, using once more (4.20), it turns out that [|p||z~@© 7.7y < C,, Which, in
turn, implies that

Ipllz=@rv) < Cq- 4.21)

Third estimate. In this estimate, which is entirely formal (but completely justified on the level of the
Faedo—Galerkin approximations), we first test (4.10) by Ad,p. Taking the boundary conditions (4.13)
and the terminal conditions (4.14) into account, we obtain the identity

a 1
EIIV&p(t)II}‘lﬁEIIAP(I)II?1= f f qAdp = f f Aqop. (4.22)
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Secondly, we test (4.11) by —Aq to see that

f f Agop+ T f Vg + f f lagP

f Va(T)P + f f A" (@) - bi(@® = 90). 4.23)

In view of (4.14), we recall that ¢ € V, by assumption (A7), and consequently, by (2.6), deduce that

fg Va(DP < Cle" DR + lleall) < C.

Thus, adding (4.22) and (4.23) leads to a cancellation of two terms. Using (2.9) and Young’s inequality,
by standard elliptic estimates we can infer that

12
a'l Ipllwie©.r:v) + Ipllz=o7.w) + glle©.r:vnzorw)y < Ca. (4.24)

It then directly follows from (4.10) and (4.24) that ||@0,pll.~0.r:n) < C., and thus, by virtue of (4.20),

allpllw2eo.r:m < Co - (4.25)

In addition, a comparison of terms in (4.11) yields

lp + 7qllmor:m) < Co- (4.26)

Moreover, due to the estimate for g in (4.24), arguing on (4.12) and using the terminal condition for r in
(4.13) enable us to conclude that

w7 vyne 0wy < Co - 4.27)

The last part regards a similar bound for

172 12
a'l 10:qllr20.7:1) + @ / 10:r | 220.7:11)»

which follows then from (4.20), (4.26), and comparison in (4.11) and (4.12). At this point, we have
completely shown the relevant estimate (4.18) that suffices to prove the existence of a solution to the
adjoint system (4.10)—(4.14) that has the asserted properties. Owing to the linearity of the system, the
proof of uniqueness is simple and can be skipped here. O

Remark 4.4. Recalling the contents of Remark 2.2 and the assumption (A3), we aim to point out that
in the case when D(3f;) = R and f; € C3(R) in (A3), then the constant Ks() in (4.18) may be chosen
independent of @ € (0, 1], since in this framework the coefficient f”'(¢®) appearing in (4.11) is bounded
in L*(Q) independently of . In fact, we can repeat all the argumentation leading to (4.21)—(4.27) with
constants C in the right-hand sides that do not depend on a.

Having shown the well-posedness of the adjoint system, it is now a standard procedure to improve
the necessary condition for locally optimal controls stated in Lemma 4.2. Indeed, testing the linearized
system (3.1)—(3.5) with the adjoint state variables, integrating by parts with respect to time and space,
and using the adjoint system (4.10)—(4.14), we arrive at the following result.
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Theorem 4.5. Suppose that (A1)—(A8) are fulfilled and « € (0, 1]. Moreover, assume that u® € U,q is a
locally optimal control for (CP,) in the sense of L*(Q) with associated state (u®, ¢*, w®*) = 3*(u*) and
adjoint state (p“, q*,r"). Then there is some A* € 0G(u*) such that

ff(r“ + bsu® + kA u—-u®) 20 forallueUy. (4.28)
Qo

4.3. Sparsity of controls

The convex functional G in the cost functional accounts for the sparsity of optimal controls, i.e.,
the possibility that every locally optimal control may vanish in some subset of the space-time cylinder
Q. The form of this region depends on the choice of G, where the sparsity properties can be deduced
from the variational inequality (4.28) and the form of the subdifferential dG. In the following, we
restrict ourselves to the case of full sparsity, which is obtained for the case of the L'(Q)-norm (1.9)
that recently has been investigated in [1]. Arguing exactly as there, one obtains the following result
(see [1, Thm. 4.7]).

