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Abstract: In this paper, we extended the port-Hamiltonian framework by introducing the concept of
Stokes-Lagrange structure, which enables the implicit definition of a Hamiltonian over an N-dimensional
domain and incorporates energy ports into the system. This new framework parallels the existing Dirac
and Stokes-Dirac structures. We proposed the Stokes-Lagrange structure as a specific case where the
subspace is explicitly defined via differential operators that satisfy an integration-by-parts formula.
By examining various examples through the lens of the Stokes-Lagrange structure, we demonstrated
the existence of multiple equivalent system representations. These representations provide significant
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and control of port-Hamiltonian systems.
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1. Introduction

The port-Hamiltonian (pH) framework stems from classical Hamiltonian formalism and bond graphs
theory. As in the classical Hamiltonian formalism, the dynamics of the state @ derive from a Hamiltonian
functional H(a) (e.g., energy, entropy, exergy, etc.), however the underlying structure is not symplectic
but defined as a more general Dirac structure (in particular, the dimension of the state space is not
necessarily even). This structure, similarly to bond graphs, allows for representing systems as subsystems
interconnected through power preserving interconnections. In particular, it is composed of pairs of flow
and effort variables (f, ¢) named power ports whose duality product (e, f) corresponds to a power; the
Dirac structure then guarantees that the power balance over its power ports is zero: )’ {e;, f;) = 0, which
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enforces the preservation of energy.

These ports are usually of three different natures: storage ports, control ports, and dissipative ports.
Storage ports contain a state variable a and its flows and effort are defined as f; = —%a, e; = V,H.
Control ports allow for both controlling the system and interconnecting it with another pH system, and its
flows and effort are usually defined as the control and collocated observation, respectively, f =u, e =y
(note that ensuring that {e,, f,,) is well-defined and corresponds to a power requires the observation
to be collocated with the control). Finally, resistive ports allow for modeling dissipativity, the flow
and effort corresponding (in the mechanical case) to some velocity and friction force, respectively,
such that f, = —Re, with R > 0. Writing the power balance };(e;, f;) = O gives us that %H(a) =
(u,y) —{e,, Re,) < (u,y); the variation of energy is equal to the power provided by the control minus
the dissipative phenomena.

PH systems have been developed to model, simulate, and control complex multiphysics systems,
including mechanics, electromagnetism, and irreversible thermodynamics (see [1] for an introductory
textbook and [2] for a wide array of applications, and more specifically [3] for nonequilibrium ther-
modynamics using a Lagrangian variational formulation). The seminal work of [4] extended the pH
framework to distributed parameter systems (DPS) with boundary energy flows. In particular, the
semigroup approach applied to distributed parameter linear pH systems has yielded elegant results in the
1D case (see [5] for an introduction), with recent extensions to N-dimensional systems presented in [6].
Since 2002, the body of literature on distributed pH systems has grown significantly, encompassing both
theoretical developments and application-based studies (see [7] for a comprehensive review).

PH systems with algebraic constraints have also been explored, leading to the development of finite-
dimensional pH differential-algebraic equations (pH-DAE, see for instance [8] for linear descriptor
systems in matrix representation, [9] for abstract dissipative Hamiltonian DAE in infinite dimension,
and [10] for a review on control applications). These arise naturally from the interconnection of
subsystems, which results in constraints between effort and flow variables in the underlying Dirac
structure. Alternatively, constraints may stem from implicit energy constitutive equations, affecting the
relationship between effort and energy state variables in a Lagrangian submanifold (see [11, 12] for
nonlinear cases).

Recently, there has been increasing interest in distributed parameter models represented in implicit
form within the pH framework. These models include examples such as the implicit formulation of
the Allen-Cahn equation [13], the Dzektser equation governing the seepage of underground water [14],
and the nonlocal visco-elastic models for nanorods [15, 16]. Accompanying these advances, structure-
preserving numerical methods have been proposed (see [17]). The introduction of boundary control pH
systems has been extended to systems where the variational derivative of the Hamiltonian is replaced by
reciprocal operators, as shown in [18]. This generalization has led to the definition of a boundary pH
system on a Stokes-Lagrange subspace, allowing the representation of previously discussed implicit
models, such as the elastic rod with nonlocal elasticity.

When working with distributed pH systems governed by partial differential equations (PDEs) on
a spatial domain, special attention must be given to boundary variables. Specifically, Stokes-Dirac
structures are employed to account for boundary power ports, while Stokes-Lagrange structures are
used to describe boundary energy ports (see [19,20]. The explicit formulation of these structures plays a
crucial role in ensuring energy-conserving behavior within the system dynamics. Field theory has been
used to study different formulations of port-Hamiltonian systems; see [21] for an introduction. This
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approach allows for different representations of pH systems [22,23] by considering different definitions
of the energy variables.

This paper aims to extend the preliminary work presented in [24] and achieve three objectives. First,
it defines the Stokes-Lagrange structure by following the methodology of [25] on Dirac structures
and extending the Stokes-Lagrange subspaces presented in [18] to N-dimensional domains. Second,
it presents examples of 2D and 3D systems that admit both Stokes-Dirac and Stokes-Lagrange rep-
resentations; i.e., systems that can be written using a Stokes-Dirac or a Stokes-Lagrange structure.
Third, it discusses the differences and relations between these two structures and how the newly defined
Stokes-Lagrange structure can be useful for modeling, numerics, and control. In particular, it is shown
how the Stokes-Lagrange structure allows for alternate control laws using the energy control port instead
of the power control port.

The paper is organized as follows: In Section 1, the main ideas of the article are presented using
a simple model, namely the 1D linear wave equation; in particular, how different representations
are obtained considering either Stokes-Dirac or Stokes-Lagrange representation and how implicit
constitutive relations can be taken into account. In Section 2, the definitions of a Stokes-Dirac and
a Stokes-Lagrange structure are presented. These structures and their relations are then illustrated in
Section 3 through a series of examples: the Reissner-Mindlin thick plate model and the Kirchhoff-Love
thin plate model; the Maxwell’s equation in classical and vector potential formulation; and finally a
dissipative nonlocal case, the Dzektser equation. For the plate models and Maxwell’s equations, two
representations are presented using either Stokes-Dirac or Stokes-Lagrange structures. In Section 4,
applications to boundary and distributed control using energy control ports are presented; in particular,
it is shown how the energy control ports allow for interconnections using nonseparable Hamiltonian
functionals. Finally, 5 appendices are found at the end of this paper which detail more precisely the
operator transposition procedure A, Maxwell reciprocity conditions B, the Stokes-Lagrange structure C,
and the last two contain proofs of variational derivatives D and Stokes’ identities E.

1.1. Study of a simple case: the 1D wave equation

Let us begin with the 1D linear wave equation. This equation has already been thoroughly studied in
the pH community [1,4, 18,26], and its relative simplicity will allow us to introduce the main ideas of
the paper.

Let [a,b] C R be an interval, and consider w(z, x) the vertical displacement of a string over this
interval. Then the wave equation reads [4]:

9:(p O,w) = 0.(E 0,w), (1.1)

with p(x) > 0 the density and E(x) > O the tension of the string. A Hamiltonian associated to this
equation is the total mechanical energy given by the sum of the kinetic and elastic energies:

b
H(w) := % f p(Ow)* + E(0,w)* dx. (1.2)
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1.1.1. The classical pH representation

To write (1.1) as a pH system, let us follow [4]. Choose energy variables to write the Hamiltonian:
p = p 0w is the linear momentum, and € := d,w is the strain. Then the Hamiltonian (1.2) becomes*:

1 (b1
H@D(s,p):if /—)p2+E82dx. (1.3)

The co-state variables are then computed as the variational derivatives [27] of the Hamiltonian (1.3) with
respect to the state variables &, p, which yields: v := 6,H;” = % p as the velocity, and o = 6. Hy” = E ¢
as the stress. Then, the classical pH formulation of the 1D linear wave equation (1.1) reads:

0 le 0 9d.||o
ol =la. o|I') =

and together with the constitutive relations, namely Hooke’s law and the definition of linear momentum:

<J=lo 2} &

In order to identify the boundary power port, one can compute the power balance (%H‘SVD along the
trajectory of a solution, which yields:

V>0, %HﬁVD(s(I), p() = [vol? = o(t, b)v(t, b) — o(t,a)v(t, a), (1.6)

namely, the product of the force and the velocity at both boundaries.

Remark 1. We denote the flow variables as f = (-0;e,—0,p)" and f3 = (—v(t,a),v(t,b))"; the effort
variables: e = (o,v)" and ey = (0(t,a),o(t,b))T; and equation (1.6) is equivalently rewritten as:
(e, fY +ey- fy = 0. This shows the power preserving nature of this system: power is either put or
removed at the boundary through the boundary power port (fj, e5). This motivates the definition of
Stokes-Dirac structures, as will be enlightened in Section 2.

A choice of state variables was made in (1.3), leading to the Hamiltonian given as an explicit
functional of the state variables. However, this choice is not canonical. Hence, two questions naturally
arise: What could a different choice of variables (i.e., representation) yield? And what happens when
the Hamiltonian is not an explicit functional of the state variables anymore?

1.1.2. A different representation

Let us now choose a different set of variables, e.g., the displacement w and the linear momentum p,
thus the Hamiltonian (1.2) reads:

1 (1
HyF(w, p):z f —-p* + E(0w)* dx. (1.7)
a P

*The superscripts -5” and - refer to the Stokes-Dirac or Stokes-Lagrange representation of the system. The subscript -y refers to the
wave equation.
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Computing the co-state variables yields N := 6WH‘§VL = —0, (E 0,w), the stress resultant, and v :=
5,Hy" = % p, the velocity (see D.1 for a detailed proof), which gives us the following pH system:

215 d1)

together with the constitutive relations:

—0(E0,) O
M I ] &

o

Remark 2. With this representation (1.8)—(1.9), the differential operator 0, appears in the Hamilto-
nian (1.7), hence in the constitutive relations (1.9), and not in the structure matrix operator (1.8), as
in (1.4). This will require a broader notion of a Hamiltonian and be further discussed in Section 2.

Finally, one can compute the power balance as follows:

V>0, %HﬁVL(W, p) = [(Ow) E@O W) (1.10)
Remark 3. The physical interpretation of this power balance (1.10) is identical to that of the first
representation (1.6). However, the mathematical objects used are different (namely, the time derivative
of a state variable and the Neumann trace of a state variable, instead of Dirichlet and normal traces
of co-state variables). These boundary ports do not fit in the Stokes-Dirac framework anymore, as
they are not functions of the effort variables (N, v) but of the state variable w. Hence, an extension
of the pH framework has to be performed. This has been done for a class of differential operators
on 1D domains in [18] by using Lagrangian subspaces. The present work proposes an extension to
N-dimensional domains, and by analogy with Stokes-Dirac structures, it will lead to the definition of
Stokes-Lagrange structures.

1.1.3. Implicit Hamiltonian

Another instance where the Stokes-Lagrange structure will prove beneficial involves certain constitu-
tive relations, particularly those that are nonlocal. Let us consider the representation (1.4), and say that
one is studying a nanorod onto which the stress is nonlocal, i.e., the stress not only depends on the local
strain but also on other points of the domain. In Eringen’s original paper [28], nonlocal constitutive
relations are first presented as a kernel operator:

b
o(t, x) = f a(lx = X'))E (¢, x')dx", (1.11)

with the kernel a(x) := %me_ﬁx and u > 0; +/u being the characteristic length of the nonlocal effects.
Then, assuming Robin boundary conditions o(a) — \u 0,0(a) = o(b) + \jud,o(b) = 0[28,29], the

nonlocal constitutive relation is written equivalently:

(1-pd)o=Ee. (1.12)
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Modeling aspects It turns out that on top of some functional analysis arguments (which allow for the
study of a partial differential equation instead of an integro-partial differential equation), this formulation
is much better numerically as will be shown in the following. Such a constitutive relation is given
in [15,28] and leads to the constitutive relations:

L E 0
[(1 gaxz) (I)H(\)/-]:[O lH;] (1.13)

with u > 0 the nonlocality parameter.

This constitutive relation is implicit in the sense that an (unbounded) operator is to be found on
the left-hand side of (1.13), i.e., in front of the co-state variables. Hence, the Hamiltonian is not an
explicit function of the state variables. Indeed, the co-state variables are, by definition, the variational
derivatives of the Hamiltonian with respect to the state variables. Then, the presence of the operator on
the left-hand side of (1.13) corresponds to, roughly speaking, 6.H = (1 — ,u&iz)‘lEs—one should be
cautious about boundary terms in the existence and definition of an inverse here—which does determine
the Hamiltonian H, but not in a straightforward manner, or in other words, implicitly.

To solve this issue, two possibilities have been explored: extend the flow and effort space in order
to put this relation as a constraint in the Dirac structure [16], or use a Lagrange subspace to define
the Hamiltonian [18]. In this article, we will focus on the latter, by first extending this setting to
N-dimensional spatial domains (which will then be called a Stokes-Lagrange structure) and presenting
some examples.

When using such an approach, it is useful to define the latent state space. In the above linear 1D
wave example, the latent deformation A is defined by (1 — ,u@iz)/l =&.

Remark 4. Note that as the parameter u tends to zero, the relation (1.13) turns into the classical local
stress-strain relation (1.5) (i.e., Hooke’s law). This property is rather important when dealing with such
systems, in particular for numerics where different model parametrization might require very small
values of u. In particular, when using the representation proposed in [16], this property is lost: the
relation diverges to infinity as this parameter tends to zero.

Numerical aspects Let us now discuss the advantages of such an implicit relation over an explicit
nonlocal relation. First, considering a test function ¢ over [a, b], the variational formulations of (1.11)
and (1.12) may be written:

b b b
f d(x) o(t, x)dx = f f a(lx — X'|)E ¢(x) e(t, x') dx'dx,

b b
f d(x) o(t, x) + n0.p(x) 0,0 (t, x)dx = f E ¢(x) &(t, x) dx.

Let us now apply the finite element method to such equations as follows. Let (¢;)ic1,y; be a family
of P! Lagrange finite elements over [a, b], and then, defining (t, x) := Y; ¢;(x)7;(¢) and &(t, x) :=
2i $i(x)€i(1), one gets:

b b b
Viel[l,N], Z f ¢i¢_/5=2 f f a(lx = x'Ngi(x)E¢;(x")dxdx" g,
e j e e
M,'_j @

K.
Lj
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b

Viell,N], f¢¢j f(axqblur?xqb, §=Z :EP;

DS
E
Ki,j

More compactly we get:

Mo =K"¢, (explicit formulation),
M+ K =KEE, (implicit formulation).

Then, in both cases a linear system has to be solved (since M # Iy and (M + K*) # Iy). However in
the implicit case, the matrices are sparse whereas in the explicit case, a double integration has to be
carried (which slows the assembly of the matrix) and K* is full, which greatly degrades the numerical
simulation CPU time and memory usage (see Figure 1). In particular, the memory usage increases
(O(N?) nonzero components instead of O(N)).

Implicit vs. explicit formulation computational time

2
10 —— implicit formulation
explicit formulation
101 4
G}
[:F]
E
=
lOD 4
T
1072 10!

FEM step size

Figure 1. Comparison of the assembly and solving time of the implicit vs. explicit formulations.

1.2. Operator transposition

As presented in the previous subsection, the Stokes-Lagrange structure allows us to describe implicit
constitutive relations. Let us now show that this Stokes-Lagrange structure gives us different choices of
representations and that one can choose whether the differential operators are to be found in the Dirac
structure or in the Hamiltonian [22]. Throughout the article, given an operator A we will denote by A*
the adjoint of A [30].

We will consider the general case as follows (detailed assumptions and proofs are provided in
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Appendix A): Let us consider a spatial domain Q c R”, and the following wave-like system:

0,a1 = Ka, (1.14)
Oy = -K'(nKay), '

with @y, @, of size n and 5,k some symmetric and bounded from above and below operators of
appropriate sizes. K is a closed and densely defined operator K : D(K) C L*(Q,R") — L*(Q,R™)
satisfying a Stokes’ identity. More precisely, for all ¢ € D(K), € D(K"):

LK(@'!/'dx:fg¢-KT(w)dX+<ﬁ(t//),7(¢)>u,y,

with K" being the formal adjoint™ of K, U and Y := U’ the control and observation subspaces, and
y : D(K) — Y and 8 : D(K") — U the boundary operators. The associated Hamiltonian of (1.14) is:

1
H := Ef(Kal)-q(Ka1)+a/2-Kazdx2 0.
Q

Now, in order to represent (1.14) as a pH system, one can choose as the energy variable either

(a/f b ,agD) = (Kay,a,), which removes the operator from the Hamiltonian, or one can choose
(a7, &5") = (a1, @,). This yields the two following pH systems:
SD K SD eSD — a,SD,
o =1 0 P | R S (1.15)
0, -K" 0f|e; e3P = kasP,
2 2
=JSD

being called the Stokes-Dirac representation, and:

okl [ 0 Id|[e” et = K'(nKajh), (1.16)
a[agl‘ B —Id 0 e‘;L ’ eSL:Ka/SL’ '
2 2
=:JSL

being called the Stokes-Lagrange representation.

Remark S. We call a representation of a pH system a Stokes-Dirac representation when the differential
operators are only present in the structure matrix; and we call it a Stokes-Lagrange representation when
the differential operators are only present in the Hamiltonian. Note that some systems (e.g., the nanorod
equation) possess differential operators both in the Hamiltonian and the structure matrix [18]. Precise
definitions and details about these two structures are given in Section 2.

Finally, we define G along with its formal adjoint G as:

[k 0 . [k 0
o=[5 o o= uf

and we get the following theorem:

TK' is the adjoint of K “up to boundary terms”, i.e., it is the adjoint of K in the subspace ker(y) ¢ D(K), or more precisely

(Kikery))” = K and (K, ;)" = K.
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Theorem 1. The Stokes-Dirac (1.15) and Stokes-Lagrange (1.16) representations of the system (1.14)
satisfy the following equalities:
Q’SD — Ga,SL
G'eSP = 5T, (1.17)
GJS LG% — JSD.
They are then said to be equivalent.

Proof. See Appendix A.3. O

Remark 6. Note that the position of G and G' are not the same between line one and two of (1.17).
From a geometrical viewpoint, this can be explained by the fact that state variables are usually described
as vectors whereas effort variables are described as covectors, leading to contravariant and covariant
transformations, respectively.

Remark 7. Note that K may have a nonzero kernel. Then, when using the Stokes-Dirac representation,
a linear subspace of the state space is removed from the representation, namely ker(K), and by the
definition of the Hamiltonian, this subspace exactly corresponds to states that have zero energy:
Va € ker(K), Ka-nKa = 0. This will be commented in Example I where the rigid body motion is not
taken into account in the Stokes-Dirac representation.

Remark 8. This procedure has been presented here using an operator theory point of view which
translates directly to vector calculus; it has also been carried from a geometric point of view using jet
extension in [22,31].

Example 1. (Wave equation: N-dimensional case)
Let us consider the wave equation on 0 C R":

0,(p 0,w) = div(E grad(w)) ,

with the Hamiltonian H = % fg p (0w)* + E |grad(w)|?> dx. Defining ¢ := grad(w) and p := p O,w, one
deduces the co-energy variables o = Eg and v = é p and gets the following Stokes-Dirac formulation:

2] = #2lc]

Using directly w and p, one can then write the Stokes-Lagrange representation as:

a0 [euH] . [6wWH] _ — div(Egrad(w))
“Ip| " |-1 Of|s,H| S,H| "~ p '

In particular, let us denote the transposition operator:

_|grad O ¢ _[—div 0
G_[O Id]’ G_[O Idf’

which yields:
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Remark 9. Note that the kernel of G is precisely the constant displacements: givenc € R, G [c O]T =0,
hence in the Stokes-Dirac representation of the wave equation, the rigid body motion is lost [32].
However, this is not the case if one extends the original state variables (w, p) with the first jet O,.w = &
while keeping the displacement w in the state variable (see in particular [31]).

To conclude and motivate the following section, let us summarize the important properties highlighted
in the linear wave equation example.

1.3. Summary and main results

The pH formulation of the wave equation exhibits the following properties: This system can be
decomposed into two structures; one that defines the energy linked to the state variables, and one that
describes how this energy is exchanged between the ports. The former is usually called the Hamiltonian
and the latter the Dirac structure.

Let us emphasize once again that the usual Hamiltonian definition is not sufficient to describe implicit
relations and does not take into account boundary terms when differential operators are to be found in
the Hamiltonian.

Hence, as in the case of the Dirac structure [33], we need to extend the energy definition as a
Hamiltonian to a so-called Lagrange subspace to account for implicit relations and as in the case of
the Stokes-Dirac structure [25], we need to define a special case of the Lagrange subspace, namely a
Stokes-Lagrange structure, to include boundary terms [18] when differential operators are present.

2. Stokes-Dirac and Stokes-Lagrange structures

The Stokes-Dirac structure is already well known in the pH community, and we will simply
recall the basic facts presented in [25] that will motivate our choices regarding the Stokes-Lagrange
structure. The Stokes-Lagrange structure has only been studied on 1D domains with a restricted set of
operators [18], but here we will extend it to N-dimensional domains. To do so, let us first define the
Dirac and Lagrange structures.