Theorem 4.6. Suppose that (A1)—(A8) are fulfilled, « € (0, 1], and « > 0. Assume that u and u are
constants such that u < 0 < u. If u* € U,q is locally optimal in the sense of L*(Q) for (CP,) with

associated state (u*, %, w®) and adjoint state (p®,q®, r®), then there exists a function 1 € dG(u®)
satisfying (4.28), and it holds

u*(x,t) =0 ifandonly if |r*(x,t) <k, fora.e. (x,t)€Q. (4.29)
Moreover, if r* and A are given, then u® is obtained from the projection formula
u®(x,t) = max {y, min {ﬁ, —bgl(r“ + kA")(x, t)}} fora.e. (x,1) € Q.
Remark 4.7. Owing to the global estimate (4.18), we have
N o.rwy < Ks(a),
and thus, thanks to the continuity of the embedding H'(0,T; W) c C°(Q),
1Pl < R(@),

with a constant k(@) > 0. Hence, for each « € (0, 1], if x >k(«@), then every locally optimal control in
the sense of L*(Q) for (CP,) must vanish.

5. Asymptotic analysis
This section is devoted to the study of the asymptotic behavior of the problem (CP,) as a \ 0.
The case @ = 0, which has been thoroughly investigated in [1] for a potential as in (1.13), with

(r_,ry) = (-1, 1), is denoted by (CPy).
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5.1. Convergence of the state variables

The asymptotic results for the state system have already been studied in [13] where also the case of
the nondifferentiable double obstacle potential (1.14) was included in the analysis (see, [13, Thm. 5.1]).
We have the following result.

Theorem 5.1. Assume that (A1)—(AS) are satisfied, and let {a,},en C (0, 1] and {u*},en C Uag be
sequences such that a, \, 0 and u® — u® weakly star in L°(Q). If (u®, ¢, w) := 8% (u®) denotes
for n € N the unique solution to the state system (1.2)—(1.6) for u = u® established in Theorem 2.1,
then it holds

u — 1°  weakly star in L¥(0,T;V), (5.1
@,y — 0  weakly star in W>*(0,T; V") and strongly in W"(0,T; H), (5.2)
" — goo weakly star in Wb, T; Hyn H'(0,T; V)N L0, T; W)

and strongly in C°([0,T1; V)N C°(Q), (5.3)
F (™) = (%) weakly star in L™(0,T; H) and a.e. in Q, 5.4
w — w®  weakly star in W0, T; L*(Q)), (5.5)

where (1°, °, W) is the unique strong solution to the viscous Cahn—Hilliard system

0 —Au=0 a.e. in Q, (5.6)
100 —ANp+ f'(p)=pu+w a.e. in Q, (5.7
YoWw +w = u® a.e. in Q, (5.8)
Ont = Onp =0 a.e.onx, (5.9
u0) = o, ©0) =¢y, w(0)=wy a.e. in ). (5.10)

Proof. Arguing as in the proof of Theorem 4.1, by (2.6) it is not difficult to check that (u®, ¢*, w*
converges to a triple (i, ¢, w) in the sense of (5.1)—(5.3), (5.5), at least on a subsequence that we still
index by n € N. In view of (5.3) and the Lipschitz continuity of fJ, we have that f(¢™) — f(¢)
strongly in C°(Q). Moreover, recalling (2.6), (A3), and the estimate (2.9), we also have that f{(¢"")
weakly star converges to a limit in L*(0, T'; H) on one hand, and

fil@™) — fi(e) ae.inQ

on the other. Then, the two limits must coincide and f{(¢) makes sense in L*(0, T'; H), although it is no
longer expected that f](¢) is uniformy bounded in L*(Q) (cf. (2.9)).