2.1. Dirac and Lagrange structures

Let us consider a Hilbert space #, and then define the effort space X = ¥ C P as a dense Hilbert
subspace and the flow and state space as & = ¥, the dual of ¥ with respect to the pivot space P.

Remark 10. Identifying the state and flow spaces X and ¥ is only possible in the linear case (where we
currently restrain ourselves). In the nonlinear case, given a manifold M, the Dirac structure is defined
on TM & T* M and the Lagrange submanifold on T* M (see [11,12,19] for details).

Now following [18] let us define the plus pairing and minus pairing as:

A ) -

Aeblelenve () -eons e
€] (%) € € _
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Then, defining the orthogonal of a subspace with respect to the plus pairing as L., i.e.:
YQcF x& QF:={zeFxE|VZ7eQ (=0},

and similarly with respect to the minus pairing as L_, we can properly define Lagrange and Dirac
structures as:

Definition 2. A subspace D C F X & is called a Dirac structure if:
D =D,

In particular a Dirac structure is isotropic (D C D~*+) and co-isotropic (D*++ C D) with respect to the
plus pairing.

Definition 3. A subspace L C X X E is called a Lagrangian subspace if:
L=L".

In particular, a Lagrangian subspace is isotropic (£ c £*-) and co-isotropic (L c £) with respect
to the minus pairing.

Let us now illustrate the meaning of the two previous definitions. The Dirac structure allows for
describing the energy routing in a system (or equivalently entropy/free energy/free enthalpy, etc.), and
to represent a system as a network of subsystems exchanging energy through power ports. These ports
are usually of three different natures (see [1]): energy storage ports, input/output (control) ports, and
resistive ports. Given a set of storage ports (f;, e5), resistive ports (fz, er), and control ports (f, e,) that
belongs to a certain Dirac structure 9, one can deduce from the isotropy the following power balance:

<€s, .](.‘S'>v53,fY + <eRa fR>8R,TR + <€u’ fu>8u,ﬂ =0 s

which states that given a port (f;, e;), the power provided/received by this port expressed as {e;, f;) (e.g.,
force X velocity, current X voltage) is preserved and can only be provided (resp. received) to (resp. by)
other subsystems.

The Lagrangian subspace defines the energy of the system by extending the classical Hamiltonian
definition [11,12,19]. Isotropy and co-isotropy with respect to the minus product enforces the Maxwell’s
reciprocity conditions (see Definition 19) on the constitutive relations [34]. This guarantees the existence
of a controlled Hamiltonian H(z, x), with (y, 6, H) being the energy control port (see Appendix B for a
detailed exposition) and z the latent state variable.

Remark 11. Given an implicit linear relation between the state and effort variable as S "a = PTe with
a,e € R"and S, P € R™", Maxwell’s reciprocity conditions read:

STP=P'S,

which ensure that a corresponding latent state variable z € R" such that « = Pz, e = S 7 exists, along
with a Hamiltonian H(z) that satisfies the power balance:

d
d_tH(Z) = (0,a,e).
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In the linear case, these conditions can be written as [35]:
STP-P'S =0,

a;

in which, given i € {1,2}, [e-

Pl . .
] = [S} Z; is equivalent to:

(el =

Note that in the nonlinear case, the Lagrange subspace becomes a Lagrangian submanifold [12]. See
Appendix B for a proof of the existence of a Hamiltonian given the Maxwell’s reciprocity conditions.

In this work, the Lagrangian subspace is referred to as a Lagrange structure for its similarities with
the Dirac structure (isotropy and co-isotropy with respect to the plus/minus pairing [36]). These two
structures will give rise to equivalent representations as will be discussed later. Note that such a matter
has been studied in the finite-dimensional case in [35].

Remark 12. The Dirac and Lagrange structures can be studied in the broader notion of Krein
spaces [37] using the indefinite plus and minus product, respectively. They would then correspond to
hyper-maximal neutral subspaces of Krein spaces equipped with the plus and minus product, respectively.
Such an approach has been suggested in [25] for Dirac structures.

2.2. Defining a port-Hamiltonian system

A pH system is defined by a Dirac structure D, a Lagrange structure £, and a resistive subspace R
such that*:

[fs fR fu €s €Rr eu]TGD, [a’ X €s 8]T€.£,

Energy routing Energy definition
f&‘ = _810’, (fR’ eR) € R .
———— ————

Dynamics Resistive relation

(fs» e5), (fu, en), and (fg, eg) are the state, control, and resistive power ports, respectively; and («, ;) and
(x, €) are the state and control energy ports. In particular, the resistive relation (f,eg) € R gives us
(er, fr) < 0 (by the definition of a resistive structure [1]). This pH system can be represented as the
following diagram:

aeX
_g L

fesr ec&
D, R

Figure 2. Diagram of an implicitly defined port-Hamiltonian system.

Note that f, = -9, is due to the sign convention and allows us to write (e, f) = 0.

Communications in Analysis and Mechanics Volume 17, Issue 2, 474-519.



486

From the Lagrange structure, we get the existence of a Hamiltonian H(z, x), z being the latent state
variable and y the energy control variable. This Hamiltonian satisfies along the trajectories:

d
EH (z,x) = (e5, 0i)e, 7, + (&0 )y -

Then, one can deduce from the Dirac and resistive structure the following power balance:

d
aH(Z’X) = <€R7 fR>8R,7:R + (eu’ fu>8u,7:u + <8’ 61)(>‘LI,J/

< <€u, th)Su,Tu + <87 at)()’ll,)/ .

As a consequence, every pH system is cyclo-passive [38] and is passive if H > 0 (cyclo-passivity does
not require the storage function H to be positive whereas passivity does, see, e.g., [38] for details).

Remark 13. Even though pH systems are described here in implicit form (tuples of variables belonging
to sets); explicit formulations of pH systems, and in particular explicit representations of the Stokes-
Dirac and Stokes-Lagrange structures, are given in Subsection 2.5.

Remark 14. Note that the Dirac structure and Lagrange structure are usually defined on different
spaces: (F X Fe X F,) X (EX Ex X E,) and (X X Y x E X U), respectively, i.e., the Dirac structure may
contain a resistive structure (Fg, Eg) and an input space with collocated output (F, X E,); whereas the
Lagrange structure contains the state and costate (X, E) along with an energy control port (M, U).

2.3. The Stokes-Dirac structure

A Stokes-Dirac structure is a particular case of Dirac structures. More precisely, it allows us to
explicitly take into account the boundary terms when differential operators define the dynamics. We
will follow the definition presented in [25, Eq. (4.4)] where it is defined using operator colligation. To
do so, let us consider two Hilbert spaces ¥ = F, X ¥, and & = &, X &, the flow and effort spaces; &
being the dual of F.

Now, let J : D(J) c & — &, be the structure operator. Defining W, := D(J), let G : W, — &, and
K : W, — ¥, be the two observation and control operators, and W, = ker(K) N ker(G). Then, let us
define the bond space B := ¥ X & and assume, following [25, Theorem 4.3] and [25, Proposition 4.4],
that:

Assumption 1. (skew-symmetry, maximality, and density)

o VzeW,, (Jz,2)s, =(Gz,K2)s,7, -
o Jo := Jyw, is densely defined and satisfies J; = —J.

e The operator [g} is onto in F,, X &,.
The Stokes-Dirac structure can be defined as:
J
K
D= 1d W, CcB.
G

Assumption 1 guarantees that it is a Dirac structure, i.e., D+ = D (see [25]).
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Remark 15. Let us comment on Assumption 1; the first line is what is usually referred to as a “formally
skew-symmetric” operator, i.e., skew-symmetric up to the boundary terms, the second and third lines
give us the co-isotropy of the Dirac structure, and in particular the third line ensures that the observation
and control spaces are of the appropriate size. Assumption 1 will be used in Appendix A to prove that
the wave-like system (1.14) is defined on a Stokes-Dirac structure.

Note that this definition of a Dirac structure is explicit, in the sense that given (f;, f,, €5, e,) € D, we
get by definition f; = J e,. In the next subsection, the Stokes-Lagrange subspace will allow for implicit
relations, e.g., having a (possibly unbounded) operator acting in front of f;.

2.4. The Stokes-Lagrange structure

The goal of this section is to properly define a Stokes-Lagrange structure, and to give an explicit
construction, as in [18], by extending it to spatial domains with dimension greater than one. This is
necessary as the following plate and electromagnetic examples require 2D and 3D domains, respectively.

This will be carried out from a functional analysis point of view and not a differential geometric point
of view as in [19], which allows us to look precisely at the effect of differential operators on the Lagrange
structure. However, only the linear case is explored, i.e., systems with a quadratic Hamiltonian.

Similarly to the Stokes-Dirac structure [6,25], the goal here is to use differential operators in the
Lagrange structure (i.e., in the Hamiltonian) and to describe the role of the integration by parts in such
a definition.

First, let us consider a Hilbert space Z where the latent space will be defined, and then let us define
the control space as a Hilbert space U and the observation space Y := U’ as the dual of the control
space. Additionally, let us define a Hilbert space X as the state space and & := X’, the effort space, as
the dual of the state space. We will now consider four operators, the first two (S and P) will allow us to
define the Hamiltonian density in the spatial domain and the last two (y and ) will allow us to take into
account the integration by parts when S or P is a differential operator.

Let:

P:DP)cZ—-X, S:DS)cZ—-E&E,
be two operators, and in this work, we will assume that either P or S is bounded on Z and that the other
is densely defined and closed. We will define the latent space Z; = D(P) or Z; = D(S) accordingly.
Assumption 2. (Unbounded operator) Either P or S is bounded on Z.
Remark 16. This simplification avoids the necessity of considering the intersection of operator domains
D(P) N D(S) at the cost of only encompassing cases where at most one operator among P and S is
unbounded. However, it does not imply that either P or S are invertible, and hence constraints on the

Lagrange structure are still allowed [11]. In particular, the case where both P and S are bounded and
P is allowed to be singular is discussed in [39].

Now let us define the corresponding boundary observation and control operators: y : Z; —» Y, B:
Z1 — U. With those defined, let us denote by Z, the subspace Z, := ker(y) N ker(8) onto which
controls and observations are set to zero. Finally, let us state three assumptions on these operators that
will allow us to properly define a Stokes-Lagrange structure:

Assumption 3. (Symmetry) For all z,,z, € Z, we have:

Bz1, y2)uy +{S21, P)ex = (S22, P2i)ex + (B2, YZ1)uy -
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This symmetry property is to be understood as an integration by parts on each operator, where
the operator S*P is formally symmetric, i.e., S*P = P*S on Zy, or §*P is symmetric “up to the
boundary terms”.

Assumption 4. (Maximality) Let x,e € X X &. If:

VZ € ZO’ <SZ, x>8,X - <€, PZ)S,X =0 B

then there exists Z € Z, such that x = PZ, e = SZ. Defining S := S|z, and Py := P\z,, we get more
compactly (see Appendix C for a proof):

ker [SS —P(*)] C Im [5] .

Definition 4. A couple (P, S) defined on a Hilbert space Z, is said to be maximally reciprocal [18]
with respect to a subspace Zy C Z if it satisfies Assumption 4 for that subspace.

Remark 17. This maximality assumption allows for the co-isotropy of the Lagrange structure to hold.
It extends the second line of Assumption 1 to implicit relations.

Assumption 5. (Density) The range of the operator [;] is dense in Y X U.

Remark 18. The maximality assumption along with the symmetry allows us to formally state Maxwell’s
reciprocity conditions. These reciprocity conditions are sufficient in the finite-dimensional case, see [40].
However, the density assumption is mandatory in the infinite-dimensional case where we are now
considering boundary terms appearing because of integration by parts.

This allows us to define properly a Stokes-Lagrange structure:

Definition 5. Given four operators P, S, vy, and B satisfying assumptions 2 , 3, 4, and 5, a Stokes-
Lagrange structure is defined as:
P

L= g,/ Z.
B

Such a definition is called the image representation of the Stokes-Lagrange structure.

Let us extend the minus product on the augmented space X X Y X E X U:

X1 X2
<< /\e/ll ’ )e(j >> = (e, xD)ex — (e, 2)ex + (&2, XDuy — (e x)uy -
&1 &

Denoting with a L_ the orthogonal of a subspace in X X Y X & X U with this augmented minus product,
we are now able to state the following theorem:
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Theorem 6. (Isotropy and co-isotropy of the Stokes-Lagrange structure) Given L as in Definition 5 we
have:

L=L,
i.e., a Stokes-Lagrange structure is a Lagrange structure.

Proof. See Appendix C.1. m|

Remark 19. This construction is very similar to the (Stokes-)Dirac structure case presented earlier,
where S = L, vy =K, B =G, and P = 1d, and the plus product is used instead of the minus product. As
mentioned in [25], these subspaces can be understood in the broader notion of Krein spaces [37].

Definition 5 and Theorem 6 give us a framework onto which we shall build many examples later.
Let us come back to the wave equation example to see how a Hamiltonian can be obtained from the
Stokes-Lagrange structure.

Example 2. (Wave equation: continued) Defining the operators P = I, and S = Diag [—HXE(?X ﬁ], one

gets:
0 1
Po, - e,
p -1 0
e=Sx.

In particular, since P = 1d,, the latent state 7 is equal to the state x. One can define a Hamiltonian as
the total mechanical energy and obtain:

b
H(w, p) := %f (/ép2 + (E(')xw)(axw)) dx,

11 1
- _f (—p2 - 6X(E8xw)w) dx + S[wE0,w]),
2J. \p 2

1 1
= §<PC¥,SCY>L2([a,b]) + 5%(&),7(0)>Rz )

w(a)

where a := [V;] and the boundary operators are defined by y(a@) = [w (Z)] (the Dirichlet trace) and

__|-Edw(a)
pla) = [ Ed,w(b)

] (the Neumann trace).

Following the previous example, let us now define the Hamiltonian of a general Stokes-Lagrange
structure as:

1 1
VzeZ, H(z):= 5<S z, P2)gx + §<,8(z), Y@y - (2.1)

Remark 20. Note that this Hamiltonian is explicit with respect to the latent state variable 7 but not with
respect to the state variable x. It is the case only if P = 1d, i.e., x = Pz = z, as in the latter example.
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2.5. An explicit representation

Now, we consider a port-Hamiltonian system implicitly defined with a Stokes-Dirac structure 9 and
a Stokes-Lagrange structure £ as:

[f fu fR e €y €R]€D, [X X € 3]€£, f:—ﬁtx,

with (f, e) the state flow and effort power port, (fz, eg) the resistive power port ({fz, ez) < 0), (f,, €,) the
control power port, and (y, €) the control energy port. Denoting z the latent space variable, S and P the
Lagrange structure operators, J the formally skew-symmetric Dirac structure operator, and R = R* > 0
the resistive structure operator, we get the following explicit dynamics:

Poz| e
L)
e=Sz,

fr=-Reg.

Along the trajectories, this system satisfies the following power balance:

d 1
EH (2) =(Sz, P0,2)s, 7, + §(<B(z), YO0 uy — B(0:2), y(@)uy)

1
+ 5 (8@, Y0 uy + B0:2), Y(D)uy)

= (e, 0x)e, 7, + (&, 0 uy ,

= <€u, ﬁt)&u,ﬂ + <eR’ fR>8R,7:R +<6a 8t){>ﬂ,y 5
~——— ——
<0

< <eu’ fu)Su,TM + <8’ al‘)()‘u,y .
Note that an additional port appears in the power balance, namely the energy port (y, €). Moreover, the

definition of a Hamiltonian is not unique [18]. Indeed, H depends on z and y, and one can perform a
Legendre transform with respect to y and get the following:

- 1 1
VzeZ,, H(z)= §<SZ, P2ex — 5(32, YDy

which yields:
d -
&H(Z) = <€u, fu>8u,7'_u + <eR9 fR>8R,7'_R - <8189X>71,.y .

From a control perspective, choosing H or H gives us access to different input and output variables (the
derivative of the input or the integral of the output) which will be discussed in detail in Section 4.

Remark 21. Note that this representation of Dirac and Lagrange structures is not the only possibility; in
particular one could choose to put a partition of the effort variable on the left side of the first line and the
corresponding flows on the right side yielding, e.g., [ N ez]T =J [el fz]T, where such representation
has been studied in [41]. In particular, since J = —J7, these systems are also defined on a Dirac
structure with an explicit Hamiltonian; hence they are still pH systems.
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3. Examples

Let us now apply the previous method to a set of examples, namely two plate models, Maxwell’s
equations and the Dzektser seepage model. In particular, we will focus on the simplification from the
Reissner-Mindlin thick plate model to the Kirchhoff-Love thin plate model [42] and from the classical
Maxwell’s equation to its low-frequency approximation. This will show us the different boundary ports
and power balance obtained depending on the choice of representation, as well as how the constrained
systems are written in either Stokes-Dirac or Stokes-Lagrange representations.

3.1. Plate models

In the following we will consider a connected spatial domain Q with Lipschitz boundary 0Q. Let us
define the two following operators:

1
Vve H(QR?,  Grad(y):= S (Vv + wh),
— _ % 0T
VT € H'(Q,R>?), Div(T); := » —2,
- (9)61'
j=1
the first being the (tensor-valued) symmetric gradient and the second the (vector-valued) tensor diver-
gence. Then, the Reissner-Mindlin model for a thick plate reads [43]:

2
ph 88_;; = div(kGh (grad(w) — ¢)),
ph’ 8¢ .
ST Div(D Grad(¢)) + kGh (grad(w) — @),

(3.1

with w the vertical displacement, ¢ = (¢, ¢,) the deflection of the vertical cross-section along the x-
and y-axis, respectively, p the surface density of the plate, & the thickness of the plate, G the shear
modulus, D the bending rigidity fourth-order symmetric tensor, and k the correction factor [44]. These
parameters do not need to be constant in space; however, they should be strictly positive, and some
minimal regularity conditions could be required to ensure that the differential operators make sense.

Remark 22. Such a class of mechanical systems has been thoroughly studied in [45], where a method
is proposed to derive—given a set of kinematic assumptions—from the general linear elasticity problem
of an N-dimensional system, a reduced pH model.

This model allows us to describe a 2D plate under shear and bending constraints. Moreover it can be
simplified to the Kirchhoff-Love plate model when neglecting the angular momentum ¢ = 0 and the
shear deformation grad(w) = ¢. Let us now write this system using first a Stokes-Dirac structure, and
then a Stokes-Lagrange structure.

Such a comparison regarding the position of the operators (in the Hamiltonian or in the structure
matrix) was explored in [22] using jet bundles and field theories, and here we will study it in the
Stokes-Lagrange formalism and additionally show that the obtained energy boundary ports can be
put in the Stokes-Lagrange structure and that we can reduce the Reissner-Minldin plate model to the
Kirchhoft-Love model through an added constraint.
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3.1.1. Stokes-Dirac formulation

Reissner-Mindlin Following [44, 46], let us first define the Hamiltonian and choose the energy
variables:

1 h?
Hun =5 [ (0w + 521047 + KGhlgradon) - oF
2 Jq 2

+ Grad(¢) : D Grad(¢) ) dx,

with Grad(¢) : DGrad(¢) := X, Grad(é);; (D Grad(¢)),;. Let us now select the 4 following
quantities as energy variables:

pW pha,w
o | B || Gradw)
ket Py pl_zat(b

Ewpl  |grad(w) — ¢

namely the linear momentum, the curvature tensor, the angular momentum, and shear deformation,
respectively. Then, the Hamiltonian can be written as:

1 (1 12
SD . _ 2 2+84:D% 2
Hier = ELEPH%WI + 84 : D8y + kGhlg, 4/ dx.

The dynamics (3.1) reads then:

0:pw 0 0 0 div|[ v
0%, | 0 0 Grad 0 ||7,
6;p¢ B 0 Div 0 12 w|’ (32)

01Eyp grad O -1 0[N

together with the constitutive relations:

v pihoo 0 11 pw
o] |0 D 0O 0 ||z
w oopl,—f;op,,,’
N 0 0 O kGhllews

where v is the velocity, o is the momenta tensor, py is the angular momentum, and N is the shear stress.
Finally, the power balance reads:

Theorem 7. (Reissner-Mindlin power balance: Stokes-Dirac case)

d
d—tH,i,B, = f VN -n+w'oynds.
90

Proof. The proof is to be found in [44, Eq. (42)]. m|

From the Reissner-Mindlin to the Kirchhoff-Love model The Kirchhoff-Love model is obtained
by neglecting the angular momentum and assuming pure bending of the plate, i.e., p; = 0 and
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&y = grad(w) — ¢ = 0, which leads to the following constrained differential algebraic equation (DAE)
formulation of the Kirchhoff-Love plate model (see, e.g., [9]):

0:Pw 0 0 0 div|[ v
0Egg| | O 0 Grad O ||oy
0| [ 0O Div 0 L{lw]|
0 grad O -, O]IN

(3.3)

where N and w now play the role of Lagrange multipliers. Moreover, the Hamiltonian is now reduced
to:

1 1 _ —
HP = Eﬁzﬁpi +&4:Deggdx.
Theorem 8. (Kirchhoff-Love power balance: Stokes-Dirac case) The power balance of the Kirchhoff-

Love plate model written in Stokes-Dirac formulation reads:

d
—Hy) = f vDiv(a,) - n + grad(v) o4nds.