Therefore, passing to the limit as n — oo in the state system (1.2)—(1.6) written for (u®", o™, w*"
and u®, reveals that (u, ¢, w) solves the system (5.6)—(5.10) at least in a variational sense. However,
asu € L*(0,7T;V) and 0,90 € L*(0,T; H), from (5.7), (5.9), and standard elliptic regularity results
it follows that u € L*(0, T; W), whence (u, ¢, w) is actually a strong solution of (5.6)—(5.10). Using
exactly the same proof as for the continuous dependence part of [1, Thm. 2.2], we can conclude that this
solution is uniquely determined, and thus we have (u, ¢, w) = u°, ¢, w?). Moreover, the unicity of the
limit point entails that the convergence properties are in fact valid for the entire sequence and not just
for a subsequence. This concludes the proof of the assertion. O
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Remark 5.2. Notice that we cannot expect to have an initial condition for d,u in the limiting state
problem. We also note that it makes sense to introduce the control-to-state operator for the viscous
Cahn—Hilliard system (5.6)—(5.10),

8% = (89,85,89) : u’ € L¥(Q) — (8", 85(u°), 83®)) := (1, ¢, w?). (5.11)

5.2. Convergence of optimal controls

As we have seen in the previous subsection, the state variables associated with a € (0, 1] converge,
as a Y\, 0 along a subsequence, in a well-defined sense to their counterparts for the case @ = 0. We are
now going to show that the same holds true for the optimal controls.

Theorem 5.3. Suppose that (A1)—(A8) are fulfilled, and let {a,},en C (0, 1] be given with a, N\ 0.
For every n € N, let u™ € Uy be an optimal control for the problem (CP,, ) with associated state
(W, % w) = 8% (u®). If. in addition, u® — u° weakly star in L°(Q) as n — oo, then u° is an
optimal control of the problem (CPy).

Proof. First, we observe that, according to Theorem 5.1, we have the convergence properties pier(5.1)—
(5.5), where (1°, ¢°, w®) = 8°(u®), which means, in particular, that the pair ((u°, ¢°, w?), u°) is admissible
for the limit problem (CPy). Moreover, it obviously holds

b X by .
tim (3 [[ 167 = g0 + 2 [ 1670~ gaf)
n—00 0 Q

b b
=2 f f ¥ - ool + 2 f &(T) = ol 5.12)
[} Q

Now let u € U,q be arbitrary. We recall the weak sequential lower semicontinuity of the L2(Q)-norm
and of the functional G, which is convex and continuous on L*(Q). Then, from (5.12) and the optimality
of the pair ((u*, ¢*, w), u*) for the problem (CP,, ), it follows that

b b b
IS8, u’) = 5‘ f f l° — ol + 32 f %) - pal* + 33 f f WP + kG(u)
0 Q 0

. . bl ay 2 b2 (o 2 b3 @, |2 (7]
shglglf(gfolso ~ o + 2 [ "D~ +3fo|u P+ 4G
= liminf J(85"(u™), u™) < liminf J(85"(u),u) = J(8(u), u) . (5.13)
Since u € U,q was arbitrary, the assertion is proved. m|

Remark 5.4. 1. Notice that any sequence {u*"} C U,y with @, \, 0 contains at least one subsequence
that converges in the weak star topology of L*(Q) to some limit point u € U,q. From this it also follows
that the problem (CP) admits at least one solution.

2. Observe that we cannot expect a similar result for controls that are only locally optimal in the
sense of L*(Q). Indeed, if u* is locally optimal for (CP,,) in the sense of L*(Q), then we can only
guarantee the existence of some &, > 0 such that 5(83” (u™), u™) < 5(8;”(u), u) for all u € U,y with
ll — u™||z~) < &,. Since itis very possible that €, — 0 as n — oo, we cannot conclude that limits of
subsequences of {u*"} are locally optimal for (CP).
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5.3. Convergence of the adjoint variables

Finally, we present a convergence result for the adjoint state variables under the following
additional restriction.