Proof. Let us compute the time derivative of the Hamiltonian Hy?:

d

&H,S(IL) = fgvc’),pw + 04 : 0,84dx,

= fv div(N) + 04 : Grad(w) dx,
Q

= f—grad(v) - N = Div(oy) - wdx + f VN -n+w'osnds,
Q

o0
= f -w-N+N-wdx+ f vDiv(oy) - n + grad(v) ognds,
Q o0
= f vDiv(oy) - n + grad(v) 'o4nds,
oQ
which ends the proof. O

Remark 23. Note that this model uses first-order differential operators only, contrary to the classical
representation of the Kirchhoff-Love model, which requires second-order differential operators. The
following unconstrained system is obtained when solving the constraints analytically:

ko 3

d€4| |Grad(grad(-)) 0 oy

together with the constitutive relations v = pih Pw» Og¢ = D&y, Such a formulation has been studied
in [46].

3.1.2. Stokes-Lagrange formulation

Reissner-Mindlin Let us now choose a different set of energy variables, namely:
SL . T 7"
Apy = [W Dw @ p¢] 5
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hence the Hamiltonian becomes:
1 1 12
SL ._ 2 ) 2 a2
Hiy = 5 L(phpw + pel’ + kGhlgrad(w) - ¢|
+ Grad(¢) : D Grad(¢) ) dx.

In order to define the system properly, let us compute the variational derivatives with respect to each
variable.

Lemma 9. The variational derivatives of Hy\, are given as:

SwHpyy = — div(kGh (grad(w) — ¢)),
6pnglll‘4 = Epw ’

SsHp, = kGh (grad(w) — ¢)) — Div(D Grad(¢)),

12
SL _
6P¢HRM = %Pw

Proof. The proof is given in Appendix D.2. m|

Now, we can write the dynamics as:

ow 0 1 0 O][é6.Hy,
_ SL
0P _ 1 0 0 O 6,)“,1-1554 ’ (3.4)
o0:¢ 0 0 0 [1f|o6gHy,
0Py 0 0 -1 0][6,,Hz,
and with the Lagrange structure matrix:
—div(kGhgrad(-)) O —div(kGh -) 0
1
GSL . 0 o 0 0
RM kGh grad(-) 0 -Div(DGrad(-)+kGh O |’

0 0 0 12

h3

i)

the constitutive relations of Lemma 9 read:

SL _ oSL _SL
€rar = S ra1 ARyt 5

where e}k = [6WH;§/@ 6p, Hyyy OpHpy T 6p,Hpt, T]T. This system has the following power balance:

Theorem 10. (Reissner-Mindlin power balance: Stokes-Lagrange case) The power balance of the
Reissner-Mindlin plate model written in Stokes-Lagrange formulation reads:

d

—HSE = | (0w) kGh(grad(w)—¢)-n+ 8,¢" DGrad(d)n dx.

dr 0 —~— ~_—— —,— —
=01y feM,] 521\4,1 =X ZMA,z 82M,2

Remark 24. Similarly to Remark 3, this power balance has the same physical interpretation as in the
. . . . ’) ') .

Stokes-Dirac case (Theorem 7). In particular one can identify the energy ports x'%,,» Egy, With the power

ports of the Stokes-Dirac case as: H,Xng = Vs, 8,)(2M2 = W|sq, 82M1 = Nlsq - n, and ngz = T gloq n.
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From the Reissner-Mindlin to the Kirchhoff-Love model As before, let us apply the constraints
Py = 0 and grad w = ¢, leading to:

Id 0 0 O][gw] [0 1 0O O][sHE

0 Id 0 0||ldps| |-1 0 0 0|6, HSE 3:5)
grad 0 0 O[| 0 00 0 1| Ny | '
0 0 0 0o 0 0 -1 0| w

where N4 and w play the role of Lagrange multipliers of the constraints. This allows us to define the
constrained Hamiltonian as:

1 1
Hab = 3 f p P2 + Grad(grad(w)) : D Grad(grad(w)) dx,
Qp

and deduce the reduced power balance:

Theorem 11. (Kirchhoff-Love power balance: Stokes-Lagrange case)

d 0
—Hyb = f — [grad(w)]" D Grad(grad(w))nds.
dr a0 Ot
Proof. Let us compute the time derivative of the Hamiltonian:

d s

1 0
cTtH L= fg p—h DPw 0Py + Grad(grad(a—[w)) : D Grad(grad(w)) dx,

= [ a0,k 63 -0, MYk
Q
0
+ f a—t(grad(w))T]D Grad(grad(d,w))ds,
0Q

= f ﬁ(grad(w))TD Grad(grad(o,w)) ds.
aq Ot

Note that this is an example of constrained Stokes-Lagrange structure.

Remark 25. In this particular case, the two bottom lines of (3.5) can be removed directly and yield
a reduced system with the two state variables w and p,,. Here they are kept as they will be useful
when studying the relationships between the Stokes-Dirac and Stokes-Lagrange representations in
Subsection 3.1.3.

3.1.3. Passing from one representation to the other

As in Subsection 1.2, let us define the operator G that will allow us to transform one representation
into the other. Such an operator is given as:

0O Id O 0 0 0 0 —div

G oo 0 O Grad O G = d 0 0 O
10 0 0 Id|° |0 -Div 0 -Id|’
grad 0 -Id O 0O 0 Id o
Applying Theorem 1 shows the following:

Theorem 12. The following diagram commutes:
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G,G'
(3.2) - . (3.4)

) i

(3.3) -« - (3.5)
G,G"
Figure 3. Commutative diagram showing the relations between the representations of the
Reissner-Mindlin and Kirchhoff-Love plate models.

3.2. Maxwell’s equations

Let us now write Maxwell’s equations [47] in Stokes-Dirac and Stokes-Lagrange representations. In
this particular example, the former is the classical representation of Maxwell’s equations, whereas the
latter coincides with the vector potential formulation.

3.2.1. Stokes-Dirac formulation

Let us first write the classical port-Hamiltonian representation of Maxwell’s equations [4]:

0.D 0 curl| | E J

[0,3] B [—curl 0 ] [H] - [o] ’ (36)
with D the electric field, E the electric flux, B the magnetic field, H the magnetic flux, and J the current
density. The Hamiltonian reads:

1 1 1
Hgy = - f —|DI* + —|B[* dx,
2 Ja €0 Mo

with o > 0 the magnetic permeability, and &y > O the electric permittivity, along with the constitutive
relations:

1
E =6pHgy = —D, div(D) = p,
€0

1
H = 6BHEM = —B, le(B) =0.
Ho

In the following we will assume that the charge density p is zero.

Remark 26. Note that the gauge conditions div(D) = 0 = div(B) lie in the Stokes-Lagrange structure
of the system. However, for the sake of simplicity, they will be dropped in the following as they do not
play a role in the dynamics of the system. Indeed div curl = 0, hence % div(D) = div(curl(H)) = 0.

Let us now define the Lagrange structure operators as:

L 0 L 0
PSD:l3 ] SSD: £0
0 L

the Dirac structure operator:

2

pso._| 0 curl|
~|-curl 0
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the control operator:
.
BY =[-I, 0],

and the distributed control u’P = J. In the following, we denote the state and co-state variables of this
T T
system as a°? = [D B] and e5? = [E H] . The system now reads:

SD = SEQSD

{0tPEa,SD — JSDSD | BSD,SD
Finally, the power balance is:
Theorem 13. (Maxwell’s equations power balance: Stokes-Dirac case)

d
—Hgy = (HXE)-nds—fJ-de.
dr 0 0

Remark 27. Defining the Poynting vector as Il := E X H, one can rewrite the power balance as:

d
—HEM:—f H-nds—fJ-de,
dr aQ Q

which shows that such a vector corresponds to the energy flux through the boundary of the considered
domain.

Remark 28. Note that J is usually decomposed in two parts, J = J, + J,, with J, the controlled
current and J, = o E being the induced current, with o > 0 the conductivity, leading to the additional
dissipative port (E, J,). With such a distributed dissipation, the power balance more precisely reads:

d
—Hgy = (H><E)-nds—f]u-de—fdlElzds,
oQ Q Q

dr
Sf(HxE)-nds—fJu-de.
o0 Q

3.2.2. Stokes-Lagrange representation

Let us now write the system using the Stokes-Lagrange representation. It turns out that such a
representation exactly coincides with the vector potential formulation of Maxwell’s equations. To
construct it, let us assume that € is simply connected, and then provided that div(B) = 0, there exists an
A such that:

curl(A) = B.

This allows us to rewrite the Hamiltonian as:
1 1
H3k = f —|curl(A)* + —|D|* dx,
Q Ho €0
and the system can be written using a Stokes-Lagrange formulation as:
o= llval-fo] e
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0 I L 0 I 0
SL _ 3 SL _ |13 sL _ |3 SL _ [_
Let us denote J°~ = [_13 O]’ Pt = [O 113], S°t = [O curl(ﬂlocurl-)]’ and B°* = [ I O]. We

. . . T T
will denote the associated state and effort variables as: 5% = [D A] and 5% = [6 pHE 6 AH%,] )
The Stokes-Lagrange formulation now reads:

{atPSLa,SL = JSLeSL 4 BSLy

SL = §SLoSL

Finally, the power balance of this system is:
Theorem 14. (Maxwell’s equations power balance: Stokes-Lagrange case)

d 1
—Hy = f —curl(A) X 6,A - nds - J-Eds.
dr aa Ho o0

3.2.3. Passing from one representation to the other

Following Subsection 1.2, let us define G := [(1) Cl(l)l‘l]’ an operator from L*(Q,RY) x H(Q) to

L*(Q,RY) x L*(Q,RY). This operator is not invertible in general, but by restricting ourselves to the
subspace K = {B € H®(Q), div(B) = 0} and assuming that the domain Q is simply connected, we can
consider curl as invertible thanks to Hodge-Helmholtz decomposition [48]. Then:

GaSL = oSP
St =GTeSP .
We have the following relations:

JSD:GJSLGT’ SSL:GsSDG‘r’ PSL:GPSDG_I.

3.2.4. Low-frequency approximation

The low-frequency approximation (LF) is a usual assumption when considering technical applica-
tions [49] (e.g., electrical machines). It consists of neglecting the displacement currents 9,D = 0, and
the Stokes-Dirac representation then reads:

O [ 0O curlllE J
[6,Bl B [curl 0 HH]_[O]’ 5-8)
and the Stokes-Lagrange representation is:
0 |0 1 E J
o =15 ol Lo 69

Remark 29. This representation was studied in [50] when setting J = o E and solving the constraint
SAHST — J = 0 yielded the diffusion equation 079,A — curl(icurl(A)) =0.

Theorem 15. Denoting by 11 = Diag [0 Id] the projection operator, one gets the commutative diagram:
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G
Stokes-Dirac (3.6) Stokes-Lagrange (3.7)
I1 I1
LF Stokes-Dirac (3.8) LF Stokes-Lagrange (3.9)
G

Figure 4. Commutative diagram showing the relations between the two representations of
Maxwell’s equations and their corresponding LF approximations.

3.2.5. Maxwell’s equations on a 2D domain

The vector potential formulation of Maxwell’s equations is particularly useful when considering
2D domains [51, Chap. 9] (e.g., a rotor/stator setup). Let us consider the electromagnetic field to lie

parallel to the horizontal plane B = [Bx B, O]T and the electric field to be vertical D = [O 0 DZ]T,
denoting the reduced operators:

o=
grad—(v) := ,

yV

curbhp(w) := 0wy — Oyw,,

along with the reduced variable B = [Bx By]T, E = E,, and Maxwell’s equations in transverse electric

(TE) mode read:
oD| _ 0 curbhp || E B J
0,B| |-grad® 0 |[[H| |0O|

When the vector potential formulation is considered, we get: B = grad*A, hence the vector potential A
is now a scalar field instead of a vector field, and the vector potential formulation reads:

ap| [0 1)[E| [/
0A| |-1 O||6.H of’
with 64H = curlyp (igradlA).

Remark 30. Even if these representations are equivalent at the continuous level, they might not be from
a modeling perspective. When discretizing the system, one requires only scalar-valued functions in the
vector potential formulation, compared to vector-valued functions in the classical case, which reduces
memory usage (see [52, 53] for a similar approach applied to fluid dynamics).

3.3. Dzektser equation

As a last example, let us present a nonlocal model, namely the Dzektser equation [54]. Let us
consider a 2D domain Q and the (vertical) hydraulic head A(t, x, y) defined at each point of the domain.
The Dzektser equation describes the evolution of the hydraulic head % of underground water while
neglecting momentum, yielding a diffusion-like equation. Contrary to the Boussinesq equation, it takes
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into account a second-order term when modeling the water column, which gives us a nonlocal term
in the equation. This gives us a linear system depending on two damping parameters a,b > 0 and a
parameter of nonlocality u > 0 that reads:

(1 — uA)d,h = aAh — bA°h,

and the pH formulation can be formulated as [17]:

1—uA 0 O][dh 0 div Al[% Ev - aFy.
0 1 O||Fy|=|grad 0 o0||Esl,
o o0 1||F] | -A o o||lE, Ep=DFa,

with (Fy, Ev), (Fa, E) the two dissipative ports. The associated Hamiltonian is:

1
Hp = - f h* + plgradhl® dx .
2 Jao
Note that the operator (1 — uA) with A = % + f—; from Hé(Q) to L? is invertible; in particular it does
not introduce constraints to the dynamics.
Then, one can define the Stokes-Lagrange operators as P = 1 — uA, S = Id, and the Hamiltonian
reads:

1 5 2, 1 1
Hp = 3 Lh + plgradh|”dx = §<S h,Ph) + 3 Lﬂ h(h) ugradh - n ds.
=y =B(h)

4. Application to control systems

One of the key features of port-Hamiltonian systems is the passivity of the power control port. More
precisely, the natural boundary controls of a system are obtained (e.g., force/velocity, flow/pressure)
and allow the use of passivity to design controllers and interconnect pH systems through their Dirac
structures [38]. In a recent work [55], it was shown that other types of boundary controls could be
useful; defined as the time integral of a passive output or time derivative of a passive output. Let us show
that the energy control ports allow us to design such interconnection and that choosing between the two
proposed Hamiltonians allows for choosing between the time integral of the passive output or the time
derivative of the passive input. As a result, one can interconnect the two systems using a non-separable
Hamiltonian (see Definition 16). Such a property is valuable as the usual power port interconnection of
two pH systems yields an interconnected pH system whose Hamiltonian is the sum of the Hamiltonians
of the two subsystems; adding a non-separable term allows for a broader set of interconnections.

Definition 16. (Separable Hamiltonian) Given a latent state 7 = [Z1 Zz]T € Z =2Zi x2Z a
Hamiltonian H : Z — R is called separable, if there exist H : Z, — Rand H, : Z, — R
(corresponding to the Hamiltonian functionals of the two subsystems), such that:

H(z1,22) = Hi(21) + Ha(22).
In particular, 6.H(z) = 0 if and only if 6,,H\(z1) = 0 and 6,,H»(z,) = 0.

First, we will recall the interconnection of two pH systems through power ports, and then show how
this can be performed using energy ports. The latter has already been considered in a recent work [20],
and here we will extend it to both methods proposed in [55].
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4.1. Stokes-Dirac interconnection
Let us take two port-Hamiltonian systems implicitly defined on a Stokes-Dirac structure as follows:
fz‘
eD cF' xYxE xU, fl=-0,a", e =6,H ("),

for i € {1,2}. Note that the control U and observation Y spaces are assumed to be identical. Then,
assuming an interconnection of the form:

u'l |0 Id|[y! N !
w|[=Id of|y*| [’
the system is (cyclo-)passive with respect to the composed Hamiltonian A = H'(a") + H*(c?):

d -

aH = <V1 s yl >'Z/(,y + <V2’ y2>'u,y .

In particular, H' and H? only depend on o' and a?, respectively, and no cross-terms are present: the
Hamiltonian A is separable.

4.2. Stokes-Lagrange interconnection

Let us now take, for i € {1,2}, two pH systems implicitly defined on a Stokes-Lagrange structure as
follows:

i

1

=R

[f;]ez)"c?fxaf, ff=-0,a, e L' c X' xYxE XU,

i

M

along with the Stokes-Lagrange operators P', S' and ¥/, 8. These two systems are defined along with
some energy ports which we will use for the interconnection [19].
Denoting by 7' the latent space variable, and following (2.1), the respective Hamiltonian reads either:

oo 1 .. .. 1 . . ..
H:_(Zl) — E(Slzl,PlZl> + Ewl(zl)’ yl(zl)>’

N L U
or  H.(Z) =58, P) = SB(@).¥'(@)).

Interconnection through the integration of a passive output When the plus Hamiltonian H' is

chosen, the system is (cyclo-)passive with respect to (', d,x"), i.e., $H. = (&, d,x')q/y. Following [55],

let us denote by ¢r : Y x Y — R a differentiable potential, and then let us define the following
interconnection scheme as:

Vl

+
V2

&

el [1d 0][suerix'. P
20 0 Id 5X2¢T(X1,)(2)
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Remark 31. Note that in this case, the interconnection is carried on the whole controlfinterconnection
space. One could also consider an interconnection on a subdomain of the boundary (e.g., the right
boundary of a rectangular plate interconnected with the left boundary of a rectangular plate).

As a result, the interconnected system becomes passive with respect to the Hamiltonian defined as
H=H+H?+ ¢r:

d -
—H = (", 0 Yuy + (", 0x Yy

dr
+ 0 dr(¢ X, Ox Dy + O pdr( X, 0y
= (L axYuy + 02 0xDuy -

As a consequence, this interconnected system is (cyclo-)passive with respect to an a priori non-separable
Hamiltonian. In the setting of control by interconnection (CBI), i.e., when the first system is a physical
system and the second a controller, such a property can be used to design an interconnection that
assigns a desired equilibrium point. However, this method requires the integral of a passive output to
be available which is given here by Stokes-Lagrange structure; the passive output being d,x" and its
integral y'.

Remark 32. The Stokes-Lagrange structure gives us a direct interpretation of the integral of the passive
output as an energy control port. In the case of a mechanical system (e.g., Kirchhoff-Love plate model),
such an output would be the displacement.

Example 3. (Wave equation: continued) In this example we will consider a boundary interconnection
using energy port control variables. Let us consider two wave equations written in Stokes-Lagrange
representation; for i € {1, 2}, we consider:

il =5 ol

with the constitutive relations N' = —0,E0.w' and v' = % p', and the boundary energy ports:
) i _ [-Ed:w'(a)
~ W) | EOw'(b) |

Let us now interconnect wave equation 1 on the right boundary with wave equation 2 on the left
boundary thanks to the following potential:

k k
V' x%) = Vi x) = 506 —x)* = 0v'(0) = w?(@)’,

with k > 0, see Figure 5. This can be interpreted as adding a spring of stiffness k between the two
boundaries. This yields the control laws:

gl [-1da 0 ||[VaVv N % _k X1 X2 N v!
gl 10 -1d||VeV] P T ol [
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41 16}
: :
,,,,, ] 1
11
1V 1 WP 1V 1
X1 &) X2 &)
T OIS
................... I V(Xl : Wave Eq. 2
' 2 X
Wave Eq. 1 IR SR CL .
2 2 2 2
X1> & 5 X2 &
S .
2 2
Vi V5

Figure 5. Energy port interconnection using a potential V.

Let us now compute the total Hamiltonian H = H' + H> + V:

b
f=1 f (E(wl)2 L By 1(192)2) dx+ S0 (@)~ WD),
2 J, P P 2

and the power balance reads:

d -
—H =3V + 0.

dr
In particular, when adding dissipation to the interconnection, e.g., vé =—y 6,)(% and V% =—y 0%%, with
v > 0 a scalar, one gets:
d -~
—H <0.
dr

Note that such interconnection can also be carried using the Stokes-Dirac representation: Fori € {1,2},
let us consider two wave equations written in Stokes-Dirac representation,

i [ i

on the domain [a, b). Their respective Hamiltonians are defined as:

|—

b
H'(g,p') = : f E@#) + l(P")2 dx,
2 Ja p

and the power ports as: f; = [:‘EZ;] , g = [ ;((b‘;)].

In order to carry the interconnection in this setting, let us consider a spring defined by the vertical
position of its two endpoints y'(t), y*(t) along with its Hamiltonian: H*(y',y*) = %(yl —y?)?, and its two
power ports f' = Sy!, ' = 0 H = k(' —y*) and f* = $y*, & = 0o H* = k(* — y").

Let us now carry the interconnection by considering a I-junction, i.e.,

(Fa=f' (e +e' =0,
(1 =1 (e +e*=0.
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Replacing the flows and efforts by their definitions gives the dynamics of the spring as:

Vi) = &y, ol(b) = k(P - "),
V(a) = $y*,  o*(a) = k(G = y").
This power-port interconnection gives us a port-Hamiltonian system with the total Hamiltonian defined

as:
H=H'E', p)+ H, p) + H'(', ).
Finally the power balance reads:
d 20782 1ol
d_tH = o (b)v (b)) — o (a)v (a).

The Dirac structures have been interconnected.

Interconnection through differentiation of a passive output Let us choose H', consider the fol-
lowing nonlinear operator ¥ : X' x X? — L(Y x Y,R), (a!,a?) — yla',a?](-,-), assume that it is
differentiable with respect to a!, a?, and denote S;[a!, @ |{u} := Sy [e!, @*{u} € LY x Y,R). Then,
we get:

%W[al, a’] = pilo,a’, a*10,a'} + Bala', 0,07 1{0,0°) € LY X Y, R).