(A9) In the framework of (A3), we further suppose that r_ = —co and r, = +o0 so that both f; and f,
belong to C3(R).

Theorem 5.5. Suppose that (A1)—(A9) are fulfilled, and let {@,},en and {u* },en C Uag be sequences
with a, \, 0 and u® — u® weakly star in L*(Q). If (u®, ¢, w*) = 8% (u®) and (p*, g, r™) denote
the respective state and adjoint state variables associated with u® for n € N, then it holds

p™ — p®  weakly star in L*(0, T; W), (5.14)
a, p© — 0  weakly star in W*(0, T; H) and strongly in W"(0,T; V), (5.15)
g™ — ¢ weakly star in L™(0,T; V)N L*0,T; W), (5.16)
P+ g™ — pO + qu weakly star in HY0,T; H)NnL*(0,T; V)N L*0,T; W)

and strongly in C°([0,T1; H) N L*(0,T; V), (5.17)
r — 1 weakly star in W0, T; V)N H'(0, T; W), (5.18)

where the triple (p°,q°, 1°) is the unique solution to the adjoint system associated with the system
(5.6)—(5.10) and the control u°, which is with (u°, °, w®) := 8°(u°) given by

-Ap—-q=0 a.e. in Q, (5.19)
—3i(p+79) — Ag + [ (¢")q = b1 (¢" — @p) ae. inQ, (5.20)
—yor+r—q=0 a.e. in Q, (5.21)
Onp =0ng=0 a.e. onXx, (5.22)
(p +7g)T) = by(¢°(T) — ¢q), r(T)=0 ae inQ. (5.23)

Proof. From Theorem 5.1 we infer that (u®, ¢®, w®) converges to (u°, ¢°, w°) in the sense of (5.1)—
(5.5). Moreover, recalling Remark 2.2, it turns out that, under the validity of (A9), the values r, and r*
in (2.7) and the constant K in (2.9) are independent of @. Then, we can also infer that

(™) = f"(¢") strongly in C°(Q).

Moreover, it follows from the uniform estimate (4.18) (see Remark 4.4 as well) that (p®, g*", r*")
converges to a triple (p, g, r) in the sense of (5.14)—(5.18) at least on a subsequence. It is then readily
seen that (p, g, r) is a strong solution to the system (5.19)—(5.23). In view of the linearity of this system,
the solution is easily shown to be uniquely determined (anyway, the reader may consult and refer
to [1, Theorem 4.3]), and thus (p, g, ) = (p°, ¢°, r°).

We point out the correctness of the first terminal condition in (5.23) since the variable under time
derivative in (5.20) is just (p + 7g), so that the terminal condition follows from the convergence (5.17)
and the conditions in (4.14).

Hence, owing to the uniqueness of the limit point (p°, ¢°, ), the convergence properties are in
fact valid for the entire sequence «, “\, 0 and not just for a subsequence. This concludes the proof of
the assertion. O
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Remark 5.6. It is worth noting that the additional assumption (A9) is not necessary for the conditions
(5.19)—(5.23) to be valid. We demonstrate this for the case when f is the logarithmic potential (1.13).
Indeed, also in this case it follows from Theorem 5.1 that (u®, ¢, w®) converges to (u°, ¢°, w°) in the
sense of (5.1)—(5.5). In particular, we have that ¢® converges uniformly to ¢ in é by (5.3). At this
point, we recall [1, Thm. 2.2], which states that the solution component ¢° of the limit problem (5.6)—
(5.10) has the separation property. That is, the range of ¢° is contained in a compact subset of (-1, 1).
But this implies that also the ranges of ¢™ are contained in a common compact subset of (—1, 1) for all
sufficiently large n. Therefore, we can infer that also in this case

f"(@™) = f"(¢")  strongly in C°(Q)

holds true. Having established this strong convergence property, we now can conclude as in the
remainder of the proof of Theorem 5.5. In fact, the same argument applies whenever the limit problem
enjoys a separation property.
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