Let us now define the controls as:

&' =¥la',a®1(.x°) - f Bile!, & Ho Y x| di+ v, ey =,
0

e =Y, e?l(',) - f |Bale’. UMD )| e+, ey =U.
0

Then, the coupled system is passive with respect to the total Hamiltonian:

H=H'+H + ¥, " ).
and the power balance reads:

d -
T =" 0" = (2,087 + Pla', @) x) + Pl ')y, 0
+Bile’. e’ o, Y x7) + Bala'. @’ O  x)
= _<X] s atvl> - <X2’ al‘v2> .
This method uses the fact that &' is differentiated with respect to time in the power balance; hence it
allows us to differentiate the passive output y’ with respect to time.

Example 4. (Piezoelectric effect) In this example we will consider a distributed interconnection through
distributed energy control ports. In particular, we will interpret the piezoelectric effect as a coupling
through energy ports, yielding the pH representation found in [56]. Let us define the 1D domain

Communications in Analysis and Mechanics Volume 17, Issue 2, 474-519.



505

Q = [a, b] and consider two pH systems; the first being the 1D wave equation and the second the 1D
T T
Maxwell’s equations with D = [O 0 D] and B = [0 B O] :

P el [0 O«l|o P D| 10 O|E
“Ipl 1o Of|v]| "Bl |0, O||H|
with the two controlled Hamiltonians defined as:

1 k
Hy(e, p,uy) = f —p? + =& + euy dx,
Q 2p 2
1 1
HEM(D’ Ba u2) = 2_D2 + _Bz + DuZ d.x.
Q 28 20

The constitutive relations are given by:

o=ke+u, v:lp, E:iD+u2, H:iB.
Y €o Ho
uy corresponds to a nonzero stress-free configuration, meaning that the stress-free configuration is
attained for a nonzero deformation. u, corresponds to a dielectric polarization term (usually denoted
by P [47]). Controlling these terms allows us to control the stress-free configuration and dielectric
polarization of the electric field, and we will use these two controls to interconnect the systems through
their Hamiltonian functionals. The two energy ports read:

oHy OHgy

Uy, x1 = Sul =&, Uz, X2 = U2

=D.

.
In particular, the latent state for the wave equation is 7 = [8 )4 ul] , and the Stokes-Lagrange
control/observation operators 'y and 8 select u, and &, respectively: u; = y(z), & = B(z). Moreover,
writing the constitutive relations with the energy ports reveals the symmetry:

ol [k 0 1][e E]l [z O 1][D
_lo 1 _ 1

v{=[0 1 0||p]. H|=10 - Of|B].

1 I 0 Oflu 2 I 0 Ofluz

Let us now define q € L*(Q), g(x) > 0 a distributed parameter and a; = [8 p]T, a = [D B]T the
state variables. Then, let us interconnect the two systems by considering the potential:

Y(a, a)lxi.x2] = —qx1, x2)12 = —ICIXle dx.
Q

In particular, B, = % =006, = % = 0. This gives us the following controls:
w =YLl xl=qgx2=qD, uw=-Y(,ax)k,1=q9gx1=9q¢,

where we used the fact that Y(a1, a,) is a continuous bilinear function on a Hilbert space to identify u,
and u, as vectors. Computing the total Hamiltonian H = Hy + Hgy + Play, a)x1, x2] yields:

5 1 (1 1 1
H(e,p,D,B) = Ef;pz + ke” + 8—01)2 + #—032 +2gDedx.
Q
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Computing the variational derivatives with respect to € and D gives us:

oH oH 1
o=—=ke+gqD, E=—=—D+ge,
o€ oD L))

which corresponds to the model presented in [57].

Remark 33. Both methods are an extension of CBI, in particular and contrary to CBI, they do not,
however, suffer from the dissipation obstacle that occurs when using power boundary ports as was
shown in [55]. The dissipation obstacle prevents the stabilization of the system in the subspace where
dissipation occurs [38], e.g., non-zero velocity for mechanical systems with dissipation.

5. Conclusion and outlook

We presented a definition of the Stokes-Lagrange structure extending the classical definition of
a Hamiltonian functional; this allows for describing classical pH systems in various representations
and defining implicit constitutive relations which are necessary when studying nonlocal phenomenons.
Through a set of examples, namely the Reissner-Mindlin and Kirchhoff-Love plate models, Maxwell’s
equations of electromagnetism, and Dzektser’s equation, we showed how these different representations
and implicit constitutive relations are obtained. Moreover, we showed how this structure enables the use
of energy ports as controls and gives a physical interpretation (e.g., boundary displacement) based on
the system’s operators, which yields a new set of tools to design passivity-based controllers.

Moreover, we have yet to describe the structure-preserving discretization of Stokes-Lagrange struc-
tures (see [44] for the Stokes-Dirac case), though some examples have already been treated in 1D
(see [17]), and an extension to the N-dimensional case has yet to be carried out. These representations
coupled with a structure-preserving discretization could be useful when studying crack propagation
where nonlocal relations are present; moreover, they will allow the study of nonlocal boundary conditions
for Maxwell’s equations in the pH formalism.

Appendix
A. Operator transposition

In this appendix, we will show that the Stokes-Dirac and Stokes-Lagrange representations of the
wave-like system (1.14) are properly defining Stokes-Dirac and Stokes-Lagrange structures, respectively.

To do so, we will assume the two following hypotheses, which follow from Assumption 1 on the
operators K, vy, 8 that allowed us to construct the Stokes-Dirac and Stokes-Lagrange representations and
will be used to prove that these are defining Stokes-Dirac and Stokes-Lagrange structures. These are:

e v and B have a dense image in Y and U, respectively.
e ker(y) and ker(B) are dense in L?>(Q, R") and L*(Q, R™), respectively.

Communications in Analysis and Mechanics Volume 17, Issue 2, 474-519.



507

A.l. Stokes-Dirac representation

Let us consider the Stokes-Dirac representation (1.15):

0,a5Pl [ 0 K|[ef? el =nai®,
da®||-KT 0f[a"]" e3P =k,
[ —

=:J5D

and show that this system is defined on a Stokes-Dirac structure.

First, we will define the flows and effort spaces as F; = & = L*(Q,R™) x L>(Q,R"), ¥, = Y, and
E,=U.

Second, let us consider the Stokes-Dirac structure operator J52 along with the control and observation
operators K = [O y] and G = [ﬁ O].

Third, let us define the appropriate spaces: ‘W, = D(J5P) c &, and W, = ker(G)Nker(K) c D(J5P).
Note that one can deduce that ‘W, = ker(B) x ker(y) which is dense in L>(Q, R™) x L*(Q,R") = &, by
assumption.

Let us now show that J5”, K, and G satisfy the three conditions of Assumption 1:

1. Letx = [xl] € ‘W, computing <[x1] ,J5P [x1]> yields:
X2 X2 X2l g

s

<[X1] ,J5P [X1]> = (x1, Kxo)p2 — (0, KT xy) 2
Es

X2 X2
=B 0]x[0 ¥|en
=(Gx,Kx)g, 7,

2. Jy = J|§ML/)0 is densely defined as ‘W) is dense in &;. Let us now prove that J, satisfies J; = —J5D,
From the block structure of J5?, this gives us the following conditions:

T
(Kl ker(8

which is true by the definition of the formal adjoint.

))* =K, (Klker(y))* = KT >

0
3. y and B have a dense image in Y and U, respectively, hence, [g] = Hﬂ E)/H has a dense range in
F.*xE,.

This shows that (1.15) is defined on a Stokes-Dirac structure.

A.2. Stokes-Lagrange representation

Let us now study the Stokes-Lagrange representation (1.16). To do so, let us define the Lagrange
structure operators P, S, and ¥ and B are the observation and control operators:

_(ld 0 _|K™mK 0 S _ [~ a5 _|B@K)
o O A i S T |

along with the appropriate spaces Z = X = & = L>(Q,R") x L*(Q,R"), Z; = D(S), and Z; =
ker(¥) N ker(B). To prove that these operators define a Stokes-Lagrange subspace, let us assume that
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e j has a dense image in U := U x {0} (the density of the image of 7 in U := Y x {0} is immediate
by assumption);

e Zyisdensein Z;

e The couple (P, S) is maximally reciprocal with respect to Z.

Remark 34. The last assumption proves difficult to address in general as one must be careful when
defining the domain of S along with appropriate boundary conditions. A recent work tackled such issues
by using the formalism of boundary triplets [58, Theorem 2.24].

Remark 35. Note that cases exist where 3 has a dense image but [ does not; in particular, if 1 is null
on a part of the boundary. In such cases, one can restrict the control space from U to the subspace
U = Im(BnK) x {0}.

Now, let us prove that these operators satisfy Assumptions 3 and 5, and hence that they define a
Stokes-Lagrange structure.

Lemma 17. (Unbounded operator) P and S satisfy the boundedness Assumption 2.

Lemma 18. (Symmetry) The quadruple (P, %, S, ) satisfies the symmetry Assumption 3; for all z,,7, €
Zi:

(Bzas Y21 uy + (S22, P21)sx = (Sz1, PaYex + Bz1, V22 )uy -

Now applying Theorem 6 with lemmas 17 and 18 shows that P, S, ¥, define a Stokes-Lagrange
structure.

A.3. Proof of Theorem 1

Proof. Let us compute the three different lines directly as follows:

GaSL = K 0 osz B Kosz B a/fD
“lo 1d||a3t| 7| &8t |T|a3?|

o 50 = GaSt:

o GTeSP = 5L:

GloSD = K" 0l|ef?| _|K'neiP| [K'pKeq®| et
10 Idf|eP] | k3P || kast | |&t]

o GJSLGT = J5P;

. [K o]l 0 Id||[K" O 0 K
SLt _ _ _ 7SD
676 =[5 )| oo 1al=|x 0=

O
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B. Maxwell reciprocity conditions

The goal of this appendix is to prove that the Maxwell reciprocity conditions are sufficient in order to
define a Hamiltonian given a set of implicit constitutive relations. Let X be a Hilbert space, and consider
& = X’. Moreover, let us consider Z the latent state space and assume that there exists (possibly
nonlinear) operators p : Z — X and s : Z — & such that:

L:MZ, (B.1)

i.e., @ = p(z) and e = s(z). Moreover, we require that the first variational derivative of s and p exist and
the second variational derivative of p exists. These will be denoted by ¢,s[z](-), J.p[z](:), (55 plzlC, ).
Now, let us search for a Hamiltonian corresponding to (B.1). Following [40], given the time-dependent
latent state, state, and effort z(¢, x), a(t, x), e(t, x), such a Hamiltonian should satisfy the power balance:

d
aH(Z) = <€, (9&1’)&,\1 . (BZ)

This relation means that the power balance exists and is exactly equal to the scalar product between the
efforts e and flows d,a. Expanding the right-hand side yields:

d
1@ = (5(z), 6.plz](9:2)) - (B.3)

Let us now define a Hamiltonian candidate given p and s by using (B.2). To do so, given a state z(x),
define z(z, x) = tz(x), a segment between the state 0 = 7(0, -) and z = z(1, -), see Figure 6.

z(x) = z(1, x)

z(T, X)

0 =200, x)

Figure 6. Definition of the Hamiltonian candidate.

Then integrating the power balance (B.3) along the interval [0, 1] gives us:

1 1
H(z) - H(0) = f %H(Z(T, x))dr = f (s(12),0,plrz]z)dT. (B.4)
0 0

Note that in this case H is defined up to a constant H(0) which can be taken arbitrarily (e.g., H(0) = 0
or H(0) = ¢ such that H(z) > 0 for all z € Z). Let us now show that the Maxwell reciprocity conditions
ensure that this Hamiltonian is well-defined and satisfies (B.2). These reciprocity conditions can be
stated as the following symmetry assumption:

Definition 19. (Maxwell reciprocity conditions) Let Z, X, E be three Hilbert spaces: Z is the latent
state space, X is the state space, and & is the effort space. Let p : Z — X and s : Z — & be two
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operators, such that the first variational derivative of p and s exists. Then, p and s satisfy the Maxwell
reciprocity conditions if:

Vze Z, 0.5(2)0.p(2) = 6,:p™(2) 6.5(2) .

Then, given p and s satisfying the Maxwell reciprocity conditions and time-dependent latent state
z(t, x), let us expand %H (2):

1
%H(Z) = f (0,8[1z]70,2, 0, pl72] 2)
0
+(s(12), 6. pl72](8,2) + 6% plr2)(16,2,2)) dr,

1
f (0.plrz]70,z, 6, 5[72] 2) (symmetry)
0
+(s(12), 6. pl721(8,2) + 64 pl72](16:2,2)) A,

1
f (s(r2) + 0;8[7z] 72,6, pl72]0,2)
0

+ <TS(TZ), d% [5zp[Tz]0zZ]> dr,

dr
Id
f E(TS(TZ), 0,8[1z]0,z)dr,

0
(8(z),6.p[2]0:2) »

1
f <i [Ts(72)] ’6ZP[TZ]6tZ> + <TS(TZ), d% [5ZP[TZ]0tZ]> dr,
0

which proves that H satisfies the power balance (B.2). Hence, the definition of a Hamiltonian given a
set of nonlinear operators p, s (B.4) is possible if they satisfy Maxwell’s reciprocity conditions:

Theorem 20. Let Z, X, E be three Hilbert spaces: Z is the latent state space, X is the state space, and
& is the effort space. Let p : Z — X and s : Z — & be two operators, such that the first variational
derivative of p and s exists and the second variational derivative of p exists.

Then, if p and s satisfy Maxwell’s reciprocity conditions, there exists H : Z — R such that:

d
5H(Z) = (e, 0, x »
with e = s(z) and a = p(2).
C. Stokes-Lagrange structure
In this appendix, we will show additional results and characterizations of the Stokes-Lagrange

structure. First, Assumption 4 is not the only good definition of maximality; the following theorem
allows for a different one.

Lemma 21. Defining S := S|z,, Po := S|z,, Assumption 4 is equivalent to:

4l
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Proof. = Let us assume that Assumption 4 is satisfied and show that ker [S 0 —PE‘,] C Im

P
Nk
Let (x,e)" € ker [S(’g —P;]. Then, for all (z, z9) € Z1XZo, (S z, X)sx—(e, P2)sx = 0. By applying

5] This being true

Assumption 4, there exists Z such that S7 = e and PZ = x, hence (x,e)" € Im [
for all (x,e)" € ker [S 0 —Pg], we deduce that:
ker[S; —Py| cIm

P
Nk
P
At
Let (x,e)" € X x & such that for all zy € Zy, (S 20, X)s.x — (e, Pz0)s.x = 0 and we show that there

exists z € Z; such that: x = Pzand e = Sz.
Since (S zp, X)s.x — (e, Pzo)sx = O is true for all z € Z, , we have that (x,e) € ker [Sg —P(*)].

<= Let us assume that ker [S B —P;’;] c Im

Moreover, by assumption, we have that: ker [S o —Pg] C Im

P
s ] This implies that there exists

z€ Z;suchthat: x = Pzand e = Sz.
To conclude, we have that:
If (x,e)" € X x & is such that for all zg € Zy, (Szo, X)s.x — (€, Pzo)s.x = 0, then there exists z € Z;
such that: x = Pz and e = Sz. This is exactly Assumption 4.
O

Remark 36. Definition 5 uses the image representation of a Lagrange structure. However, Theorem 6
shows that one can consider a so-called kernel representation:

X x| [P
L= )e(eXxyxax%IleeZl,«)e(,;/z» =0
& g| IB

This is the usual representation in the explicit finite-dimensional case, with S "x = PTe. In particular,
ifP=1,8 =Q=Q" >0, this becomes e = Qx. Finally, defining H(x) = %xT Ox we get the usual
e =VH(x) = QOx.

C.1. Proof of Theorem 6

Let us demonstrate Theorem 6, i.e., that a Stokes-Lagrange structure is a Lagrange structure:

Proof. c: Applying Assumption 3 shows that £ c L+ directly.
T
D: Let [x X e 8] € L1~ and then for all z € Z;, we have:

x| [P
X 1Y

0_<<e g z>> . (C.1D
el 1B
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In particular, by choosing z € Zy, we have: 0 = (e, PZ)sx — (Sz,)sx which by the maximality
assumption gives us that there exists Z € Z; such that e = S7 and x = PZ. Putting it in (C.1) and
applying Assumption 3 yields:

VzeZi,  0=@@.x - v@Qluy — (- B2, Y@Q)uy -

Considering that [(1) _01] is invertible and that [g

v(Z) = x and B(Z) = &. This shows that [x X e S]T belongs to the image representation of the
Lagrange structure, hence:

] has a dense range by Assumption 5 yields that

[x X e s]TGL.

D. Variational derivatives and power balances

D.1. Variational derivatives of Hy}

Lemma 22. The variational derivatives of Hy* read:
SwHy = —0(Ed,w),  0,Hy" = }) p.
Proof. Let us first compute 6,,Hy/, and let h € R, w € H'([a,b],R), and f € H}([a, b],R). Then:
Hy (w + hf, p) — Hy(w, p) = % fg 0w+ hf)Ed(w + hf) — 0w Ed,wdx,
= Lh@xf Eo.wdx+o(h),

= - f hfo.(Eow)dx + o(h),
Q
= h(—f,0(EOW))2 + o(h).

Now let us compute 6,H5F, and let 2 € R and f € L*([a, b],R). Then:
SL SL 1 (1 2
Hy (w,p +hf) = Hy (w,p) = 5 ;((p +hf)" —p)dx,
Q
1
= fhf—pdx+0(h),
Q P
1
= h({f, /—)P>L2 +o(h).

Hence, we get:

1
SwHy = —0(Ed,w),  0,Hy" = ik

O
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. . . . SL
D.2. Variational derivatives of Hyy,

Lemma 23. The variational derivatives of Hyt, read:

5,HSL1 [-div(kGhgrad()) 0 — div(kGh ) 07w
5PWH1§/%4 _ 0 pih 0 0 Pw
SpHat | kGh grad(-) 0 -Div(DGrad(:))+kGh O || ¢ |
6P¢H1Self/1 0 0 0 [,1723 Dy

Proof. Let us compute the 4 different variational derivatives using the Stokes’ identities presented in
Appendix E. Let us denote by f € HS(Q) and F € Hé(Q, R?) a scalar and a vector-valued test function;
moreover let us denote by & € R a scalar.

e 5,HiL:
DenOting by Ailv = H1S{'1€1(W + hfa Pw> ¢7 p¢) - ngltl/[(w’ Pw> ¢7 p¢)’ we get:

Afv = % (kGhgrad(w + hf) — ¢, grad(w + hf) — @) 2
- % (kGhgrad(w) — ¢, grad(w) — @),. ,

=(f,—div(kGh (grad(w) — @))),;» + o(h) .

PRy HSL .
pellRagt
Denoting by Aﬁw = Hyb(w, py + hf, ¢, pg) — HyL(W, py, @, pg), We get:

1 1 1 1
h _
A, = 5<E(pw +hf), (Pw + )2 — §<p—hpw, Pudi2

1
= h{f, —pwiz + o(h).
ph

o SyHyL:
Denoting by A% := Hy (W + hf, py, @ + hF, pg) — Hyy (W, p., §, pg), We get:
AZ = %(kGh (grad(w) — (¢ + hF)),grad(w) — (¢ + hF))>
; %(D Grad(¢ + hF), Grad(¢ + hF)),>
- 3 kGhgrad(v) - (9), grad() ~ ()

_ %(D Grad(@), Grad(9)),: ,

=F,kGh(grad(w) — ¢))>
+ h(F,-Div(D Grad(¢)));> + o(h) .

* Sp Hpyy:
Denoting by Ai’w = HyL (W + hf, py, @, ps + hF) — HyL (w, p,,, §, py), we get:
1 12 1 12
h _
Ap,, = 5(/%(1%5 + hF),(ps + hF));>» + §<%P¢,P¢>Lz ,

12
= h(F, p?qu)Lz + O(I’l) .
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E. Stokes’ identities

Let us consider Q C R? a domain and n denotes the outer-facing normal of the boundary 4Q of Q.

E.1. Div and Grad
Theorem 24. Let € H'(Q,R?), ¢ € H'(Q, R} @ R3), withy = § , one has:

fGrad(t//):g_bdx:—f¢-Div($)dx+f Y Pnds.
Q Q 1519}

Proof.
fGrad(l//):E:%fw;:%wﬁ:adx,
Q Q

 [—
:fV¢:§(¢+¢)dx,
Q

:fzbg._dx
Q% ox; V7

i

o f _
=— i —dx + i@,n;ds,
fglzj% Ox; ag;%(ﬁ,

:—f«p-Div@)dH Y pnds.
Q 0Q

E.2. curl and curl

Theorem 25. Let ¢, ¢ € H(Q) be two vector-valued functions, one has:
f ¢ - curl(y)dx = f curl(¢) - Y dx + W x¢)-nds.
Q o o0
Proof. Let us first compute fag(lﬁ X @) - nds using Stokes’ identity:
f WY x¢@) nds = fdiv(tpxq))dx,
o0 )
= f curl) - ¢ — ¢ - curl(¢)dx.
Q

The last line is obtained with classical vector calculus identities. Finally, rearranging terms on both
sides gives the result.
]
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